
Polynomial Dedekind Domains

Giulio Peruginelli

Department of Mathematics "Tullio Levi-Civita",

University of Padova, Italy

gperugin@math.unipd.it

July 11, 2023
Conference on Rings and Factorizations 2023

Institute of Mathematics and Scienti�c Computing,

University of Graz in Graz, Austria

G. Peruginelli gperugin@math.unipd.it Polynomial Dedekind Domains 1 / 17



Polynomial Dedekind domains

A Dedekind domain D is a one dimensional, integrally closed Noetherian

domain. The class group of D is the abelian group Cl(D) = Fr(D)/P(D):
it measures how far is D from being a UFD (or, equivalently, a PID), since

D UFD⇔ Cl(D) = (0).
Example: The ring of integers OK of a number �eld K is Dedekind with

Cl(OK ) �nite.

Theorem (Claborn 1966)

Every abelian group is the class group of a Dedekind domain.

We are interested in Dedekind domains D such that Z[X ] ⊂ D ⊆ Q[X ]
(Polynomial Dedekind Domains). We show that such a D:

- can be realized as a ring of integer-valued polynomials;

- Cl(D) =
⊕

n∈N Gn, Gn �nitely generated abelian groups.

Conversely, every such a group occurs as the class group of a Polynomial

Dedekind domain.
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Example: We may represent Q[X ] as follows:

Q[X ] =
⋂

q∈P irr

Q[X ](q)

where P irr is the set of irreducible polynomials over Q. It is well-known

that Q[X ](q), q ∈ P irr, are the DVRs of Q(X ) containing Q (+Q[ 1X ]( 1

X
)).

Idea: Find non-trivial Polynomial Dedekind domains by intersecting Q[X ]
with DVRs which are residually algebraic over Z(p) (that is, the extension of

the residue �elds is algebraic) for some prime p ∈ Z; it is well-known that we

may disregard residually transcendental extensions of Z(p).

Problem

Describe the DVRs W of Q(X ) which are residually algebraic extensions of

Z(p), p ∈ Z prime.
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Non-trivial example of Polynomial Dedekind domain

Theorem (Eakin-Heinzer, 1973)

Let p1, . . . , pn ∈ Z be primes and for each i = 1, . . . , n, let {Wi ,j}mi
j=1 be

�nitely many DVRs of Q(X ) which are residually algebraic extensions of

Z(pi ).

Then the following is a Dedekind domain:

D =
n⋂

i=1

mi⋂
j=1

Wi ,j ∩Q[X ].

Corollary (E.-H., 1973)

Let G be a �nitely generated abelian group. Then there exists a Dedekind

domain D, Z[X ] ⊂ D ⊆ Q[X ] with class group G .

G. Peruginelli gperugin@math.unipd.it Polynomial Dedekind Domains 4 / 17



Non-trivial example of Polynomial Dedekind domain

Theorem (Eakin-Heinzer, 1973)

Let p1, . . . , pn ∈ Z be primes and for each i = 1, . . . , n, let {Wi ,j}mi
j=1 be

�nitely many DVRs of Q(X ) which are residually algebraic extensions of

Z(pi ).

Then the following is a Dedekind domain:

D =
n⋂

i=1

mi⋂
j=1

Wi ,j ∩Q[X ].

Corollary (E.-H., 1973)

Let G be a �nitely generated abelian group. Then there exists a Dedekind

domain D, Z[X ] ⊂ D ⊆ Q[X ] with class group G .

G. Peruginelli gperugin@math.unipd.it Polynomial Dedekind Domains 4 / 17



Notation

For p ∈ P, we set:

- Z(p): the localization of Z at pZ.
- Qp,Zp: the �eld of p-adic numbers and the ring of p-adic integers,

respectively.

- Qp,Zp: a �xed algebraic closure of Qp and the absolute integral

closure of Zp, respectively.

- Cp, Op: the completion of Qp and Zp, respectively.

- v = vp denotes the unique extension of the p-adic valuation on Qp to

Cp.
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DVRs of Q(X ) r.a. over Z(p)

Theorem (P. 2023)

If W is a DVR of Q(X ) which is a residually algebraic extension of Z(p) for

some p ∈ P; then there exists α ∈ Cp, transcendental over Q, such that

W = Z(p),α = {ϕ ∈ Q(X ) | ϕ(α) ∈ Op}

α ∈ Qp if and only if the residue �eld extension W /M ⊇ Z/pZ is �nite.

For α ∈ Cp, it is not true in general that Z(p),α is a DVR!

Theorem (P. 2023)

Let k be an algebraic extension of Fp and Γ a totally ordered group such

that Z ⊆ Γ ⊆ Q. Then there exists α ∈ Cp, transcendental over Q, such

that Z(p),α has residue �eld k and value group Γ.
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Elements of Cp of bounded rami�cation

For α ∈ Cp we consider the extension Qp(α) of Qp, which is

transcendental precisely when α /∈ Qp.

We set eα to be the rami�cation index of Op ∩Qp(α) over Zp.

We consider

Cbr
p ≑ {α ∈ Cp | eα ∈ N}

Theorem (P. 2023)

Cbr
p is a �eld, Qp ⊂ Cbr

p ⊂ Cp and we have

Cbr
p =

⋃
[K :Qp ]<∞

K̂unr

where the union is over the set of all the �nite extensions K of Qp and

Kunr is the maximal unrami�ed extension of K inside Qp.
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Eakin-Heinzer's construction revisited

In Eakin-Heinzer's construction, for each i , j there exists some αi ,j ∈ Cbr
pi

such that

Wi ,j = Z(pi ),αi,j
= {ϕ ∈ Q(X ) | ϕ(αi ,j) ∈ Opi}

and so their Dedekind domain is equal to:

D =
⋂

i=1,...,n
j=1,...,mi

Z(pi ),αi,j
∩Q[X ] =

= {f ∈ Q[X ] | vpi (f (αi ,j)) ≥ 0, ∀i = 1, . . . , n, j = 1, . . . ,mi} =

= IntQ(E ,O)

where E =
∏n

i=1 Ei , Ei = {αi ,j | j = 1, . . . ,mi} ⊂ Obr
pi

and O =
∏

p Op.

These are polynomials which are simultaneously integer-valued on di�erent

�nite subsets of Cpi , for i = 1, . . . , n.
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Representation as intersection of DVRs

Given a subset E =
∏

p Ep of O =
∏

p Op we have:

IntQ(E ,O) =
⋂
p∈P

⋂
αp∈Ep

Z(p),αp
∩

⋂
q∈P irr

Q[X ](q)

where we recall that

Z(p),αp
= {ϕ ∈ Q(X ) | ϕ(αp) ∈ Op}

Lemma

Z(p),αp
is a DVR if and only if αp ∈ Cbr

p and αp is transcendental over Q.

Lemma

Let p ∈ P and IntQ(Ep,Op) = {f ∈ Q[X ] | f (Ep) ⊆ Op}. Then

(Z \ pZ)−1IntQ(E ,O) = IntQ(Ep,Op)
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Local case

For Ep ⊆ Op,

IntQ(Ep,Op) = {f ∈ Q[X ] | f (Ep) ⊆ Op} =
⋂

αp∈Ep
Z(p),αp

∩Q[X ].

Proposition

Let Ep be a subset of Op. Then IntQ(Ep,Op) is a Dedekind domain if and

only if Ep is a �nite subset of Obr
p of transcendental elements over Q.

Moreover, if Ep = {α1, . . . , αn} with the αi 's pairwise non-conjugate over

Qp and e is the g.c.d. of the rami�cation indexes of Qp(αi )/Qp for

i = 1, . . . , n, then Cl(IntQ(Ep,Op)) is isomorphic to Z/eZ⊕ Zn−1.

In particular, IntQ(Ep,Op) is a PID if and only if Ep contains at most one

element which is transcendental over Q and unrami�ed over Qp.

Note that Ep = ∅ ⇔ IntQ(Ep,Op) = Q[X ].
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Towards the global case

In general, if IntQ(Ep,Op) is Dedekind for each p ∈ P and E =
∏

p Ep, the

ring R = IntQ(E ,O) =
⋂

p∈P IntQ(Ep,Op) may not be Dedekind!

Example: Ep = {αp} with vp(αp) > 0, ∀p ∈ P ⇒ X ∈ pR,∀p ∈ P

De�nition

We say that E =
∏

p Ep ⊂ O =
∏

p Op is polynomially factorizable if, for

each g ∈ Z[X ] and α = (αp) ∈ E , there exist n, d ∈ Z, n, d ≥ 1 such that
g(α)n

d is a unit of O, that is, vp(
g(αp)n

d ) = 0, ∀p ∈ P.

Example

Ẑ =
∏

p Zp is not polynomially factorizable: for each q ∈ Z[X ], there exist

in�nitely many p ∈ P for which there exists n ∈ Z such that q(n) is
divisible by p.
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Polynomially factorizable sets

Lemma

Let E =
∏

p Ep ⊂ O, where Ep is a �nite subset of Op of transcendental

elements over Q.

Then E is polynomially factorizable if and only if, for each (irreducible)

g ∈ Z[X ] the following set is �nite:

Pg ,E = {p ∈ P | ∃αp ∈ Ep, vp(g(αp)) > 0}
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Global case

Theorem

Let E =
∏

p Ep ⊂ O =
∏

p Op be a subset. Then

IntQ(E ,O) = {f ∈ Q[X ] | f (α) ∈ O, ∀α ∈ E} is a Dedekind domain if and

only if Ep ⊂ Obr
p is a �nite set of transcendental elements over Q for each

prime p and E is polynomially factorizable.

In this case, Cl(IntQ(E ,O)) is the direct sum of a countable family of

�nitely generated abelian groups.
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Polynomial Dedekind domains

Recall that O =
∏

p Op, Op completion of Zp; Cbr
p =elements of Cp of

bounded rami�cation.

Theorem

Let R be a Dedekind domain such that Z[X ] ⊂ R ⊆ Q[X ].
Then R = IntQ(E ,O), for some subset E =

∏
p Ep ⊂ Obr such that Ep is a

�nite set of transcendental elements over Q for each prime p and E is

polynomially factorizable.

Corollary

Let R be a PID such that Z[X ] ⊂ R ⊂ Q[X ].
Then R = IntQ({α},O), for some α = (αp) ∈ Obr such that, for each

p ∈ P, αp is transcendental over Q, αp is unrami�ed over Qp and {α} is

polynomially factorizable.

We get "�nite residue �elds of prime characteristic" if Ep ⊂ Zp,∀p ∈ P.
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Chang's construction revisited

Let {Gi}i∈I be a countable family of �nitely generated abelian groups. For

each i ∈ I we have

Gi
∼= Zmi ⊕ Z/ni ,1Z⊕ . . .⊕ Z/ni ,kiZ

We partition P =
⋃

i∈I Pi where Pi = {pi , qi ,1, . . . , qi ,ki} and for each i ∈ I
we �x the following 1+ ki sets:

i) Epi = {αpi ,1, . . . , αpi ,mi+1} ⊂ Zpi , αpi,j transcendental over Q.

ii) Eqi,j = {αqi,j} ⊂ Zqi,j such that αqi,j is transcendental over Q and

satis�es α
ni,j
qi,j = q̃i ,j , where vqi,j (q̃i ,j) = 1.

We set E i = Epi ×
∏ki

j=1 Eqi,j and

Ri = IntQ(Epi ,Zpi ) ∩
ki⋂
j=1

IntQ(Eqi,j ,Zqi,j ) = IntQ(E i , Ẑ)

By Eakin-Heinzer's result, Ri is a Dedekind domain with class group

isomorphic to Gi .
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Realization Theorem for Polynomial Dedekind domains

We set

R =
⋂
i∈I

Ri = IntQ(E , Ẑ)

where E =
∏

i E i . In order for R to be Dedekind, E must be polynomially

factorizable, that is, Pg ,E = {p ∈ P | ∃αp ∈ Ep, vp(g(αp)) > 0} �nite for

each g ∈ Z[X ].
By a suitable alteration of αp ∈ Ep, as p ∈ P, we may achieve this property.

Theorem (P. 2023)

Let G be a direct sum of a countable family {Gi}i∈I of �nitely generated

abelian groups.

Then there exists a Dedekind domain D, Z[X ] ⊂ D ⊆ Q[X ] with class

group isomorphic to G .
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Thank you!
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