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1. Assumptions and Main Results

Let H be a separable Hilbert space. {An}∞n=0 denotes a sequence of
bounded and self-adjoint operators on H. We consider a linear operator
T in H, densely defined and symmetric on D(T) = D0 ⊂ H .

Notation . If a linear operator S is defined and closeable on D0 we
denote its adjoint by S∗ and its closure S∗∗ by Sc. The restriction
to D0 of an operator B defined on some larger domain is occasionally
denoted by B|D0

.

For the operators An and T we formulate the following conditions:

A1: For all n there exist k, m with

AkAn = An, AmAk = Ak. (1.1)

A2: For all n, [T,An] ≡ TAn − AnT is defined on D0 and
bounded.

A3: For all n the operatorAnTAn|D0
is essentially self-adjoint.

A4: For all ψ ∈ D(T∗), there is a subsequence {Ank}∞k=0 con-
verging weakly to 1 such that

lim
k→∞

(T ∗Ankψ, ψ − Ankψ) = 0. (1.2)

One of the main results which can be proved under the conditions above
(or under similar conditions discussed below) is the following:

Theorem 1.1. Assume A1– A4. Then T is essentially self-adjoint on
D0.

As an illustration consider a Hilbert space which is an infinite ortho-
gonal sum of closed subspaces. Define

H =
∞⊕

k=0

H(k) , Hn =
n⊕

k=0

H(k) , (1.3)

and let An be the projection onto Hn. Hence An converges (strongly)
to 1 and Assumption A1 is trivially satisfied. Let T be symmetric
on some dense subset D0. Then Theorem 1.1 gives conditions which
assure that the essential self-adjointness of the restrictions AnTAn of
T is equivalent to the essential self-adjointness of T (the equivalence
follows with the help of Theorem 3.1 and Remark 3.3 below).

Another example is provided by the Dirac operator in the Hilber-
t space L2(R3)4 . The theorem contains as a special case a famous
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result of Chernoff [1, 2] and Jörgens [3] stating that the essential self-

adjointness of the Dirac operator on C∞′ (R3)4 depends only on the
local properties of the potential. In this case the An are multiplication
operators with suitable C∞′ -functions. See Section 4 for a discussion
and a simplified proof of this result.

We conclude this section with some remarks on the assumptions.

Remark 1.1. Assumption A1 is satisfied, e.g., if the An form an in-
creasing sequence: AmAn = An for all m > n. One might think of a
sequence of projections, but we do not require A2

n = An. From A∗n = An
for all n we easily conclude that the operators An, Am, and Ak in A1

commute.

Remark 1.2. The commutator [T,An] is assumed to be defined on its
natural domain. Since An is defined on all of H, we have D([T,An]) =
D(TAn)∩D(T). Assumption A2 requires that D([T,An]) = D0 = D(T)
which means

AnD0 ⊂ D0. (1.4)

Boundedness of [T,An] on a dense domain implies the existence of a
unique bounded extension [T,An]c to all of H.

Remark 1.3. Theorem 1.1 can be formulated as a perturbation theore-
tic result. Let T = H0 +V , where H0 is essentially self-adjoint and V is
symmetric on D0. If we replace A3 by the assumption that H0+AnV An
be essentially self-adjoint on D0, then we may conclude the essential
self-adjointness of T . See Section 5 for details.

Remark 1.4. The expression T ∗Ankψ occurring in A4 is well defined
for all ψ ∈ D(T∗), provided A2 holds (see Lemma 2.1 below). If A4

holds, then

‖Ank‖ ≤ K, (1.5)

where the constant K is independent of k (any weakly convergent se-
quence of operators is bounded). If the commutators [T,Ank ]

c are also
bounded uniformly in k, then we can replace A4 by a more convenient
assumption:

Lemma 1.1. Assume A2. Then A4 is implied by

A′4: For all ψ ∈ H there is a subsequence {Ank}∞k=0 converging
strongly to 1 such that

‖ [T,Ank ]
c ψ‖ ≤ C(ψ),

where C(ψ) > 0 is independent of k.
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By the uniform boundedness principle, Assumption A′4 implies ‖ [T,Ank ]
c‖ ≤

K ′, uniformly in k.

2. Lemmas and Proofs

We start by proving some elementary technical lemmas. As always we
assume that An is self-adjoint and bounded and that T is symmetric
on D0.

Lemma 2.1. Assume A2. Then AnD(T∗) ⊂ D(T∗) and

[T,An]cψ = T ∗Anψ − AnT ∗ψ for all ψ ∈ D(T∗).
(2.1)

Proof. Let ψ ∈ D(T∗). For all φ ∈ D0

(Anψ, Tφ) = (ψ, (TAn − [T,An])φ) = ((AnT
∗ − [T,An]∗)ψ, φ).

(2.2)

Hence, by the definition of the adjoint operator, Anψ ∈ D(T∗) and

T ∗Anψ = (AnT
∗ − [T,An]∗)ψ. (2.3)

Since i[T,An] is obviously symmetric on D0, its bounded extension is
self-adjoint, i.e.,

[T,An]∗ = −[T,An]c. (2.4)

Combining this with Eq. (2.3) completes the proof of the Lemma 2.1.

Lemma 2.2. Assume A1– A3. Then AnD(T∗) ⊂ D(Tc) and

T cAnψ = (AmTAm)cAnψ + [T,Am]cAnψ for all ψ ∈ D(T∗),
(2.5)

where m is chosen according to Assumption A1.

Proof. Let ψ ∈ D(T∗). By Lemma 2.1, Anψ ∈ D(T∗). Choose m,
k according to A1 and note that AmAn = AmAkAn = AkAn = An.
Hence for φ ∈ D0,

(Anψ,AmTAmφ) = (AmT
∗Anψ, φ). (2.6)

Since by Assumption A3

(AmTAm|D0
)∗ = (AmTAm|D0

)c, (2.7)

Eq. (2.6) implies

Anψ ∈ D
(
(AmTAm |D0

)c

)
. (2.8)
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Hence there is a sequence {χj}∞j=0 with χj ∈ D0 for all j, limχj = Anψ,
such that {AmTAmχj}∞j=0 is convergent. But then the sequence {ξj}∞j=0

with ξj = Akχj has the same properties: ξj ∈ D0 and (by continuity of
An) lim ξj exists. Furthermore

AmTAmξj = AkAmTAmχj + Am[T,Ak]Amχj, (2.9)

which converges, as j →∞. Therefore

Tξj = TAmξj = AmTAmξj + [T,Am]ξj (2.10)

again converges in H, as j →∞. Hence Anψ = lim ξj ∈ D(Tc) and

T cAnψ = lim
j→∞

Tξj, (2.11)

which is just what we wanted to prove.

Proof of Theorem 1.1. Let ψ ∈ D(T∗). By Lemma 2.2, Anψ ∈ D(Tc),
and

(ψ, T ∗ψ) = (T cAnkψ,Ankψ) + (T cAnkψ, ψ − Ankψ) + (ψ − Ankψ, T ∗ψ).
(2.12)

Using A4 we find

|(T cAnkψ, ψ − Ankψ)|+ |(ψ − Ankψ, T ∗ψ)| −−−→
n→∞

0.
(2.13)

Note that

(T cAnkψ,Ankψ) = (Ankψ, T
cAnkψ) (2.14)

is real, because the closure of a symmetric operator is always symme-
tric. We conclude that

(ψ, T ∗ψ) = lim
k→∞

(Ankψ, T
cAnkψ) (2.15)

is real as a limit of real numbers. Hence (by the polarization identity)
T ∗ is symmetric which proves that T is essentially self-adjoint.

Proof of Lemma 1.1. Assuming A2 we find with the help of Lemma
2.1 that for all ψ ∈ D(T∗)

‖T ∗Ankψ‖ ≤ ‖Ank‖ ‖T ∗ψ‖+ ‖ [T,Ank ]
c ψ‖. (2.16)

Using Eq (1.5) and A′4 we find

‖T ∗Ankψ‖ ≤ K‖T ∗ψ‖+ C(ψ) ≡ C1(ψ). (2.17)

Hence we obtain

|(T cAnkψ, ψ − Ankψ)| ≤ C1(ψ)‖ψ − Ankψ‖, (2.18)

which tends to zero because the sequence Ank is assumed to converge
strongly to 1. This proves Lemma 1.1.
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3. Some Remarks and Further Results

Remark 3.1. A slight modification of the proof of Theorem 1.1 allows
to replace the condition A4 resp. A′4 with, e.g.,

B4: For some subsequence {Ank}∞k=0 and for all ψ ∈ H,
∞∑
k=1

Ank = 1,

where the series converges in the strong sense, and

‖
j∑

k=1

[T,Ank ]
cψ‖ ≤ C(ψ),

where C(ψ) > 0 is independent of j.

Repeat the calculation Eqs. (2.12)–(2.18) with An replaced by Ãj ≡∑j
k=1 Ank to arrive at the conclusion of Theorem 1.1.

Remark 3.2. An immediate consequence of the essential self-adjointness
of T on D0 and the boundedness of the commutator is the following.

Corollary 3.1. Assume A2 and let T be essentially self-adjoint on
D0. Denote

ψ(t) ≡ exp(−itT c)ψ, for all ψ ∈ H. (3.1)

Then for all ψ, φ ∈ H the function t → (ψ(t), Anφ(t)) is continuously
differentiable with

d

dt
(ψ(t), Anφ(t)) = (ψ(t), i[T,An]cφ(t)). (3.2)

Proof. For convenience we give a proof of this simple fact: For ψ,
φ ∈ H choose {ψj}, {φj} in D0 with ψ = limψj, φ = limφj. By
the strong continuity of the unitary group, fj(t) ≡ (ψj(t), Anφj(t)) is
continuous, and by A2 even continuously differentiable with f ′j(t) ≡
(ψj(t), i[T,An]φj(t)). Define g(t) ≡ (ψ(t), i[T,An]cφ(t)). Then

|f ′j(t)− g(t)| ≤ ‖[T,An]c‖(‖φj‖‖ψj − ψ‖+ ‖ψ‖‖φj − φ‖) < ε,
(3.3)

where ε can be chosen independently of t and is arbitrarily small for
j large. Hence we can exchange the differentiation and the limit to
conclude that f(t) = lim fj(t) is differentiable with f ′(t) = lim f ′j(t).
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The following theorem is a converse of Theorem 1.1. We give conditions
for the essential self-adjointness of AnTAn as a consequence of the self-
adjointness of T c. First we state a lemma similar to Lemma 2.1.

Lemma 3.1. Assume A2. Then AnD(Tc) ⊂ D(Tc) and

[T,An]cψ = T cAnψ − AnT cψ for all ψ ∈ D(Tc).
(3.4)

Proof. By the definition of closure, for any ψ ∈ D(Tc) there is a se-
quence {ψk}∞k=0 with ψk ∈ D0, limψk = ψ, and limTψk = T cψ. Using
the continuity of An and [T,An] we find

TAnψk = AnTψk + [T,An]ψk −−−→
k→∞

AnT
cψ + [T,An]cψ

(3.5)

Hence the sequences {Anψk} and {TAnψk} both converge. This implies

lim
k→∞

Anψk = Anψ ∈ D(Tc), TcAnψ = lim
k→∞

TAnψk.
(3.6)

Now Eq. (3.4) follows immediately.

Theorem 3.1. Assume A2. Let T be essentially self-adjoint on D0.
In addition we assume for all ψ that A2

nψ ∈ D(Tc) implies Anψ ∈
D(Tc). Then AnTAn|D0

is essentially self-adjoint.

Proof. Denote B = AnTAn|D0
. Let ψ ∈ D(B∗), φ ∈ D0. Then

(B∗ψ, φ) = (ψ,AnTAnφ) = (A2
nψ, Tφ) + ([T,An]∗Anψ, φ)

(3.7)

shows that A2
nψ ∈ D(T∗) = D(Tc) and

T cA2
nψ = B∗ψ − [T,An]∗Anψ. (3.8)

The additional assumption implies Anψ ∈ D(Tc) and with Lemma 3.1
we obtain

T cA2
nψ = AnT

cAnψ + [T,An]cAnψ. (3.9)

Using Eq. (2.4) we find that

B∗ψ = AnT
cAnψ for all ψ ∈ D(B∗). (3.10)

HenceB∗ is symmetric which is equivalent to the essential self-adjointness
of B.

Remark 3.3. The additional assumption in Theorem 3.1 is trivially sa-
tisfied if the operators An are projections.
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4. An Example: Dirac Operators

In the Hilbert space H = L2(R3)4 of C4-valued square integrable func-
tions on R3 we define the free Dirac operator as the closure of the
operator

H0 = −iα · ∇+ β on D0 = C∞
0

(R3 \ {0})4. (4.1)

Here α = (α1, α2, α3) and β are the Hermitian 4 × 4 Dirac matrices
(see [4] for details). It is well known that H0 is essentially self-adjoint
on D0, its closure Hc

0 is self-adjoint on the first Sobolev space

D(Hc

0
) = H1(R3)4 ≡ {ψ ∈ L2(R3)4 | α · ∇ψ ∈ L2(R3)4} .

(4.2)

Here ∇ denotes the distributional derivative.
We denote by g the bounded operator of multiplication by a function

g ∈ C∞0 (R3),

ψ → gψ, (gψ)(x) = g(x)ψ(x), all ψ ∈ H, all x ∈ R3.
(4.3)

It is easy to see that

[H0, g]c = −iα · (∇g) (4.4)

is a bounded operator of multiplication with a Hermitian matrix-valued
C∞0 -function.

Lemma 4.1. The operator gH0g is essentially self-adjoint on D0.

Proof. Since β is a bounded operator in H, it is sufficient to consider
the operator

T0 ≡ −iα · ∇ (4.5)

when investigating the self-adjointness-properties. Again, T0 is essen-
tially self-adjoint on D(T0) = D0, self-adjoint on D(Tc

0
) = D(Hc

0
),

and [T0, g]c = [H0, g]c. Our proof uses the self-adjointness of T c0 on
H1(R3)4 and the boundedness of [T0, g]c. Denote B = gT0g|D0

. As in
the calculation leading to Eq. (3.8) we conclude for all ψ ∈ D(B∗) that
g2ψ ∈ D(T∗

0
) = D(Tc

0
) and

B∗ψ = −iα · ∇g2ψ + igα · (∇g)ψ. (4.6)

By the Leibniz rule which holds for the product of a distribution with
a smooth function we obtain

−iα · ∇g2ψ = −2igα · (∇g)ψ − ig2α · ∇ψ. (4.7)
8



This shows that for all ψ ∈ D(B∗) the distribution α ·∇ψ ∈ H−1(R3)4

satisfies g2α · ∇ψ ∈ L2(R3)4. Therefore we can perform the following
calculation for arbitrary ψ, φ ∈ D(B∗)

(φ,B∗ψ) = (φ,−iα · ∇g2ψ + igα · (∇g)ψ) (4.8)

= (−ig2α · ∇φ, ψ) + (−igα · (∇g)φ, ψ) (4.9)

= (−iα · ∇g2φ+ igα · (∇g)φ, ψ) = (B∗φ, ψ)
(4.10)

Hence B∗ is symmetric, i.e., B is essentially self-adjoint.

Now, let consider a function f ∈ C∞0 (R) with the properties f(0) = 1,
and f(r) = 0 if r ≥ 1. Define the sequence of multiplication operators
An, n = 1, 2, . . . by

(
Anψ

)
(x) =

ψ(x) if |x| ≤ n,

f(|x| − n)ψ(x) if |x| ≥ n.
(4.11)

The sequence {An} satisfies A1 and A′4, the commutators [H0, An]c

are bounded uniformly in n by sup|f ′(r)|. By Lemma 4.1 all the ope-
rators AnH0An are essentially self-adjoint on D0. Hence the following
corollary is an immediate consequence of Theorem 1.1

Corollary 4.1. Let An be defined as above and let V be a symme-
tric operator on D0 such that A4 holds with T = V , and assume that
An(H0 + V )An is essentially self-adjoint on D0. Then H0 + V is es-
sentially self-adjoint on D0.

The assumptions of the corollary are trivially satisfied, if V is multi-
plication by a locally bounded Hermitian matrix-valued function (no
matter how fast it grows at infinity), because in this case AnV An is a
bounded perturbation of the essentially self-adjoint operator AnH0An.
As noted by Chernoff [2] this result is in marked contrast to the si-
tuation for the second-order Schrödinger operator and is related to
the existence of a limiting velocity for the propagation of wavepackets
according to the Dirac equation.

Because of the Kato-Rellich theorem only the relative boundedness of
AnV An with respect to AnH0An is needed and one could also consider
potentials with local singularities. Other examples include nonlocal
potentials. See [3, 4] for details.

A variant of the preceeding proof is obtained by using a partition of
unity {fn} on R3 with supx,n |∇fn(x)| ≤ M < ∞ to define operators
An satisfying B4.
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5. Perturbation Theory

Let H0 and V be symmetric operators defined on a dense subset D0

of some Hilbert space H. Let {An}∞n=1 be a sequence of bounded self-
adjoint operators satisfying A1. Assume that A2 holds with T replaced
by H0 and V , respectively. Instead of A3 let us now assume

C3: H0 is essentially self-adjoint on D0, and for all n the
operator H0 + AnV An is essentially self-adjoint on D0

with

D
(
(H0 + AnVAn)c

)
= D(Hc

0
). (5.1)

The operator T ≡ H0 +V is well defined and symmetric on D0 and we
assume that it satisfies A4.

Theorem 5.1. Under the above assumptions, T is essentially self-
adjoint on D0.

With the help of the following lemma, the proof of Theorem 5.1 is
an easy modification of the proof of Theorem 1.1.

Lemma 5.1. Assume A1, C3, and A2 with H0 and V . Then ψ ∈
D
(
T∗
)

implies that Anψ ∈ D
(
Tc

)
and

T cAnψ = Hc
0Anψ + V cAnψ, for all ψ ∈ D

(
T∗
)
. (5.2)

Proof. Let ψ ∈ D
(
T∗
)
. Since T satisfies A2 we find with Lemma 2.1

that Anψ ∈ D
(
T∗
)
. Hence for φ ∈ D0 we obtain using AmAn = An

(T ∗Anψ, φ) = (Anψ, {Tm − [V,Am]}φ), Tm ≡ H0 + AmV Am.
(5.3)

This shows that Anψ ∈ D(T∗
m

) = D(Tc

m
) = D(Hc

0
), where we have used

C3. By definition of closure, there is a sequence χj ∈ D0 with χj →
Anψ and Hc

0χj → Hc
0Anψ, i.e., {χj} converges in the Hilbert space

D(H0) equipped with the graph norm ‖ψ‖2
0 = ‖Hc

0ψ‖2 + ‖ψ‖2. Since
T cm is closed on (D(H0), ‖ · ‖0), it is bounded and hence the sequence
{T cmχj} is again convergent. As in the proof of Lemma 2.2 we can
replace χj by the sequence ξj = Akχj, which has the same properties,
if Ak is chosen according to A1. In particular, the sequences {Tmξj}
and {H0ξj} are convergent. But then

V ξj = V Amξj = AmV Amξj + [V,Am]ξj = (Tm −H0)ξj + [V,Am]cξj
(5.4)

is convergent, i.e., lim ξj = Anψ ∈ D(Vc). Finally,

Tξj = H0ξj + V ξj → Hc
0Anψ + V cAnψ, (5.5)
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which implies Anψ ∈ D(Tc) together with Eq. (5.2).

Theorem 5.2. Let H0 be essentially self-adjoint on D0 and X be self-
adjoint on D(X), such that [Hc

0, X] is well defined on D0 and bounded.
Let V be a real-valued function on R, which is locally bounded. Define
V (X) =

∫
V (λ) dEX(λ) and assume D0 ⊂ D(V(X)). Then H0 +V (X)

is essentially self-adjoint on D0.

Proof. Let g be a real-valued function, which can be written as the
Fourier-transform of a function g̃, such that (1 + |ξ|)g̃(ξ) is integrable:

g(λ) =
1√
2π

∫ ∞
−∞

eiλξ g̃(ξ) dξ. (5.6)

Define g(X) by the weak integral

g(X)ψ =
1√
2π

∫ ∞
−∞

eiXξψ g̃(ξ) dξ, for all ψ ∈ H. (5.7)

Then

‖[Hc
0, g(X)]c‖ ≤ 1√

2π
‖[Hc

0, X]c‖
∫ ∞
−∞
|ξ| |g̃(ξ)| dξ. (5.8)

Let f ∈ C∞0 (R) be real-valued, with f(λ) = 1, if |λ| ≤ 1/2 and f(λ) = 0,
if |λ| ≥ 1. Define An := f(X/n) =

∫ n
−n f(λ/n) dEX(λ), where EX is

the spectral measure of X.
Now it is easy to see that T = H0 and An satisfy the assumptions

A1–A4, and even A′4. By our assumptions, V (X) =
∫
V (λ) dEX(λ)

is a densely defined self-adjoint operator which commutes with all An.
Moreover, AnV (X)An is bounded and symmetric on D0. Hence H0 +
AnV (X)An is essentially self-adjoint on D0. Essential self-adjointness
of H0 + V (X) now follows immediately from Theorem 5.1.
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