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We look for u; € D(d¢) such that
2

u'(t) + Dp(u(t)) =0, forae. t€(0,T), u(0)=ug

° . ' ' ' Ti|U; — Uj_ T;

t — u(t) € H : trajectory in a Hilbert space H (1) + . o E||9¢(Mi)||2 = (i) + i (5)
* ¢ : given potential T
e D(¢) : Fréchet differential (for ¢ smooth) where p; the residual is nonpositive or small.

Let ¢ = ¢1 + ¢, have compact sublevels, ¢1 : H — (—o0, oo] be convex,
proper, lower semicontinuous with d¢; being single-valued, and ¢, €
Cll(;f(H ) for a € (0,1]. Furthermore, let u;_; € D(d¢) be given with
(9q5(ui_1) # 0.

Existence Then there exists u; € D(d¢) with u; # u;_; and

L
Gi(uj, uj_1) < T+

where L is the Holder constant of D®,. In particular, (5) can be solved
with p; < L|ju; — ui_1|'/(1 + a). In case ¢ is convex, namely ¢, =0,
and ||do|| is strongly continuous along segments in D(d¢), one can

find u; such that G;(u;, u;—1) = 0.
Discretization of (1) Convergence Let 1! € D(d¢) be such that uj = ug and

NTZ
Let a partition {0 = typ < t; < --- < ty = T} be given and indicate by t; = t; — t;_; its time Z GI(ul, u?_1)+ — (0 as n — oo.
steps. i=1

* 11( : prescribed initial datum
For all [s, t] C [0, T'], solutions to (1) fullfill the energy equality

t
¢(u(t)) +f [’ (N)11*dr = ¢ (u(s))

and this can be rewritten as

t t
o) +5 [ @IRdr+ 3 [ IDG@IFdr = pucs))
Observe: (1) & (3) Z (2)

|1+0z
J

|u; — ui_q|

Then u" — u converges strongly in H*(0, T; H), where u solves the
gradient-flow problem (1).

Error control Let ¢ € C%(R%) be bounded from below and u;, v; fulfill
uo = 0o, Gi(u;, ui—1) = 0 and v; € argmin G;(-, v;) respectively. Then
foralli=1,..., N we have

lu(t) —vill < Ct and |lu(t;) —uyl| < Ct'/?

2
) for i=1,...,N. where u is the unique solution of (1).

Given ug, solve
Ui—ui1

+D¢(u;) =0 for i=1,...,N.

T

which can be equivalenty reformulated in variational terms as:

Ti||[U — Ui
2 T

U; € arg min (qb(u) +

ueH

Given uo, let u; = u;_1 if D¢(u;—1) = 0 or Extensions of scheme B
S D (i) + (1)~ (i) — (Dp(u), i—ttin)) ”;i : it Dp(ui-1) # 0.

1

fori=1,..., N

For all the following nonlinear evolution equations is it possible to write a
scheme B and prove the convergence.

which can be equivalenty formulated as:

2
U, —u;q

= ¢(u;i_1) and D (u;) is parallel to u; — u;_q. Lety : HX H — [0, ), such that Vu € H : ¢ (u,-) is convex and lower
i semicontinuous, the mapping H X H X H — R, (4,0, w) = ¥(u,v) +
Y*(u, w) is weakly lower semicontinuous, d¢ >0, p > 1, Yu, v, w € H :
V(u,v) +P*(u, w) > c||lv||P + cllw||”":

dV(u,u”) +ddp(u)>0 forae.t €(0,T), u(0)=u,.

The scheme B reads

Gi(u,v) = ¢p(u) + ;¢ (v,

O(u;) + T

Given uy, solve
2

¢(ui)+T2i — +%||Dq5(ui)||2—qb(ui_1)20 for i=1,...,N

u-—7o

1

) + 1,0 (v, =dp(u)) — d(v) = 0.

which is a discrete version of (3).

¢ = LDEW) - Kogtw) forac @D, wO)= o

The equivalent of (3) is

t t
O(u(t)) + j; Y(u"— LDE(u))dr + fo Y (=dp(u))dr = d(up)

and the scheme B can be extended by considering the functional

Gi(u,v) := d(u) + T ( - LDE(u)) + T (=) — ¢ (v) = 0.

Existence Let ¢ € C!(R?) be bounded from below and let D¢y (u;_1) # 0.
Then there exists u; € R% \ {u;_1} solving the scheme A.

Convergence Let ¢ € C1(R?) be bounded from below.

(i) There exists a subsequence which is not relabeled such that u” — u weakly in
H'Y(0, T;R%) as n — oo, where u solves (1).

u-—7o
Ti

(ii) Let ¢ € Cll(;(lj (R?Y). Then the whole sequence (u") converges strongly in W*(0, T; R%)
and the error bound is |[u — u" ||y 1Rty < CT".
(iii) Let ¢ € C*(R?) and assume that the condition
D?¢(v)w is parallel to w for any v, w € R” (4)

holds. Then ||u — u"|lwi.=@ 1re) < C(T™)%.

Let (X,d) be a complete metric space and ¢ : X — [0, 0] be lower
semicontinuous. A curve of maximal slope u for the functional ¢ is such
that ¢ o u is nonincreasing, u(0) = up and

f {
qb(u(t))+%f 11/)%(s)ds +%f Ié’qblz(u(s)) ds = ¢(ug) forall t € [0, T].
0 0

If (4) holds, in one dimension, the If (4) does not hold, the first order The scheme B is defined as
i . . . . . 1 T,
second-order convergence is optimal. convergence is optimal. Gi(u,v) = pu) + 5—d*(u,v) + 9P (1) = $(v) = 0.
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