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Factorizations

42 = 2 · 3 · 7

x3 − x = x(x − 1)(x + 1)

factorization: a = c1 · c2 · · · cr

= d1 · d2 · · · ds

irreducible elements

the same if r = s and (up to reordering) ci ∼ di

= 3 · (−2) · (−7)
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Factorizations and Int(Z)

Z[x ] ⊊

Int(Z) = {f ∈ Q[x ] | f (Z) ⊆ Z}

⊊ Q[x ]
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absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3)

= f · f
no

t ab
s.

irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?

Roswitha Rissner 4



The binomial polynomials

(
x
n

)

k

=

(

x(x − 1) · · · (x − n + 1)
n!

)k
= f · g

int.-val.

®
(±1) ·

(
±
(

x
n

))

k

Theorem
(x
n

)
is irreducible in Int(Z) for all n ∈ N0.

Theorem (R., Windisch; 2021)
(x
n

)
is absolutely irreducible in Int(Z) for all n ∈ N0.
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The binomial polynomials

(
x
3

)k

= f · g =⇒ f = ±
(x

3

)k0
(

x − 1
2

)k1
(

x − 2
1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)


k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2
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The binomial polynomials

(
x
n

)
⇝ valuation matrix An ∈ Zm×n

absolutely irreducible ⇐⇒ dim ker(An) = 1

⇐⇒ rank(An) = n − 1

(
x
n

)
=

x(x − 1) · · · (x − n + 1)
n!

∈ Int(Z) abs. irred. À
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Split i.-v. polynomials

h

k

=

(

(x − a1)
k1(x − a2)

k2(x − a3)
k3 · · · (x − an)

kn

m

)k
= f · g

int.-val.

®

f = ±hr

g = ±hs
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Split polynomials

Theorem (Frisch, Nakato, R., 2022)
Let R be a discrete valuation domain with finite residue field,
S ⊆ R finite. Then

h0

pe with h0 =
∏

s∈S

(x − s)ks

is absolutely irreducible if and only if
• S is a balanced set
• h0 is the equalizing polynomial of S
• pe is the fixed divisor of h0

Roswitha Rissner 9



All int.-val. polynomials over DVRs

h

k

=

(

f k1
1 f k2

2 f k3
3 · · · f kr

r
pn

)
k

= f · g
int.-val.

®

f ∼ hr

g ∼ hs
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Ex. in Int
(
Z(3)

)

(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

(
2 0 0 0
0 0 1 1

)

Roswitha Rissner 11



Ex. in Int
(
Z(3)

)

(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

(
2 0 0 0
0 0 1 1

)

Roswitha Rissner 11



Ex. in Int
(
Z(3)

)

(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

(
2 0 0 0
0 0 1 1

)

Roswitha Rissner 11



Ex. in Int
(
Z(3)

)

(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

(
2 0 0 0
0 0 1 1

)

Roswitha Rissner 11



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3



Ex. in Int
�
Z(3)

�

�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

�
2 0 0 0
0 0 1 1

�

Roswitha Rissner 3






m1
m2
m3
m4


 =

2 · 3
2




1
3
1
1


+




0
−1
0
0


 =




3
8
3
3




(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)3

=

(x2 + 9)3(x − 5)8(x − 1)3(x − 7)3

36 · (x − 5)

Roswitha Rissner 12






m1
m2
m3
m4


 =

2 · 3
2




1
3
1
1


+




0
−1
0
0


 =




3
8
3
3




(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)3

=

(x2 + 9)3(x − 5)8(x − 1)3(x − 7)3

36 · (x − 5)

Roswitha Rissner 12






m1
m2
m3
m4


 =

2 · 3
2




1
3
1
1


+




0
−1
0
0


 =




3
8
3
3




(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)3

=

(x2 + 9)3(x − 5)8(x − 1)3(x − 7)3

36 · (x − 5)

Roswitha Rissner 12






m1
m2
m3
m4


 =

2 · 3
2




1
3
1
1


+




0
−1
0
0


 =




3
8
3
3




�
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

�3

=

(x2 + 9)3(x − 5)8(x − 1)3(x − 7)3

36 · (x − 5)

Roswitha Rissner 14



Theorem (Hiebler, Nakato, R.; 2023)

Let (R, pR) be a DVR and f ∈ R[x ] s.t. F = f
pn irreducible.

TFAE:
• F absolutely irreducible

• fd-ker(f ) = 0

• F S factors uniquely S = 2(n + 1)nq⌈ n
2 ⌉

where q = |R/pR|
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?Questions and challenges

• Local vs. global (one vs. many primes)
• Construct factorizations of powers of irreducibles
• How many different factorizations? Of which lengths?
• What are the limits of the non-uniqueness of these

factorizations?
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