A FIRST-ORDER SEQUENTIAL
PREDICTOR-CORRECTOR REGULARIZATION METHOD
FOR ILL-POSED VOLTERRA EQUATIONS

WOLFGANG RING

ABSTRACT. A discrete sequential predictor-corrector regularization me-
thod based on affine continuation into the future interval for the solution
of ill-posed Volterra equations is presented. An infinite dimensional
analogue is derived and analyzed. Stability estimates and convergence in
the case of exact and noisy data are proved. A convergence rate result is
proved for finitely smoothing kernels if the exact solution is C***-smooth.
Numerical examples are presented. The results are compared to other
standard regularization methods.

1. INTRODUCTION

In this work we consider a sequential predictor-corrector regularization
method for the solution of first-kind Volterra equations of the form

(1.1) /0 k(t — ) u(s) ds = £(2)

on [0,1]. The solution of a Volterra equation at time ¢ depends only on
the data f(s) for s < ¢t. Because of this property numerical approaches
to the solution of Volterra equations are usually sequential, which means
that if we consider a finite number of time-steps tg, ... ,tn, the solution at
time ¢; is constructed from the current data value f(¢;) and (already known)
values of the solution at times ¢; with j < 7. In a somewhat sloppy use of
language we call every method sequential which produces the solution time-
step after time-step. The first-kind Volterra operators we are considering are
usually compact, which leads to discontinuous dependence of the solution
on the data. Therefore, ad-hoc numerical methods (either sequential or not)
produce highly unstable numerical results.

In this paper we consider a regularization method for Volterra equations
which uses information also from future data points to obtain stable numer-
ical results. Moreover, the method is sequential and therefore fast and suit-
able for online (real-time) computations. This structure preserving property
of our regularization method distinguishes it from many established regular-
ization methods; for example Tikhonov regularization would use information
of the data over the whole time-interval [0,1] to construct the solution at
some intermediate time 0 < ¢ < 1. Moreover, a discretization of Tikhonov’s
method usually gives full matrices which cannot be solved sequentially.
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Sequential regularization methods for ill-posed Volterra equations using
information from the current and from a few future data points (in contrast
to using information over the whole time-domain) were introduced and in-
vestigated by J. V. Beck already in the early 1960’s. A discretized version
of the method we are considering can be found in Beck, Blackwell and St.
Clair [1, p. 131] under the name of “sequential linear function specification
method”.

More recently, P. K. Lamm made considerable contributions to the devel-
opment and understanding of sequential regularization methods. Specifically
with [5], [6], and [4] it could be shown that Beck’s sequential constant func-
tion specification method can be interpreted as discretization of a properly
defined Volterra equation of the second kind. Furthermore, it can be shown
that the second-kind equation is solvable in a stable way [6]. Also it has been
shown that, as the data noise goes to zero, solutions of the approximating
second-kind Volterra equations converge to the exact solution for finitely
smoothing kernels under a certain stability condition [6]. For 1-smoothing

kernels, a convergence rate of order O(¢ %) was derived in [4]. Several gen-
eralizations were considered in [9], [8], and [3]. We also refer to the survey
article [7] and the numerous references cited therein for an overview of the
literature on stable numerical methods for the sequential solution of ill-posed
Volterra equations. We should also mention that the class of regularization
methods under consideration here occurs under various names in the litera-
ture such as “local regularization methods”, “predictor-corrector regulariza-
tion”, “future-sequential regularization”, “Beck’s method”, or combinations
of these notions.

The idea behind Beck’s method and its variants in the discrete case is
to choose the value of the solution w; on the time-interval [t;1,%;] in such
a way that a constant continuation of the solution with this value fits the
given data not only for the current time ¢; but also, in a least-squares sense,
at a few time steps ¢;+j, 7 = 1,... ,r in the future. In this paper we investi-
gate a variant of Beck’s method where we replace constant continuation by
affine continuation into the future interval. Moreover, the continuation is
assumed to be continuously connected to the already determined part of the
solution. We refer to our approach as a “first-order sequential regularization
method” in contrast to the “zero-order method” based on constant contin-
uation. In the infinite dimensional limit our method leads to a Volterra
integro-differential equation of the second kind.

A similar generalization is presented in [3], where a polynomial of degree
d > 0 is used for the continuation into the future interval. The structural
difference between this approach and ours is that this polynomial does not
connect continuously to the already determined part of the solution. Numer-
ically our first order method produces smoother results that the polynomial
method in [3].

In section 2 we derive the regularization scheme for the discrete case
and generalize the discrete approach to find a second-kind Volterra integro-
differential equation representing the regularization method in the infinite
dimensional case. Section 3 is devoted to the convergence analysis of the
(infinite dimensional) regularization method. We obtain stability estimates
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and a convergence result in the case of exact data. For the class of finitely
smoothing kernels we can also prove a convergence rate result. As usual
in inverse problems the rate of convergence is determined by smoothness
properties of the exact solution (cf. Theorem 3). Here we can prove more
than what is known in the literature for the zero-order method for which a
convergence rate result is still lacking. Moreover, we could avoid to impose
strong smoothness conditions on the exact solution to get convergence, as
it is necessary in the analysis in [6]. The last section 4 contains numerical
experiments and comparisons with other regularization methods. Here it
is seen that the first-order method gives much smoother solutions than the
zero-order method with approximately the same error in the supremum-
norm (see Figure 2). It is also seen (Figure 3) that our method is less
sensitive to over-regularization than the zero-order method.

2. A FIRST-ORDER SEQUENTIAL REGULARIZATION METHOD

We consider the linear Volterra equation of the first kind

(2.1) /0 k(t —s)u(s)ds = f(t) forte0,1]

with k, f € C[0,1]. It follows from the Arzela-Ascoli Theorem that the
integral operator in (2.1) is compact on C[0,1]. Hence, a solution to (2.1),
if it exists, does not depend continuously on the right hand side f. In the
following, we define a family of approximating well-posed problems which
allows to solve (2.1) in a numerically stable way.

Let us develop the main idea for a discretized version of (2.1). Let 0 =
to<ti < -<ty=1witht;, = % for i = 0,---, N be a uniform partition
of the interval [0,1]. We set h = +. Let By be the space of continuous,
piecewise affine functions with respect to the partition {t;}1¥,, i.e.,

BN = {90 € C[O, 1] . 90|[ti—1,ti] = aiteri; ai,bi c R fOI‘ 7, = 1,--- ,N}
= span{p : ¥ continuous on [0, 1],
affine on [ty 1,tx] for k=1,... N,

soi\](tj) = 67,,] fOI' Z,] = 0,. .. ’N}

We seek a function " € By for which (2.1) is exactly satisfied at the
collocation points t;. We set ul¥ = u™N(t;), fN = f(t;) fori = 0,--- N,
uV = (W, ul)T, and £V = (fY, .-, )T, It is obvious from (2.1)
that uév can be chosen arbitrarily and fév = 0 has to be satisfied. For ¢ > 1
the collocation assumption yields

/Oti k(t; — s)(goué\] goj-v(s)) ds — N =

Lot N u —uly N
(2.2) Z/t bt — ) (il + 2 s ) ) ds — Y =00
=1t
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Equation (2.2) is a linear system for the unknown vector u”. We write the
system (2.2) in Matrix form:

(2.3) ANuN = £V,
The system matrix A is lower triangular and given by

0
Aipg Aqp 0
AN — | A2p Azr Asgo

AN e AnnN

with
t;
(2.4) A= / E(t; — s) wéy(s) ds.
0

Note that the reduced system matrix

AN

ACERVAVY 0

AN — | A31 Aszp Asggs

AN,l “ee AN,N
has Toeplitz-structure and we can define A,, via
(2.5) Ai,jJrl = Ai’j for i,j > 0.

Obviously, AV is singular. We have already seen that we have free choice
for uév . But once we have chosen uév , equation (2.3) can be solved sequen-
tially for the remaining variables ujlv yen ,u%, i.e., we have

i—1
(2.6) ufv = Ail (fiN — Ao u(J)V — Z Ai_j1 ujv)
j=1

If we replace the right-hand side in (2.6) by a perturbation f¥ + §fN we
obtain

6’LL7: = Al

for the error in the solution ufv . Thus, noise in the data is amplified by

a factor Ail in the solution. The condition of the linear system therefore

depends crucially on the magnitude of

1 h
Ay = —/ E(s)(h —s)ds.
h Jo
We have:
h , h? y h3
AlNk(0)5+k(0)§+k (O)E+"'
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and thus, for small h, the magnitude of Ay is determined by the first non-
vanishing derivative of k£ at ¢ = 0. We say that the kernel & is v-smoothing
if:

(2.7)
kec®0,1] and kD(0)=0for 1 =0,...,v—2, and k¥ 1 (0) #£ 0,

where k) denotes the Ith derivative of k. We see that (2.3) becomes more
and more ill-conditioned the larger v is. We assume for the rest of the
paper that k is v-smoothing with v > 1.

We pursue the following idea to find an approximating solution to (2.3)
which is stable and sequential. We do not try to match every data point
fZ-N exactly. Instead, we choose the solution u" to be an affine function
on the interval [t;_1,¢;], for which an (affine) continuation onto the interval
[ti—1,tiqr] fits the data (fY,..., fY,) in a weighted least-squares sense, for
some 7 > 0. Thus, we also take future information into account to choose an
appropriate solution on the current interval. Let us make this idea precise.
We set u™ (t) = Zf\] o ulY N (t) and we consider the optimization problem:

r ti
Z wy / tz—i—l Z U ds +
1=0 0

2
tigy
[ bt =) (s @) (5= t0)) ds— %) = min
ti—1
for i = 1,2,..., where (ul¥,) = %(uf\] —u¥ ). The numbers wy, ... ,w, are
given weights. In general (2.8), is solved for (ulY ;) with known (v, ... ,ul ;).

Setting ul¥ = ul¥; + h(ul |)’, we can then go to the next step i — i + 1.
Only in the first step, ¢ = 1, we have to solve for two unknowns uév and
(ug))'.

For i = 1, the necessary optimality conditions for (2.8) are given by:

Zwl (/tl+1 (tiy1 — s) (uév + (uév)’s> ds) /Otz+1 k(t;y1 — s)ds

tiy1
(2.9) = Zwl it} / k(tjp1 — s)ds,
0
tz+1 ti1
Zwl (/ E(tiy1 —s) (uév + (uév)’s> ds) / E(tiy1 — s)sds
0

ti41

(2.10) = Zwl At} / k(tig1 — s) sds.
1=0 0
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For i > 1, the optimality condition for (2.8) is given by:
i tic1 i—1
Zwl / E(tiz; — s) Z ujv cpj-v(s) ds
=0 0 §=0

+/tti+l Kty — s)(uf\il + (u ) (s — ti_1)> ds)

i—1
tigl
(2.11) . / B(tiot — 5) (s — 1) ds
ti—1
r N tigy
= Zwl fiJrl / k(tiJrl — 8) (8 — tifl) ds.
1=0 ti-1

We write (2.9)—(2.11) in a more compact notation where we omit the dis-
cretization index N:

e (-

(3
(2.12b) ZAi’jUj + Bu; +yul = f; for every i > 1,
=0

uiy1 = u; + huj for every i > 0,

where we set:

titl (+1)h
ki = / E(tiy —s)ds = / k(s)ds,

ti—1 0
titi (I+1)h
" / K(tiot — 5) (5 — ti1) ds / (1 + 1)h — ) k(s) ds,
ti—1 0
forl=0,...,r,

T T T
E 2 E E 2
O = Wi Ky, /8: wl’%l)‘la Y= wl)‘l')
=0 =0 =0
T
g= E wy fi1 ki,
=0

.
fi= sz fivira A for i >0,
1=0

and

r t;
ANij=> wiN / E(tivi1— 8)pj(s)ds for 0 < j <i.
1=0 0

If we solve the 2x2-system (2.12a) for the initial values ug and uj, and if
we assign u; = ug + hug, then we can solve (2.12b) sequentially by forward
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substitution:

= %(fz — Bui — i&j%’)
=0

Uir1 = u; + hul for i > 1.

The system (2.12) can be interpreted as a discretization of a second-kind
Volterra integro-differential equation. This is seen as follows. We suppose
that w is a positive, regular Borel measure on [0, p] for p > 0 and we set:

(2.13) K(r) = /0 " k(s)ds,

(2.14) A(r) = /0 "(r = s) k(s)ds,

(2.15) - /0 " (7Y dwlr), b= /0 " () A() duo(),
c/()pv(T)dw(T),

216) 5= [ fondo),

(2.17) f(t) = /0 "NT) f(t 47 duo(r),

(2.18) k(t) = /P A7) k(t + 7) dw(T).

A careful examinationo gives k((I + 1)h) = K, and A((I + 1)h) = N, for
l=0,...,r. Let d;(7) denote the Dirac point measure located at 7 = x and

let p = (r 4+ 1)h + & with € > 0. Then, for the special case where w is the
sum of discrete point measures given by

(2.19) w= Zwl5(l+1)h(7)

we have:

a = «, b:ﬂv c=7,

and

2 t
ZAM uj = / k(t; — s)ul¥ (s) ds.
=0 0

Thus, if we consider the Volterra integro-differential equation:
a b\ (u(0) _ (g
e ) () - (o)
t
(2.20b) / Rt — ) uls) ds + bu(t) + e (t) = F(t)
0

we find that (2.12) is in fact a discretization of (2.20), where w is given
by (2.19), u = u" € By, equation (2.20b) is evaluated at the collocation
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points ¢;, and u} is interpreted as left-sided derivative at ¢;. Note that the
second component in (2.20a) is actually equation (2.20b) at time ¢t = 0. We
prefer, however, the redundant notation (2.20a) since it highlights the role
of the initial values (u(0),u'(0)).

The following section is devoted to the analysis of Volterra integro-differential
equation (2.20).

3. CONVERGENCE ANALYSIS
We set
k, = EY1(0) £ 0.

(Recall our assumption that k is v-smoothing.) We assume in the following
without loss of generality that &k, > 0. Otherwise, if k, < 0 we deal with
—k. Note that this assumption implies that k(s) > 0 for s small enough. We
therefore usually omit the absolute-value bars if we integrate k over small
intervals of the form [0, p].

For every p € (0, R] let w, be a positive, regular Borel measure on [0, p].
If we do not want to stress the dependence of w, on p, we frequently omit
the subscript. Here and in the following we use standard Landau o-symbols
to denote functions vanishing at zero. Throughout the rest of the paper we
use the following assumptions on the moments of the measure w,,.

There exists an integer s > 0 and there exist positive numbers
C; independent of p such that

(A1) p ,
/ 7 dw,(T) = p*H(Cj + o(p)) for j =0,... ,2v + 2
0

with

(A2) Co,Coyi2 — Cyiq > 0.
v+1

C

(A3) All roots of the polynomial Z %ZH z! have negative real

1=0

parts.

Remark 1. By assumption (A;) we have

P 2
(/0 7_21/+1 dw) _ p25+4y+2 (0221/+1 Jro(p))‘

On the other hand, we have

p 2 p 2 p p
(/ 7_2V+1 dw) _ (/ v ,7_l/+1 dw) < / 7_21/ dw / 7_21/+2 dw
0 0 0 0

_ p25+4y+2 (02y02y+2 +0<p)).

Hence, we find that 02y02y+2—022y 41 = 0is always satisfied. Condition (Asz)
is therefore only the requirement that the inequality be strict.

Remark 2. The role of condition (As) will become apparent throughout the
subsequent considerations. It is a stability criterion for (2.20).
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Before we investigate solvability and well-posedness of the integro-differential
equation (2.20) we give some asymptotic estimates which we derive from (A;)
and the definitions of the respective terms in section 1. We have:

(3.1) k(l)<s) _ il (ﬁ + 0(3)) fori=0,...,v—1,
(3.2) k(T) =71 (% + 0(7')) ,

v kV
(3.3) A7) =Tt ((V+ ol JrO(T)) ,

[ s aute) = v (6% 1 o)

P STV k
/0 A7) dw(r) = p*t+ (Cu+1 CESY +0(P)> ;
2

(3.6) a=p*t¥ (021/ o ”) +o(p ))
2

(3.7) b= pitatt (CQVH ﬁ + o(p)) :
2

59 =22 (o (s 000))

From definition (2.18) it easily follows that k € C[0,1]. Using (3.1), (3.3),
and (A7), we obtain:

(3.9)

- - k2
ED(0) = pst I(CQV l( T +0(p)> forl=0,...,v—1.

We now prove solvability and well-posedness for (2.20) for a general con-
tinuous right-hand side f.

Proposition 1. Let f be continuous on [0,1 + R) for some R > 0 and
let k be v-smoothing with v > 0. Let a, b, and ¢ be given by (2.15) and
suppose that §, f and k are defined by (2.16), (2.17), and (2.18), respectively.
Assume moreover that assumptions (A1) and (Az) hold. Then there exists
a po > 0 such that problem (2.20) has a unique solution u € C*[0,1] for all
p < po. Moreover there exist constants M, M > 0 independent of p such
that

M Mt
(3.10) lullton < 2557 exp (555 ) Ifleosen
and

M Mt
(3.11) oty < Sz (pyH) 1 Fletosn

Proof. Tt is easily seen from the definition (2.17) that f is continuous on
0,14+ R—p), and by (3.7) and (3.8) that b # 0 and ¢ # 0 for p small enough.
Hence, it follows by standard Picard-iteration arguments (see Burton [2, pp.
23, 24] that (2.20b) has a unique solution u € C[0, 1] provided that we can
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solve the linear system (2.20a) uniquely for u(0). Using (3.6) and (3.8) we
find

(3.12)

k4
det (Z (c)) = PQS+4U+2 (V!)Q((VV+ 1)!)2 (021/021/+2 - 022y+1 + O(P)) >0
for p small enough due to assumption (Az). Thus, the matrix in (2.20a) is
invertible, and solvability for (2.20b) follows.

Note that the mappings f — (g, £(0)), (g, £(0)) — u(0), and f — f are
all linear. Therefore, the solution operator f +— wu(f), where u(f) is the
solution to (2.20), is linear.

We now estimate § and f(0) in terms of Il fllcio,140)- With (2.16), (2.17),
(3.4), and (3.5) we have

~ s+v k’/
70 (A% 00 Wl

and
~O < s+l C k:,,
f(0)<p v+l w1l +0(p) | IIfllcio,1+0-
Thus, using (3.6), (3.7), and (3.8) we find
_ |cg —bf(0)
|U(0)| - ac — b2
1 | v Copy2Cy + Copi1Chin ‘
S = 3 +0
1
(3.13) < ™ 1 £lcio,1+]

for some constant m; > 0 independent of p. With (3.8) we obtain

(3.14) leu(0)] < p* 2 ma || £llejo,11p)

for some constant ms > 0 independent of p.
From (3.5) and definition (2.17) we derive the following estimate:

k
s+v+1 v
et (Cy+1 RS + 0(P)> 1 £lci0,140]

(3.15) <P ms | flleio14p)

s)ds| <p

for all t € [0,1] with some constant ms > 0 independent of p. Esti-
mates (3.14) and (3.15) yield that there exists a constant m4 > 0 inde-
pendent of p such that

(3.16) $)ds+ cuf >' < 0" g | flletoasn

for all ¢ € [0, 1].
We set
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Using (3.5) and (3.7) we get:

K()] < ot (cyﬂ

(317) S p8+ll+1 m

ky

A o)) Wlape +b

for all t € [0,1] with some constant ms depending on k but not on p.
Moreover, it is obvious from (3.8) that there exists a constant mg > 0
independent of p such that

1 me
(3.18) ¢ S s
for all p sufficiently small. We set
(3.19) M = max(mg mg, ms mg).

Integrating (2.20b) with respect to ¢ yields

/Kt—s s)ds + cul(t /f ) ds + cu(0).

Hence, by (3.16), (3.17), (3 18), and (3.19) we obtain

ult) < 7 (||f||6[0,1+p] n /0 |u<s>|ds)

for all t € [0,1]. Gronwall’s inequality then implies

M Mt
(3.20) ult)] < 5 ex0 (p—+) 1 lconss

Thus, (3.10) follows. From (2.20b) we conclude

1 By N
[/ (t)] < E((l + [1kllero,y) lullepo,y) + HfHC[O,l])

for all ¢t € [0,1]. With (3.20), (3.7), (3.8), and (3.5) we find that there exists
a constant M > 0 such that

M M
(3.21) (0] < s ex0 (W) T
for all ¢ € [0,1]. This completes the proof. O

The study of the homogeneous equation

b [t
(3.22) u'(t) = ——u(t) — —/ k(t — s)u(s)ds for t € [0, 1]

Cc c Jo
will help us to obtain estimates for different corresponding inhomogeneous
problems. We use the transform y(t) = u(pt) to get the integro-differential

equation

(323) (1) =Ly - /0 F(p(t — ) y(s) ds for £ € [0, %}.

Let z, denote the fundamental solution to (3.23), i.e., the solution to (3.23)
with 2,(0) = 1. The following estimates for z, will be useful in combination
with the variation of constants formula.
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Lemma 1. Assume that conditions (A1), (A2), and (As) hold. Then there

exist constants C > 0 (depending on w) and m > 0 (depending on k and w)
such that

1
(3.24) |2p(t)] <m  forallt e [0, ;]
and
(3.25) leplzao,1y < m
P

independently of p if

k) N
(3.26) i—Q—Lﬂﬂ<a

Proof. Since k is v times continuously differentiable we can differentiate (3.23)
with respect to t. Setting y = 2z, we obtain

J—1 (l Raz:

(327) Y0 = L) 2Dy

M

=0

j+2 .

- / FO (p(t — 5)) 2p(s) ds
c 0

for j=0,...,v. We set

Cy+l+1 (l/ + 1)'

(3.28) ar=q(v) = Covey Tl forl =0,---,v.
Using (3.7), (3.8), and (3.9) we find for j = v that
(3.29)

v+2

(1) = =3 (e +olp)) 270 () - / K (p(t = 5)) zp(s) ds.
=0

c 0

We write the (v + 1)-order equation (3.29) as a system of integro-differential
equations in the usual way, setting

z, = (Z[()O), e ,z[(,”))T.

With this we obtain the system

(3.30) z,(t) = Az,(t) + M,z,(t) / D,(t —s)z,(s)ds
where:
0 1 0
3.31 A= s ,
( ) 0 ... 0 1
-y —ag -y

(3.32) 1M, = 0 as p — 0,
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and
0 .. 0
(3.33) D,(t) = . |
Wty 0 ... 0

We now consider the relation between the initial conditions z,(0) = 1 and
2,(0) = (22(0), ..., 2%(0))T. Using (3.27) we find
J
z/()j"'l)(O) = — Z (ay_l + o(p)) z/()j_l)(()) for j=0,...,v.
1=0
It is seen by induction that there exists a constant d > 0 independent of p
such that
(3.34) |z,(0)] < d
for all p sufficiently small.
We now prove the estimates for |2,(¢)| and ||2p|/1(9 1) The eigenvalues
P

of the matrix A are given by the roots of the polynomial,

q(z) = (=1)"*! (Z ot 4 :UV'H) )
1=0

Coyqa
(v+1)!

Upon multiplying ¢ by we see that the roots of g coincide with the
roots of the polynomial,

v+1 C
(3.35) > %l“ b
=0 ’

By assumption (As), all roots of the polynomial (3.35) have negative real
parts. Then, for sufficiently small p, all real parts of eigenvalues of A, =
A+M, are negative and bounded away from zero. With the notation Ag = A
we define

B, = /Ooo(exp(Apt))T exp(A,) dt

for p > 0 sufficiently small. The matrix B, is well defined, symmetric,
positive definite, and satisfies

AT B, + B, A, = -1

(cf. [2, p. 124]). Using Lebesgue’s dominated convergence theorem we find
B, — Bg as p — 0. From this it follows that there exist positive constants
L, K, and R such that:

(3.36) x| > 2L (x" B,x)?
(3.37) IB,x| < K (x"B,x)2
(3.38) x| < R(x"B,x)?
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for all x € R¥*! and p sufficiently small. We define the Lyapunov functional

339 Vy(tx() = "Bt <K [ [T 1Dy~ ol de o) ds

with some K > 0 chosen independently of p. Following the calculations
in [2, p. 38] we find for the derivative of V, along solutions to (3.30) that

(3.40) 5 [Vy(t,7(0)] < - (L -% [ 1,0 dg) 2(1)]

~(®-K) /0 1D (t — 5| [2p(5)] ds.

We have:
% V42 % N
/ 1D (€ — 1)) de < P — / ) (o€ — £))] de
t c t
py+1 1—pt - ()
- i d
/0 5 (s)

p 1—pt
T (s + 1) ds dw(T
[ [ s+l dsdutr

(v) (l/ + 1)' Cy+1
K s (2 G2 ole))

Here we used (3.5) and (3.8). We want to choose K in such a way that
K — K > 0 and there exists L > 0 such that

(3.42) (L—F / "D, ¢ —t)Hdé> >T

IN

c

(3.41)

IN

for p sufficiently small and for all ¢ € [1, %] Using the estimate (3.41) we

see that K can be chosen satisfying the above inequalities if

(L —L)ky Copyo

K<K<
(v + DHED | £1(0,14p) Cos

+ o(p).-

It is now easily seen that we can find appropriate L and K if we have

k(’/) L
&Y 21 0,1) - Covy2

ky Kw+1)Cpy ¢

(3.43)

This is the constant C referred to in the formulation of the lemma. Note
that C' depends exclusively on the C;’s and hence only on the choice of w.
With (3.42) and K — K > 0 we conclude from (3.40) that

d _
o [Vo(t,2,(t))] < —Llz,(t)|.
Integrating this relation yields

Vo (t,2,(t)) < V,(0,2,(0)) — L 5 |z,(s)|ds.
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With (3.39), (3.36), and (3.38) we obtain

1 1 — [
0] < 5720 =T [ lny(o)]ds
and, using Gronwall’s inequality we find

R .r
|Zp(t)| < ie Rt |Zp(0)|

and

1
I2pl110.2) < 57 20(0)]

For the solution z, of the homogeneous problem (3.23) with initial condition
25(0) = 1 we therefore obtain

%0 < lap()] < 5

and
d
HZPHLl(O,%) < HZpHLl(o,%) < LT
by (3.34) for all p sufficiently small. Setting
- Rd d

m = max (ﬁ’ ﬁ)

proves the claim. Il

For the stability estimates in Proposition 1 we did not need condition
(Az). With (As) holding and with Lemma 1 we can get a much better
estimate for ||ul|cjo11-

Theorem 1. Let f be continuous on [0,1+ R) for some R > 0 and let k be
v-smoothing with v > 0. Let a, b, and ¢ be given by (2.15) and suppose that
G, f and k are defined by (2.16), (2.17), and (2.18), respectively. Assume
moreover that assumptions (A1), (As), and (As) hold. With C denoting the
constant in Lemma 1 and u denoting the solution to (2.20) we have

m
(3.44) u(t)] < Kz 1fllco,14p) for all't € [0,1]

for some constant m > 0 independent of p provided that

1B 100y 4

B <C
holds.
Proof. By setting y(t) = u(pt) we get
, bp P [t
B45) o) = —Ly) =L [R(ple =) vl ds+ GO

on [0, %] with

p
(3.46) Gt) = /OA(T) Flot+7) dwo(7).
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Using (3.5) and (3.8) we get the estimate

1 ((V—l—l)!Cy

4 < —_
Ban) 160 < = (S o)) Il

A
on [0, %] for p sufficiently small.

We can now use the variation of constant formula (see [2, Thm. 2.3.1, p.
29]) to express y. We have

1) = (000 + [ 2t =9 Gls)ds.

Hence, using Lemma 1 together with estimate (3.13) in the proof of Propo-
sition 1 and (3.47) (note that y(0) = u(0)) we obtain:

@1 < 2o Oy ()] + 120l £1(0,2) 1Gllepo, 1

m [ v! Cyy 9C, + Copyy1Chiq v+ 1!C,
< o (gt ConiOon DS 4 o)) Iflltosrn
1Y v w4202y —Ug, g 2042 Py
m
< > 1 llto, 1+
for some constant m > 0 independent of p. Since u(t) = y(%), the above
estimate also holds for u. d

Suppose now that we are given functions fg and ug which are continuous
on [0,1+ R) and which satisfy

(3.48) /Ot k(t — s)up(s)ds = fo(t) on [0,1+ R).

We refer to ug as the exact solution to (3.48) with attainable data fy. With
condition (2.7) holding, it is seen that:

fél)(t) = /tk(l)(t —s)up(s)ds for 1 =0,... ,v—1,
0
t
Wy = KD (0) ug(t) + / kW) (t — 8) ug(s) ds.
0

Thus, we have fo € C®)[0,1+ p] for all p < R and £’(0) = 0 for | =
0,...,v—1and
(3.49) 18(0) = ky ug (0).

Let o and fo be constructed from fo by (2.16) and (2.17) respectively. We
can use (3.49) to derive the following asymptotic expansions:

2
B30 o0 = (w0 o 4 o).
~ Ss+2v kg
(351) i = 042 (10(0) s Ca + 000) )

We have the following convergence result for the approximating regular-
ization scheme (2.20).
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Theorem 2. Let ug and fo be given satisfying (3.48). We assume addi-
tionally that ug is continuously differentiable on [0,1+ R). Let

! !
p— - t .
uluo,p) = o max ([uo(s) = uo(®)])

Furthermore let u, denote the solution to (2.20) with data given by f~0 and
go, and assume that condition (As) holds. Then there exist constants C > 0
(depending on w) and M > 0 (depending on k and w) such that

(3.52) up(t) — wo(t)] < M pu(uo, p) for all ¢ € [0,1]
whenever

kN0 A

(3.53) ™ <C.

Proof. Evaluating (3.48) at the point ¢ + 7, multiplying by A(7), and inte-
grating from 0 to p with respect to the measure w yields:

p t+1 o
/0 A(T) /0 k(t 4+ 1 — s)up(s) ds dw(r) = /0 A7) fo(t + 7) dw(T).

Hence,

(3.54) /St (/Tp )\(T)k(t—s+7)dw(7)> wo(s) ds +

—0 —0

/Tpo A(T) (/St+T k(t — s+ 1) uo(s) ds) dw(r) = folt).

=t

Since ug is continuously differentiable we have

u(s) = uo(t) + up(t)(s — £) + / " (uh(€) — (1)) de.

With this we find:

/Op A7) (/: k(t — 5+ 7) uo(s) ds) do(7)
— uo(®) /0 ") ( /0 " h(s) ds) duo(r)
+ub(t) /OPA(T) (/0 k(s) (r — ) ds) d(7)

+ /O” A(T) (/OT k(T — s)(/tt+s (up (&) — uh(t)) d{) dz) dw(7).

With (3.54), and the notation in (2.13)—(2.18), we obtain

(3.55) /Ot k(t — s) ug(s) ds + bug(t) + cup(t) =

o) = [ ([Trr = ([ tte) — ) de) ds) ot
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We set v, = u, — ug. Since u, is solution to (2.20b) with right-hand side
given by fo we obtain

(3.56) /0 F(t — ) vp(s) ds + buy(t) + cvl(t)

_ /Op A7) (/OT k(r — s)(/fs (uby(€) — ub(t)) dg) ds) dw ().

Before we investigate (3.56) more closely we estimate the initial value
v,(0). Solving (2.20a) for u,(0) gives

go — b fo(0
u0) = 200,

Hence, we have

cgo—bfo(0) ac—b?

ac— b? ac—b2u0(

|up(0) — uo(0)| = 0)

C

b ~
< ——|gg — - _ ]
< 310 — auo(0)| + ——5|f0(0) = buo(0)]

Using (2.16), (2.15), and fo(7) = [y k(s) uo(7 — s) ds, we find:

|go — aug(0)] =

/0 (7) /0 k(s) (uo(r — 8) — uo(0))ds duw(r)

< a max (|u —un (0D < apllu ‘
< o gax (Juo(€) — vo(0)]) < apfluoliep,rro

Analogously we obtain

1/0(0) = buo(0)] < bplluplleio,n+p
Thus, we have

ac+b?
[vp(0)] < ac—12 P ||u6||C[O,1+p]‘

If we use the asymptotic expressions (3.6)—(3.8) for a, b, and ¢, respecitvely
and assumption (Az) it is easy to see that there exists a constant n; > 0
independent of p such that

(3.57) [9(0)] < 1 p.

We now come back to the analysis of (3.56). With the transformation
Yp(t) = v,(pt) we obtain from (3.56):

(3.58) () = Ly (1) - /0 F(p(t — 5)) yp(s) ds + Fy(2)
for t € [0, 7] with

(3.59)
B0 =3 [ ([[rr = ([ () = o) de) ) i),

c t
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We have the following estimate for F):

/ / 1 p i
PO < max Jup(€) = (o) ¢ [ M) [ (7 =) (s)ds do(r)

E€(pt,pt+p
(3.60) = cefiax |up(§) — up(t)] < p(uo, p)
for all € [0, 5].

We can now use the fundamental solution z, for (3.23) and the variation
of constants formula (see [2, Thm. 2.3.1, p. 29]) to obtain an estimate for
the solution of the inhomogeneous problem (3.58). We have

Yp(t) = 2,(t) y,(0) + /Ot 2p(t — 5) F,(s)ds.
Consequently, using the estimates in Lemma 1 we find:
9o (0] < [20(O)] 1y ()] + Izl 220, 2) 1 lcpo, 2
<m (ly,(0)| + HFPHC[O,%])'

We can now use (3.57), (3.60), and the fact that y,(0) = v,(0) to conclude
that

lyo(t)] < (1 p+ p(uo, p)) < M p(uo, p)
1

for some constant M > 0 independent of p and for all ¢ € [0, 5] With
lvp(t)| = |yp(%)| the proof is complete. O

Remark 3. Since wug is uniformly continuous on [0,1 + p], it is clear that
w(ug,p) — 0 as p — 0. If the exact solution ug € C1¥[0,1 + pl, that is,
the first derivative is Holder continuous of order 0 < a < 1, then we have
w(ug, p) = O(p®) and we get the estimate

(3.61) |up(t) = uo(t)| < m p®
if (3.53) is satisfied.

Remark 4. In the above proof we considered stability properties of the ho-
mogeneous system (3.30) and we used the variation of constants formula
to estimate v,. In the convergence proof for the corresponding zero-order
method in [6] the inhomogeneous problem is transformed into a system by
differentiation, thus yielding the requirement that the exact solution ug must
be C¥-smooth. By our technique we could avoid such high regularity assump-
tions on ug.

In the case of noisy data we have the following convergence result.

Theorem 3. Suppose the notation and conditions of Theorems 1 and 2
hold. Let a family of functions {fs}s>o C C[0,1+ po] be given satisfying

|f5(t) — fo(t)| < 6
for all t € [0,1+ pg] with some pg > 0. Moreover denote by uf) the solution

to (2.20) with data fs and gs defined by means of f = fs5. Then there exists
p = p(d) such that

(3.62) |ud 5 (1) —uo(t)] = 0 as §—0
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uniformly in t € [0,1].
If additionally ug € CH*[0,1 + po] for some 0 < a < 1 then there exists a
constant M > 0 such that for the choice

(3.63) p(8) = 65+
we have
(3.64) [ud s (£) — uo(t)| < M 53+

for allt € [0,1].
Proof. Using Theorem 1 and Theorem 2 we get
[up () — wo ()] < Jup(t) — up(t)] + up(t) — uo(t)]

m —
< ;5+MM(UO,/))-

For the choice p(d) = 52 we obtain w(ug, p(0)) — 0 and p(d)™7d — 0 as
0 — 0. This proves the first assertion.

If ug is Holder continuous with exponent o we have p(ug, p) < 1 p® with
some constant [ > 0. Thus, we have

m - ~ (4
[u3(8) — ()] < 750+ T 1" < A (; +pa>

where M = max (7, M1). If we set p(d) = 55 we get
ud(t) — uo(t)] < 2M 65+
for all ¢ € [0,1]. Setting M = 2M completes the proof. |

4. NUMERICAL EXPERIMENTS

For all presented numerical examples we use w; = 1 for [ = 0,...,r
(uniform weights). The plots in Figure 1 show results for the first-order
sequential method for different noise-levels in the data. We chose k(t) = t2,
i.e., k is 3-smoothing. The data are given by fo(t) = t3/3 — t°/30. To
the data we added artificial 0-1 distributed Gaussian noise scaled with a
factor o||f||cc- The plots in Figure 1 show the results for o = 0, o = 0.005,
o = 0.01, and o = 0.02. The lengths of the future intervals are p = 0.05,
p =04, p=20.5 and p = 0.55, respectively. We used N = 600 time steps
on the time interval [0, 3]. The plots show the exact solution as dashed line
and the reconstructed solutions from noisy data as solid lines. It is seen that
the first-order method gives stable results in the presence of data noise.

The plots in Figure 2 show a comparison between first- and zero-order
sequential regularization and Tikhonov regularization. We used again the
kernel k(t) = t? (v = 2), but with different data fo(t) = —1/32sin4t — 1/8t
for t € [0,3]. With these data there is more variation in the exact solution
ug which makes it more difficult to reconstruct. We used N = 600 collo-
cation points and r = 80 future points which means p = 0.4 for the length
of the future interval. The noise level was 2%. For the zero-order method,
the same number of future points was chosen. The regularization parameter
for the Tikhonov method was chosen experimentally to produce “best look-
ing” result. It is apparent that the first-order method produces smoother
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noise-free data 0.5% noise

rho=0.05

1% noise 2% noise

FIGURE 1. Solutions for first-order sequential regularization
with different noise-levels.

results than the zero-order method with comparable supremum-norm er-
rors. Tikhonov’s method performs better than the sequential methods apart
from the last part of the time interval where the solution is obviously over-
regularized. For the chosen discretization (600 time steps) computation by
the first-order method is faster by a factor 10 (2.3 seconds vs 21.4 seconds)
when compared to Tikhonov’s method. Moreover, if further data points are
added, the already computed first-order solution can be extended with min-
imal numerical effort. For Tikhonov regularization the whole system matrix
has to be reassambled and the solution has to be recomputed from the initial
time zero onwards.

In Figure 3 we compare first- and zero-order sequential regularization
for the case that the future interval is chosen too large. With the same
specifications as in Figure 2, but with p = 0.9 we see that the zero-order
method over-regularizes strongly, resulting in a strongly damped but still not
very smooth solution. On the other hand the first-order method produces a
solution with a qualitatively correct amplitude but with a delayed phase.
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exact and noisy data, 2% relative noise first order sequential regularization

0.6
0.5
0.4
0.3

0.2

Tikhonov regularization

FiGure 2. Comparison between different regularization
methods for noisy data.

over regularized first order method over regularized zero order method

\

FI1GURE 3. Over-regularization for first- and zero-order method.

In Figure 4 the stars (*) and circles (o) show the locations of the roots of
the polynomial
nu+1

(4.1) > % z!
=0 ’
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for v = 3 and v = 4, respectively, in the complex plane. It is seen that for
v = 3, all roots have negative real parts. For v = 4, one pair of roots has
crossed the imaginary axis, implying that assumption (A3) is not satisfied in
this case. The instability effect of condition (As) not being satisfied is also

Eigenvalues for nu=3 (*) and nu=4 (o) unstable first—order method

20
o
3+ - -
2+ o -
1 * 4
E o
—1 L - 4
o o -
3} ** 4
o
—a . . —20
) —2 —1 o 1 o 2 a 6

Re

FIGURE 4. Location of roots of the polynomial (4.1) for v =
3 (%) and v =4 (0). Solution for v = 4 in case of noisy data.

indicated in Figure 4. Here we chose k(t) = t* (i.e., v = 4) on the interval
[0, 8] with 1% relative noise on the data. We set p = 1 for the length of the
future interval. It is seen that the solution of the first-order method behaves
like an unstable oscillator. For n = 4, a sophisticated construction gives a
stabilizing weight w for the zero-order method (cf. [6]). The construction of
a stabilizing sequential regularization method for v-smoothing kernels with
v > b is still an open problem.

5. CONCLUSIONS

Starting with Beck’s linear function specification method we found a fam-
ily of approximating Volterra integro-differential equations of the second
kind for the stable solution of ill-posed Volterra equations of the first kind.
We proved stability estimates and convergence if the data-noise goes to
zero. A convergence rate depending on smoothness properties of the ex-
act solution was derived. Numerical experiments showed that the method
produces smoother results than the well investigated sequential predictor-
corrector method. The second-kind Volterra intergro-differential equation
can be solved sequentially in time which makes the algorithm much faster
than for example Tikhonov regularization.
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