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Motivation: Integer-valued polynomials on a matrix

D domain with qu. field K
A € M,(D) ...n x n-matrix with entries in D

Int(A, Mn(D)) = {g € K[x] | g(A) € Ma(D)}

N D[]

g= :] € Int(A,M,(D)) <= f(A) € mM,(D)

U (0}

Nm(A) = {f € D[x] | f(A) € mM,(D)} =77



J-ideals of a matrix

D domain, J ideal of D
A € Mp(D) ...n x n-matrix with entries in D

NT(A) = Ny(A) = {f € DIX] | f(A) € Ma(J)}

Classical linear algebra:
D field, J=0 ~» Ng(A) = wua D[X]

null ideal of A j \ minimal polynomial of A

Applications
1. Int(A, M,(D))
2. null ideals of matrices over D/J
3. module structure of (D/J)[A]



Some facts

/ characteristic polynomial of A

Cayley-Hamilton: Xa(A) =0 = xa € Ny(A)

K quotient field, uac K[X]

minimal polynomial of A over K

VnVA € Mp(D) : ua € D[x] <= D integrally closed

Definition. f € D[X] J-minimal polynomial of A if
» f(A) € Ma(J)

» f monic

> deg(f) minimal



Generators of J-ideals over PIDs

D ...principal ideal domain, K qu. field
» J=0: up € DIX] = NE(A) = paD[X]

~> [1a is O-minimal polynomial

» J=D: NB(A) = D[X]

~> 1is D-minimal polynomial
» J=(a) (a # 0 non-unit): if a= bc and gecd(b,c) =1

N(a)(A) = CN(b)(A) + bN(C)(A)

~> investigate case J = (p')



pt-ideal of A

Theorem (R., 2016) D PID

1. For all but finitely many prime elements p,
Npt(A) = paD[X] + p* D[X]
2. For p € P, 3 finite S, € N and polynomials v, 5y, s € Sp :

Npe(A) = paD[X] + p'DIX] + Y pm{==% y, ) DX]
SESp

Algorithm (Heuberger, R., 2017) ~~ SageMath

Questions:
» Do these assertions hold for non-PIDs?

» Characterize these primes?



Description of Int(A, M,(D))

D PID with qu. field K
A € Mp(D) ...n x n-matrix with entries in D

Int(A, Ma(D)) = {g € K[x] | g(A) € M, (D)}

= 3 Na(A) = 323 ()

m=£0 pEP e>o
= AKX+ D+ 3 Y "5) D[X]
P seS,

D[x]

g=——€Int(A My(D)) <= F(A) € mMy(D)

\ D\ {0}



Z-similarity classes of matrices

A, B € My(Z)
A~z B are Z-similar <= 3 U € GL,(Z): A= UBU™!

A~z B i vV p, t: Npt(A) =N t(B)
— Int(A, My(Z)) = Int(B, Mp(Z))

Theorem (Latimer, MacDuffee, 1933)
Let f € Z[x] be monic, irreducible and A € C a root of f.

{A|lxa="f}/~z <— ideal classes of Z[)]

Questions.

1. Are (p')-ideals part of a characterization of Z-similarity
classes?

2. Representatives of Z-similarity classes?



