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1. INTRODUCTION

A recurring problem in the theory of semigroups is to prove smoothing estimates, i.e.,
estimates of the semigroup acting as an operator from LP — L9 q > p. (see [S82] for
a general review on semigroups) In rare cases it is possible to render these estimates in
their sharp form. Among the examples are Nelson’s hypercontractive estimate [N66] and
the sharp smoothing properties of the heat kernel (which follow from the sharp form of
Young’s inequality [B75], [BL76]). A more recent example is furnished by the Mehler kernel
associated with the Schrodinger operator of a charged particle in a constant magnetic
field which essentially is a result of Lieb [L90] although not explicitly stated there (see

Theorem 1.1).

An especially flexible approach to such problems, due to Gross [G76] (see also Feder-
bush [F69]) and relevant for our paper, is the use of logarithmic Sobolev inequalities.
In fact there is complete equivalence between Gross’ logarithmic Sobolev inequality and
Nelson’s hypercontractive estimate. In a similar fashion, Weissler [W78] proved the equiv-
alence of the sharp smoothing estimates for the heat semigroup and logarithmic Sobolev
inequalities.

On a more abstract level it was realized in Simon and Davies [DS84] (see also [D89])
that the technique of logarithmic Sobolev inequalities can be used to prove ultracontrac-

tivity for Markov semigroups.

It is the aim of this note to implement Gross’ method for magnetic Schrédinger op-
erators and to prove sharp smoothing estimates for the associated semigroup. The idea
is similar to the one in [CL96] where it was realized that Gross’ logarithmic Sobolev in-
equality when viewed as a family of sharp inequalities on R™ can be used to obtain sharp

smoothing estimates of solutions of diffusion equations with a volume preserving drift. An
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example is the two dimensional Navier—Stokes equations in the vorticity formulation.
Consider a single charged quantum particle in a magnetic field, i.e., consider the
Hamiltonian

H(B) = %(v +iA)? (1.1)

where A is a vector potential for the magnetic field B, i.e., curl A = B.
Note that the semigroup generated by (1.1) is not Markovian, in fact not even positiv-

ity preserving. Usually, this difficulty is overcome by the important diamagnetic inequality

([K72], [S77,79], [HSUTT7], see also [AHS77] and [CFKS87])

[(eTu) (2)] < ("2 ]ul) (@) (1.2)

which relates estimates on magnetic Schrodinger operator semigroup to estimates on the
heat semigroup.

The obvious disadvantage of using (1.2) is that all effects due to the magnetic field
are completely eliminated. How, then, does the magnetic field affect the behavior of the
semigroup? The first paper that addressed this question is presumably [M86]. It is proved

in [M86] that for a magnetic Schrédinger operator in R3
1
Jim ¥1n|yetH<B>||L1HLoo < —®(C)By , (1.3)

for all curl-free magnetic fields B that satisfy 0 < By < |B| < CBy, Here |B| =

\/B? + B} + B2 with By, By, B3 being the components and the function ® is explicitly
given in [M86]. It is noteworthy that the estimates were obtained by probabilistic tech-
niques.

This work was subsequently improved in [E94]. The estimate (1.3) holds in any

dimension and without the condition that B be curl-free. In particular the following



stronger estimate is true
1
lim = In ||| 1 e < —Cp, min |B(2)|L .
t—o00 zeR”

Here the constant Cp, =14+ O(L%*In L) as L — oo for some explicitly given a < 0. Thus,
this result is in a certain sense optimal since by considering a constant magnetic field in two
dimensions one cannot improve the ezponent min,cr» |B(z)|. Again the results in [E94]
were obtained by probabilistic techniques. Similar results can be found in [U94] where

techniques from differential geometry were used.

In this paper we consider the simpler problem for a magnetic field of constant direction,
or what amounts to the same, a magnetic field in two dimensions. However, we try to retain
as much information as possible about the magnetic field in the estimate on the semigroup.

A magnetic field in two dimensions is a scalar function B which can be expressed in

terms of a (non-unique) vector potential A,

. 8A2($> _ 8A1($)
N 3x1 (9$2

B(x) , Az) = (Ai(z), A2(x)) .

For example, if B(z) = By is a constant magnetic field then
B
A(z) = 70 (—22, 1) - (1.4)

We want to estimate (for suitable p and ¢ with 1 < p < ¢ < c0)

where u(t) = e u

C(t;p,q) = sup [u(®)llq
uerr  lullp

which is just the norm of the Schrédinger semigroup exp(tH) as a mapping from LP(R?)

to L9(R?). This norm is finite, because (1.2) implies that

et || 1o —ra < |€™2||1r—pa < 00 .
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In case of a constant magnetic field B(x) = By > 0 these calculations can be done
using the explicitly known integral kernel of the time evolution operator. If the vector

potential A is chosen as in Eq. (1.4) above, the time evolution is given by

u(t, z) = / Gt z,y) uly) d% .

where G(t,x,y) is the Mehler kernel [S79, p. 168]

BO 1 BO Bot 2 . BO
G(t,z,y) = — ————— exp {—— Coth<—> (x —y)* +1— (z1y2 — 22u1) ¢ »
4 7TSiIlh<B20t> 4 2 2

which is a complex, degenerate, centered Gaussian kernel (in the terminology of [L90]). In

particular, we need the time evolution of the initial function

B
ug(z) = Ng exp {—4—0 xQ}, ag >0 . (1.5)

ao

The solution at time ¢ is again a Gaussian which can be written as

ug(t,z) = N(t) exp {—% 1’2} ,

where

Ny ag ag cosh(%) —|—sinh(B°t)
- .

*) ag cosh (%) +Sinh(%) ’ ¢

The function a(t) is the unique solution of the initial value problem

alt) = %(1 “a®?),  al0)=ao .

Writing ag = tanh(#) (for ag < 1), or ag = coth(0) (for ag > 1), we obtain
tanh (9 + %) for ag < 1,
a(t) =141 for ap =1, (1.6)
coth (9 + %) for ag > 1.
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For ag = 1, the function ug(x) = Ng exp(—Bgz?/4) is the eigenfunction of H corresponding
to the eigenvalue —By/2.
The following theorem sets the stage for our investigation. It is essentially a corollary

of a theorem in [L90]. We shall give the details in Sect. 2.

Theorem 1.1: Let B(z) = By > 0, all x € R%. For 1 < p < q < oo, there is a centered
Gaussian function ug which mazimizes the expression ||u(t)|,/||ull, over all w € LP(R?).

The function ug is of the form (1.5), where ag depends on p, q, t, and By. More explicitly,

with
aO = dt7paq + \/ d?,p,q +p - 1 ) (17)
1 b 2
d =—[(=-1 -2
tvpaq 2Ctst (q + st (p )) )
Bot ) Bt
ct:cosh{To} , st:smh{TO} .

we have

e HBodull,  uo(t)llg

Co(t;p,q) = sup =
weLr  |lullp 2ol

_ N (Bop\""( Bo_a\
No \dagm da(t) ™ '

Remark 1: The condition p < ¢ in Theorem 1.1 is necessary as the following example

shows. Consider the function
u(x) = Ny Z exp(—Bg(z — a)?/4) ,
acG
where G is a finite square lattice in R? whose lattice spacing is large compared to 1/By.

Thus the Gaussian functions in the sum have essentially disjoint support and hence

ar \ P
ullp ~ No | =— GIMP |
full~ No (5= ) 161
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where |G| denotes the number of lattice points. The function w is an eigenfuction of the

magnetic semigroup with eigenvalue e~50*/2. Thus,

_ 47T 1/‘1
o)l ~ Noe 02 ( Z2) 7 jopse.

and

lu(t)]lq ~ ¢—Bot/2 @ Hpt/a pl/p|G|1/q—1/p
[[wllp Am g/ ‘

The last expression tends to infinity with |G| if p > q.

Remark 2: Instead of using the results of [L90] one might approach Theorem 1.1 a la
Gross [G76],i.e., trying to reduce the problem to an integral over infinitesimal time steps,
and estimating the semigroup over these time steps by employing logarithmic Sobolev
inequalities. It is clear that one would get some smoothing estimates but can one obtain
them in the sharp form? That there are some obstructions to reach this goal by this
method can be seen as follows.

Egs. (1.5) and (1.7) determine the Gaussian function ug that yields the norm of the

magnetic heat kernel as an operator from LP to L. With this Gaussian we may write

lao®lly o)l luo(®)l,
Co(t;p,q) = = ,
0P D) = T = Tl a8l

for some r and s with p <r <¢q, 0 < s <t. Hence it is obvious that

Co(t;p,q) < Co(s;p, 1) Co(t —s,7,q) .

Clearly, the proposed method can only work, if there exists a number r with p < r < ¢

such that the above formula is an equality, i.e.,

Co(t;p,q) = pgl}gq{co(S;p, r)Co(t —s,7,q)} . (1.9)
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However, it is easy to see that Eq. (1.9) cannot hold in general. For example, it is wrong
in the specific case ¢ = p > 2, 0 < s < t. From the explicit form of Cy(¢;p,q) given in

Theorem 1.1 we find that

Co(t;p,q) = Co(s;p,7(s)) Co(t — s;7(s), q) (1.10)

holds for some r(s) € [p,q] if and only if the optimizer uy giving Cy(¢;p,q) is also the
optimizer for Co(s;p,7(s)) (i-e., Co(s;p,7(s)) = [[u(s)|lrs)/ lluollp)-

Eq. (1.10) can only hold for all s € (0,¢) if the function r(s) is monotonic nondecreas-
ing, with 7(0) = p and r(t) = q. Given ug (and hence ag) as the optimizer for Cy(¢; p, q),

we can easily determine r(s) using Theorem 1.1 by solving

ap = dsmﬂ"(S) + \/dg,p,r(s) +p— 1.

This gives the function

B p
") = e T A —p)siienfan T o]’ (1.11)

which is monotonic nondecreasing in the following cases:

q— 2 .

> (s if2<p<gq,
q(p —2) (52)
170 > (s)® if2>q>p.
p(2—1q)

If p < 2 < g the function is always monotonic increasing. Thus, the formula (1.9) holds
whenever the above inequalities are satisfied and in these cases Eq. (1.10) holds for all

s € [0,t] with r(s) given as above. The identity

CL(S) = dt—s,r(s),q + \/df_s,r(s)yq + T(S) -1
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(with a(s) as in (1.6)) shows that the optimizer ugy for Cy(s;p,7(s)) is mapped by the time

evolution onto the optimizer ug(s) for Co(t — s;7(s), q), if r(s) is chosen as in Eq. (1.11).

The approach discussed at the beginning of Remark 2 has the great advantage of
being quite flexible and we shall use it to obtain smoothing estimates in the cases where
the magnetic field is not constant. Certainly, one cannot expect to get such detailed
information as in Theorem 1.1 in this case, however, we have the following result which is

proved in Sect. 4.

Theorem 1.2:

Assume that B(x) > By > 0 is continuous. Then the estimate
C(tap7 Q) = ||etH(B)”L1’—>Lq S CO(tap7 Q)

(with Cy(t;p,q) given by Eq. (1.8)) holds for
a)allt>0,ifp<2 q>2,

b)t>0and2<p<q<oo,if

c)t>0and 1 <p<q<2,if

o (a2 119

Remark 1: In the case where neither a), b) nor c¢) holds but p < g we get a nontrivial

bound but it is not sharp.



Remark 2: A simple consequence of Theorem 1.2 is the pointwise bound on the heat

kernel

B
tH(B) < 0
e oo I 9
|| ||L1—>L = Arsi ](Bot)

2
which is best possible. In fact there is equality if B(z) = By as can be seen from the

Mehler kernel.

Finally, also in Sect. 4, we extend our result on the “diagonal” of the magnetic heat

kernel to the “off-diagonal” using a technique due to Davies [D89].

Theorem 1.3:  Assume that B(x) > By > 0 is continuous. Then the magnetic heat
kernel satisfies the bound

By _ (z—y)?

ez )| < ————e "= . 1.14

Remark: The Gaussian decay on the right side of (1.14) is the one of the heat kernel,
which is considerably weaker than the decay of the Mehler kernel. Is it true that |e*# (z,y)|
is bounded by the Mehler kernel |G(¢,z,y)|? The truth of this estimate would reveal a
robust dependence of the magnetic heat kernel on the magnetic field. This is an open

problem.

Acknowledgment: We would like to thank Eric Carlen, Laszlo Erdds, and Vitali

Vugalter for many helpful discussions.

2. PROOF OF THEOREM 1.1

Let G} be the integral operator with the Mehler kernel G(t, x,y). We want to determine

sup ”GtUHq — Co(t'p q)
w ullp
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which is either finite or infinite. By a result of E. Lieb (see [L90], Theorem 4.1) it is sufficient
to take the supremum over centered Gaussian functions of the form exp(—z-J.x), where J.
is a complex-valued matrix, symmetric with respect to the scalar product in R?, and with
a strictly positive real part. Even for this case the calculation is still somewhat tedious.
Instead it is convenient to rework the proof of Theorem 4.1 in [L90].

Let ¢ > 0 be arbitrary. We approximate G; by the operator G with kernel
G5 (2,y) = e Gt,a,y),

which for € > 0 is a non-degenerate, centered Gaussian kernel. According to [L.90], Theo-
rem 3.4, there is a unique (up to a multiplicative constant) centered Gaussian function u.
which is the maximum of ||G5ul|,/||ull, over all u € LP(R?). The function u, is of the form
ue(x) = exp(—x - Jox), where J. is a (possibly complex-valued) matrix which is symmetric
with respect to the scalar product in R? and has a strictly positive real part. But since
the integral operator Gf commutes with rotations, the unique maximum u. must also be
rotationally invariant. Hence J. = a.1 + i1, where a. > 0, and . is real. Since the
integrals of Gaussian functions can be evaluated explicitly, we can evaluate the quotient
|GSully/|lull, for u(x) = exp[—(a +if) 2?] and maximize this expression over all o and £.
The maximum is obtained for («a, 8) = (ae, 5¢), with a. > 0 and . = 0.

Since exp(—ez?) < 1 we find for any Gaussian function u
1Gully < [1Grullq

and hence

_ [IGruellq

Cs - < CO(t7p7Q>7
Juellp  —

where u. = exp(—a.z?) is the unique Gaussian maximizer for G¢.
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By an explicit calculation one sees that

lim C¢ = CO _ ||Gtu0||q
e—0 [uollp

with ug(z) = exp(—ax?), a = lim._g a.. Of course, we have C° < Cy(¢;p, q).

Finally, for any Gaussian function u, the limit

lim ||G§u||q o ||Gtu||q

=0 lullp — [lully

exists by Lebesgue’s dominated convergence, and from

|GFullq

<(C¢ foralle >0
(o

we find immediately that

G
|Grullg < lim C¢ = C° for all Gaussian functions u.
Jull, — =0

Hence, also sup ||Giullq/|lull, = Co(t;p,q) < C°. This proves C° = Cy(t;p,q). A little

calculation easily gives the explicit value of this constant.

12



3. A DIFFERENTIAL INEQUALITY

In the following we assume that the magnetic field B is given by a differentiable vector field
A as in Eq. (1.1) and satisfies B(z) > By > 0, for all € R%. In particular we choose the
vector potential to be in L} (R?) and then by the Leinfelder—Simader Theorem [L.S81] the
formal expression (1.1) defines a selfadjoint operator on some domain D(H) with C§°(R?)
as a core.

H

If we set u(s) = e”*up then u(s) is a solution of

1
£U—HU—§(V+1A) u . (3.1)

If ug € D(H) N LY(R?) N L>°(R?) then we have that u(s) € D(H) N LY(R?) N L>°(R?).
This follows from the diamagnetic inequality (1.2) for each s € (0,¢] and the explicit form

of the heat kernel.

Theorem 3.1: Let r : (0,t] — R be a twice differentiable function with r(s) > 2 and

7(s) > 0 for all s € (0,t]. Then

d
75 )l < —L(r(s),7(s)) , (32)
for all s € (0,t], where
L(r,#) = 7% {2 +1n 4”;(7; 7;)} + a<r’:)B° . (3.3)
0

and

a(r,r) = Bior(\/ﬁ + B3r2(r — 1) — 7).

Equality holds in Eq (3.2) for B(z) = By and



Proof: Pick ug € D(H) N L' (R?) N L>(R?). Since - Ink|u(7)||,(r) does not depend on
k > 0, we assume during the following calculation, without loss of generality, that at the
time 7 = s > 0 the solution is normalized such that ||u(s)|/,(sy = 1. For the derivative at

T = s we obtain therefore

d 7.4 S (8 (8
)l = 2 [ fuls. ) s, )
s r(s) (3.4)

+ % / u(s, z)|("=)=2) %|u(s,m)|2 d% .
The integrals have to be taken over R?. The formal computation can be easily justified
by an approximation argument. For simplicity, the arguments s and x in the integrand on
the right side will be omitted from now on.

Using (3.1) we obtain, after a partial integration

1 o d 1 .
3 [l Sl == S =2) [l (T4a)?

X . ' , (3.5)
~3 |[ul (V +1iA) ul” .

The integration by parts can be justified as follows. Since u € D(H), by the Leinfelder—
Simader Theorem [L.S81] we can pick a sequence u,, € C§°(R?) such that u,, — u, Hu,, —
Hu in L2. Inspecting the proof of the Leinfelder-Simader Theorem one sees that the
sequence u,, can be chosen to converge to u in L' and to have a uniform bound on the L
norm. Thus u, converges to u in LP for all 1 < p < oo. In particular, all the following
computations can be justified in the same fashion and we can assume without restriction
that u € C§°(R?).

If we set u = f +ig then |u| = +/f? + ¢g?. We find

(V +id)uf? = (V|u])? + A+ VS? [u? = X% + Y2 (3.6)
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where we have introduced two real vector fields X and Y over R?,

X = V4l = (= lul

Y =(A+VS)|ul.
Here the symbol V.S denotes the expression

fVg—gVf
fPrg

which is defined wherever f2 + g2 > 0.

For any ¢ > 0 we may estimate

AX24Y2>2 XY

(3.7)

with equality if and only if cX =Y. If B = By is a constant magnetic field we can choose

a Gaussian function

B
u=N exp{—4—0 12}
c

such that equality holds everywhere in (3.7), because (with A as in Eq. (1.2))

B
cX =cVtu = 70<—372,1131)U:AU:Y.

(3.8)

Let us now insert (3.6) and (3.7) into (3.5). Since r — 1 > 0 we can add and subtract a

positive constant ¢ with 0 < ¢ < v/r — 1 in order to obtain

1 o d 1 .
3 [l Ll === 1= [ 1l (T]u)?

1
— g [l @R = 5 [ 1l 4+ VSR
1

< Lo / ]2 (T Ju])? — ¢ / ]2 (V4 u]) - (A + V) Jul

2

15



The last term can be rewritten as
- [l - (44 v8)

Sy R

- —E/B|u|T.
.

The only thing to observe is that V+ - V.S = 0 wherever |u| > 0.
Using B(z) > By and [|u|” = 1 these estimates lead to the following family of

inequalities for each ¢ € (0,/r — 1)

immmsifwmwf
ds 72 (3.9)

Equality holds in case of a constant magnetic field B = By and u a Gaussian function
given by Eq. (3.8). We also note that in the special case 7(s) = 0 the above calculation

can be simplified to give

d B
- nfull, < —vr—1 70 . (3.10)

Now we apply the following family of logarithmic Sobolev inequalities

/g21ng2 - 5/(vg)2 <—2—InA, all A > 0, (3.11)
s

where we assumed that [ g = 1. Equality holds if g is a normalized Gaussian,
1 T 5
g(x) = — exp{—ﬁx } .

This family is essentially Gross’ logarithmic Sobolev inequality rewritten as an inequality

on R? (see, e.g., [CL96]). We insert (3.11) into (3.9) with

2
A=r—1-c2),  g=u7?. (3.12)

7
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Here we have to assume that 7 > 0. With this choice of A we obtain

CBO

. (3.13)

d r 2m 9
T 11(1||u||7ﬂ§—r—2 {2+1n7(r—1—c )}—

This result holds for all 0 < ¢ < v/r — 1. The expression on the right side has a minimum

for ¢ = a where

(\/7*2 + Bgr3(r —1) — i) = a(r,7) . (3.14)

a = ——
Bo’l‘

Note that for 7 = 0 this formula is consistent with Eq. (3.10). In order to determine the
case of equality in (3.13) we determine A according to (3.12) for the optimal value a of c.
This gives A = 4ma/Byr so that the Gaussian function which optimizes the logarithmic

Sobolev inequality is given by

B
g=u""?= Nexp{——or xz}.
8a

As shown above, the corresponding function u at the same time optimizes Eq. (3.7) in case
of a constant magnetic field. Hence we find that equality holds in the estimate (3.13) (with
¢ = a) provided that B = By is constant and u is the Gaussian function defined above.

For the optimal choice of ¢ the inequality (3.13) becomes

S u()llo < ~L(),16)

where (with a = a(r,7) as defined in (3.14))

. T 4ra aBy
L(’I",T‘) = 7'_2 {2+1nB—(ﬂ“}+T .

This estimate remains true for 7(s) = 0 and @ = /r — 1 with L(r,0) = aBy/r, cf. Eq (3.10).

Remark: We note that if for some s € [0, ¢], the derivative  is negative, then d/ds In||ul|,

is unbounded. This can be seen by choosing a constant magnetic field A(z,y) = (—y, x)
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and
u(z,y) = e g(x) h(y)

where g and h are positive with [ ¢" = [ h" = 1. The integrals in (3.4) and (3.5) can be

evaluated explicitly for Gaussian functions. Setting
1 1/2r .',13'2 o 1/2r y2
g9(x) = (—) exp (——) , o hly) = (—) exp (—a—) ,
m T T r

i -1
dis In ||ul|, = ;? (Ina —2In7 —2) — T

we find

which for 7 < 0 tends to +o00, as a — 0.
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4. PROOFS OF THEOREM 1.2 AND 1.3

Proof of Theorem 1.2: By duality, the semigroup e’ : LP — L9 has the same norm as the
one from LY — LP where p/, ¢ are the dual indices. Thus c) follows from b).

To prove b) for ¢ < co we integrate the inequality (3.2) and obtain

lu(®)llq
[u(0) I

Recall that the only assumption on r(s) is that r(0) = p, r(t) = ¢ and that 7(s) be

< exp {— /Ot L(r(s),7(s)) ds} . (4.1)

nonnegative. Thus, we can optimize the right side of (4.1) over r(s) which leads to an

interesting problem in the calculus of variations. The associated differential equation is

7;2

. 1

It is easily verified that r(s) defined by Eq (1.11) is a solution of (4.2) and satisfies (0) = p.
Moreover, if we choose ag as in (1.7) we see that r(¢) = ¢. Using the function r(s) as
a trial function in (4.1) we obtain b) after an exceedingly tedious but straightforward
computation.

Next we consider b) with ¢ = co. We remark that the definition (1.11) of the trial
function r(s) makes still sense in this case, the condition for monotonicity follows from
(1.12). We have lims_,;r(s) = oo and 2 < r(s) < oo for s < t. Choose T" with 0 < T' < ¢

and write u(T) = e ug. Then

letuollos €™ uollury [let=DHu(T)]lus

luoll, ol [(T) [y

Here the second factor is bounded by some constant K(7') which tends to 1, as T' — ¢,
because the semigroup e*¥ is bounded as an operator from L" to L™ for all » > 1. The

first factor can be estimated as above by integrating (3.2), so that for all 0 < T' < ¢,

e uolloo - ey exp{_/o L(r(s),7(s)) ds} .

||u0||p
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For the trial function r(s) with ¢ = co one can see that 7(s)/r(s)? as well as a(r(s),7(s))
remain bounded for s — t. Therefore the function L(r(s),7(s)) given by (3.3) has only a
logarithmic and hence integrable singularity, as s — t. Hence the estimate above makes
sense for T'— t and we find that (4.1) remains valid even for ¢ = oc.

To prove a) we again consider the function r(s) defined by Eq (1.11). Again r(0) =
p < 2 and if we choose ag as in (1.7), 7(t) = ¢ > 2. Denote by 6 the time where r(0) = 2.

Such a time exists since r(s) is strictly increasing. Now

lu@llg _ [lu@®llq [[u®)l2
[u()llp lu(@®)ll2 [w(O)], °

and the second factor on the right can be estimated according to part b) by the constant
C(0; p,2) whose value is given by the right side of (1.8) with ¢ = 2 and ¢t = 0.
The first factor is estimated by writing

lu@®llg _ e =D u(®)ll, sup 14 = 9)llq
[u(6) ]2 lu(@)ll2 — [u(0)]]2

which is bounded by C(t — 6;2,q). Combining these estimates and using formula (1.10)

yields the result.

Proof of Theorem 1.3: Following [D89] we consider the semigroup given by the kernel
Qil(w,y) = e~ B (@, y)e
which is generated by the operator
1 . 2
3 (V+a+id)”.

Retracing the steps of the proof of Theorem 3.1 for u(t)(-) = [ Q+(-, y)uo(y)dy yields the
estimate

L )l < ~Llr(s), () +
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with L(r(s),7(s)) given by (3.3). From the proof of Theorem 1.2 it now follows that

or

By 2
Qi(z,y)| £ ———— 5",
47 sinh(£ot)
AN (g, )| £ 0 eolmwrtelt
4 sinh(=9~)

Optimizing with respect to « yields the result.
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