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Definitions and Notation

Definitions

Let R be a (finite) commutative ring with unity and let n > 1.
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Definitions and Notation ﬁ-grla!.

Definitions
Let R be a (finite) commutative ring with unity and let n > 1.
= A function F : R” — R is said to be a polynomial function (in n
variables) on R if there exists a polynomial f € R[xy, ..., X,] such that

f(r) = F(r)forevery r = (n,...,r,) € R". In this case we say that F is
the induced function of f on R and f represents (induces) F.
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Definitions and Notation ﬁ-grla!.

Definitions
Let R be a (finite) commutative ring with unity and let n > 1.

= A function F : R” — R is said to be a polynomial function (in n
variables) on R if there exists a polynomial f € R[xy, ..., X,] such that
f(r) = F(r)forevery r = (n,...,r,) € R". In this case we say that F is
the induced function of f on R and f represents (induces) F.

= If f(F) is a unit for each 7, f is a unit-valued polynomial and F is a
unit-valued polynomial function.
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Definitions and Notation ﬁ-grla!.

Definitions

An n-vector function F : R" — R"is a vector-polynomial permutation
of R" if and only if:

= F permutes the elements of R”;
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Definitions

An n-vector function F : R" — R"is a vector-polynomial permutation
of R" if and only if:

= F permutes the elements of R”;

= there exists a vector-polynomial f = (f;,...,f,), f. € R[xy,.. ., X,] such
that F(r) = f = (fi(F),..., f,(F)) for every F € R".
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Definitions
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Definitions and Notation ﬁ-grla!.

Definitions

An n-vector function F : R" — R"is a vector-polynomial permutation
of R" if and only if:

= F permutes the elements of R”;

= there exists a vector-polynomial f = (f;,...,f,), f. € R[xy,.. ., X,] such
that F(r) = f = (fi(F),..., f,(F)) for every F € R".
In this case:

= fis called a vector-permutation polynomial;
®» f; is a permutation polynomial (i = 1,..., n).
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Definitions and Notation ﬁ-grla!.

Definitions

A vector-polynomial f = (..., f,) is invertible with respect to “o”, if
there is d=(94,--.,9n) such that

foG=(f(Gt. - Gn)- a(Gtsee Gn)) = (Xt,... Xn) = Gof
If n=1 and f € R[x], then

= fis a permutation polynomial iff it induces a bijection F: R — R;
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Definitions and Notation ﬁ-grla!.

Definitions

A vector-polynomial f = (..., f,) is invertible with respect to “o”, if
there is g =1(g1....,9n) such that

foG=(f(Gt. - Gn)- a(Gtsee Gn)) = (Xt,... Xn) = Gof
If n=1 and f € R[x], then

= fis a permutation polynomial iff it induces a bijection F: R — R;

= f=ay+ ajx+...apx" is invertible iff a; is unit and g; is nilpotent for
i > 2 [Gilmer, 1968] iff f is an R-automorphism of R|[x].
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Definitions and Notation ﬁ-grla!.

ﬂ Notation

= A is the group of units of A.

= 7(R) is the ring of all polynomial functions (in k variables) on R.

= P(R) is the group of polynomial permutations on R.

" R is Rlx1, ..., Xk].

= MU(Ryq) is the monoid of unit-valued polynomials with *
R[k]

= g is the cardinality of the residue field of a given finite local ring.

on the ring

= 1, is the natural epimorphism maps a vector-permutation polynomial f
in to its induced permutation F.
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The construction ﬁ!u

The Triangular Monoid MT ,

Let go be a permutation polynomial on R. Let f;, g; € Ry, such that g; is a
unit-valued polynomial1 <i<n-—1. Then

9o(x1)
fi(x1) + X291 (x1)

—l
I

(1)

f1(X1, .o, Xn—1) + XnGn—1(X1, .. ., Xp—1)

induces a permutation F on R". Further, the set of all f of the form (1) is a monid

with respect to “o” and its group of units, TR, consists of all f of the form (1) such
that go is an R-automorphism and g; € Ft’[f.] fori=1,...,n—1.
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The construction

ﬂ Remarks

= In algebraic geometry, the (classical) triangular group KTR, defined to
be the group of vector-polynomials of the form

f=(ax +bo, (X)) + @Xe, ... . foo1(Xt, ... Xn1) + @nXn),  (2)
where ay,...,a, € R* (E.g. [van den Essen et al., 2007]). We have,
KTR, C TR, C MTh.
= In(2),ifa; =... = a, =1, we get the unitriangular group.
= When Ris a D-ring (E.g. [Loper, 1988]), MU{/(R};) = R*. We have
KTR, = TR, = MT,.
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The construction ﬁ!u

B The induced group of permutations of M7,

Let R be finite local ring. Let MT , be the triangular monoid, TR, its group
of units and , is the natural epimorphism. Then

1. mo(MT ) is a finite group of permutations of R";
2. wn(TRy) = mp(MT ) if and only if R = .

Let R be a finite local ring which is not a field. Let F be the unit-valued
function induced by g(x) = (x9 — x) + 1. Then there is no invertible
unit-valued polynomial represents F.
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The construction

Sketch proof of Theorem 2

1. Closed subsets of finite groups are subgroups.
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The construction ﬁIU

Sketch proof of Theorem 2

1. Closed subsets of finite groups are subgroups.
2. Clearly, m,(TRp) C wn(MT ).
Consider, the case R # ;. We have

f=(x1, (X7 = x1) 4+ 1)%, X3, . .., Xp) € MT .

.

Then, by Lemma 3, 7,(f) € mn(MT5) \ 7n(TRR)
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Some structures results ﬁ-g,la!.

Semidirect-product of monoids

Let A and B be monids and End(B) be the monoid of
endomorphisms of B with respect to composition. If 9: A— End(B),
a— ¢a, iIs @ homomorphism then the semi-direct product B x4 A (or
simply B x A) is the monoid with elements {(a,b): a€ A, b € B} and
operation (&, b)(c, d) = (ac, bga(d)) (see E.g. [Nico, 1983])
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Some structures results ﬂ-lc;la!-

Semidirect-product of monoids

Let A, B be monoids. Consider the homomorphism ¢: A — End(B)
(a — ¢a), and let ), be the restriction of ¢, on B* then

1. ¢4 € Aut(B) for every a € A*;
2. g € Aut(B*) for every a € A*.

Proof of (1): Let ac A*. Then,

ha0da =¢(aa ") = o(1a) = ¢1, = ¢(1a) = p(@a @) = po-1 0 Pa,
Hence ¢, € Aut(B).
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Some structures results ﬂ-lc;la!-

Semidirect-product of monoids

Proposition 5

Let A and B be monoids and ¢: A— End(B) (a — ¢a, ¢a: B— Bis an
endomorphism ) be a homomorphism. Let): A* — Aut(B*) be the
homomorphism defined by a — 14, where 1, is the restriction of ¢, on A%,
then

(B >4¢ A)x = B>< >4¢ AX.
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Some structures results ﬂ-lc;la!-

The structure of the triangular mononid M7 ,

Proposition 6

Fix2 < k < n. Let ML} denote the set of vector polynomials of the form
(X1, .-, Xk—1, F 4+ XkU, Xk41, - . ., Xn), Where f,u € Ry_y) and u is a unit-valued
polynomial. Then

1. ML} is a submonid of the monoid MT p;

2. MTp = ML) X MT 4.

8. MLE = Ry} x MU(Rk-1)) ;
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Some structures results

The structure of the triangular mononid M7 ,

Letn> 1. Then

1. MT 2 ML X - x ML3 x MP(R);
2. MTn = (Rjp_r) % MU(Rp_1))) ¥ - -- x (RDxa] x MU(R[x1])) x MP(R).

MT41 = MP(R) is the monoid of permutation polynomials.
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Some structures results ﬂ-lc;la!-

The structure of the triangular group TR,

Letn> 1. Then
1. TR, X L0 % - x L3 x Autg(R[X]);
2. TR, = (Rjp_1j] x R[f,_ﬂ) x -+ x (R[x¢] x R[x]*) x Autg(R[x]).

Moreover, TR, is solvable if and only if Autr(R[x]) is solvable . In particular,
if R =Fq, TR, is solvable.

= In [Bardakov et al., 2012] a decomposition of the unitriangular group
into semi-products of Abelian groups is given.
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Some structures results ﬂ-lc;la!-

The structure of the group m,(MT ;)

Theorem 9

Letn > 1, R finite and 7, be the natural epimorphism. Then
1. T(MT ) & mp(MLD) x -+ x ma(MLE) x P(R);
2. wp(MTp) = (F(R™1) x F(R™1)) x -+ x (F(R) x F(R)*) x P(R).
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Some structures results

The structure of the group m,(MT ;)

Lemma 10 ([Gorcsos et al., 2018] Theorem 4.1)

Let R a finite local commutative ring with a residue F,. Let P(R) be the
group of polynomial permutations. Then

1. P(R) is solvable if and only if g < 4;

2. P(R) is nilpotent if and only if g = 2;

3. P(R) is abelian if and only if R = F».

Amr Ali Al-Maktry,
13 july 2023



Some structures results ﬂ-lc;la!-

The structure of the group m,(MT ;)

Let R be a finite local ring and k > 1. Then

F(RY| _ (g=1)

|F(R9] gk
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Some structures results

The structure of the group m,(MT ;)

Let R be a finite local ring and k > 1. Then

F(RY| _ (g=1)

IF(RY g

Proposition 12

Let R be a finite local ring and k > 1. Then the group (F(R¥), “+") is a p—
group.
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Some structures results

The structure of the group m,(MT ;)

Let R a finite local commutative ring and let n > 1. Then

1. mp(MT ) is solvable if and only if g < 4;
2. wp(MT,) is nilpotent if and only if g = 2;
3. mp(MT,) is abelian if and only ifn =1 and R =T, .

Tn(MTp) = (F(R™1) x F(RP1)%) % - -
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The tame monoid

The tame monoid and a question

= The group of all invertible vector-polynomials generated by the group
KTR,, and by the affine group Aff,(R) of all invertible linear
vector-polynomials is called the tame group.

Definition 14
We call the monoid < MT ,, Aff,(R) > the tame monoid, and we call every
element a tame vector-permutation polynomial.

= Questions

= |s every vector-permutation polynomial tame?
= |s every vector-polynomial permutation only tamely represented?
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The tame monoid ﬁIU

Thank you

Amr Ali Al-Maktry,
13 july 2023 AZT



The tame monoid ﬁIU
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The tame monoid ﬁIU
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The tame monoid ﬁl-y
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