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"Out of nothing, | have created a strange new universe”

- Bolyai Janos -
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Noether number of a group

G will always stand for a finite group; V' for a finite dimensional vectorspace over C.
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Noether number of a group

Notation
G will always stand for a finite group; V' for a finite dimensional vectorspace over C.

A G-module structure on V is defined by a representation p: G — GL(V) of G. Let
X1, X2, ... ,Xn be a basis in the dual space V*. The G-action on the polynomial algebra

C[V] = C[x1, x2, ..., Xpn| is the following:

g f(x1,x, o yxn) = f(gx1,8%2, oo , 8Xn)
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Noether number of a group

Notation
G will always stand for a finite group; V' for a finite dimensional vectorspace over C.

A G-module structure on V is defined by a representation p: G — GL(V) of G. Let
X1, X2, ... ,Xn be a basis in the dual space V*. The G-action on the polynomial algebra
C[V] = C[x1, x2, ..., x5] is the following:

g f(x1,x, o yxn) = f(gx1,8%2, oo , 8Xn)
By the theorem of Noether, the invariant subalgebra:
C[V]® :={feC[V]:g-f=F, forVg € G}

is generated by homogeneous elements of degree at most |G|.
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Noether number of a group

Let B(G, V) be the minimal positive integer d, such that C[V]® is generated by
homogeneous polynomials of degree at most d. The Noether number is:

B(G) :=sup{B(G, V) : Vis a fin dim rep of G}
%
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Noether number of a group

Let B(G, V) be the minimal positive integer d, such that C[V]® is generated by
homogeneous polynomials of degree at most d. The Noether number is:

B(G) :=sup{B(G, V) : Vis a fin dim rep of G}
%

By the theorem of Noether, 5(G) < |G]|.
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Noether number of a group

Let B(G, V) be the minimal positive integer d, such that C[V]® is generated by
homogeneous polynomials of degree at most d. The Noether number is:

B(G) :=sup{B(G, V) : Vis a fin dim rep of G}
%
By the theorem of Noether, 5(G) < |G]|.

Example

For a cyclic group 3(C,) = n. Moreover, for any other group 3(G) < |G]|.
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Separating Noether number of a group

A subset S C C[V]€ is called separating set if the following holds:

if for vi, vy € V there exists h € C[V]® such that h(vi) # h(v2), then there exists
f € S, such that f(vi) # f(w)
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Separating Noether number of a group

A subset S C C[V]€ is called separating set if the following holds:

if for vi, vy € V there exists h € C[V]® such that h(vi) # h(v2), then there exists
f € S, such that f(vi) # f(w)

For a finite group G, the following is true:

A subset S C C[V]€ is a separating system if and only if:
f(v1) = f(wp) for each f € S implies Gv; = Gvy.
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Separating Noether number of a group

Let Bsep(G, V) be the minimal positive integer d, such that C[V]® contains a
separating set whose elements are homogeneous polynomials of degree at most d. The
separating Noether number Psep(G) is:

Bsep(G) 1= sup{Bsep(G, V) : V is a fin dim rep of G}
%
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Separating Noether number of a group

Let Bsep(G, V) be the minimal positive integer d, such that C[V]® contains a
separating set whose elements are homogeneous polynomials of degree at most d. The
separating Noether number Psep(G) is:

Bsep(G) 1= sup{Bsep(G, V) : V is a fin dim rep of G}
%

Every generating system is a separating system, which yields that:

Bsep(G) < B(G).
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Separating Noether number of a group

Let Bsep(G, V) be the minimal positive integer d, such that C[V]® contains a
separating set whose elements are homogeneous polynomials of degree at most d. The
separating Noether number Psep(G) is:

Bsep(G) 1= sup{Bsep(G, V) : V is a fin dim rep of G}
%

Every generating system is a separating system, which yields that:

Bsep(G) < B(G).

Example

Bsep(Cn) = n. Moreover, for any other group fsep(G) < |G].
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Case of abelian groups

Our goal is to determine the exact value of the separating Noether number of some
infinite families of abelian groups.
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Case of abelian groups

Question

Our goal is to determine the exact value of the separating Noether number of some
infinite families of abelian groups.

This question is linked with the study of the zero-sum sequences over a finite abelian
group. Take the subset {aj,...,as} C G. Then

G(a1,...,as) == {[m1,...ms] € Z° : Y mja; =0€ G}
is a subgroup of Z*. It is true that G(ay, ..., as) is generated by the monoid
B(ai1,...,as) == Ny N G(ai, ..., as)
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Case of abelian groups

Question
Our goal is to determine the exact value of the separating Noether number of some
infinite families of abelian groups.

This question is linked with the study of the zero-sum sequences over a finite abelian
group. Take the subset {aj,...,as} C G. Then

G(a1,...,as) == {[m1,...ms] € Z° : Y mja; =0€ G}
is a subgroup of Z*. It is true that G(ay, ..., as) is generated by the monoid
B(ai1,...,as) == Ny N G(ai, ..., as)

If {a1,...,an} = G, then we have the notation: B(ai, ..., an) := B(G). For any subset
{a1,...,as} C G, we can interpret B(ay, ..., as) as a submonoid of B(G).
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The Davenport constant

The length of m = [mq,...,mp] € B(G) is: |m| =>"7_1 mj.

m € B(G) is an atom, if it can not be written as the sum of two nonzero elements of
B(G).

The Davenport constant of an abelian group is defined as:

D(G) := max{|m| : m is atom}.
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The Davenport constant

The length of m = [mq,...,mp] € B(G) is: |m| =>"7_1 mj.

m € B(G) is an atom, if it can not be written as the sum of two nonzero elements of
B(G).

The Davenport constant of an abelian group is defined as:

D(G) := max{|m| : m is atom}.It is known that for an abelian group:

8(G) = D(6).
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The Davenport constant

The length of m = [mq,...,mp] € B(G) is: |m| =>"7_1 mj.

m € B(G) is an atom, if it can not be written as the sum of two nonzero elements of
B(G).

The Davenport constant of an abelian group is defined as:

D(G) := max{|m| : m is atom}.It is known that for an abelian group:

8(G) = D(6).

B(Cn) = D(C,) = n. For any generator g € Cp, [n] € B(g) is an atom of length n.

Schefler Barna

Separating Noether number of abelian groups



The main question
00000

Separating Noether number of an abelian group

An abelian group G can be written as: G = C,, X Cp, X ... X C,, where
ny | ... | n2 | n. Let g; be a generator of Cp,, and denote by g := g1 + ... + g;. Since
[m—1,m—1,...,n —1,1] € B(g1,8,-.-, 8 &) is an atom, we have:

143~ 1) < D(G) 1)
i=1
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Separating Noether number of an abelian group

An abelian group G can be written as: G = C,, X Cp, X ... X C,, where
ny | ... | n2 | n. Let g; be a generator of Cp,, and denote by g := g1 + ... + g;. Since
[m—1,m—1,...,n —1,1] € B(g1,8,-.-, 8 &) is an atom, we have:

1+ 5 (m —1) < D(G) (1)

B(Cpry x Cpy) =D(Cpy x Cpy) =01+ 2 — 1.
B(Com X ... X Cpnr) = D(Cpm X ... X Cpnr) = p™ + ...+ p™ — (r — 1).
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Separating Noether number of an abelian group

An abelian group G can be written as: G = C,, X Cp, X ... X C,, where
ny | ... | n2 | n. Let g; be a generator of Cp,, and denote by g := g1 + ... + g;. Since
[m—1,m—1,...,n —1,1] € B(g1,8,-.-, 8 &) is an atom, we have:

B(Cpry x Cpy) =D(Cpy x Cpy) =01+ 2 — 1.
B(Com X ... X Cpnr) = D(Cpm X ... X Cpnr) = p™ + ...+ p™ — (r — 1).

There are some infinite families of abelian groups for which the inequality is known to
bestrict. Beyond that, in general it is not known when equality holds.
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Separating Noether number of an abelian group

Theorem (M. Domokos, 2017.)

For an abelian group G, Bsep(G) is the minimal positive integer d such that for any

positive integer s < rank(G) + 1 and any finite sequence a, ..., as of distinct elements
of G the abelian group G(ay, ..., as) is generated (as a group!) by {m € B(as, ...,
as) : |m| < d}.
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Separating Noether number of an abelian group

Theorem (M. Domokos, 2017.)

For an abelian group G, Bsep(G) is the minimal positive integer d such that for any

positive integer s < rank(G) + 1 and any finite sequence a1, ..., as of distinct elements
of G the abelian group G(a1, ..., as) is generated (as a group!) by {m € B(as, ...,
as) : |m| < d}.

Definition

For an abelian group G, m € B(G) is called a group atom if it can not be written as
an integral linear combination of elements of length < |m|.
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Separating Noether number of an abelian group

Theorem (M. Domokos, 2017.)

For an abelian group G, Bsep(G) is the minimal positive integer d such that for any

positive integer s < rank(G) + 1 and any finite sequence ay, ..., as of distinct elements
of G the abelian group G(ai, ..., as) is generated (as a group!) by {m € B(ay, ...,
as) : m| < d}.

Definition
For an abelian group G, m € B(G) is called a group atom if it can not be written as
an integral linear combination of elements of length < |m|.

m € B(G) is an atom, if it can not be written as the sum of two nonzero elements of
B(G). The maximal length of an atom is by definition D(G) (and D(G) = 5(G)).
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Separating Noether number of an abelian group

Theorem (M. Domokos, 2017.)

For an abelian group G, Bsep(G) is the minimal positive integer d such that for any
positive integer s < rank(G) + 1 and any finite sequence a1, ..., as of distinct elements
of G the abelian group G(a1, ..., as) is generated (as a group!) by {m € B(as, ...,

as) : |m| < d}.

Definition
For an abelian group G, m € B(G) is called a group atom if it can not be written as
an integral linear combination of elements of length < |m|.

Note that the maximal length of a group atom is by definition the separating Noether
number of the given abelian group.
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New results

Bsep(Cn x Cp) = n(1+ I%) where p is the minimal prime divisor of n.
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New results

Bsepl(Cn X C) = n(l -+ %) where p is the minimal prime divisor of n.

Lemma

Let G = Cp, X Cy, X ... X Cp,, where n;|n,_1|...n1. Suppose that p is a prime divisor
of n,. Forr =2s—1, Bsep(G) > n1 + ... + ns, while for r = 2s,

Bsep(G) = i + ... + ns + %.
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New results

ns, for k =2s—1 . . . ..
Bsen(CK) = , where p is the minimal prime divisor of n.
P\ >~n n
ns + 5, for k = 2s
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New results

Theorem
ns, for k =2s—1
Bsep(CK) =

, where p is the minimal prime divisor of n.
ns—l—,ﬂ), for k = 2s

This result is interesting since 3(CX) is not known. Now we see a family of groups for
which the separating Noether number is known, but the Noether number is not.
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New results

The previous Theorem is a special case of this more general result:

Lemma

Let G = Cpy X ... X Gy, X G,y X ... X Gy, where ne|ny_1|...ns41|ns = ns_1 = ... = ny.

Let n := ny, and suppose that the least prime divisor of nys and n is the same, say p.
For r =2s — 1, Bsep(G) = sn1, while for r = 2s, Bsep(G) = sn+ 2.
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New results

Lemma

Let G = Cpy X ... X Cpir be a p-group.
Forr=2s—1, Beep(Cpig X .. X Cpir) > pkt + ...+ pks, while for r = 2s,
ﬁsep(Cpk1 X o X Cpir) 2 pkt + ..+ pks 4 phetn—1,

Schefler Barna

Separating Noether number of abelian groups



The main question Some results

0000« [e]e]ele] Jele]e]

New results

Lemma

Let G = Cpy X ... X Cpir be a p-group.

Forr=2s—1, Beep(Cpig X .. X Cpir) > pkt + ...+ pks, while for r = 2s,
ﬂsep(Cpkl X o X Cpir) 2 pkt + ..+ pks 4 phetn—1,

(i) [3sep(Cpk1 X Cpkz) = pX + pk2=1 where p is a prime.
(ii) Bsep(Cprr X Corp X Cps) = pkt + pk2, where p is a prime.
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An example

Let B((l 0);(0,1); (1, p—_ln)) C B(C, x Cp,) be denoted by By. Then

[n— 1] € By is a group atom of length n(1 + 1)

7p7
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An example

Claim
Let B((l 0); (0,1); (1,25%n)) C B(C, x C,) be denoted by By. Then

[n— 1] € By is a group atom of length n(1 + 1)

7 p?
Outline of the proof. Atoms in which appear at least one 0 coordinate are: [n,0,0],

[0, n,0], [0,0,n],[n—ip,0,ip] for i € {1,2,..., g — 1}. All the entries are divisible by p.
If m; > 0, then since my + m3 =0 (mod n) and my — m32 = 0 (mod n), we have
my+m3 > nand mp > 7. So |m| > n(1+ %) Of course, [[n—1, 2,1][ = n(1 + %)

If m is a linear combination of elements length strictly lower than n(1 + %) then these
elements must be among the previous ones. So all of their entries are divisible by p. Of
course this holds for each linear combination of them. However, [n — 1, o 1] has some
entries not divisible by p. This contradiction shows that [n — 1, g, 1] is a group atom.
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Thank you for your attention!
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