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Better title:

Attempting to count semistar operations on Priifer domains.
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Definition. Let R be an integral domain with quotient field K, and
let 7(R) denote the set of nonzero R-submodules of K. A semistar
operationon Ris a map * : 7(R) — F(R) such that

1. AC A" and A* C B* whenever A C Bfor all A, B € F(R).
2. A = A-forall Ac F(R).
3. (UA)* = uA*forallu e K and A € F(R).
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Notation. Let us denote by SStar(R) the set of semistar operations on
an integral domain R.
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Definition. Let R be an integral domain with quotient field K, and
let 7(R) denote the set of nonzero R-submodules of K. A semistar
operationon Ris a map * : 7(R) — F(R) such that

1. AC A" and A* C B* whenever A C Bforall A, B € F(R).
2. A = A-forall Ac F(R).
3. (UA)* = uA*forallu e K and A € F(R).

Notation. Let us denote by SStar(R) the set of semistar operations on
an integral domain R.
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Semistar operations were introduced by Okabe and Matsuda in 1994.
Since then, this notion has been studied by many authors. Briefly,
what one can do with star operations, one can do in a less restrictive
way with semistar operations, e.g., construct associated Kronecker
function rings.
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In this talk we shall focus on the combinatorics of the set of semistar
operations on an integrally closed domain.
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Semistar operations were introduced by Okabe and Matsuda in 1994.
Since then, this notion has been studied by many authors. Briefly,
what one can do with star operations, one can do in a less restrictive
way with semistar operations, e.g., construct associated Kronecker
function rings.

In this talk we shall focus on the combinatorics of the set of semistar
operations on an integrally closed domain.

Theorem (Matsuda). An integrally closed domain admits only finitely
many semistar operations if and only if it is a Prifer domain with only
finitely many prime ideals.
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Semistar operations were introduced by Okabe and Matsuda in 1994.
Since then, this notion has been studied by many authors. Briefly,
what one can do with star operations, one can do in a less restrictive
way with semistar operations, e.g., construct associated Kronecker
function rings.

In this talk we shall focus on the combinatorics of the set of semistar
operations on an integrally closed domain.

Theorem (Matsuda). An integrally closed domain admits only finitely
many semistar operations if and only if it is a Prifer domain with only
finitely many prime ideals.

Therefore, unless otherwise stated, R will denote a Prifer domain
with finitely many prime ideals. The simplest case is that of a
valuation domain:
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Theorem (Matsuda). If R is an n-dimensional valuation domain, then
|SStar(R)| = n+ 1+ m, where mis the number of idempotent primes of

R. In particular, if R is discrete (no nonzero idempotent prime ideals),
then |SStar(R)| = n + 1.
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|SStar(R)| = n+ 1+ m, where mis the number of idempotent primes of

R. In particular, if R is discrete (no nonzero idempotent prime ideals),
then |SStar(R)| = n + 1.

Note: A prime P of a Priifer domain R is idempotent if and only if PRp
is not principal in Rp.
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Theorem (Matsuda). If R is an n-dimensional valuation domain, then
|SStar(R)| = n+ 1+ m, where mis the number of idempotent primes of

R. In particular, if R is discrete (no nonzero idempotent prime ideals),
then |SStar(R)| = n + 1.

Note: A prime P of a Priifer domain R is idempotent if and only if PRp
is not principal in Rp.

It is a great understatement to say that things become more
complicated in the nonlocal case.
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Definition. For a set X, a set of subsets of 2X is a Moore family on X if
it is closed under arbitrary intersections. The set of all Moore families
is denoted by Moore(X).
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Definition. For a set X, a set of subsets of 2X is a Moore family on X if
it is closed under arbitrary intersections. The set of all Moore families
is denoted by Moore(X).

Thus:
Moore(X) = {Y C 2X | Y is closed under arbitrary intersections}
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is denoted by Moore(X).

Thus:
Moore(X) = {Y C 2X | Y is closed under arbitrary intersections}

Theorem (Elliott, Comm. Algebra (2015). Let R be a Dedekind do-
main with finitely many maximal ideals (hence a PID). Then the lattices
SStar(R) and Moore(Max(R)) are (anti)-isomorphic.
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Definition. For a set X, a set of subsets of 2X is a Moore family on X if
it is closed under arbitrary intersections. The set of all Moore families

is denoted by Moore(X).

Thus:
Moore(X) = {Y C 2X | Y is closed under arbitrary intersections}

Theorem (Elliott, Comm. Algebra (2015). Let R be a Dedekind do-
main with finitely many maximal ideals (hence a PID). Then the lattices
SStar(R) and Moore(Max(R)) are (anti)-isomorphic.

“Proof”: For Y € Moore(Max(R)) and A € F(R), set
A = ([ )) | J € F(R) and {M € Max(R) | JRyy = K} € Y}.

The map Y — xy works.
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Here is the situation for R a PID with two maximal ideals:
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Here is the situation for R a PID with two maximal ideals:

R Rw Ruw K Y

*1 | K K K K {{My, Mo} }

*2 | Bu,  Awm, K K {AMz2}, {My, Mo} }

*3 Fi’M2 K RMZ K {{M1},{M1,M2}}

*4 R RM1 K K {@,{Mg},{l\/h,Mg}}

*5 R RM1 RMz K {9’{M2}7{M1}7{M17M2}}
| R K Ry K {0, {Mi}, {M;, M2} }

x| R K K K {0,{My, M2} }
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:
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Here are the first few values of |SStar(R)| for R a PID:
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| | |SStar(R)]
1 | 2
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| | |SStar(R)]
1 2
2 7

Examples/conjectures
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| | |SStar(R)]
1 2
2 7

3 61

Examples/conjectures
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| | |SStar(R)]
1 2
2 7
3 61
4 2480
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| |SStar(R)|
2
7
61
2480
1,385,552
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:

[Max(R)| |SStar(R)|
2
7
61
2480
1,385,552
75,973,751,474

OO PN =
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Theorem (Elliott/Colomb et al):
Here are the first few values of |SStar(R)| for R a PID:
[Max(R)| |SStar(R)|
1 2
2 7
3 61
4 2480
5 1,385,552
6 75,973,751,474
7 14,087,648,235,707,352,472
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Conjecture (Elliott): An integrally closed domain R with finitely many
maximal ideals is a PID < |SStar(R)| = [Moore(Max(R))|.
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Conjecture (Elliott): An integrally closed domain R with finitely many
maximal ideals is a PID < |SStar(R)| = [Moore(Max(R))|.

Note that (=) follows from Elliott’s theorem.
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Conjecture (Elliott): An integrally closed domain R with finitely many
maximal ideals is a PID < |SStar(R)| = [Moore(Max(R))|.

Note that (=) follows from Elliott’s theorem.

’ Theorem. The conjecture is true.
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Conjecture (Elliott): An integrally closed domain R with finitely many
maximal ideals is a PID < |SStar(R)| = [Moore(Max(R))|.

Note that (=) follows from Elliott’s theorem.

’ Theorem. The conjecture is true.

Proof. IT JUST IS, DON'T ARGUE WITH ME!
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Conjecture (Elliott): An integrally closed domain R with finitely many
maximal ideals is a PID < |SStar(R)| = [Moore(Max(R))|.

Note that (=) follows from Elliott’s theorem.

’ Theorem. The conjecture is true.

Proof. IT JUST IS, DON'T ARGUE WITH ME!

Admission. Okay, | don’t have a proof. In the rest of the talk some
evidence for the truth of the conjecture will emerge.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

Theorem. Elliott’s conjecture is true for such R.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}. Note that
for M € Max(R), we have ApRy =K < M e P.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

’Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}. Note that
for M € Max(R), we have ApRy = K < M € P. Hence if P € Y, then
(Ap)*¥ C (Ap : (Ap : Ap)), from which it follows that (Ap)*¥ = Ap.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

’Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}. Note that
for M € Max(R), we have ApRy = K < M € P. Hence if P € Y, then
(Ap)*¥ C (Ap : (Ap : Ap)), from which it follows that (Ap)*¥ = Ap.
With a little more trouble, one can show that, in fact, (Ap)*¥ = Ap <
Pey.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

’Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}. Note that
for M € Max(R), we have ApRy = K < M € P. Hence if P € Y, then
(Ap)*¥ C (Ap : (Ap : Ap)), from which it follows that (Ap)*¥ = Ap.
With a little more trouble, one can show that, in fact, (Ap)*¥ = Ap <
P €Y. It follows easily that the Elliott map Y — «y is injective.
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Consider an h-local Prifer domain with finitely many maximal ideals:
M, Mo - M,

’Theorem. Elliott’s conjecture is true for such R.

Proof. For P C 2M>(R) let Ap = N{Ry | M € Max(R) \ P}. Note that
for M € Max(R), we have ApRy = K < M € P. Hence if P € Y, then
(Ap)*¥ C (Ap : (Ap : Ap)), from which it follows that (Ap)*¥ = Ap.
With a little more trouble, one can show that, in fact, (Ap)*¥ = Ap <
P €Y. It follows easily that the Elliott map Y — «y is injective. But it is
not difficult to show that it is not surjective if the dimension is greater
than 1 or if any M; is idempotent.
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Consider a Prifer domain with spectrum as follows:
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Consider a Prifer domain with spectrum as follows:

M M - M,

Examples/conjectures
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Consider a Prifer domain with spectrum as follows:

M1 M2 . M”

(0)

Examples/conjectures

Theorem. For such R, |SStar(R)| = |SStar(R/P)| + |SStar(Rp)| — 1.
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Consider a Prifer domain with spectrum as follows:

M1 M2 . M”

(0)

Examples/conjectures

Theorem. For such R, |SStar(R)| = |SStar(R/P)| + |SStar(Rp)| — 1.
In particular, if dmR = 2, [Max(R)| = 2, and R is discrete, then

|SStar(R)| = 8.
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Consider a Prifer domain with spectrum as follows:

M1 M2 . M”

(0)

Theorem. For such R, |SStar(R)| = |SStar(R/P)| + |SStar(Rp)| — 1.
In particular, if dmR = 2, [Max(R)| = 2, and R is discrete, then
|SStar(R)| = 8. (Elliott’s conjecture “barely” holds here!)




Contents Semistar operations Moore families and PIDs The h-local case The non-h-local case Examples/conjectures

Consider a Prifer domain with spectrum as follows:

M1 M2 . M”

(0)

Theorem. For such R, |SStar(R)| = |SStar(R/P)| + |SStar(Rp)| — 1.
In particular, if dmR = 2, [Max(R)| = 2, and R is discrete, then
|SStar(R)| = 8. (Elliott’s conjecture “barely” holds here!)

Remark. One can prove the “in particular” case above by slightly mod-
ifying the Elliott map, essentially by replacing K by Rp.
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Consider R with the following spectrum:
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Consider R with the following spectrum:

My M, M

(0)
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Consider R with the following spectrum:

M1 M2 M3

(0)

Question. For the R above, what is |SStar(R)|?

The non-h-local case

Examples/conjectures
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Consider R with the following spectrum:

M1 M2 M3

(0)

Question. For the R above, what is |SStar(R)|?
Answer: | don’t know, but it is much greater than 61.
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Consider R with the following spectrum (all 3 nonzero primes
non-idempotent):
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Consider R with the following spectrum (all 3 nonzero primes
non-idempotent):

Now consider R with the following spectrum:

My (idemp) Mo (princ)

(0)
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Consider R with the following spectrum (all 3 nonzero primes
non-idempotent):

M, Mo

./

(0)

Now consider R with the following spectrum:

My (idemp) Mo (princ)

(0)

Theorem (Matsuda/HMP). We have |SStar(R)| = |SStar(R)| = 14.
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In fact, here is a description of SStar(R) (first case):
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The h-local case

In fact, here is a description of SStar(R) (first case):

The non-h-local case

R :"_I’M1 RMg Rp N RMz Rp
*1 K K K K K
*2 RMz K F‘l’/\//2 RMZ K
*3 RP Rp K Rp Ffp
*4 Rp N RM2 K K RpN RM2 K
*5 Rp N :‘:I’/\//2 K HMz Rp N RMz K
*6 Rp N RM2 Rp K Rp N RM2 Rp
*7 Rp N RMZ Rp RMz Rp N RMZ Rp
8 R K K RepnRw K
*9 R K RMg Rp N RMz K
*10 R Rp K RpN RMZ Rp
*11 R Rp :‘:l’/\//2 Rp N RMZ Rp
*12 R, Rw, K Rp Rp
*13 R RM1 K Rp N Fl’/\,,2 Rp
*14 R RM1 RMg Rp N RMz Rp

Examples/conjectures
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And here is a description of SStar(R) (second case):
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And here is a description of SStar(R) (second case):

Moore families and PIDs

The h-local case

The non-h-local case

M; MRy, Rw, R Ruy,
*1 K K K K K
*2 :‘:i’[\//2 K RMz RMz K
*3 RM1 RM1 K RM1 :‘:)’/\//1
*4 R K K R K
X5 R K Ry R K
*6 R RM1 K R RM1
*7 R RM1 RMZ R RM1
*g M K K R K
*9 M1 K RMZ R K
*10 M1 RM1 K R RM1
*11 M1 RM1 RM2 R RM1
*12 M1 HM1 M1 RM1 K RM1 RM1
*13 M1 M1 :‘:l,/\//1 K R :‘:l’/\//1
*14 M1 M1 :"-‘i’/\//1 RM2 R :"-‘i’/\//1

Examples/conjectures
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We repeat: Consider R with the following spectrum (all 3 nonzero
primes non-idempotent):
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We repeat: Consider R with the following spectrum (all 3 nonzero
primes non-idempotent):

And consider R with the following spectrum:

My (idemp) Mo (princ)

(0)
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We repeat: Consider R with the following spectrum (all 3 nonzero

rimes non-idempotent):
p p " M,

P
(0)
And consider R with the following spectrum:

My (idemp) Mo (princ)

(0)

Theorem (Matsuda/HMP). We have |SStar(R)| = |SStar(R) = 14.
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We repeat: Consider R with the following spectrum (all 3 nonzero

rimes non-idempotent):
p p " M,

P
(0)
And consider R with the following spectrum:

My (idemp) Mo (princ)

(0)

Theorem (Matsuda/HMP). We have |SStar(R)| = |SStar(R) = 14.
Moreover, the lattices SStar(R) and SStar(R) are (extremely) isomor-
phic.




Proof:

<o <P o«

waQ
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Proof:

Lattice for F(R):
RM

2

Rp N RM K
2\RP

The non-h-local case

Examples/conjectures
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Proof:

Lattice for F(R):

T

Ry, _—

Lattice for F(R):

R\H 2>K
M1 < My
M; HMW/

Examples/conjectures
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Proof:

Lattice for F(R):

T

Ry, _—

Lattice for F(R):

R\H 2>K
M1 < My
M; HMW/

Examples/conjectures



What about ...
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What about ...

R with the following spectrum (all 4 nonzero primes non-idempotent):
M, Mo

L

(0)
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What about ...

R with the following spectrum (all 4 nonzero primes non-idempotent):
M, Mo

(0)

And R with the following spectrum:
My (idemp) Mo (idemp)

(0)
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What about ...

R with the following spectrum (all 4 nonzero primes non-idempotent):
M, Mo

(0)

And R with the following spectrum:
My (idemp) Mo (idemp)

(0)

Theorem. |[SStar(R)| = |SStar(R), and the semistar lattices are the
same.
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What about ...

R with the following spectrum (all 4 nonzero primes non-idempotent):
M, Mo

(0)

And R with the following spectrum:
My (idemp) Mo (idemp)

(0)

Theorem. |[SStar(R)| = |SStar(R), and the semistar lattices are the
same.
Proof:




Contents

Semistar operations

Moore families and PIDs

The h-local case

The non-h-local case

R RqNAy,__ Rw  RpnAy, Ry Rp  RpNRg Rg
1 K K K K K K K K
N A o A kooRmom X
*3 M. M. M. P P P

d d 1

*4 Rq Rq K Rq Rq K Rq Rq
*5 Rp N Rq Rp N Rq K Rp N Rq K K  RpNRg K
*6 | RQN A, Agn A, K Rp N RG K K RpNRy K
*7 Rp N Rg Rp N Rq Rp Rp N Rq K R RpNRg K
xg | Rgn ARy Rq N Ry, Rp Rp N RQ K Rp RpNRy K
*g | RN Aw,  RQNAw Ry Rp N Rq K Rp  RpNRg K
x10 | Rp N Rg Rp N Rg K Rp N Rg Rq K  RpNRg Rg
x11 | RN Ay, Rgn Ay, K Rp N RQ Rq K  RpNRy  Rg
x12 | RpNRQ Rp N Rq Rp Rp N Rq Rq Rp RpNRg Rg
13 | AN Ay, AN Ay, Rp Rp N RG Rog Rp  ARpNRy  RQ
x14 | Rgn Ay,  RgnAw, Ay, Rp N Rq Rg Rp RpnRg Rg
*15 | Rp N A, Rp N Rq K Rp N Ry, K K RpNRg K
*16 R Rq N Ay, K Rp N Ry, K K RpNRg K
17 | Apn Ay, Rp N Rg Rp  Rpn Ay, K Rp  RpNRg K
18 R Rq N Ay, Rp  Rpn Ay, K Rp  RpNRg K
*19 R RQ MR,  Aw,  Rp N Ay, K Rp  RpNRg K
x20 | Rp N Ay, Rp N Rg K Rp N Ry, Rg K  RpnRq ARg
51 R Rq N Ay, K Rp N Ry, Rq K  RpNRg Rg
22 | Rp N Ay, Rp N Rq Rp  Rpn Ay, Rq Rp RpNRg Rg
*23 R Rg N Ay, Rp  RpnN Ay, Rq Rp RpNARg Rg
*o4 R RQN Ay,  Rw,  Rpn Ay, R Rp RpnNRg Rg
25 A, Rq K A, Ay, K Rq Rq
*26 | Rp N Ay, Rp N Rq K Rp N Ry, Ay, K  RpNRg ARg
*p7 R Rq N Ay, K Rp N Ay, A, K  RpnRg Rg
28 | Ap N Ay, Rp N Rq Rp RpnNAy, Ry, Ap RpNRg Rg
*29 R R N Ay, Re  RpNAy, Ry, ARp RpNRg Rg
*30 R RQNRAw, Aw, RpPNAw, PRu, Ap FRpNRy Rg
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My My My My Ry, My MRy, A, R R,
1 K K K K K K K K
*p Rp Rp Rp Ay, K Rp Ry, K
x3 | MRy, MRy, MRy, A, K Rp  Ru, K
4 A, R, K A, R, K Ay,  Ru,
5 R R K R K K R K
*g My My K R K K R K
7 R R Rp R K A, R K
*g My My Rp R K Ay, R K
*g My My My Ry, R K Ay, R K

10 R R R A, K R A,

11 My My K R R, K R A,

12 R R Rp R R, Ay, R A,

13 My My Rp R A, Ay, R A,

*14 My My My Ry, R R, A, R A,

15 My R My K K R K

x1g | MyMp My K My K K R K

47 My R Rp My K Rp R K

g | MMy My Rp My K Rp R K

x1g | MiMp My My Ry, My K Rp R K

*20 My R K My R, K R A,

21 My My My K My R, K R A,

*22 My R Rp My A, Rp R A,

*23 My My My Fp M A, Rp R B,

wo4 | MyMp My My Ry, My R, Rp R A,

x5 | MRy, R, K MaRy,  MpRpy, K Ry, A,

26 My R K My Mp R, K R A,

w7 | MMy My K My My Py, K R A,

28 My R Rp My MoRy, Ay, R A,

*29 My My My Rp M MaBpy, By A A,

*30 My My My My Ry, M MaRu, Ry R R
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Question. Let n be a positive integerand 0 </ < n.

e Let R be a discrete Prifer domain with spectrum:
M, - M - M,
\ \

P; e P
e And let R be a one-dimensional Prifer domain with n maximal
ideals, i of which are idempotent.

THEN:
e Do we have |SStar(R)| = |SStar(R)|? Are the semistar lattices
isomorphic?
e If e, is the number of semistar operations on a PID with n
maximal ideals, can we count SStar(R) and SStar(R) in terms of
en?
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THANKS!



