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Introduction

In his celebrated work, Bhargava [1] (see also Bhargava [2]) generalized the notion of
factorials to an arbitrary subset S of Z. These factorials are intrinsic to the given subset.
He obtained these factorials by the notion of p-orderings.
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Introduction

In his celebrated work, Bhargava [1] (see also Bhargava [2]) generalized the notion of
factorials to an arbitrary subset S of Z. These factorials are intrinsic to the given subset.
He obtained these factorials by the notion of p-orderings.

p-orderings

Let S be an arbitrary subset of Z and p be a fixed prime. A p-ordering of S is a sequence
a0, a1, a2, - - - of elements of S that is formed as follows:

[1] Manjul Bhargava. P-orderings and polynomial functions on arbitrary subsets of
Dedekind rings. J. Reine Angew. Math., 490:101-127, 1997.

[2] Manjul Bhargava. The factorial function and generalizations. Amer. Math. Monthly,
107(9):783-799, 2000.
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p-orderings

Choose any element ag € S;
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Choose any element ag € S;

Choose an element a; € S that minimizes the highest power of p dividing a; — ao;
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Choose any element ag € S;

Choose an element a; € S that minimizes the highest power of p dividing a; — ao;

Choose an element a; € S that minimizes the highest power of p dividing
(a2 — a0)(a2 — a1);
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Choose any element ag € S;

Choose an element a; € S that minimizes the highest power of p dividing a; — ao;

Choose an element a; € S that minimizes the highest power of p dividing
(a2 — a0)(a2 — a1);

v

In a similar way,

Choose an element ax € S that minimizes the highest power of p dividing Hf.:ol(ak — a;)
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Generalized factorials

A p-ordering of any set need not be unique but the highest power of p dividing
15 (a — a:) is always unique.
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Generalized factorials

A p-ordering of any set need not be unique but the highest power of p dividing
15 (a — a:) is always unique.

generalized factorials

the generalized factorial of index k V k > 0 is defined as
kis = [ ] wol(ak — 20)(ax — a1) - (ak — 1))
P

where w,(d) denotes the highest power of p dividing d for a given integer d. For
instance, w,(12) = 2°.
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Let S = Z, then for all positive integers k, we have klz = k.
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Let S = Z, then for all positive integers k, we have klz = k.

Let S = 2Z, then for all positive integers k, we have kls = 2K k1,
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Let S = Z, then for all positive integers k, we have klz = k.

Let S = 2Z, then for all positive integers k, we have kls = 2K k1,

Let S = 27Z + 1, then for all positive integers k, we have kls = 2kk1,
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Let S = Z, then for all positive integers k, we have klz = k.

Let S = 2Z, then for all positive integers k, we have kls = 2K k1,

Let S = 27Z + 1, then for all positive integers k, we have kls = 2kk1,

Let S = {2": n € Z}, then for all positive integers k, we have
kls = (2" — 2°)(2" — 21) ... (2% — 2k 1),
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Integer-valued polynomials

Definition

the ring of integer-valued polynomials over a subset S C Z is defined as

Int(S,Z) = {f € Q[x] : f(S) C Z}.
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Integer-valued polynomials

Definition

the ring of integer-valued polynomials over a subset S C Z is defined as

Int(S,Z) = {f € Q[x] : f(S) C Z}.

Denote the set of polynomials of Int(S,Z) of degree k by Int«(S,Z). It turns out that

kls = ged{a : alnt«(S, Z) C Z[x].
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Integer-valued polynomials

Definition

the ring of integer-valued polynomials over a subset S C Z is defined as

Int(S,Z) = {f € Q[x] : £(S) C Z}.

Denote the set of polynomials of Int(S,Z) of degree k by Int«(S,Z). It turns out that

kls = ged{a : alnt«(S, Z) C Z[x].

dk-orderings

For given integers d and k, let p1, p2, ..., pr be all the prime divisors of d. For 1 < j <'r,
let {uj}i>0 be a pj-ordering of S C Z. Then a di-ordering {x;}o<i<k of S is a solution to
the following congruences

xi=u; modmtV1<j<r, (1)
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Let S=Z, then 0,1,..., k is a dk - ordering for all positive integers d and k.
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Let S=Z, then 0,1,..., k is a dk - ordering for all positive integers d and k.

Let S =27, then 0,2,4,...,2k is a di - ordering for all positive integers d and k.
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Let S=Z, then 0,1,..., k is a dk - ordering for all positive integers d and k.

Let S =27, then 0,2,4,...,2k is a di - ordering for all positive integers d and k.

Let S =2Z+1, then 1,3,5,...,2k + 1 is a dk - ordering for all positive integers d and k.
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Let S=Z, then 0,1,..., k is a dk - ordering for all positive integers d and k.

Let S =27, then 0,2,4,...,2k is a di - ordering for all positive integers d and k.

Let S =2Z+1, then 1,3,5,...,2k + 1 is a dk - ordering for all positive integers d and k.

Let S ={2": n € Z}, then 2°,2!, 2% ... 2K is a dj - ordering for all positive integers d
and k.
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the p-function

Definition

For a given polynomial f = £ € Q[x], define ui(d, p) by

pi(d, p)wy(ils) = wp(d).
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the p-function

For a given polynomial f = £ € Q[x], define ui(d, p) by

pi(d, p)wy(ils) = wp(d).

The function pi(d, p) also depends on the set since ils depends. Therefore, we assume
that in the notation p;(d, p), the subset and the underlying ring automatically come from
the context (see Prasad [3]).
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the p-function

Definition

For a given polynomial f = £ € Q[x], define ui(d, p) by

pi(d, p)wy(ils) = wp(d).

The function pi(d, p) also depends on the set since ils depends. Therefore, we assume
that in the notation p;(d, p), the subset and the underlying ring automatically come from
the context (see Prasad [3]).

v

A Z-module basis

Let ao, a1, ..., ak is a dk-ordering of S C Z, then S;j(x) = (x — ao)(x — a1) ... (x — ax)
where 0 < i < k is a Z-module basis for Intx(S,Z).

[3] Devendra Prasad. Bhargava factorials and irreducibility of integer-valued polynomials.
Rocky Mountain J. Math. 52 (3) 1031 - 1038, June 2022. :
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Some results

For every polynomial f = £ € Q[x] of degree k, the following holds

fent(S,2) < f(a,) €ZV0<i<k,

where ag, a1, ..., ax is a dx-ordering of S C Z.
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Some results

For every polynomial f = £ € Q[x] of degree k, the following holds

fent(S,2) < f(a,) €ZV0<i<k,

where ag, a1, ..., ax is a dx-ordering of S C Z.

K biSitx)
A polynomial f = &4=—— ¢ Q[x] is integer-valued iff
Vp|d w(d) < wy(biils) VO <i<k.
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Some results

For every polynomial f = £ € Q[x] of degree k, the following holds
fent(S,2) < f(a,) €ZV0<i<k,

where ag, a1, ..., ax is a dx-ordering of S C Z.

| \

k
i Si(x
A polynomial f = M € Q[x] is integer-valued iff
VY p | d, wo(d) < wy(biils) V0 < i < k.

Definition
A polynomial f € Int(S,Z) is said to be “image primitive " iff the ideal {f(s):s € Z} is
the whole ring Z.

| 5\

| A
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k b;Si(x
A polynomial f = M € Int(S, Z) is image primitive iff V p | d, 30 < < k such
that wy(d) = wy(biils).
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Main results and applications

Irreducibility condition

Let f = £ € Int(S,Z) be a polynomial of degree k and ao, a1, . .., ax be a dk-ordering.
O S - K k

Then f is irreducible iff for any factorization g = (32, b;S;(x))(ZjiO c;Si(x)) there

exist a prime p | d and non-zero positive integers r < k; and s < k> such that

Hr(d’P)Hs)(de) t wo(brcs).

wp(d
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Main results and applications
Irreducibility condition

Let f = £ € Int(S,Z) be a polynomial of degree k and ao, a1, . .., ax be a dk-ordering.
e S o K k

Then f is irreducible iff for any factorization g = (32, b,-S,-(x))(z:ji0 ¢iSi(x)) there

exist a prime p | d and non-zero positive integers r < k; and s < k> such that

r(d, s(d,
ueldenldio) |y, (pec,).

Let us check the irreducibility of the polynomial

£ 18x% —48x5+47x* —20x% 1+ 41x+6
= 6

in Int(Z). We have only the following way of factoring f
fif
F =22,
where fi = 2 4+ 3x + 6x(x — 1) + 2x(x — 1)(x — 2) and
fo =3+ 4x + 3x(x — 1) + 9x(x — 1)(x — 2). Since by = 2 and ¢; = 4 are not multlgm\mw
three, it follows that ws(boci) = ws(2 x 4) = 3%, However,

%&1)(63) = 3131 > wp(brcs), which implies that the polynomial is irreducible.

.
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Thank You
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