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Background of the study

Representation theory
was first infroduced in
1896 by the German
mathematician
F. G. Frobenius
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Background of the study

Representation theory
was first infroduced in
1896 by the German
mathematician

F. G. Frobenivs =1

GOAL:

to understand algebraic structures
by transforming their elements into
matrices.
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Representation theory
was first infroduced in
1896 by the German
mathematician

F. G. Frobenivs =1

GOAL: "ﬁROWS"

by transforming
matrices.
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Background of the study

Representation of Monoids

2015 - Steinberg studied the representation theory of finite
monoids
Character Theory of monoids over an arbitrary
field

epresentation M



Background of the study

T-Wowoid

2020 - Hazrat and Li defined the "I'-monoid" as
a monoid with the group I acting on it.
Talented monoid Ty (Z-monoid)

2022 - action via monoid automorphism
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Background of the study

T-Wowoid

2020 - Hazrat and Li defined the "I'-monoid" as
a monoid with the group I acting on it.
Talented monoid Ty (Z-monoid)

2022 - action via monoid automorphism

The focus of this presentation is the representation of
I'-monoids and its subrepresentation.
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This study has the following objectives:

to introduce the concept of the I'-invariant and
subrepresentation of a representation;

to show that a subrepresentation is also a representation;

to demonstrate that a restriction map to the kernel, image,
and inverse image of a I'-linear map are subrepresentations.
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This study has the following objectives:

©,
©,
®

to introduce the concept of the I'-invariant and
subrepresentation of a representation;

to show that a subrepresentation is also a representation;

to demonstrate that a restriction map to the kernel, image,
and inverse image of a I'-linear map are subrepresentations.
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[-MONOIDS

Definition 1 [2]

Let M be a monoid and I" a group.
M is said to be a I'-monoid if there is an action of I on M via
monoid automorphism.

For a € T and a € M, the action of a on a shall be
denoted by “a.

*la+b)=%+*b

:
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Example 2
Let I = Z be the group of integers under addition and C
be the set of complex numbers.
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Example 2

Let I = Z be the group of integers under addition and C
be the set of complex numbers.
Note that C is a group under addition. Thus, it is a monoid.
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Example 2

Let I = Z be the group of integers under addition and C
be the set of complex numbers.
Note that C is a group under addition. Thus, it is a monoid.

Consider the mapping I' x C — C given by
(x,a+bi) — ea+ e"bi

forall z €I" and a + b € C.
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Since for all z,y € I" and a + bi € C,
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Since for all z,y € I" and a + bi € C,
(i) °(a + bi) = ®a + €"bi = a + bi
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Since for all z,y € I" and a + bi € C,
(i) °(a + bi) = ®a + €"bi = a + bi
(i) Y (a + bi) = (* Va4 " TVbi) = T (Y(a + bi)),

:
Representation and Subrepresentation of I'-Monoids _




Since for all z,y € I" and a + bi € C,
(i) °(a + bi) = ®a + €"bi = a + bi
(i) Y (a + bi) = (* Va4 " TVbi) = T (Y(a + bi)),
(iil) “[(a+bi) + (c+ di)] = e"(a +¢) + " (b+ d)i
="(a+bi) +“(c+di),
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Since for all z,y € I" and a + bi € C,
(i) °(a + bi) = ®a + €"bi = a + bi
(i) Y (a + bi) = (* Va4 " TVbi) = T (Y(a + bi)),
(iil) “[(a+bi) + (c+ di)] = e"(a +¢) + " (b+ d)i
="(a+bi) +“(c+di),
the mapping is an action of a group I' on C.
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Since for all z,y € I" and a + bi € C,
(i) °(a + bi) = ®a + €"bi = a + bi
(i) Y (a + bi) = (* Va4 " TVbi) = T (Y(a + bi)),
(iil) “[(a+bi) + (c+ di)] = e"(a +¢) + " (b+ d)i
="(a+bi) +“(c+di),
the mapping is an action of a group I' on C.

Hence, C is a I'-monoid.
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Example 3
Let I' = Z and M3(C) be a square matrix with entries from

C.
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Example 3
Let I' = Z and M3(C) be a square matrix with entries from

C.
Note that M3(C) is a monoid under matrix addition.

Define the mapping I' x My(C) — M3(C) by

a1 +b1i as + boi 6w(a1 + bli) ag + boi
x, : . ; . ,
az + bzt ayg + byt as + b3t e®(aq + byi)

a1 +b1i ag + boi

for all x € I" and Li’) S byi gt byi

] € My(C).
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a1 +b1i ag + boi
az + bzt ayg + byt
(i) o lar + 017 ag+ bai _ 60((11 + blz) as + bai
ag + bgi  aq + byt as + bsi 60(a4 + b4i)
_ a1 + b1t as + boi
ag + b3t ayg + byt

Since for all z,y € ' and [

] € My (C),

:
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(ii) aty |01+ b1t ao + bot
ag + b3t ayg + byt

_ [e(wﬂ/) (a1 + bll) as + bai :|

as + bzt elzt+y) (a4 + b4i)
. exey(al + bli) a9 + boi
o as + b3t e$ey(a4 + b4i)

_afy a1 + b1t as + boi
o a3z + b3t ag+ bsil| )’
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(iii) ([al +b1i as + bgi] " [61 +dii co+ dgi:|)

ag + bgi  ayq + byt c3 +dgi ¢4+ dyi
_ e’”((al + bli) + (C1 + dli)) (CLQ + bQi) + (62 + dg’i)
e’ (a3 + bgi) (a4 + b4i) + (64 + d4’L)
gz |a1+ bt agx+bai e c1+dii co+doi
 las +b3i aq + bai c3 +dsi ¢4+ dyi
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(iii) ([al +b1i as + bgi] " [61 +dii co+ dgi:|)

ag + bgi  ayq + byt c3 +dgi ¢4+ dyi

_ [ex((al +b17) + (c1 + dii)) (a2 + b2i) + (c2 + dﬂ)]
e”(as + bsi) (aq + bai) + (ca + dai)
e [al +bii az + bzi] Lo [cl +dii e+ dzi]
ag + bgi  agq + byt c3 +dsi ¢4+ dyi
the mapping is an action of a group I' on M (C).
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(iii) = ([al +b1i as + bgi] " [61 +dii co+ dgi:|>

ag + bgi  ayq + byt c3 +dgi ¢4+ dyi

_ [e‘”((al + b1i) + (c1 + dii))  (az + bai) + (co + dﬂ')]
o e’ (a3 + bgi) (a4 + b4i) + (64 + d4’L)

gz |a1+ bt agx+bai e c1+dii co+doi
 las +b3i aq + bai c3 +dsi ¢4+ dyi
the mapping is an action of a group I' on M (C).

Hence, M5(C) is a I'-monoid.
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Definition 4 [2]

Let M7, M5 be monoids and I' be a group acting on M;
and M.

A I'-monoid homomorphism is a monoid homomorphism
p : M1 — M that respects the action of I', that is,

for all a € Mj.

:
Representation and Subrepresentation of I'-Monoids _




Example 5
NOTE: Let I' = Z.

:
Representation and Subrepresentation of I'-Monoids _




Example 5
NOTE: Let I' = Z. In Example 2 and 3, C and M»(C) are
I'-monoids
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Example 5
NOTE: Let I' = Z. In Example 2 and 3, C and M»(C) are
I-monoids via the action I' x C — C given by

(x,a+bi) — e*a+ bi

and
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Example 5
NOTE: Let I' = Z. In Example 2 and 3, C and M»(C) are
I-monoids via the action I' x C — C given by

(x,a+bi) — e*a+ bi
and I' x M5(C) by

a1 +bii ag + boi €x(a1 + bli) a9 + bai
z, : 1)~ ) .
as +bgi a4 + byt as + b3t e®(aq + byi)

respectively, for all x € I", a 4+ bi € C*, and

ai +bii ao + bai
[a?, + b3i a4 + b4i:| < M2(C).
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Consider the mapping p : C — M3(C) given by

. a+bi 0
a+bz»—>[ 0 a—i—bi]

for all a + b7 € C.

:
Representation and Subrepresentation of I'-Monoids _




Let x € I" and aq + b17,as + boi € C. Then

. 1 0
p(1+0i) = [O 1]
and

plar + bii)p(ag + bai)

a1 —|— byt 0 as + bat 0
o a1 + bii 0 as + bai

a1 + bll a2 + bQZ) 0
(a1 + b1i)(ag + bai)

p a1a2 — blbg) (a1b2 + azbl)i)
= p((a1 + b17)(az + b2i)).
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Also,

P
P
. [e“”al + e*byi 0 :|
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Also,

P
P
[emal + e*byi 0 :|

Hence, p is a ['-monoid homomorphism.
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Definition 6
Let M and M, (K) be a I'-monoid where K is a field.

A representation of M over K is a I'-monoid homomorphism
o: M — M. (K).
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Definition 6
Let M and M, (K) be a I'-monoid where K is a field.

A representation of M over K is a I'-monoid homomorphism
w: M — M (K).

(i) ¢ is a monoid homomorphism
(i) ¢ (“a) = “¢(a)
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The mapping p : C* — My (C) given by

. a+ bi 0
a+bi { 0 a—i—bz‘]

for a + bi € C*, in Example 5, is a representation.
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Definition 7

Let M be a Imonoid and ¢ : M — M, (K) be a
representation of M over a field K.

A subspace V' of K" is T'-invariant if for all « € T',m € M,
and v € V,

o(*m)-ve W
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Example 8
NOTE: Let I' = Z.
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Example 8
NOTE: Let I' = Z. In Example 2 and 3, C and M»(C) are
I'-monoids.

Consider the representation p : C — My(C) given by

a+biv—>[a+bl 0 ]

0 a+bi
for a +bi € C.
Take
V ={(-s+ri,r+si) | r+si,—s+ri € C} C C%

Thus, V is a proper subspace of C2.
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Let v = (—s + 7i,r + si).
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Let v = (—s + ri,7 + si). Note that we can write v as
-5+
T+ si
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Let v = (—s + ri,7 + si). Note that we can write v as

[_S + ”} . Thus, for all x € I and a + bi € C, we have
T+ st

p(“(a+bi))-v
= p(e"a + €°bi) - [;‘9:5?]
[e a+ e*bi 0 ] [—s + m']

ea+ e bi| | r+si
| —(e®as +€®br) + (e®ar — e®bs)i 0
B 0 (e®ar — e*bs) + (e®as + e*br)i

€ V. Hence, V is I'-invariant.
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representation ¢ : M — M, (K)
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representation ¢ : M — M, (K)

M, (K) = Hom(U,U), where U is a vector space over a field K
and dim(U) =r
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representation ¢ : M — M, (K)

M, (K) = Hom(U,U), where U is a vector space over a field K
and dim(U) =r

U o, y
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representation ¢ : M — M, (K)

M, (K) = Hom(U,U), where U is a vector space over a field K
and dim(U) =r

Suppose V is a subspace

of U, where dim(V') = s.

U o, y
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representation ¢ : M — M, (K)

M, (K) = Hom(U,U), where U is a vector space over a field K
and dim(U) =r

Suppose V is a subspace

of U, where dim(V') = s.

U o, y

My(K) = Hom(V,V)
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representation ¢ : M — M, (K)

M, (K) = Hom(U,U), where U is a vector space over a field K
and dim(U) =r

Suppose V is a subspace

U ....i("ﬂ—? U of U, where dim(V') = s.
Ymly M(K) = Hom(V,V)

oy M — My(K)
oy :M — Hom(V,V)
m = @(m) |, V=V

:
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Definition 9
Let ¢ be a representation of a I'-monoid M over a field K
and V be a subspace of K.

We say that oy : M — M(K) is a subrepresentation of ¢ if V
is I'-invariant, that is,

e(*m)-veV

foralla e 'me M,andv e V.

:
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Example 10
In Example 5, p: C — M3(C) given by

a+bi 0
0 a+ bi

a+bi — [ ] for all a + bi € C is a representation.

By previous example, V = {(—s + ri,r + si) |
r + si,—s +ri € C} is a I'-invariant.

:
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Example 10
In Example 5, p: C — M3(C) given by

a+bi 0
0 a+ bi

a+bi — [ ] for all a + bi € C is a representation.
By previous example, V = {(—s + ri,r + si) |

r + si,—s +ri € C} is a I'-invariant.

Thus, py is a subrepresentation.
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Proposition 11
A subrepresentation is a representation of I'-monoid M
over a field K.
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Proposition 11

A subrepresentation is a representation of I'-monoid M
over a field K.
@ : M — M,.(K) be representation
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Proposition 11

A subrepresentation is a representation of I'-monoid M
over a field K.
@ : M — M,.(K) be representation

(1) ev(1) = (W], = (1) = I,
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Proposition 11

A subrepresentation is a representation of I'-monoid M
over a field K.
@ : M — M,.(K) be representation

(1) ¢v(1) = o)y, = (1) =1,
(i) @v(mi)ev(ma) = o(mi)ly, w(ma)ly,
= p(mima)ly,

= py(mimz), and
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Proposition 11

A subrepresentation is a representation of I'-monoid M
over a field K.
@ : M — M,.(K) be representation

1) =1I,
mi)ly p(ma)ly
mims)|y

= @y (mims), and
(iil) v (*m1) = @(*mi)lv
)v)
= *(pv(m1)).

:
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e T/
Proposition 11
A subrepresentation is a representation of I'-monoid M
over a field K.
@ : M — M,.(K) be representation

=1,
mi)ly p(ma)ly
mims)|y

= @y (mims), and
(iil) v (*m1) = @(*mi)lv

*(e(ma)ly)

= (v (m1)).
..y 1s a representation
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Definition 12

Let K7 and K> be fields, and
@1 : M — MT(Kl)
and ¢g : M — M(K>)

M.(Ky) = Hom(V,V) and M,(K,) = Hom(W, W)
where dim(V) = r and dim(W) = s

V= K and W = K be representations of a I'-monoid
Pu(m) M over K; and Ks, respectively.
KT 1R
T T
Ks e
P2 (m)

:
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Definition 12

Let K7 and K> be fields, and
@Y1 - M — MT(Kl)
and ©9 M — MS(KQ)

M.(K;) = Hom(V,V) and M;(K;) = Hom(W, W)
where dim(V) = rand dim(W) = s

V= K] and W = K be representations of a I'-monoid
@1(m) M over K; and Ka, respectively.
KT » KT
! s A function T : K| — K3
K3 » K5

wi is called a I'-linear map if T is a

Representation and Subrepresentation of I'-Monoids __‘



Definition 12

Let K7 and K> be fields, and
@Y1 - M — MT(Kl)
and ©9 M — MS(KQ)

M.(K;) = Hom(V,V) and M;(K;) = Hom(W, W)
where dim(V) = rand dim(W) = s

V= K] and W = K be representations of a I'-monoid
@1(m) M over K; and Ka, respectively.
KT » KT
! s A function T : K| — K3
K3 » K5

wi is called a I'-linear map if T is a

(i) linear transformation and
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Definition 12

Let K7 and K> be fields, and
@Y1 - M — MT(Kl)
and ©9 M — MS(KQ)

M.(K;) = Hom(V,V) and M;(K;) = Hom(W, W)
where dim(V) = rand dim(W) = s

V= K] and W = K be representations of a I'-monoid
@1(m) M over K; and Ka, respectively.
KT » KT
! s A function T : K| — K3
K3 » K5

wi is called a I'-linear map if T is a

(i) linear transformation and

(i) T(1(“m)k) = pa(*m)T (k)
foralla € I'ym € M, and k € K;.
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Proposition 13

Let K; and K> be fields, and ¢ : M — M, (K;) and
¥ : M — My(K2) be representations of a I'-monoid M over K
and K>, respectively. Suppose T': K| — K3 is a I'-linear map.
Then

:
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Proposition 13

Let K7 and K be fields, and ¢ : M — M,.(K;) and
¥ : M — My(K>2) be representations of a I'-monoid M over K;
and K, respectively. Suppose T : K| — K3 is a I'-linear map.
Then

u € Ker T = T(u) = Ogs (1) OKerT is

T(e("mu) = P(*m)T (W) = Y(“m)0x;s = Ok; ;
— (p(@m)u € KerT a subrepresentation of ¢,

~ Ker T is I'-invariant

weImT = w = T(k) for some k € K]
Y(Emw = P(*m)T(k) = T(p("m)(k)) € Im T
~ ImT is T'-invariant
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Proposition 13

Let K7 and K be fields, and ¢ : M — M,.(K;) and
¥ : M — My(K>2) be representations of a I'-monoid M over K;
and K, respectively. Suppose T : K| — K3 is a I'-linear map.
Then

u € Ker T = T(u) = Ogs (1) OKerT is

T(e("mu) = P(*m)T (W) = Y(“m)0x;s = Ok; ;
— (p(@m)u € KerT a subrepresentation of ¢,

~ Ker T is I'-invariant

weImT = w = T(k) for some k € K] (ji) VImT 18
Y(Emw = P(“m)T(k) = T(p(*m)(k)) € Im T

& T TP P a subrepresentation of v,
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(iii) if V is a I'-invariant of
K7, then T'(V) is
T'-invariant subspace of
K5, and
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- (iii) if V is a I'-invariant of
K7, then T'(V) is
T'-invariant subspace of
K5, and
/—\
(iv) if W is a I'-invariant
subspace of K3, then
T=1(W) is T-invariant
subspace of K7.
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