The Nonrelativistic Limit

B.Thaller

Institute f. Mathematics Universität Graz Heinrichstrasse 36 A-8010 Graz

In this article^1we analyze the behavior of the Dirac equation in the nonrelativistic limit and derive the explicit form of the first order relativistic correction. There are two main reasons for this investigation. The first is purely conceptual: It is importan t to see how the relativistic theory contains the successful nonrelativistic theory as a limiting case. The second reason is a practical one: In some cases it is useful to replace the Dirac theory by the much simpler Schrödinger theory together with some relativistic corrections. The first order corrections can sometimes be calculated explicitly, but it is not always necessary and is often impossible to calculate higher order corrections or the exact solution of the Dirac equation. Besides, for a higher accuracy we expect quan tum electro dynamical effects to play a certain role (e.g., the Lamb shift). These effects cannot be describ ed by the Dirac equation alone.

We achieve the nonrelativistic limit by letting c, the relativistic bound for the propagation speed of signals, tend to infinit y. Unfortunately , the Dirac operator H(c) itself, even after subtracting the rest mass, makes no sense for c = ∞ . The correct way to analyze the parameter dependence of unbounded operators is to look at its resolvent. We shall prove norm-con vergence as c → ∞ of (H(c) − mc^2 − z)^{− 1} for one (and hence all) z with Im z ≠ 0. The nonrelativistic limit of the Dirac resolvent is the resolvent of a Schrödinger or Pauli operator times a projection to the upp er components of the Dirac wavefunction. The Dirac resolvent is even analytic in 1/c (Sect. 1).

From the explicit expansion of the resolvent in powers of 1/c we obtain complete information about the behavior of the relativistic energy spectrum in a neighborhood of c = ∞ (Sect. 2). The necessary background from perturbation theory is quickly reviewed in Sect. 2.1. The Rayleigh-Schrödinger perturbation series for the eigenvalue λ(c) of the resolvent determines its expansion into powers of 1/c. The corresp onding expansion of the eigenvalue E(c) of the Dirac operator is easily obtained from λ(c) = (E(c) − mc^2 − z)^{− 1}. It turns out that the eigenvalues of the Dirac operator are analytic in the parameter 1/c^2. We determine explicit formulas for the relativistic corrections to the nonrelativistic binding energies. For the corrections of order 1/c^2 only the knowledge of the corresp onding nonrelativistic solutions (Schrödinger or Pauli equation) is required. The result can be written as a sum of expectation values which have a nice physical interpretation (spin-orbit coupling, etc.).

We formulate the theory in terms of abstract Dirac operators in a “sup ersymmetric” framework. In this way the calculations can be performed with the least amoun t of writing and the results are applicable to the widest range of concrete situations.

1 This article is a version of Chapter 6 of the book by the author: ”The Dirac Equation”, Texts and Monographs in Physics, Springer 1992

1 c-Dep endence of Dirac Op erators

1.1 General Setup

In nonrelativistic physics it is assumed that there is no principal bound for the propagation speed of signals. In the theory of relativity the constant parameter c(the velocity oflight) represents such a bound. Nevertheless we expect that the relativistic theory is similar to the nonrelativistic one, ifcis very large compared to all velocities of the system under consideration. In the nonrelativistic limit, c should be “infinitely large” compared to the other velocities. The only way to achieve this without restricting the consideration to motionless systems is to allow c to be a variable parameter. The nonrelativistic limit can then be mathematically described by letting c tend to infinity.

In this chapter we describe the dependence of the Dirac operator on c, especially in the region near c = ∞ . The parameter c appears in various places in the Dirac equation. For example, in an electromagnetic field the Dirac operator reads H(c) = cα · ( − i∇ − e c A(x) ) + βmc^2 + eϕ_{el}(x). (1)

Before defining a c-dependent abstract Dirac operator we want to make the following two remarks:

Remark 1. The Dirac operator describes the energy of the electron including its rest energy mc^2 (− mc^2 in the positron subspace). The rest energy is a purely relativistic object (it has no nonrelativistic limit) and has to be subtracted before letting c tend to infinity. Otherwise there is no possibility to get a nonrelativistic limit for the expression (1).

Remark 2. The factor 1/cin front of A(x) has nothing to do with relativistic quantum mechanics. It’s origin is the replacement p → p − (e/c)A (i.e., the “minimal coupling principle”) hence it would also appear in the Schrödinger equation with an external magnetic field. So if we don’t want to “turn the light off”, we have to keep this factor constant in the nonrelativistic limit. For simplicity, we absorb the factor 1/c and the coupling constant e into A and write henceforth H(c) = cα ·(− i∇ − A) + βmc^2 + V.

Motivated by these considerations we make the following definition of cdependence for an abstract Dirac operator.

Let H be a Hilbert space with a unitary involution τ, in which a supercharge Q and a strictly positive, self-adjoint operator M commuting with Q are defined as in Sect. 5.4.1 of “The Dirac Equation^1”. Define H(c) ≡ cQ + Mc^2τ + V, c > 0, (2) where V is symmetric on D(Q) and bounded relative to Q, i.e., ‖Vf ‖ < a ‖Qf ‖+ b‖f ‖, 0 < a, b< ∞ . (3)

Thus, if c > a, then H(c) is self-adjoint on D(Q) by the Kato-Rellich theorem. Moreover, we assume, that V is an even operator, i.e.,

τV = Vτ on D(Q). (4)

Hence we may conclude that H(c) with c > a is an abstract Dirac operator. In the standard representation we may write H(c) = ( M_+ c^2 + V_+ cD^∗ cD − M_− c^2 + V_− ) . (5)

Our assumptions include in particular the Coulomb potential with an arbitrarily large coupling constant.

1.2 Sup ersymmetric Dirac Op erators

The operator

H_0(c) ≡ cQ + τMc^2, c > 0, (6)

is a Dirac operator with supersymmetry. According to Remark 1 above we subtract the “rest energy” Mc^2 and investigate the convergence ofH_0(c)− Mc^2 in the limit c → ∞ . It will turn out that only the positive energy part of this expression survives in the limit. Alternativ ely, in order to obtain a nontrivial limit in the negative energy subspace, we can add the term Mc^2 and consider the nonrelativistic limit of the operator H_0(c) + Mc^2.

The main mathematical tool for investigating the parameter dependence of unbounded operators (which need not have a common domain of definition for all values of the parameter) is the resolvent^2. For any self-adjoint operator A and z with Im(z) ≠ 0, the resolvent is defined as the bounded operator (A− z)^{− 1}. The next theorem givesan expression for the resolvent ofthe operator (6) from which the nonrelativistic limit can be read off immediately.

We use the following notation. P_± ≡ 1 2 (1 ± τ). (7)

M and M^{− 1} are bounded and commute with Q Hence the operator H_{0,∞} ≡ 1 2M Q^2 (8)

is defined and self-adjoint on D(Q^2). Moreover, H_{0,∞} is a Hamiltonian with supersymmetry (see Sect. 5.1.2 “The Dirac Equation^1”). In typical applications H_{0,∞} is a nonrelativistic Schrödinger or Pauli operator (a perturbation of the Laplacian).

Theorem 1. Let H_0(c) = cQ+ Mc^2τ be a Dirac operator with supersymmetry. Then for each z ∈ C \R

2 see, e.g., [Ka 80] or [RS 72]

( H_0(c) ∓ Mc^2 − z )_{− 1} = ( P_± ± 1 c^2 cQ ± z 2M )( 1∓ 1 c^2 z^2 2M (± H_{0,∞} − z)^{− 1} )_{− 1} (± H_{0,∞} − z)^{− 1}. (9)

Proof. Denoting

A_± = H_0(c) ± Mc^2 ± z = cQ ± 2Mc^2P_± ± z, (10)

we find

A_+ A_− = A_− A_+ = c^2Q^2 − 2Mc^2z − z^2, (11)

from which we obtain

A^{− 1}_± = A_∓ 2Mc^2 ( Q^2 2M − z − z^2 2Mc^2 )_{− 1}

. (12)

Using

(A + B)^{− 1} = (1+ A^{− 1}B)^{− 1}A^{− 1} (13)

with A ≡ Q^2 2M − z, B ≡ − z^2 2Mc^2 (14)

the result (9) follows immediately. ⊓⊔ The operators T_± (c) ≡ 1 c^2 z^2 2M (± H_{0,∞} − z)^{− 1} (15)

which occur in Eq. (9) are bounded with norm less than 1 for c sufficien tly large (depending on z). In this case we can expand ( 1∓ T_± (c) )_{− 1} = ∞∑ n=0 ( ± T_± (c) )_n , if ‖T_± (c)‖ < 1, (16)

where the sum is convergent in the operator norm. As c → ∞ , ‖T_± (c)‖ → 0, and we obtain from (9) the following corollary.

Corollary 2. Let H_0(c) = cQ + Mc^2τ be a supersymmetric Dirac operator. Then lim_{c→∞} ( H_0(c) ∓ Mc^2 − z )_{− 1} = P_± (± H_{0,∞} − z)^{− 1}. (17)

The limit in (17) is a norm-limit of bounded operators. In the standard representation (17) can be written in the form lim_{c→∞} ( − z cD^∗ cD − 2M_− c^2 − z )_{− 1} = ( ( (2M_+ )^{− 1}D^∗D − z )_{− 1} 0 0 0 ) , (18)

resp. lim_{c→∞} ( 2M_+ c^2 − z cD^∗ cD − z )_{− 1} = ( 0 0 0 ( − (2M_− )^{− 1}DD^∗ − z )_{− 1} ) . (19)

Inserting (16) into (9) gives an expansion of the resolvent of the operator H_0(c) ∓ Mc^2 into powers of 1/c. Thus the resolvent is holomorphic in 1/cin a z-dependent neighborhood of 1/c= 0. We extend this result to arbitrary Dirac operators of the form (5) in the next section. We finally mention the following corollary, which is immediate from Eq. (12).

Corollary 3. Let M = m1, m > 0. Then z ∈ C is in the resolvent set of the Dirac operator H_0(c) − mc^2 if and only if z(1 + z/2mc^2) is in the resolvent set of H_{0,∞} = Q^2/2m.

1.3 Analyticit y of the Resolv ent

From now on we consider only the Dirac operator with rest energy subtracted. The calculations are similar in the other case.

Theorem 4. Let H(c) = H_0(c)+ V be defined as in (2)-(5). Then, for Im(z) ≠ 0, (H(c) − Mc^2 − z)^{− 1} = = ( P_+ + 1 c^2 cQ + z 2M ) K(c^{− 2}) ( 1+ 1 c^2 V cQ + z 2M K(c^{− 2})

)_{− 1}

, (20)

where

K(c^{− 2}) = ( H_∞ − z − 1 c^2 z^2 2M )_{− 1} = ( 1− 1 c^2 z^2 2M R_∞ )_{− 1} R_∞ , (21)

R_∞ ≡ (H_∞ − z)^{− 1}, H_∞ =

Q^2 2M + VP_+ . (22)

and where P_+ is defined as in (7).

Proof. We denote

K_0 = ( Q^2 2M − z − 1 c^2 z 2M )_{− 1}

, (23)

and A_− as in Eq. (10). Hence we obtain from (12)

( H(c) − Mc^2 − z )_{− 1} = (A_− + V)^{− 1} = A^{− 1}_− (1 + VA^{− 1}_− )^{− 1} = ( P_+ + 1 c^2 cQ + z 2M ) K_0 ( 1+ VP_+ K_0 + 1 c^2 V cQ + z 2M K_0

)_{− 1}

. (24)

The last factor (...)^{− 1} can be written as

(1 + VP_+ K_0)^{− 1} ( 1+ 1 c^2 V cQ + z 2M K_0 (1 + VP_+ K_0)^{− 1}

)_{− 1} . (25)

Finally, we arrive at the result (20), by using the relation

K(c^{− 2}) = K_0(1+ VP_+ K_0)^{− 1}. (26) ⊓⊔ Corollary 5. Let H(c) = H_0(c) + V be as above. Then (H(c) − Mc^2 − z)^{− 1}, Im(z) ≠ 0, is holomorphic in 1/c in a z-dependent neighborhood of 1/c= 0,

(H(c) − Mc^2 − z)^{− 1} = ∞∑ n=0 1 c^n R_n (z). (27)

The sum converges in the operator norm. We have

R_0(z) = R_∞ P_+ = (H_∞ − z)^{− 1}P_+ , (28)

R_1(z) = P_+ R_∞ Q 2M + Q 2M R_∞ P_+ , (29)

R_2(z) = R_∞ Q 2M ( z − ( Q2 2M − z ) R_∞ V ) Q 2M R_∞ , (30)

etc.

Proof. Since R_∞ is bounded for z with Imz ≠ 0 the operator K(1/c^2) is analytic in 1/c^2 for c sufficien tly large. For any fixed z ∈ C\R the norm of the operator 1 c^2 T(c) ≡ 1 c^2 V cQ + z 2M K(c^{− 2}) (31)

is less than 1 for c sufficien tly large. In this case the operator 1 + T(c)/c^2 occurring in the last factor of (20) is invertible and hence (20) is analytic in 1/c around 1/c= 0. From (21) we obtain as in (16) explicitly the series expansion of the operator K(1/c^2)

K(c^{− 2}) = R_∞ + 1 c^2 z^2 2M R^2_∞ + 1 c^4 z^4 4M^2

R^3_∞ + ... (32)

Inserting this in the Neumann series of the operator (1+ T(c)/c^2)^{− 1} we obtain finally the series expansion of the Dirac resolvent. We have used the relation

1− R_∞ P_+ V = R_∞ ( Q^2 2M − z ) (33)

in order to obtain the above expressions for R_1 and R_2. ⊓⊔

Remark. The operators R_0 and R_2 are even (they commute with the unitary involution τ), whereas R_1 is odd (i.e., anticommutes with τ). More generally, in the expansion (27) all operators R_{2n} are even operators, and all R_{2n+1} are odd. This can be seen as follows. The only odd operator occurring (20) is Q/2Mc. It is also the only operator coming with 1/c, all other terms in (20) either contain a factor 1/c^2, or they do not at all depend on c. Therefore the only odd terms in the expansion (27) are those terms which contain an odd number of factors Q/2Mc, and these are precisely the terms containing an odd power of 1/c.

1.4 Nonrelativistic Limit with Anomalous Momen ts

As an example we consider the Dirac operator with an anomalous electric and magnetic moment. (Sects. 4.2.3 and 4.2.4 of “The Dirac Equation^1”). The potential terms describing the interaction due to the anomalous moments are given by Eqs. (4.21) and (4.25). In these expressions we substitute μ_a = μe/2mc and δ_a = δe/2mc (where μ and δ are real numbers) and absorb the constant e into ϕ_{el} and E = −∇ ϕ_{el}. As explained in Remark 2 of Sect. 1.1, we also substitute A for (e/c)A and correspondingly B for (e/c)B . With these conventions, the Dirac operator becomes H = ( mc^2 + V_+ (c) cD^∗(c) cD(c) − mc^2 + V_− (c) ) , (34)

D(c) = σ ·(p − A) − i^1_{2mc} σ ·(^μ_c E + δB ), (35)

V_± (c) = ϕ_{el} ±^1_{2m} σ ·(^δ_c E − μB ). (36)

Although the operators D and V_± (and hence Q and V) now depend on c, we can repeat the calculation in the previous section without changes. The leading term R_∞ of the Dirac resolvent now also depends on c. We obtain the expression

R_∞ (c) = ( (H_P (c) − z)^{− 1} 0 0 0 ) , (37)

H_P (c) =^1_{2m} D^∗(c)D(c) + V_+ (c). (38)

A calculation similar to Eq. (5.79) gives

H_P (c) =^1_{2m} [(p − A)^2 − σ ·B ]+^1_{2mc 2} X^2

−^1_{2mc} [iσ ·rot X + 2σ ·X ∧ (p − A) + divX ]

+^1_{2m} σ ·(^δ_c E − μB ) + ϕ_{el}, (39) where X =^1_{2m} (^μ_c E + δB ). Assume that the c-dependent terms are bounded with respect to

H_P (∞ ) ≡^1_{2m} (p − A)^2 −^{1+ μ}_{2m} σ ·B + ϕ_{el}. (40)

Then the resolvent equation shows convergence in the operator norm of

(H_P (c) − z)^{− 1} → (H_P (∞ ) − z)^{− 1}, as c → ∞ . (41)

Hence we consider (40) as the nonrelativistic limit of the Dirac operator with anomalous moments (34). Finally, we may reintroduce the factor e/cand obtain the “P auli operator”

H_P ≡^1_{2m} (p −^e_c A)^2 − (1 + μ)^e_{2mc} σ ·B + eϕ_{el}. (42)

The operator H_P describes nonrelativistic particles interacting with an electromagnetic field (ϕ_{el},A). A term of the form μ ·B describes the interaction energy of a magnetic moment μ in a magnetic field. The magnetic moment μ, which is measured in units of Bohr magnetons e/2mc, is proportional to the spin^1_2 σ of the particle,

μ = g^e_{2mc}^1_2 σ. (43)

The constant in Eq. (43) is called g-factor of the particle. For particles with small anomalous moments like electrons the g-factor is approximately two. This has been observed experimentally before the invention of the Dirac equation. A comparison of (43) with (42) shows that the Dirac equation gives the right prediction: The ordinary Dirac operator (4.15) describes particles with g-factor exactly equal to 2. If there is an additional interaction of the form (4.21) we obtain g = 2(1 + μ). An anomalous electric moment gives no contribution in the nonrelativistic limit.

2 c-Dep endence of Eigen values

2.1 Bro wsing Analytic Perturbation Theory

In this section we state some mathematical results which are needed later. The reader is referred to the literature for the proofs of the various results^3.

Let H be a self-adjoint operator in a Hilbert space H. The resolvent set ρ(H) is given by those complex numbers z for which the resolvent R(z) = (H − z)^{− 1} exists and is a bounded operator. The complement σ(H) = C \ ρ(H) (the spectrum of H) is a closed subset of the real axis. The singularities of R(z) are just the eigenvalues of H. Let E be an isolated eigenvalue of H and let Γ be a closed positively oriented curve which encloses λ but no other part of σ(H). Then

3 [Ka 80], [RS 78]

P ≡ − 1 2πi ∮ Γ R(z) dz (44) is an orthogonal projector onto the eigenspace belonging to the eigenvalue E. The multiplicity m ≡ dimPH of the eigenvalue is assumed to be finite. Then we have the following representation^4, of H in PH PHP = EP = − 1 2πi ∮ Γ z R(z) dz. (45) An eigenvalue E is called nondegenerate, if m = 1.

Now, let H(κ) be an operator valued function of a (possibly complex) variable κ, such that the resolvent R(κ, z) is analytic in κ, i.e., R(κ, z) = ∞∑ n=0 κ^n R_n (z), z ∈ C \R, (46) where all R_n (z) are bounded operators and the sum converges in the operator norm, uniformly on compact subsets of ρ(H(0)). Assume that E_0 is an isolated eigenvalue of H(0), and define the closed curve Γ as in (44). Then P(κ) = − 1 2πi ∮ Γ R(κ, z) dz (47) is (for sufficien tly small |κ|) a projection onto an m-dimensionsal subset of H (the orthogonal direct sum of the eigenspaces of all the eigenvalues of H(κ) lying inside Γ ). Obviously, P(κ) is analytic around κ = 0, P(κ) = ∞∑ n=0 κ^n P_n , P_n = − 1 2πi ∮ Γ R_n dz. (48) With the help of the projection operators P(κ) and P_0 = P(0) we define the unitary operator^5 U(κ) = ( 1− (P(κ) − P_0)^2 )_{− 1/2} ( P(κ)P_0 + (1− P(κ))(1− P_0) ) (49)

Note that A ≡ (P(κ) − P_0)^2 commutes with P(κ) and P_0. We can define the inverse square root in Eq. (49) as

(1− A)^{− 1/2} = ∞∑ n=0 ( −^1_2 n ) (− A)^n = 1+^1_2 A +^3_8 A^2 + ..., (50)

if ‖A‖ < 1 which is the case for sufficien tly small |κ|, because lim_{κ→ 0} P(κ) = P_0 in the operator norm.

The operator valued function U(κ) is called transformation function for P(κ), because

4 [Ka 80], Sect. I.5 5 [Ka 80], Sects. I.4.6 and I.6.8.

U(κ) P_0 = P(κ) U(κ), (51)

i.e., U(κ) intertwines between the projections P(κ) and P_0. Clearly, U(κ) is analytic in κ around κ = 0, from the expansion of P(κ) and Eq. (50), we obtain

U(κ) P_0 = P_0 + κP_1P_0 + κ^2(P_2P_0 +^1_2 P^2_1 P_0) + ... (52)

Similarly as in Eq. (45) we can define an analytic family ofbounded self-adjoint operators P(κ)H(κ)P(κ) = − 1 2πi ∮ Γ z R(κ, z) dz. (53) The range of the projection P(κ) is generally different for each κ. But with the help ofthe transformation function we can define an analytic family ofbounded self-adjoint operators which is unitarily equivalent to (53) and which acts on one fixed subspace P_0H. H̃(κ) = U(κ)^{− 1}P(κ)H(κ)P(κ)U(κ) = − 1 2πi P_0U(κ)^{− 1} ∮ Γ z R(κ, z) dz U(κ)P_0 = E_0P_0 − 1 2πi P_0U(κ)^{− 1} ∮ Γ (z − E_0) R(κ, z) dz U(κ)P_0. (54)

Hence the problem of finding the eigenvalues of H(κ) near the eigenvalue E_0 of H(0) is completely reduced to the diagonalization of a self-adjoint operator in a finite dimensional Hilbert space. Hence we can apply the following theorem of Rellich.

Theorem 6. Let H̃(κ) be a family of operators in a finite dimensional Hilbert space, such that H̃(κ) isanalytic in a neighborhood ofκ = 0. Supposethat H̃(κ) is self-adjoint for real κ and let E_0 be an eigenvalue ofH̃(0) with multiplicity m. Then there are k < m distinct functions, E^1(κ),...,E^k(κ), which are analytic in κ in a neighborhood of κ = 0, and which are all eigenvalues of H̃(κ) with multiplicities m^j , such that ∑_k j =1 mj = m. We also note that the eigenvectors of H̃(κ) are simply given by ϕ^l(κ) = U(κ)ϕ^l_0, l = 1,...,m, (55) where the vectors ϕ^l_0, form a basis of the eigenspace of H_0 belonging to the eigenvalue E_0. This result follows immediately from the fact that the unitary operator U(κ) maps P_0H onto P(κ)H. Analyticity of H̃ and its eigenvalues implies that there is an expansion of the form

H̃(κ) =^∞ ∑ n=0 H̃_n , E^j (κ) =^∞ ∑ n=0 E^j_n . (56)

If E_0 is nondegenerate, then the first order term in the expansion of E(κ), is given by

E_1 = (ϕ_0,H̃_1ϕ_0). (57) If E_0 has multiplicity m, then E^j (κ), j = 1,...,k, are the eigenvalues of the self-adjoint m × m matrix

A_{j k} = (ϕ^j_0,H̃_1ϕ^k_0). (58)

2.2 The Reduced Dirac Op erator We apply the general results of the previous section to the Dirac operator H(c) − Mc^2. From Sect. 1.3 we know that the resolvent of this operator is analytic in 1/c, and

lim_{c→∞} (H(c) − Mc^2 − z)^{− 1} = (H_∞ − z)^{− 1}P_+ . (59) We assume that E_0 is an isolated eigenvalue with multiplicity m ofthe operator H_∞ P_+ . The corresponding eigenspace P_0H is contained in P_+ H. Let Γ be a circle in C which separates E_0 from the rest of σ(H_0). The projection operator

P(^1_c ) = − 1 2πi ∮ Γ (H(c) − Mc^2 − z)^{− 1} dz (60)

is analytic in 1/c. We can define the transformation operator

U(^1_c ) = ( 1− (P(^1_c ) − P_0)^2 )_{− 1/2}( P(^1_c )P_0 + (1− P(^1_c ))(1− P_0) ) , (61) which is analytic in 1/c. We shall need the first term in the series expansion of U(1/c)P_0. From Eq. (52) it is clear that

lim_{c→∞} U(^1_c )P_0 = P_0 = lim_{c→∞} P_0U(^1_c ). (62) We are interested in the reduced Dirac operator

H̃(^1_c ) = U(^1_c )^{− 1}P(^1_c )(H(c) − Mc^2)P(^1_c )U(^1_c )

= E_0P_0 − 1 2πi P_0U(^1_c )^{− 1} ∮ Γ (z − E_0) (H(c) − Mc^2 − z)^{− 1} dz U(^1_c )P_0 (63) which is bounded and self-adjoint and analytic in 1/cfor sufficien tly large c. In order to obtain the series expansion of H̃ in powers of 1/c, we note that ∮ Γ (z − E_0) R_0(z) dz = 0, ∮ Γ (z − E_0) R_1(z) dz = 0. (64)

This can be seen from the explicit forms of R_0, R_1 given in Eqs. (28), (29) and Cauchy’s integral formula, because

− 1 2πi ∮ Γ (z − E_0) R_∞ (z) P_0 dz = − 1 2πi ∮ Γ z − E_0 E_0 − z dz = 0. (65)

Therefore the first nontrivial term in the 1/c-expansion of Eq. (63) is given by − 1 2πi P_0 ∮ Γ (z − E_0)^1_{c2} R_2(z) dz P_0. (66)

But from Eq. (30) we find

P_0R_2(z)P_0 = P_0 Q 2M z − V (E_0 − z)^2 Q 2M P_0. (67)

Hence, with Cauchy’s integral formula we obtain immediately

H̃(^1_c ) = E_0P_0 + 1 c^2

P_0 Q 2M (V − E_0) Q 2M P_0 + ... (68)

Remark. It is easy to see that the expansion (68) contains only even powers of 1/c. As we know from the remark at the end of Sect. 1.3, the 1/c^{2n+1} -terms in the expansion of the resolvent are all odd operators. Hence the same is true for the expansions of P(1/c) and hence for the series of U(1/c)P_0 and P_0U(1/c)^∗. Therefore, also in the series expansion ofH̃(1/c) the odd powers of1/ccan only occur with odd operators. But H̃(1/c) = P_+ H̃(1/c)P_+ is an even operator and hence it is anlaytic in 1/c^2. It follows immediately from this observation and from Theorem 6 that the eigenvalues of H̃(1/c) are analytic in 1/c^2. Using first order perturbation theory we obtain the following results.

2.3 Analyticit y of Eigen values and Eigenfunctions

Theorem 7. Let H(c) = cQ + τMc^2 + V be a Dirac operator defined as in Eqs. (2)–(5). Let E_0 be an isolated eigenvalue with finite multiplicity m of the operator H_∞ P_+ , which is the nonrelativistic limit of H(c) − Mc^2 (cf. Theorem 4). Then H(c)− Mc^2 has k ≤ m distinct eigenvalues E^j (1/c^2), j = 1,...,k, with multiplicities m_j (with ∑ j m_j = m), such that each E^j is analytic in 1/c^2 in a neighborhood of c = ∞ . The corresponding eigenvectors ψ^{j,r j} , r_j = 1,...m_j can be chosen in the form

ψ^{j,r j} (c) = ϕ^{j,r j}_+ (^1_{c2} ) +^1_c ϕ^{j,r j}_− (^1_{c2} ), ϕ^{j,r j}_± (^1_{c2} ) ∈ P_± H, (69)

where ϕ^{j,r j}_± (^1_{c2} ) are analytic in 1/c^2.

Proof. The result follows immediately from the analyticit y of H̃(^1_c ) and Theorem 6. By the remark at the end of the preceding section, the series expansion of U(^1_c ) is of the form

U(^1_c ) = U_{even} (^1_{c2} ) +^1_c U_{odd} (^1_{c2} ) (70) Eq. (69) follows, because the eigenvectors of H_∞ P_+ belonging to isolated (i.e., nonzero) eigenvalues are in P_+ H. ⊓⊔

2.4 First Order Corrections of Nonrelativistic Eigen values

Theorem 8. Under the assumptions of Theorem 7, the eigenvalues E^j of the Dirac operator H(c) − Mc^2 have the expansion

E^j (^1_{c2} ) = E_0 +^1_{c2} E^j_1 + O(^1_{c4} ), (71)

where the E^j_1, j = 1,...,k, are the eigenvalues of the self-adjoint matrix A_{ik} = ( Q 2M ϕ^i_0 , (V − E_0) Q 2M ϕ^k_0 ) . (72)

The vectors ϕ^1_0,...,ϕ^m_0 form an orthonormal system of eigenvectors of H_∞ P_+ belonging to the eigenvalue E_0.

Proof. See the discussion after Theorem 6. ⊓⊔

Remark 1. Note that all eigenvectors ϕ^j_0 are in P_+ H. The commutation relation (Q/2M)P_+ = P_− (Q/2M) shows that only the part V_− of V in P_− H is relevant for the calculation of the 1/c^2-correction to the nonrelativistic eigenvalue.

Remark 2. For a nondegenerate eigenvalue E_0, i.e., H_∞ ϕ_0 = E_0ϕ_0, with ‖ϕ_0‖ = 1, there is only one eigenvalue E(1/c^2) = E_0+ E_1/c^2+ ... ofH(c)− Mc^2, and Eq. (72) simplifies to

E_1 = ( Q 2M ϕ_0 , (V − E_0) Q 2M ϕ_0 ) . (73)

2.5 Interpretation of the First Order Correction

In the standard representation, we denote the component of ψ_0 ∈ P_+ H by ψ^+_0 . Let E_0 be a nondegenerate eigenvalue ofH_∞ P_+ with corresponding eigenvector ψ_0, i.e., ( 1 2M_+

D^∗D + V_+ ) ψ^+_0 = E_0ψ^+_0 . (74)

According to Eq. (73) the first relativistic correction E_1 can be written in the form

E_1 = ( 1 2M_− Dψ^+_0 , (V_− − E_0) 1 2M_− Dψ^+_0 ) . (75)

The scalar product in (75) is the scalar product in P_− H.

Let us now consider a special case, namely the electron in an electrostatic potential. We have H = L^2(R^3)^4, τ = β,

V_+ (x) = V_− (x) = ϕ_{el}(x)1_2, x ∈ R^3, (76)

D = D^∗ = σ ·p = − iσ ·∇ , M_+ = M_− = m. (77) The nonrelativistic limit of the Dirac operator H(c) − mc^2 is given in L^2(R^3)^2 by the following “Schrödinger operator with spin”

H_∞ = ( − 1 2m Δ + ϕ_{el}(x) ) 1_2. (78)

Thus the Schrödinger operator H_∞ describes particles with spin (i.e., twocomponent wavefunctions) but the spin does not interact with the electrostatic field.

Theorem 9. Assume ϕ_{el}(x) is a twice continuously differentiable function of x. Let ψ^+_0 be a nondegenerate bound state of H_∞ , i.e., H_∞ ψ^+_0 = E_0ψ^+_0 , and ‖ψ_0‖ = 1. Then a first approximation to the corresponding eigenvalue of the Dirac operator cα ·p + (β − 1)mc^2 + ϕ_{el}1 is given by E_0 + E_1/c^2, where

E_1 = 1 4m^2

(σ ·p ψ^+_0 ,(ϕ_{el} − E_0)σ ·p ψ^+_0 ) = 1 4m^2 ( ψ^+_0 , { − 1 2m p^4 + σ ·(∇ ϕ_{el}) ∧ p + 1 2 (Δϕ_{el}) } ψ^+_0 ) . (79)

Proof. Inserting (77) into (75) gives

E_1 = 1 4m^2

(ψ^+_0 ,σ ·p (ϕ_{el} − E_0) σ ·p ψ^+_0 ) = 1 4m^2

(ψ^+_0 ,{σ ·p ϕ_{el} σ ·p − E_0(σ ·p)^2}ψ^+_0 ) = = 1 4m^2 ( ψ^+_0 ,{σ ·p ϕ_{el} σ ·p − ( 1 2m p^2 + ϕ_{el} ) (σ ·p)^2}ψ^+_0 )

= 1 4m^2

(ψ^+_0 ,{− 1 2m p^4 + [σ ·p,ϕ_{el}]σ ·p}ψ^+_0 ). (80)

Using p = − i∇ we obtain [σ ·p,ϕ_{el}]σ ·p = − i(σ ·∇ ϕ_{el}) σ ·p. (81) From the relation (1.212) we get

[σ ·p,ϕ_{el}]σ ·p = − (∇ ϕ_{el}) ·∇ + σ ·(∇ ϕ_{el}) ∧ p. (82)

Next we calculate

(ψ^+_0 ,^1_2 (Δϕ_{el}) ψ^+_0 + (∇ ϕ_{el})(∇ ψ^+_0 ) )

=^1_2 (ψ^+_0 ,[Δ, ϕ_{el}]ψ^+_0 ) =^1_2 (ψ^+_0 ,2m[ϕ_{el} − E_0 ,ϕ_{el}]ψ^+_0 ) = 0. (83) This gives finally

(ψ^+_0 , [σ ·p , ϕ_{el} ]σ ·p ψ^+_0 ) = (ψ^+_0 , {^1_2 (Δϕ_{el}) + σ ·(∇ ϕ_{el}) ∧ p}ψ^+_0 ). (84)

⊓⊔ Remark. The various terms in Eq. (79) have a nice interpretation. The term − (2m)^{− 3} p^4 is the kinetic energy correction of order 1/c^2 as expected from the correspondence principle: In classical mechanics, the relativistic kinetic energy as a function of the momentum is given by √ c^2p^2 − m^2c^4 − mc^2 = 1 2m p^2 − 1 8m^3c^2 p^4 + O ( 1 c^4 ) . (85)

The second summand in Eq. (79), (2m)^{− 2} σ ·(∇ ϕ_{el}) ∧ p, is called spin orbit coupling term. It can be explained as follows. The electron has a magnetic moment μ = − (eg/2mc)S = − (e/2mc)σ (the Dirac equation without modifications describes electrons with g=2). The magnetic moment interacts with an external magnetic field, the corresponding contribution to the energy is − μ ·B . According to the special theory of relativity, an observer moving with velocity v in an electrostatic field of strength E feels a magnetic field of strength B = − E ∧ v/c. Hence we expect that the interaction energy of order 1/c^2 is given by − e 2m^2c^2 σ ·E ∧ p. (86) This is twice the spin orbit term, if we set − eE = ∇ ϕ_{el}. But there is still another contribution coming from the Thomas precession. This is a purely kinematical effect in the special theory of relativity. An accelerated frame of reference performs an additional precession with the frequency ω = − 1 2c^2 v̇ ∧ v. (87) For the motion in an electric field, the acceleration is given by v̇ = − eE /m. The precession of the spin axis gives an additional interaction term ω ·S = e 4m^2c^2 σ ·E ∧ p, (88) which combines with (86) to give the spin orbit coupling term. The last contribution to Eq. (79),^1_{8m 2} (Δϕ_{el}), is known as the Darwin term. It can be heuristically explained as an effect related to Zitterb ewegung.

2.6 Example: Separable Poten tial

We calculate the first-order relativistic correction for the bound state of the radial Schrödinger equation with a separable potential V. A separable potential isan operator offinite rank. Given somev ∈ L^2([0,∞ );dr) and γ > 0 we assume that V is of the form

Vϕ = − γ (v,ϕ) v, all ϕ ∈ L^2([0,∞ );dr), (89) where (v,ϕ) = ∫_∞ 0 v(r) ϕ(r) dr is the scalar product in L^2([0,∞ );dr). The radial Schrödinger equation with orbital angular momentum l = 0 and energy E < 0 becomes − ϕ^{′′}(r) − μ (v,ϕ) v(r) = − ϵ^2ϕ(r), (90) where we have used the abbreviations μ = 2mγ h̄^2

> 0, ϵ^2 = − 2mE h̄^2

> 0. (91)

A Fourier transformation ϕ → ϕ̂, where ϕ̂(k) = √ 2/π ∫_∞ 0 ϕ(r) sin(kr) dr, converts Eq. (90) into

k^2 ϕ̂(k) − μ (v,ϕ) v̂(k) = − ϵ^2ϕ̂(k). (92)

Hence the solution ϕ_ϵ must satisfy

ϕ̂_ϵ(k) = μ (v,ϕ_ϵ) û_ϵ(k), where û_ϵ(k) = v̂(k) ϵ^2 + k^2

. (93)

From (v,ϕ_ϵ) = (v̂,ϕ̂_ϵ) = μ (v,ϕ_ϵ) (v̂,û_ϵ) we find

(v̂,û_ϵ) = (v,u_ϵ) = 1/μ. (94)

This equation can be used to determine an energy ϵ for which a squareintegrable u_ϵ exists.

For the explicit calculation we assume that V is a “Yamaguchi potential”,

v(r) = e^{− ar} , a > 0, i.e., v̂(k) = √ 2 π k a^2 + k^2

. (95)

Hence we find

u_ϵ(r) = e^{− ar} − e^{− ϵr} ϵ^2 − a^2 , (v,u_ϵ) = 1 2a(ϵ+ a)^2

. (96)

Therefore, with Eq. (94) we conclude that

ϵ= (μ/2a)^{1/2} − a, (97)

which is only positive for μ > 2a^3 (otherwise u_ϵ is not square-integrable). In this case the radial Schrödinger equation with the Yamaguchi potential supports precisely one bound state ϕ_0 with energy E_0,

ϕ_0(r) = √ 2ϵa(ϵ+ a)^3 u_ϵ(r), E_0 = − h̄^2 2m ϵ^2. (98)

The normalization factor has been chosen such that ‖ϕ_0‖ = 1.

With our previous notation we have D = h̄ ( d dr − 1 r ) , H_∞ = h̄^2 2m d^2 dr^2 + V, (99) and we can use Eq. (73) to calculate E_1,

E_1 = h̄^2 4m^2 { − γ | |( v, ϕ^′_0− ϕ_0/r ) | |^2 + E_0 (ϕ_0 ,ϕ^{′′}_0 ) }

= − h̄^4 8m^3 ϵa { a (ϵ+ a) [ 1− 2 ϵ+ a ϵ− a ln ϵ+ a 2a ]_2 − ϵ^2 } . (100)

The separable potential discussed here can be regarded as a very simple model of the nucleon-nucleon interaction. For a rough estimate we insert for m the reduced mass of the proton-neutron system, mc^2 = 469,46 MeV, and choose a = 1, γ = 124,3 MeV fm^{− 1}. Then we have E_0 = − 2.08 MeV and E_1/c^2 = − 0.13 MeV. The constants have been chosen to fit the bound state energy of the proton-neutron system (the deuteron), E ≈ E_0 + E_1/c^2 = − 2.22 MeV. We see that the relativistic correction gives a contribution of about 6% of the nonrelativistic bound state energy.

Notes

Section 1. Pauli was the first to study the connection between the Dirac theory and its nonrelativistic appro ximation by separating the “large” and “small” components of the wavefunction [1]. For the early literature on this sub ject, see [2], or [BS 59]. We mention [3], where Eq. (73) is derived for a special case using formal expansions of wavefunctions. Pauli’s metho d was developed further in [4], still at a formal level, and more rigorously by Schoene [5], who investigated in particular the convergence of the solutions in the nonrelativistic limit. The spherically symmetric case is studied rigorously by Titc hmarsh in [6], spherically symmetric scattering problems are treated in [7, 8].

A completely differen t approac h was taken by Foldy and Wouth uysen [9], who developed a formal scheme of applying successively Foldy-Wouth uysen (FW) transformations in order to obtain operator perturbations of the nonrelativistic Pauli operator H_P of order 1/c^2 and higher. In principle, this metho d gives an expansion of the Dirac operator into powers of 1/c^2. This metho d became the most popular one [10] and can be found in most textb ooks on relativistic quan tum mechanics. However, even the first order perturbation of H_P is so singular that it destro ys completely all spectral prop erties of H_P . For example, all bound states of H_P dissolve into a continuous spectrum [11]. Mathematically , one is actually forced to consider H_P as a small perturbation of the 1/c^2 term. Adding higher order corrections makes the situation even worse. The divergence of the Foldy-Wouth uysen series for a special case is also noted in [12]. Nevertheless, the first order corrections of eigenvalues obtained in this formal way are correct and agree with the expressions obtained in Theorem 9. Therefore it should be clear that the “op erator perturbations” cannot not be taken literally . The FW corrections are not meaningful in an operator sense and should only be considered if applied to wavefunctions with energies in a neighborhood of the bound state energy under consideration. We refer to [13]for further clarification. Attempts to understand the status of the FW metho d are also made in [11, 14-16].

The resolvent approac h which is presented here was suggested first by Veselić [17](see also his earlier pap er [18]). He derived the analyticit y of the resolvent by perturbation theoretic argumen ts. A similar approac h was used by Hunziker [19] for a larger class of potentials. The explicit expansion of the resolvent into powers of 1/c was obtained for the first time in [20] and [21]. The last pap er also contains estimates on the convergence radius of the expansion. The convergence of solutions of the Dirac equation in the nonrelativistic limit is also considered in [22, 23].

Section 2. For the complicated systems in atomic and molecular physics the calculation of relativistic corrections is of great practical importance. Many-body analogues of the Dirac equation can be used to deduce formulas for the first-order relativistic corrections. It is perhaps not meaningful to calculate higher-order corrections or the exact solution of the manyparticle Dirac equation, because in higher orders one expects contributions from QED which cannot be describ ed by the Dirac equation alone. More on the applications of Dirac-t ype equations in many-particle systems can be found, e.g., in the books T. P. Das: Relativistic Quantum Mechanics of Electrons, Harp er and Row, New York 1973, G. L. Malli (ed.): Relativistic Effects in Atoms, Molecules, and Solids, Nato ASI Series B: Physics, Vol. 87, Plenum

Notes 19

Press, New York, London 1983, P. Pykk¨o: Relativistic Theory of Atoms and Molecules, Lecture Notes in Chemistry , Vol. 41, Springer Verlag, Berlin, Heidelb erg, New York 1986, or in [24]. As a review of the various metho ds used in the perturbation theory of relativistic corrections we recommend [16, 25].

The problem of finding relativistic corrections to bound state energies was solved rigorously and for a large class of potentials by Gesztesy, Grosse and Thaller [21]. Formula (73) was known before only in some special cases [3, 6]. The result is folklore in the form of Eq. (79), although the derivation of (79) had been based on heuristic and formal argumen ts [9] (see also the discussion of the Foldy-Wouth uysen metho d in the notes to Sect. 1). The approac h in [21] uses perturbation theory of resolvents and the explicit 1/c^2 expansion to obtain the result (73), but only in the case of nondegenerate eigenvalues. The analyticit y of eigenvalues had already been stated by Hunziker [19] without giving the proof in the degenerate case. Theorem 8 for degenerate eigenvalues was proven first by Wiegner [26]. Some essential simplifications of the metho d have been obtained by Grigore, Nenciu and Purice [13], who indep endently gave a proof in the degenerate case. Our presentation here follows closely their elegant exposition.

The metho d of finding relativistic corrections to nonrelativistic quan tities by the resolvent metho d is extended to the Breit-F ermi Hamiltonian for two-fermion systems in [27]. One dimensional Dirac operators with a periodic potential are considered in [28]. In this case the first order corrections of the energy band edges are again given by Eq. (72).

Relativistic corrections for the scattering matrix are derived in [15]; the scattering amplitude is considered in [13]. For exponentially decaying potentials the holomorph y of the scattering matrix at fixed energy is derived in [15] in the framework of Kuro da’s stationary scattering theory . Again, the first order correction to the nonrelativistic S-matrix can be obtained explicitly. Unfortunately the resulting expression is too complicated to be repro duced here. Ref. [13] requires a weaker decay of the potential, which implies only differen tiabilit y of the scattering amplitude instead of holomorph y. This is, however, sufficien t to obtain first order corrections of the scattering amplitude. The nonrelativistic limit of stationary scattering theory and the analyticit y of resonances in 1/c is investigated in [29]. Among earlier results on the nonrelativistic limit of Dirac scattering theory we mention the proof of strong convergence of wave operators as c → ∞ , in [30] and [31].

The explicit form of the correction terms arising from the FW metho d and given in Eq. (79) has always been a strong argumen t in favor of the Dirac equation. A more detailed discussion of their physical interpretation is given, e.g., in the book M. E. Rose: Relativistic Electron Theory, Wiley, New York 1961 (Sects. I.7 and IV. 22), which also contains a derivation of the Thomas precession (App endix B).

Articles

[1] Pauli, W., Die allgemeinen Prinzipien der Wellenmechanik, in Handbuc h der Physik Vol. 5/1, Prinzipien der Quan tentheorie, S. Flügge, Editor. 1958, Springer: Berlin, Göttingen, Heidelb erg. p. 137–168.

[2] Bethe, H.A. and E.E. Salpeter, Quan tum mechanics of one- and two-electron systems, in Handbuc h der Physik, Vol. 35, Atome I, S. Flügge, Editor. 1957, Springer: Berlin, Göttingen, Heidelb erg. p. 88–436.

[3] Sewell, G.L., An appropriate relation between the energy levels of a particle in a field of given potential energy, calculated in the relativistic and non-relativistic theories, Pro c. Cambridge Phil. Soc. 45, 631–637 (1949) [4] Löwdin, P.O., Studies in perturbation theory VIII. Separation of Dirac equation and study of the spin-orbit coupling and Fermi contact terms, J. Mol. Spectr. 14, 131–144 (1964) [5] Schoene, A.Y., On the nonrelativistic limits of the Klein Gordon and Dirac equations, J. Math. Anal. Appl. 71, 36–47 (1979) [6] Titc hmarsh, E.C., On the relation between the eigenvalues in relativistic and nonrelativistic quan tum mechanics, Pro c. Roy. Soc. A 266, 33–46 (1962) [7] Ronveaux, A., Longueur de diffusion en théorie de Dirac et de Schrödinger, C. R. Acad.

Sc. Paris, Ser. B 272, 1229–1231 (1971) [8] Ronveaux, A., Nonrelativistic limit of the Dirac equation in the continuum, Lett. al Nuovo Cimento, Ser I 4, 703–706 (1970) [9] Foldy, L.L. and S.A. Wouth uysen, On the Dirac theory of spin-1/2 particles and its nonrelativistic limit, Phys. Rev. 78, 29–36 (1950) [10] deVries, E., Foldy-Wouth uysen transformations and related problems, Fortschr. d.

Physik 18, 149–182 (1970) [11] Gesztesy, F., H. Grosse, and B. Thaller, First-order relativistic corrections and spectral concentration, Adv. Appl. Math. 6, 159–176 (1985) [12] Biedenharn, L.C. and L.P. Horwitz, Chiral two-component spinors and the factorization of Kramers’s equation., Found. Phys. 14, 953–961 (1984) [13] Grigore, D.R., G. Nenciu, and R. Purice, On the nonrelativistic limit of the Dirac Hamiltonian, Ann. Inst. H. Poincaré 51, 231–263 (1989) [14] Gesztesy, F., H. Grosse, and B. Thaller, Spectral concentration in the nonrelativistic limit, Phys. Lett. 116B, 155–157 (1982) [15] Bulla, W., F. Gesztesy, and K. Unterkofler, Holomorph y of the scattering matrix with respect to 1/c^2 for Dirac operators and an explicit treatmen t of relativistic corrections, Commun. Math. Phys. 144, 391–416 (1992) [16] Kutzelnigg, W., Perturbation theory of relativistic corrections II, Z. Phys. D - Atoms, Molecules and Clusters 15, 27–50 (1990) [17] Veselić, K., Perturbation of pseudoresolv ents and analyticit y in 1/c in relativistic quantum mechanics, Commun. Math. Phys. 22, 27–43 (1971) [18] Veselić, K., The nonrelativistic limit of the Dirac equation and the spectral concentration, Glasnik Math. 4, 231–240 (1969) [19] Hunziker, W., On the nonrelativistic limit of the Dirac theory , Commun. Math. Phys.

40, 215–222 (1975) [20] Gesztesy, F., H. Grosse, and B. Thaller, An efficien t metho d for calculating relativistic corrections for spin-1/2 particles, Phys. Rev. Lett. 50, 625–628 (1983)

Articles 21

[21] Gesztesy, F., H. Grosse, and B. Thaller, A rigorous approac h to relativistic corrections of bound state energies for spin-1/2 particles, Ann. Inst. H. Poincaré 40, 159–174 (1984) [22] Cirincione, R.J. and P.R. Chernoff, Dirac and Klein-Gordon equations: Convergence of solutions in the nonrelativistic limit, Commun. math. Phys. 79, 33–46 (1981) [23] Najman, B., The nonrelativistic limit of the Klein-Gordon and Dirac equations, in Differen tial Equations with Applications in Biology, Physics and Engineering, J. Goldstein, F. Kapp el, and W. Schappac her, Editors. 1990, Lecture notes in pure and applied mathematics, Vol. 133, Marcel Dekker, New York, Basel, Hong-Kong. p. 291–299.

[24] Kutzelnigg, W., The relativistic many body problem in molecular theory , Phys. Scripta 36, 416–431 (1987) [25] Kutzelnigg, W., Perturbation theory of relativistic corrections I., Z. Phys. D - Atoms, Molecules and Clusters 11, 15–28 (1989) [26] Wiegner, A., Über den nichtrelativistisc hen Grenzwert der Eigenwerte der Diracgleichung, . 1984, Fernuniversit¨at Hagen, BRD.

[27] Gesztesy, F., H. Grosse, and B. Thaller, Relativistic corrections to bound-state energies for two-fermion systems, Phys. Rev. D30, 2189–2193 (1984) [28] Bulla, W., F. Gesztesy, and K. Unterkofler, On relativistic energy band corrections in the presence of periodic potentials, Lett. Math. Phys. 15, 313–324 (1988) [29] Balslev, E. and B. Helffer, Limiting absorption principle and resonances for the Dirac operator, . 1991, Aarh us Universiteit.

[30] Veselić, K. and J. Weidmann, Existenz der Wellenoperatoren für eine allgemeine Klasse der Operatoren, Math. Z. 134, 255-274 (1973) [31] Yajima, K., Nonrelativistic limit of the Dirac theory , scattering theory , J. Fac. Sci.

Univ. Tokyo, Sec.IA 23, 517–523 (1976)