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0. Algebroid branches and curves

An algebroid branch is a one-dimensional domain of the form

R = k[[z1,...,zn]]/P

(P prime ideal, k algebraically closed).
Q(R) £ Ek((t)) and R £ K[[t]] (and it is a finite R-module).

If v is the usual valuation on k((t)), then v(R\ {0}) is a
numerical semigroup. i.e. a submonoid S C (N, +) s.t.

IN\ S| < oo .
S=1(91,---,9v) = {>Xinig; : n; € N}, where GCD(g1,...,9v) = 1.



An algebroid curve is a one-dimensional, reduced ring of the form
R=k[[z1,...,zn]]/P1N---N Py
(P; height n — 1 primes, k algebraically closed).

R; = k[[x1,...,xn]]/P; is the i-th algebroid branch of R.

Q(R) = k((t1)) x --- x k((t4)) and R = k[[t1]] x - x k[[t5]].
Remark. k[[t;]] = (R/P;).

If we set v(r) = (v1(r1),...,v,(ry)), with v; the usual valuation
on k((t;)), then the value semigroup is:

S=v(R):={v(r): r € R, r non-zero divisor} C N,

Remark. For plane curves we have rings of the form k[[X,Y]]/(F).
If F'is irreducible we have a branch.



1. Value semigroups and equisingularity of plane curves.

Value semigroup is a possible criterion of equisingularity for al-
gebroid branches or curves.

Two plane algebroid branches are formally equivalent (i.e. they
have the same multiplicity sequence) < they have the same value
semigroup.

In case kK = C two plane analytic branches are topologically equiv-
alent & are formally equivalent [Zariski].

Notice that any algebroid (resp analytic) plane branch is formally
(resp. topologically) equivalent to an algebraic branch (i.e. F'is
a polynomial) [Samuel]

Multiplicity sequences and value semigroups of plane algebroid
branches have been charachterized [Zariski, Bertin-Carbonne,
Brezinsky, Angermiiller].



As in the one branch case,
two plane algebroid curves are formally equivalent <
they have the same value semigroup [Waldi].

Is it possible to characterize value semigroups of plane curves?

Remark. Any numerical semigroup is the value semigroup of a
branch (e.g. monomial curves). But there is no characterization
of value semigroups of algebroid curves.

Remark. For non-plane singularities the different criteria are no
more equivalent.



2. Why to study value semigroups? One branch case

Notation: m max ideal of R, S =wv(R), M = S\ {0},
f(S) =max(N\ S) (Frobenius nb.), n(S) =|{se€ S|s< f(S)},

Proposition. If I O J are two fractional ideals, then Ar(I/J) =

[v(1) \ v(J)].

Using this fact we can read numerically many invariants and
properties of the ring:

e degree of singularity: A\p(R/R) = f(S) + 1 — n(S)

(= number of holes)

e multiplicity: e(R) = Ar(R/(x)) =minM

(z minimal reduction of m & wv(x) =minM)

Also we can get information on embeddig dimension, type, Gorestein-
ness, Arf property, C.I. property, tangent cone etc.



3. Value semigroups of algebroid curves
The value semigroup of an algebroid curve is a submonoid of NF,
with some more properties connected to valuations.

In the case h = 2, setting
A°(a1,a2) = ({(a1,y) as < ytU{(z,a0) : a1 < z}) NS, they are:

(1) I3vy=~(8) eN2s.t. A°(y)=0and v+ (1,1) +N2C S;

(2) a, €S = min(a,B) € S;

(3) T

e — o e o

(4) (0,0) is the only element of S on the axes.
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Picture 1. S =v(R)

R =

kllz,y.2]]

(z3—22,y)N(z>—y*,2)

z — (2, u?)

y = (0,u?)

z— (¢3,0)

v(z +y) = (2,3)

v = (4,8)



Formal definition with more branches: a = (aq,...,a)
Ai(e) ={B|Bi=a;,B;>a;Vj#i} Af(e)=2i()NS
Ala) = U; Ai(a) AS(e) =A%(@)nS
(1) I~y=~(S) eNvst. AS(y)=0and v+ (1,...,1)+N"C S;
(2) a,8€ S = min(a,3) € S,
(3) a#=B3 €S and o; = B; (for some i) =

30€Ss.t. §;>a; =0 and §; > min{a;, B}

(and the equality holds if a; = 3;).

(4) (0,...,0) is the only element of S with a zero component



4. Good semigroups

A subsemigroup S of N satisfying properties (1), (2), (3) is
called a good semigroup. If (4) holds it is said local.

Remark. Properties (1), (2) and (3) imply that a good semi-
group is completeley determined by its elements in the hyper-
rectangle bounded by (0,...,0) and v+ (1,...,1)

Not all good semigroups arise as value semigroups [V. Barucci,
_, R. Froberg - 2000], [N. Maugeri, G. Zito - 2019]

Open problem: characterize value semigroups among good
semigroups.

If we want to define concepts or to prove results for good semi-
groups we cannot make use of valuation, so we have to use only
numerical/combinatorical techniques.



Definition. I C Z" is a relative ideal of Sifa+ICI, Va €S
and daeS,s.t. a+1CS.

We say that I is good if it satisfies properties (2), (3)

((1) follows by the same property for good semigroups).

Notation/remarks: e m(FE) :(=minkE;

o If E, F are relative ideals, F+ F :={a+pB|ac E,B € F}.
EFE—-—F ={acZ|a+ F C FE};

e [ fractional ideal of R = v(I) good relative ideal of v(R).

“Bad” facts:

e good semigroups are not finitely generated as semigroups;

e good ideals are not finitely generated as semigroup ideals;

e Operations on good ideals do not produce good ideals:

e we have to deal with infinite sets (e.g. M\ 2M).

e It is much more difficult to prove results for h > 3, than for
h = 2. However, I do not know results proved in the case h = 2
that are false for h > 3, but many of them have been proved only
for h = 2.
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Generators of S



5. Why to study value semigroups in the general case?

Proposition. [ ]| Let I be a good relative ideal of S. Let < be
the usual partial order on NG Then, V o, 3 € I, any saturated
chain

a=opg<a; < - <Oyy_1<oam=0

(a; € I) has the same length m.

Using this fact it is possible to define a “distance” function,
d(E \ F), between good relative ideals E D F:

Proposition. [_]
) VGCFCE: d(E\G)=d(E\F)+d(F\G).
i)V F C E: d(E\F)=0&E=F.

Proposition. [ ] If I D J are two fractional ideals of R, then

Ar(I/J) = d(v(I) \ v(J)).



Invariants and properties of rings we can read on semigroups.
Notation. M = S\ {0} ad e = (eq,...,ep) = min(M).

e multiplicity: Agp(R/(x)) =e1 4+ -+ ¢y
with £ minimal reduction of m i.e. v(z) = e.
Notice that ¢; is the multiplicity of the -th branch of R,

e degree of singularity: Ap(R/R) = d(N \ S);

Also we can get information e.g on Goresteinness [Delgado], Arf
property, embedding dimension [Maugeri, Zito], type [, Guerri-
eri, Micale].

The study of other properties is still open:

e Properties of the tangent cone grn(R) = @mt/m*T1;

e complete intersection property;

e characterization of value semigroups of plane algebroid curves.



6. Blowing up tree and multiplicity tree

Let R be a branch: its blow up (or strict quadratic transform) is
R™ = U,~o(m"™ : m").

We have m” : m™ C m™t1 : m"+1 (vn) and R™ = m™0 : m™0 for
some ng, since R is Noetherian. Moreover, if = is a minimal
reduction of m and m = (z,xp,...,xv), R™" = Rlzo/x, ...z /x].

It holds R C R™ C R £ k[[t]], hence it is again local.
Denoting R™ = R1 we can blow up its maximal ideal and so on,
getting, since R is a finite R-module:

R=RyCRiC--CR=R=R=-

The sequence of multiplicities e; = e(R;) is the multiplicity se-
quence of R.



More generally, if R is a curve and I an ideal of R, the blowing
up RI of Iis U,sq(I™: I™) = ™0 : ["0 for some ng.

Again we can associate to R a sequence (Lipman sequence) of
semilocal rings

R:ROCR]_C"'CRZZR:E:”-

where R;4; is obtained from R; by blowing up the Jacobson
radical of R;, J(R;).

Given a maximal ideal n; of R the branch sequence of R along m;
is the sequence of rings (Ri)niji and the multiplicity sequence
of R along n; is given by the multiplicities of these rings.

Proposition. If (R,m1,...,my) is @ Noetherian semilocal ring
with R = V7 x---xVy, where V; is a DVR, then R ~ Ry, X+ -+ X Ry, ..



Hence to an algebroid curve R with R = V§ x --- x V; we can
associate the blowing up tree of R and its multiplicity tree
(n; are the maximal ideals of R = k[[t1]] x k[[t2]] x k[[t3]]):

k[[t1)] Wk[lt2])  LK[ts)] . (1,0,0) . (0,1,0) .(0,0,1)

(RQ)nlﬂRQ (RQ)IIZ'QRQ (07 27 2)

(4,5,6)

Picture 3



It is possible to chacterize all the trees that can be realized as
multiplicity trees of an algebroid curve [Barucci,_,Froberg].

But in general (for non-plane singularities) it is NOT possible to
reconstruct the multplicity tree only by the value semigroup.



7. Apéry set and value semigroups of plane branches:
Apéry algortihm
Let s€ S CN. The Apéry set of S (with respect to s) is:

Ap(S,s) ={zx e S: z—s¢ S} ={ag=0<a1 < --<as_1= f(S)+s}

Apery set can be used to charachterize symmetric semigroups,
the type of a semigroup, but also to describe the properties of
the tangent cone.

Theorem. [Apéry] [Angermiiller]
Let R be a plane algebroid branch, e = e(R) and v(R) = S.
Set Ap(S,e) ={ag=0< a1 <ap <...<ae_1}, then

Ap(v(R1),e) ={ap<a1—e<ap—2e<...<ae_1— (e—1)e}.



Using this result it is easy to compute the multiplicity sequence
of a plane branch, by its value semigroup and conversely, recon-
struct the value semigroup by its multiplicity sequence.

Example. R = k[[t*, t® +¢']] (char(k) # 2). Set S, = v(R;).
e v(R) = S = (4,6,13), e(R) = 4 and Ap(S,4) = {0,6,13,19}.

e Apéry’s result implies
Ap(S1,4) ={0,2=6—-4,5=13-8,7 =19 — 12},
which gives S1 = (2,5) and e; = 2.

e Ap(S1,2) = {0,5}, so Ap(S»,2) = {0,3 =5 — 2},
which gives S> = (2,3) and ey = 2.

o Ap(S,2) = {0,3}, so Ap(S3,2) = {0,1} and S3 = N.

Hence the multiplicity sequence of Ris 4,2,2,1,....



If we start with the multiplicity sequence
€0 :4,61 — 2,62 — 2,63 — 1,...
we can go backwards in the sequence of blowups:

e we have e3 =1, so S3 =wv(R3) = N.

e co = 2: determine the Apery set of N w.r.t. 2: {0,1},
so Ap(Sz) ={0,3 =1+ 2} and S, = (2, 3).

e ¢1 = 2: determine the Apery set of Sp w.r.t. 2: {0,3},
SO Ap(Sl,Q) = {0,5 = 3+ 2} and S = <2,5>.

e ¢ = 4: determine the Apery set of S1 w.r.t. 4: {0,2,5,7},
so Ap(S,4) ={0,6=2+4,13=5+8,19=7+ 12} and we get
S = (4,6,13,19) = (4,6,13).



The reason is that R = Ek[[ X, Y]]/(F); by Weierstrass preparation
theorem, can assume F to be of the form Y€ + fo;cl) c(X)Y?,
where e = e(R).

Setting + = X + (F) and y =Y + (F), we have R = k[[z,y]] =
E[[z]] + E[[2]]y + - - + K[[z]]ly*~ !, where v(y) > v(z) =e.

Blowing up the maximal ideal we obtain

Ry = Rly/x] = k[[z, y/«]] = k[[z]]1+k([[2]](y/2)+ - -+E[[2]](y/z)e .

If Ap(S,e) ={ag=0<a1<ap<...<ae_1}, then

a; = v(y' + ¢i(z,9))

where degy(¢) < i. Set f; = y* + ¢; and call {fg,..., fe—1} an
Apéry basis of R.



In the above example: R =k[[t*,t°+t7]], z =t* y=1t"+¢'
Ap(S,4) =1{0,6,13,19};
a1 =6 =v(y), ap =13 =v(y? — z3), a3 = 19 = v(y> — z3y).

Ry = E[[t*,t2 + t3]], Ap(v(R71),4) = {0,2,5,7}, and e.qg.
5 = v((y? — z3)/22)).

Why can we go backwards?

Proposition. [Barucci, _, Froberg] Let R be a branch. Set
R1 = Rly/z], e =v(z) and Ap(S1,e) = {ag,...,a,_1}.
Then we can find a minimal set of generators {gg,...,9e_1} Of

Ry as Ek[[z]]-module, s.t. v(g;) = a), g; = (y/x)" + ; (with
deg(v;) < 1). |

Moreover for any such set {g;z* |t = 0,...e—1} is an Apéry basis
of R.



Algorithm. Given S C N we can apply the Apéry process. If

e at each step we get and ordered Apery set,

e at the end we get N

e the sequence of multiplicities is the multiplicity sequence of a
plane branch,

then the semigroup is the value semigroup of a plane branch (~
explicit conditions for the semigroup).

Example. S = {0,4,8,9,10,12,13,14,16,— ... };

Ap(S,4) = {0,9,10,19}.

Hence we get {0,9-4=5,10—-8=2,19—-12 = 7} which is not
ordered.

We get S1 = {0,2,4,— ...} and in two more steps we get N ~
4,2,2,1,... that is admissble.

Applying the process backwards we get the semigroup with or-
dered Apéry set {0,6,13,19} of the previous example.



8. Apéry set and value semigroups of plane curves

Let S C N* and set 6 = (dy,...,d;,) € S.
The Apéry set of S (with respect to 9) is:

Ap(S,8) ={a€S: a—46¢ S}

The problem, now, is that Ap(S,d) is infinite and not linearly
ordered.

We would like to have a partition of Ap(S,d) in D =d1+---+dy

subsets:
D—1

1=0

in such a way that the A; play the role of the a;.



e e e e, 5= (2.3) = e

now Ap(S,d) is infinite
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0 2345 — Picture 4. Ap(S,9)

How do we define the A;7
Define a << 3 iff either a« = 3 or o; < 3; for both : =1, 2.
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Theorem [, Guerrieri, Micale] [Guerrieri, Maugeri, Micale] Let
S C N be a good semigroup, 6 = (d1,...,dy) and D =dq+---+
dy. Then Ap(S,8) = U2 A;.

Remark. We can construct the partition for any complement of
a good ideal I and the number of levels measures the distance
between S and I:

Theorem. [, Guerrieri, Micale] [Guerrieri, Micale, Maugeri] Let
S C N" be a good semigroup. Let A C S such that I := S\ A is
a proper good ideal of S and let A = UﬁV:_Ol A; be the partition of
A. Then

N =d(S\I).



9. Apéry algorithm for plane curves

Let R = K[[X,Y]]/(F); with FF = G1G>---Gy, (G; irreducible,
pairwise distinct).

By Weierstrass preparation thm. and up to a change of variables,
we can assume F =YF 4+ 11 e(X)Y?, where E = e(R).
Setting x =X+ (F) and y =Y + (F), we have:

R = k[[z,y]] = k[[z]] + kll=]ly + - - + k[[z]]y"* 1,
where v(y) > v(z) = e = (e1,...,ey) and E=e1 4+ -- -+ ¢y.

Set: U; = k[[z]] + k[[z]]y + - + K[[=]]y* VO<i<E-—1,
Ty = {1} and
T, = {y" + ¢i(x,9) | $i(z,y) € Ui_1,v(y" + ¢i(x,v)) ¢ v(Ui_1)}-

Theorem. [Barucci, , Froberg] Setting Ap(v(R),e) = UZE:_OlAi,
then Az = ”U(TZ)



Blowing up the maximal ideal we obtain

Ry = Rly/z] = k[[z]] + k[[2]](y/x) + - -- + k[[«]] (y /=) "~ 1.
When R; is still local we can go backwards.

Theorem. [Barucci, _, Froberg] Let R be a plane algebroid curve
and assume Ri = Rl[y/x] local. Let e =v(x) = (e1,...,ey) and
E=e1+---+ey. Set Ap(S,e) = Ui_g A; and Ap(Sy,e) = uE S AL
Then |, Vz, AZ — A; + ze.

The reason is that ¢ = y/x € Ry is such that

Ry = K[[z]] + k[[z]lg + - - - + k[[z]]g¢ !
and Vi, Aj={v(g’'+v)|...}.

Remark. We are using the presentation of R{ as quotient of
k[[X, Y]]
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Picture 8. S=v(R) Ap(S,e) = AgU AU A3U Ay
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Picture 9. Ap(v(Rl, 6)) = AgU A1 U A3 U A, and Ap(’l)(RQ), 61))

Now R- = R271 X R272 is semilocal and Sy = ’U(RQ) = 7'('1(52) X 71'2(52).



Once we are in the semilocal case we can proceed the blowing
up process, working on the localizations. So we can go on from
R to R and compute the multiplicity tree by the semigroup.

If, conversely, we want to obtain the semigroup from the multi-
plicity tree, the problem arise passing backwards from the non-
local to the local case. More precisely we need:

1. describe the levels of the Apéry set in function of the levels
of the projections;

2. find a description of R = Ry x R> as a k[[f]]-module, f =
(f1, f2) € R, genererated by the powers of another element g =

(91,92);

3. Find an analogue of the results that charachterize the levels
of the Apéry set w.r.t. v(f) as value sets, depending on the
power of g.



Problem 1. was solved completely (i.e. for any h > 2) [Guerrieri,
Maugeri, Micale].

As for problems 2. and 3. we have the solution for h = 2:

Theorem. [, Delgado, Guerrieri, Maugeri, Micale] Let W =
W1 x Wo be a non local ring, W = k[[t]] x k[[u]]. Let S = v(W),
fix € = (e1,e0) € S, with €1,eo > 0 and set E = ¢1 + 5. Choose
any f = (f1,f2) € W of value v(f) = €. Then there exists
9= C(91,92) € W, s.t. W=Ek[[flIl +kl[fllg+ -+ kl[fllg" .

Theorem. [, Delgado, Guerrieri, Maugeri, Micale] Set U, =

kL] + k[[fNlg + - -- + K[[f]]g* for any i = 0,...,E — 1, Tg = {1}
and

T, = {y' + ¢i(z,y) | ¢i(z,9) € Ui—1,v(y" + ¢i(z,v)) & v(U;—1)}.
Then, setting Ap(v(W),e) = UA., Al = v(T;).



Corollary. If W = Rl,
set Ap(S,e) = U;—5 A; and Ap(Sy,e) = U AL
Then |, Vi,

Hence to give a semigroup of a plane curve with two branches
IS equivalent to give its multiplicity tree.

In [Barucci, _, Froberg] we characterized the multiplicity trees of
plane curves with two branches.

Thus we can give an algorithm to check if a good semigroup is
the value semigroup of a plane singularity with two branches.



What does remain to do? Since the general (non local case) can
be studied looking at R as R1 x R> (with R; either local or not),
in order to get the complete solution (h > 3), we can proceed by
induction on the number of branches, but we still have to solve
some technical problems.

Moreover we have to give and explicit description of the admis-
sible multiplicity trees for a plane singularity with A branches.



THANKS FOR YOUR AT TENTION!



