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Smith normal form of a matrix

@ Let A be a nonzero matrix over a principal ideal domain PID.
There exist two matrices U and V such that:

o 0 O 0
0 o1 O 0
o 0 . 0
UAV = o
0
0

where U and V are invertible matrices.
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Smith normal form of a matrix

@ Let A be a nonzero matrix over a principal ideal domain PID.
There exist two matrices U and V such that:

o 0 O 0
0 o1 O 0
o 0 . 0
UAV = o
0
0

where U and V are invertible matrices.

@ The Smith normal form over a PID is unique.

Baraah Maya (VUT) SNF Graz (10 - 14 July, 2023 ) 2/23



Smith normal form of a matrix

o 0 O 0
0 a1 O 0
0 0 : 0
UAV = o
0
0

o aj|ajyrforall 1 <i<r.
_ _di(A)
® Qi =G Ay
di(A) is the greatest common divisor of all i x i minors of A and
do(A) = 1.
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The goal

Finding Smith normal form of a matrix over a ring
which is not a principal ideal domain.
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The ring of dual integers

@ Let us consider the ring:

Zlel ={a+bs; abcZ, =0}
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The ring of dual integers

@ Let us consider the ring:
Zlel ={a+bs; abcZ, =0}
o Let us consider the polynomial:

f(x) = x* — 2ax + a°; acl
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The ring of dual integers

@ Let us consider the ring:
Zle] ={a+bs; abcZ, &*=0}
o Let us consider the polynomial:
f(x) = x* — 2ax + a°; acl
@ This polynomial has one root in Z:

X =a
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The ring of dual integers

@ Let us consider the ring:
Zle] ={a+bs; abcZ, &*=0}
o Let us consider the polynomial:
f(x) = x* — 2ax + a°; acl
@ This polynomial has one root in Z:
X=a
o It has infinitely many roots in Z[e]:
X =a-+ be

where b € Z.
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Zle)={a+bs; a,bcZ, <=0}
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Zle]={a+bs; abcZ, =0}

@ The set of zero divisors:

Z(Z[e]) = {be; beZ} =clZle]
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Zle]={a+bs; abcZ, =0}

@ The set of units:

U(Z[e]) ={x1+be; beZ}
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The division in Z[¢]

Let a = ag + a1e, b = by + b1 be two dual integers.

a (a0 +aie)(bo — b1e) a0 | aibo — aoby

b~ (bg + bie)(by — bie) by b3

where by # 0.
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o Let a,b € Z. There exits a unique pair (g, r) such that:
a=bg+r

where r =0 or |r| < |b].
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o Let a,b € Z. There exits a unique pair (g, r) such that:
a=bg+r

where r =0 or |r| < |b].

o Let a,b € Z[e]. There exit infinitely many (g, r) such that:

a=bg+r
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o Let a,b € Z. There exits a unique pair (g, r) such that:
a=bg+r

where r =0 or |r| < |b].

o Let a,b € Z[e]. There exit infinitely many (g, r) such that:

a=bg+r

@ Let a = ap + aie. The pseudo-norm of a is:

N(a) = /a3 + a3
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The division with remainder

To divide a = ag + a1 by b = by + bie:
@ Find gg and rg such that ag = bygo + 1.

o Compute:
a1 — biqo
Qr = LTJ, rn=ai— bigo — boQr
0
a1 — biqo
Qs: LTJ _]-a 51:31—b1q0—ons
o Put:
r=ry+ ne, qr = qo + Qe
s =y + s1¢, gs = qo + Qse
Then:
a=bqg,+r
a=bgs+s
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The divisors of a dual integer

Let a = ag + a1 be a dual integer.

@ Find all divisors of ag in Z:

{do=1,d1,0b,...,dn}
@ For 1 < < m, solve the congruence:

a0

d,-X = a;(mod d;)

e If X is a solution in {0,1,2,...,d; — 1}, then there exist infinitely
many divisors of the form:

d;
d,'Jr(XJr?k):; k €Z

where ¢ = ged(¥, a1, dj).

Baraah Maya (VUT) Graz (10 - 14 July, 2023 ) 10/23



The primes in Z[¢]

@ Let p = pp + p1e be a dual integer. Then p is a prime in Z[e] if:

p|ab = pla or plb

@ There are no primes in Z[e].
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The irreducible elements in Z[¢]

@ The dual integer a = ag + aic is an irreducible element in Z[¢] if:

a=bc = bisaunitorcisa unit.

@ The irreducible elements in Z[e] are the primes in Z or:
a= pk + a1¢€

where p is a prime in Z, k > 1 and gcd(p, a1) = 1.
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The common divisors of two dual integers

Let a = ag + aie, b = by + b1 be two dual integers.
@ Find all common divisors of the integers ag and by in Z:

{dO — 17d15d27"'7dm}

@ For 1 < i < m, solve the system:

bo

d;

e If X is a solution in {0,1,2,...,d; — 1}, then there exist infinitely
many common divisors of the form:

d;
—k)e; k €Z
c

X = bl(mod d,')

di + (X +

where ¢ = ged(, %, a1, b1, d;).
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The greatest common divisor of two dual integers

Let a = ag + a1, b= by + bie, g = go + g1€ be dual integers such that:
e glaand g | bin Zl].

e If d = dy + die is another common divisor of a and b, then d | g in
Zle].

@ There exist two dual integers x and y such that:
ax+by=g

The dual integer g is called good greatest common divisor of a and b in
Zle].
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Let a = ag + aie, b = by + b1 be two dual integers and g = gy + gi€ a
common divisor of a and b with the greatest real part among all other
common divisors. Let m = mg + my1e be another common divisor such

that:

e mg | goinZ,

e m1{gin Zle].
Then there does not exist the greatest common divisor of a and b in
Zle].
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The existence of the greatest common divisor of two dual

integers

o Let a = ap + a1, b = by + bie be two dual integers, and let d be the
greatest integer for which the system:

%OX = ai;(mod d)

b

FOX = by(mod d)

is solvable. The greatest common divisor of a and b in Z[e] exists if
and only if the considered system has a unique solution X in

Zg=1{0,1,2,...,d —1}. Then:

ged(a, b) = {d+ (X + dk)e; k € Z}
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The existence of the greatest common divisor of two dual

integers

o Let a = ap + a1, b = by + bie be two dual integers, and let d be the
greatest integer for which the system:

%OX = ai;(mod d)

b
FOX = by(mod d)

is solvable. The greatest common divisor of a and b in Z[e] exists if
and only if the considered system has a unique solution X in
Zg=1{0,1,2,...,d —1}. Then:

ged(a, b) = {d+ (X + dk)e; k € Z}

@ gcd(a, b) is a good gcd < ged(ap, bp) = d
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@ Let a,b € Z and ged(a, b) = d. Then:

<ab>=<d>
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@ Let a,b € Z and ged(a, b) = d. Then:

<ab>=<d>

@ Let a= ap + aie, b = by + bie be two dual integers. The ideal
< a,b > is a principal ideal in Z[e] if and only if there exists a good
greatest common divisor of a and b in Z[e].

Baraah Maya (VUT) SNF Graz (10 - 14 July, 2023 ) 17/23



@ Let a,b € Z and ged(a, b) = d. Then:

<ab>=<d>

@ Let a= ap + aie, b = by + bie be two dual integers. The ideal
<ab>isa ideal in Z[e] if and only if there exists a
greatest common divisor of a and b in Z[e].

@ The ring Z[¢] is not a principal ideal ring.
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The inverse of a dual matrix

Let A= Ao + Aic be a dual integer matrix. The matrix A is invertible if
and only if its determinant is of the form

det(A) = +£1 + ke

Then:
-1 -1 -1 -1
A=A, — Ay AA) €
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The Smith normal form of a dual integer matrix

Let A= Ay + Aie be a dual integer matrix. The matrix A can be written
in the Smith normal form if there are two invertible matrices U = Uy + U;e
and V = Vp + Vie and a diagonal matrix S = Sg + Si¢ such that:

UAV =S
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The Smith normal form of a dual integer matrix

Let A= Ag + Aie be a dual integer matrix. The matrix A can be written
in the Smith normal form if there are two invertible matrices U = Uy + Us¢
and V = Vp + Vie and a diagonal matrix S = Sg + Si¢ such that:

UAV =S

The matrix Sy is the Smith normal form of Ag.
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The existence of the Smith normal form of a dual matrix

Let A= Ag + Aie be a dual integer matrix. The necessary and sufficient
condition for the existence of the Smith normal form of a dual integer
matrix is the existence of a good greatest common divisor A; of all

i X I minors of the matrix A, i.e.,

A; = d; + sje

where d; is the greatest common divisor of all / X / minors of the matrix
Ap. Then:

forl<i<rand Aj_;1 =1.
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The uniqueness of the Smith normal form

Let A= Ag + Aie be a dual integer matrix. If the matrix A can be written
in the Smith normal form, then its representation in the Smith normal
form is unique.
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Thank you
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