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General properties

The results of this talk are contained in a joint paper with
Francesco Strazzanti, accepted for publication on Semigroup
Forum.
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General properties

A numerical semigroup S is a submonoid of (N, +) for which
N\ Sis finite.
We always assume S # N.

We recall some invariants of a numerical semigroup on an
example.
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General properties

given a € S, we study the numerical semigroup
S+a={s+asecM}u{0}
that we call a dilatation of S.

In the example:
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General properties

In literature there are two constructions that may appear similar
to the dilatation, but actually the properties of the obtained
semigroups are very different.
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Given a semigroup S = (s4,...,s,) Herzog, Srinivasan, Vu and
others considered the semigroup generated by
si+a,...,s, +a where aeN.

Also this construction is completely different respect to our
dilatation.

Go back to the dilatation.
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General properties

Let S be a numerical semigroup of maximal ideal M. The n-th
value of the Hilbert function of Sis

H(n) = |nM\ (n+ 1)M]|

which is the number of generators of the n-multiple of M.

H(n) is also the Hilbert function of the associated graded ring
of k[[S]].

Look at our simple example...
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Proposition
Let T = S + a be a dilatation of S. Then:

Q H(T)=t(S)+a;
@ Hr(n) = Hs(n) +aforeachn>1;
Q@ v(T)=v(S)+a

Proof.

@ Since (M — My) = (Ms — Ms), we have
HT) = |(Mr = M)\ T| = [(Ms — Ms) \ T| =
|(MS — Ms) \ S‘ +a= t(S) + a.

© Sketch. Translating to zero the maximal ideals,
Ms — e(S) = My — e(T), and so the “shapes”of the
multiples of the two maximal ideals change in the same
way.

© In particular v(T) = Hr(1) = Hs(1) + a=v(S) + a. O
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Proposition
Let T = S+ a be a dilatation of S. Then Ap(T, s+ a) is given by

{0,s+2a} U
{a+alacAp(S,s)\{0}} U
{8+s+al|BeAp(S, a)\{0}}

Look at our example...
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Denoting by I'(—) the set of minimal generators of a semigroup,
there is a one to one correspondence between

Ap(S,e(S))\T(S) and Ap(T,e(T))\T(T)

Thus the generators of a dilatation T of S can be given in terms
of the generators of S. We have an explicit formula, if S is two
generated.
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Wilf’s conjecture is a long-standing conjecture about some
invariants of a numerical semigroup:

Proposition
If Wilf’s conjecture holds for S, it holds for all the dilatations of S
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Proof. Let T = S + a and suppose that F(S) + 1 < n(S) - v(S).
Weget F(T)+1=F(S)+a+1<n(S)-v(S)+a<
n(S) - v(S)+n(S)a=n(S) - (v(S)+a) =n(T) v(T).O
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Fromentin - Hivert and Sammartano proved that Wilf’'s
conjecture holds, provided that g(S) < 60 or e(S) < 8
respectively. Clearly, if S satisfies one of these properties and a
is large enough, S + a does not satisfy it.

If either g(S) < 60 or e(S) < 8, then Wilf's conjecture holds for
all the dilatations of S.

Valentina Barucci Dilatations of numerical semigroups



Generalizations of the symmetric property

A numerical semigroup S is said to be symmetric if

X€Z\S = F(S)-x¢cS

Symmetric numerical semigroups arise naturally in numerical
semigroup theory, since, if we consider all the numerical
semigroups with a fixed odd Frobenius number, they are the
maximal ones with respect to the inclusion or, equivalently, the
ones with minimal genus.

On the other hand, their importance is due to the fact that k[[S]]
is Gorenstein if and only if S is symmetric.
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Generalizations of the symmetric property

A related notion is that of canonical ideal of S, i.e. the relative
ideal

Qs={xeN;F(S)—x ¢ S}
S is symmetric if and only if S = Qg or, equivalently, S has type
one.
Thus, if ais positive, S + a is never symmetric.

On the other hand, it is possible to use the dilatation to find
numerical semigroups that are, in some sense, nearto be
symmetric. In particular, we consider the following properties:
almost symmetric, nearly Gorenstein and 2-almost Gorenstein.
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LetT =S+ a. Then:
Q Qr = (WU{F(S)H\{F(T)};
Q Qs = (Qr U{F(T)}) \{F(S)}.

Proof. Suppose that x € Z, x # F(S), F(T). We have that
F(S)—x=F(T)—a—x¢ Sifand only if
(F(T)—a—x)+a=F(T)—x ¢ T;then, x € Qg if and only if
X € Qr.

Moreover, since F(T) — F(S) =a ¢ T, we getthat F(S) € Qr
and, obviously, F(T) € S C Qg; hence, the conclusion follows.
O

Valentina Barucci Dilatations of numerical semigroups



Generalizations of the symmetric property

W

S 1: F\(S)
{ ] : ; ; ':[: L >
{

Qsoo 00 09 — et

' F(T)

{
IO ' o o o v —_—
0 " 1213 L2
‘
QTQO © & 6 0 © o © ¢ & o — >

Valentina Barucci Dilatations of numerical semigroups



Generalizations of the symmetric property

A numerical semigroup S is almost symmetric if Qg + Mg C Mg
or, equivalently, if

Qs C Ms — Ms

Proposition

Let T = S+ a. Then, S is almost symmetric if and only if T is
almost symmetric.

Proof. S is almost symmetric if and only if Qg € Ms — Mg and
T is almost symmetric if and only if Q7 € M7 — M7 = Mg — Ms.
Since F(S) and F(T) are always in Mg — Mg, we conclude by
the previous lemma. OJ
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Generalizations of the symmetric property

Nearly Gorenstein rings (introduced by Herzog, Hibi, and
Stamate) generalize in the one-dimensional case almost
Gorenstein rings. In particular, the authors define nearly
Gorenstein numerical semigroups that generalize almost
symmetric semigroups.

The trace ideal of S is defined as

tw(S) = Qs+ (S —Qs)
Then, S is said to be nearly Gorenstein if Mg C tr(S).
The semigroup S is symmetric if and only if tr(S) = S,

otherwise S is nearly Gorenstein exactly when tr(S) = Mg,
since tr(S) is an ideal contained in S.
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Generalizations of the symmetric property

Proposition
Each almost symmetric semigroup is nearly Gorenstein.

Proof. If Sis symmetric, tr(S) = S and, then, it is nearly
Gorenstein. If S is a non-symmetric almost symmetric
semigroup, we have S — Qg = Mg, since Qg C Ms — Ms. It
follows that tr(S) = Qs + (S — Qs) = Qs + Ms = Ms. O
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Generalizations of the symmetric property

If S is not symmetric, then tr(S + a) = tr(S) + a.

Recall that, if S is symmetric, S + a is always almost symmetric
and, then, it is nearly Gorenstein. Thus, we get the following:

S is nearly Gorenstein if and only if S + a is nearly Gorenstein
foralla e S.
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Generalizations of the symmetric property

Let R be a one-dimensional Cohen-Macaulay local ring with
canonical ideal /. Let ¢g(—) denote the length of an R-module
and e;(/) denote the Hilbert coefficients of R with respect to /. It
is known that s = e (/) — eo(/) + ¢r(R/1) is positive and
independent of the choice of /. In fact, s is the rank of Sally
modules of /. Since R is almost Gorenstein, but not Gorenstein,
if and only if s = 1, Chau, Goto, Kumashiro, and Matsuoka
study the rings for which s = 2, that they call 2-almost
Gorenstein local rings or, briefly, 2-AGL rings. If w is a
canonical module of R such that R C w C R, where R denotes
the integral closure of R, they prove that R is 2-AGL if and only
if w? = w3 and (p(w?/w) = 2.

Similarly, we say that a numerical semigroup S is 2-AGL if the
reduction number of Qg is 2 and |2Qg \ Qg| = 2. Clearly, S'is
2-AGL if and only if k[[S]] is 2-AGL.

Valentina Barucci Dilatations of numerical semigroups



Generalizations of the symmetric property

Although the definition of 2-AGL rings come from Gorenstein
rings, Nearly Gorenstein and 2-AGL numerical semigroups are
two disjoint classes. However we also prove that

Proposition

S+ ais2-AGL, foralla < S, ifand only if S is 2-AGL.
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