OPTIMIZATION OF THE SHAPE OF AN
ELECTROMAGNET: REGULARITY RESULTS

G.H. PEICHL® AND W. RING"

ABSTRACT. In this paper we study the regularity of the solution of an ellip-
tic partial differential equation with discontinuous coefficients. This result
is used to establish the continuous Fréchet differentiability of a shape func-
tional arising in the optimal shape design of an electromagnet.

1. INTRODUCTION

The optimization of the shape of an electromagnet is one of the classical
problems in shape optimization which has been considered by several authors
(see [3], [1] and the references therein). To our knowledge most of the papers
focus on various aspects of the discretized problem whereas the infinite dimen-
sional problem is less well analyzed. The objective of this paper is to provide
concise conditions which ensure the differentiable dependence of the objective
functional on the free part of the shape of the electromagnet. In a follow-up
paper we utilize the present results and techniques to study the convergence of
the shape gradient of the discretized problem.

In Section 2 we formulate the shape optimization problem and establish the
continuous dependence of the state on the shape of the electromagnet in the
H'-topology. Section 3 is devoted to the study of the regularity of the state. In
particular it is shown that the restrictions of the vector potential to subdomains
corresponding to the magnet and to the surrounding air respectively are smooth,
uniformly bounded in H? with respect to a specified class of admissible shapes
and moreover depend Holder continuously on the shape in the H2-topology.
The differentiability of the objective functional with respect to the shape is
discussed in Section 5.

2. PROBLEM FORMULATION

We consider the problem of optimal design of an electromagnet the cross-
section of which is shown in Figure 1. The device consists of an iron core
occupying the spatial region ; and a coil in W; and W5. A current J flows
in the coil, pointing outwards the cross-section plane at W; and inwards at
Ws. The current density j is supposed to be constant over the cross-section
of the coil. In order to determine the electromagnetic field generated in this
situation we must specify the magnetic reluctivities v and v, in iron and copper,
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W1 » Wy

FIGURE 1. Cross-Section of the Electromagnet

respectively air. We assume that both values are constant, although in a more
realistic scenario one would have to assume that v; depends on the magnetic
field. The (planar) magnetic field B = (By, Bs,0) is determined by B = curl A,
A = (0,0,A) and A satisfies the elliptic equation

—div(v(x)VA) = J(x). (1)
(c.f. [3]). Here
=0 e 2
and
J on W,
Jx)=< —j on W
0 else

We also introduce a domain 2 containing 2; which is large enough such that
it is physically reasonable to assume that

Alpa =0 (3)

holds.
Our goal is, to design the shape of the pole of the magnet in such a way
that the magnetic field in some measurement region D is as homogenous (in

xo-direction) as possible and attains a prescriped value ¢. The independent
variables, which should be adjusted in order to obtain an optimal magnetic
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field are the current density 7 and the shape of the part of the boundary of §2;
denoted by X. (c.f. Figure 1). Note that ¥ is not the whole curve-segment that
connects the edges of the pole, but that there are (fixed) horizontal parts of the
boundary of ©; to the left and to the right of 3. We suppose that 3 can be
parametrized as

Y= {(z1,22): 2o = o(z1),z1 € I =[0,1]} (4)

for some

o €Buy = {feWs(0,0): f(0)=f'(0) = f(l) = f'(l) = 0;
—a < f(xz1) <bforall z; € I}.

The constraints a,b > 0 are chosen in such a way that for any o € B, the corre-
ponding ¥ does neither intersect the remaining part of 9€2 nor the measurement
region D at any point.

The weak formulation of the boundary value problem (1) and (2) is the
following: Find a function A € H}(Q) such that

/QVVA (Vo)* dx = j </W o dx — /W2 ¢dx> (5)

holds for all ¢ € H{(Q) (throughout the paper * denotes the algebraic trans-
pose). From standard variational arguments it follows that the boundary value
problem (2) and (3) has a unique weak solution A € H{(£2). Here and in the
following, the space H&(Q) is equipped with the inner product

ule /VuVU

and we define the inner product on H'(f2) by

<U,’U>H1(Q):/KZUUdX‘i‘(U,’l»Hé(Q).

The coefficient v defined in (2) depends on the decomposition of © into the
two subdomains €y and Q9 = Q\ 24, and hence on 0. We therefore usually
write v = 17 to indicate the underlying geometry. The solution A of (5) will
often be written as A = A(o,j) = A%J to emphasize its dependence on the
parameters o and j. Frequently only A? is used if the dependence on j is not of
importance. In general we add a superscript ‘o’ to any expression that depends
on ¢ and has to be distinguished from another expression of the same kind but
referring to a different geometry. Moreover, using the bilinear form

B7(p1,¢2) = / VI Vo1 (Vgo)* dx, o1, € Hy(Q), (6)
Q
equation (5) can be equivalently written as
B7(A%,¢) = (L,¢), ¢ € Hy(Q),0 € Bua.

A cost functional that expresses the desired requirements for the optimal mag-
netic field is given by

K(o) = K(A@.d) = 5 [ [42,+ (4s, +02] i (7)
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We consider the optimization problem
minimize K(A(o,j)) over (0,7) € Bag x R, A(o, j) solves (5). (8)

Before we focus on the problem of existence of a minimizer for (8) and differ-
entiability of the cost functional (7), we consider the regularity of the solution
of (5) on the subdomains €; and its continuous dependence on o.

Suppose j is fixed. Setting C; = (min(vy,v2))~! we find

|A7 2, ) < C1 B7 (A7, 47) = 01/9
with some constant L; depending only on the domain 2. Hence we have

1A a0y < M (9)

J(x) A%(x) dx < |j|CL Ly [[A%] gy @

with a constant M; independent of o.
Suppose 7,0y € B,g with corresponding ¥ and ¥ (according to (4)). Let

ST = {(z1,x9) € Q: o(x1) < x9 < 09(21) Or 0p(21) < 22 < 0(71)}
(10)

denote the strip between > and ¥. Then
A7 — A% |2y ) < CLB(AT — A, A7 — A7)

= O (B‘TO(A", A7 — A7) — B7(A7, A7 — A"O))

= O /Q(V‘TO —v7) VA7 (V(A? — A7%))" dx

IN

1
3
Ciln =l ([ 1V47Pax) " 147 = 4%l gy
So,00
and therefore
A7 = A% || g1y < Cilvr — 2| (VAT || 12(s0.00)- (11)

Here we used B7°(A%0, A7 — A?0) = B7(A?, A7 — A?°) and 7% —v? = () outside
of §7:90,

A standard tool to investigate regularity properties of elliptic PDEs is to
consider difference operators

_ u(y + hei) —u(y)
h
where e; is the i-th unit coordinate vector (i = 1,2). More precisely we have

D}'u(y)

Lemma 1. Let O C R? be open, u € H'(O), and let O' C O be compact with
dist(0',00) = d > 0. Then for i = 1,2, we have Dl'u € L?>(0') and

1Dl 20y < llue; lz20)
for all h < d.

PROOF. cf. [4, pg.321, Lemma 8.48]. O
On the other hand, boundedness of the difference quotients characterizes
H'-functions.
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Lemma 2. Let O C R? be open and suppose u € L*(O) satisfies for all compact
subsets O' C O

1D} ull 2o < M, i=1,2
for all h < dist(OQ',00) with a constant M > 0 independent of O'. Then
ug, € L*(O) and
1wz, Ir20) < M.
PROOF. cf. [4, p.321, Lemma 8.49]. O
We also recall the following formulas.

Lemma 3. Let O,0' and d be given as in Lemma 1 and let u,v € L*(Q) with
v=0on O\ O Then, for h < dist(O0’,00) and i = 1,2 we have
DMuw)(x) = u(x)DMv(x) + Dru(x)v(x + he;), z€ O (12)
and
DlMu(x) v(x) dx = —/ u(x) D; "v(x) dx. (13)
o o
3. REGULARITY

In the following we extend o outside the interval [0, /] by 0 and we consider o
as defined on some interval (—e,l+¢). This is possible if € is small enough since
0 \ ¥ connects to ¥ by horizontal lines. Due to the boundary conditions in
the definition of B,q, the resulting function is in Ws°(—e, l+¢). We shall denote
the boundary function (in W5°(—e,l 4+ €)) by a greek lower case letter and the
part of the boundary defined in (4) (a subset of R?) by the corresponding capital
letter.

Theorem 1. Suppose o¢g € Byy. Then there exists o neighbourhood U of og
in W°(—e,l + €) and an open neighbourhood T of Sy in R? such that for all
o €U N Byg the following holds:

i) XCT
ii) A2 € HA(T NQY) fori=1,2
iil) |A7 | g2(7nag) < K“AU“H(%(Q) for i =1,2 with some constant K indepen-
dent of 0 € Bag.
PROOF. Let Q C R? be given by
Q= {((I,‘l,xQ): 00((1}1) — 50 <19 < Uo(xl) + 50,11 € (—6,l+ 6)},
where € and 0 are chosen in such a way that
Q1 = {((L‘l,(L‘Q) € Q: XTo > Ug(xl)} C Q(ITO
and
Qs = {(z1,m2) € Q: 3 < op(z1)} C Q°\ (D UW; UW,).
We define

U={oceWs°(—e,l+¢€): ||lo—0olleo <6 [|o" = pllec < Ni, [l0” — 0 || < Na,
o(z) =0 for x € (—e,l +¢€)\ (0,1)}
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with arbitrary (but fixed) constants N1, Ny > 0 and we set
Q7 ={(x1,72): o(r1) —40 < x93 < o(x1) + 46,21 € (—¢,l +€)}
for all o0 € U. For 0 € U we have Q° C Q and hence
Q] ={(z1,22) € Q7: my > o(z1)} C Qf
and
QF ={(z1,22) € Q°: xa < o(z1)} C Q5 \ (DUW UWy)

for all o € U. B
For every o € U we transform Q7 onto the rectangular domain @ = (—e¢, ! +
€) X (—44,49) by the diffeomorphism

y = ®7(x) = (21,22 — o (21)). (14)

The inverse transformation is given by ¥ (y) = (®7)~ (y) = (y1,y2 + o(y1)).
For arbitrary ¢ € H'(Q%), we define the transformed function ¢ = ¢ o WO,
Then we have

Vyp =Vyp D  Vy@ = Vyp DT’ (15)

with Jacobi matrices

D(I)"(X):<—0'(:B1§ (1)> and Dw(”:<0”(y$ (1)> (16)

In the subsequent integrals D®? represents D®? (U7 (y)) and DU represents
DU (d7(x)). This together with |det D®7| = | det DY?| = 1 implies that

/~|Vy<,5|2dy:/ Vo DU (D\I/“)*(ngo)*dngl/ |Vy|? dx
Q Q° Q” (17)
and also

/ |wa|2dx:/vy@D@” (D@”)*(Vytﬁ)*dngl/|Vy<,5|2dy
or 5 o (18

holds for all o € U, with K; = 1+ Ny + N2. Thus we conclude that ¢ € HI(Q
if and only if ¢ € H'(Q?). It is obvious that Plpg = 0 if and only if p[sgr =0,
hence ¢ € H&~(Q) if and only if ¢ € H}(Q7). This, together with (15) and (5),
implies that A = A o U7 satisfies

/ 7 VyA® (D®°) (D®)* (Vyp)* dy =0 (19)
Q

for all ¢ € H}(Q), where # = 17 o U7. Note that Q7 N (W, U Wy) = 0 for all
o € U, hence the right-hand side in (19) is zero if we restrict ourselfs to test
functions in HE(Q). Introducing

M = D& (D°)*
the bilinear form in (19) may be written as

(VA" M, V$) 25
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Moreover we set T = (=50 +§) x (—=26,20). Let ¢ be a C*°-function with
compact support in Q satisfying

(=1 on T,
{ supp( C R = [—3€,1+ 3€] x [-34,30], (20)
0<((y)<1 forallye€@.
Let
v=-D7"(¢*DI A7)
and

w = ¢ DIA° (21)

By the definition of ¢ we have CQD{LA” =0 on R and hence v = 0 on 9Q if
|| < £. Thus v € Hj(Q) and we can use it as a test function in (19) if A is
small enough. Applying Lemma 3 one obtains

0= (VA" M,Vv) = — (VA M, VD, "(¢*D}A%)) = (D}[VA M],V(¢{w))
= ([DIVATIM(- + hey), V(Cw)) + ([VATIDI M,V (Cw))
= ([DIVATIM(- + hey),(Vw) + ([DIVATIM(: + hey),wV()
+ (VATDIM, Y (Cw))
= (V[¢DIAIM(- + hey), Vw) — (DFATVCM(- + hey), Vw)
+ ([DIVA?IM(- + hey),wV¢) + ([VATIDIM, V (Cw))
and consequently
(VwM(- + hey),Vw) = I} — I, — I, (22)
where (-, ) stands for the scalar product in LZ(Q, R?) and
I = (D ATVCM(- + hey), Vw)
I = ([DIVATIM(: + hey),wV()
I = ([VA7]DIM, V((w)).

Since supp ¢ C R the integrals in these terms may be carried out over R instead
of ().

The discontinuity of I is located along the line yo» = 0, hence the tangential
difference quotient D! is zero. This leads to the following estimates of the
spectral norm of M(y) and DM(y) forally € Q and h < £.

IM(¥)|| < max(1,19) K1 = K1
and
IDYM(y)|| < 2max(vi,v2) NoKy = k2
We set

0
i3 = max({|¢lloo, [V¢]loo, Ha—ylVCHoo)-

By Lemma 1 and the Cauchy-Schwarz inequality we obtain for |A| < §

|I;| < /<v1/<v3||1‘~1§/r1 ||L2(Q)||Vw||L2(Q)
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For Iy we find

|(wVCM(- + hey), [DIVA])| = |(Dy M wVEM(- + hey)], VA?)|
— [ VeI My + he) + DTV (y — e M(y)

| 12|

+w[D; "V (] (y)M(y)] V(A7) dy
(ko + 2/€1)H3||w||H1(Q)HVAUHV(Q)

IN

Similarly one obtains
I3] < “2H3||w||H1(Q)||VAU||L2(Q)
By Poincaré’s inequality, there exists a constant lo > 0 (independent of h) such
that
||w||H1(Q) < lZH“’HHé(Q)-
Summarizing the above estimates one gets

(Y M(- + her), Vu)| < a8l [V A oy 0l ) (23)

with a constant £ > 0 independent of h. The left hand side of (23) is uniformly

coercive on H&(Q), i.e. there exists a constant m > 0 independent of h such
that

for all u € H}(Q). Hence (23) and (24) imply

H g
||w||Hé(Q) EHVA ||L2

Since ||wy, ||L2 < HwyZHLQ and ¢ =1 on T we find (recall (21) )

- KlQ -
IDYAG N 27y <—HVA 226

for all || < {. Lemma 2 implies Agly € L*(T) and

K',lg

A7 EEIVA gy =12 (25)

Y1Yi ||L2(

Define T} =T N{y : y1 >0} and To = TN {y : 41 < 0}. It follows from (19)
that A? is the distributional solution to

Aglyl 20" Aglm - U”AZ2 (1+ )Agzyz =
on T; and hence by (25)
1 . -
B = T 004G, + 0" AG, - A5 € 12(T)) (26)

which entails A € H?(T;), i = 1,2.
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We still have to carry out the backward transformation ¥ to show that A
is an H2-function on an upper (and lower) neighbourhood of the boundary .
Since

o _ jfo o I jo 1230 I jo
Afiay = Agyy — 20045, 0T Ay, —0 Ay,
o _ A0 I Ao
Az = Agy =0 Afy
o _ Ao
szxz - ACEQZ'Q

we conclude from o € W5°(—e,l + €) and from det(¥7(y)) = 1 forally € T
that A7, € L*(T7) where T7 = () H(T}), i = 1,2
We set
€ €
T ={(z1,22) : 21 € (—E,l + 3

2

Then we have ¥ C T and T' C U7(T) for all 0 € Y. Thus TN QY C T7 and
A° € H*(TNQY). The uniform boundedness of | A% || zr2 (T y follows from (25),

(26), and from the uniform boundedness of [|0’||« and ||0” || in Y. O

); 0-0($1) -0 < Ty < O'()(Il) + 5}

For o € B,q we denote the restriction of A” to the subdomains 27 by A7,
i =1,2. To be able to compare (in the H?-norm) A?° and A? which are defined
on different domains we map Q% and Q7 onto the fixed reference domain Q
and introduce

A70 = A7 0 U respectively A7 = A7 o 07,
Note that different transformations (x1,x2) = U7°(y1,y2) and (1, z2) = ¥ (y1,y2)

are used. However both of them do not affect the first coordinate. One can
write

D®° = DB — N[00 (27)

where

N9 — (6 — )’ < - ) . (28)

Using the technique of tangential displacement which was applied in the proof
of Theorem 1 we can sharpen the continuous dependence result (11).

Theorem 2. Let og € By and U be defined as U with 0 replaced by some b <

%5 and € replaced by € = § where € and & are given in the proof of Theorem 1.

Set Q1 = (—¢€,1+£) x (0,45)~ and Qg = (—£€,1+ &) x (—44,0). Then there exists
a constant p > 0 such that A7 € H?*(Q;) and

~ ~ 1
[A7° = A7 L2,y < plloo = ollfoe0
holds for all o € U.

PROOF. The condition § < %6 ensures QZ C T;. Hence the first assertion of
the Theorem follows from (25) and (26). Moreover one verifies the existence of
a constant A > 0 such that

147

i ||H2(Qi) <A (29)
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holds for all o € ¢ and i = 1,2. Throughout the proof x; > 0 will denote a
constant which is independent of o € U. We consider the transformed elliptic
problems

/ 7 Vy A7 DO (D®7°)* (V)  dy =0 (30)
Q
and
/ 7 Vy A’ DO (DP7)*(Vyp)* dy = 0 (31)
Q

for all ¢ € H} (Q), where Q = (—¢é,1+4€) x (—40,44). Subtracting (27) and (28)
we obtain (note D® o U7 = D®? N o U7 = N)

/ V(A7 — A7) D3 (D®7°)* (V)* dy
Q

_ / 7 VA7 [NT00 (DR 4 DET(NT)] (V)" dy
Q

_ / 5V AT NOO0 (NO0V (V)" dy (32)
Q

for all p € H}(Q). If we choose

p=—Di" ((*D}(A7 — A7)
and

w = (DI(A" — A%)

with ¢ as in (20) and 6, ¢ replaced by 5, € respectively, then we obtain as in the
proof of Theorem 1

(VwM(: + hey), Vw) = ([DF (A7 — A7)V M(- + hey), Vw)
— (w[DIV (A7 — A7) M(- + hey), V() — (V(A7 — A7) DI M, V(Cw))

+/Df{z?VA"[N"”°(D<I>"°)*+D<I>"°(N"”0)*]}V(Cw)*dy

R

_ / D (9T ATNT - (N7 7)) V() dy (33)
R

=L+ L+ 40+

where R = [—3£,1 4+ 2¢] x [-34,30].
As in the proof of Theorem 1 one derives the estimate

B+ o + B3| < 6l |V (A7 = A7) g 1wl 46
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Moreover, since 0,09 € U and A7 € H2(Q;), i = 1,2, we obtain in view of (29)
and with Lemma 1

1L4] < max(vr,v2) (IVA” | 12 gy + [ DEVA | )
(142004 Nl s o — ool llwll s o)

< #a llo = oullwee ol 3
and

5] < max(v1,v2)2(IVA” || 2y + 1DV AT o)) 3llr = aollace w0l 1 )

< ks |0 — 00“W2=0° “w“Hé(Q)-

Therefore we obtain

Klg Yo Yo K5
0l 530y < Z2IV AT = A7) 2 ) + o = ool 2 + 1o = oy 2
and hence
ta 10 Kl? 10 10
“(A —A 0)ylyi||L2(A) < EHV(A —A O)HLz )
K4
E!la—aollwm +—H0—Uollwzoo (34)

fori=1,2and T = (—5,0 + £) x (—24,20).
Next ||V(A7 — A”O)HLQ(Q) is estimated. One has

[ 1V = o)y =
Q
:/ |[VAT = Vi (A7 0 37)(x)| DU (97 (x)) | dx
7(Q)
<2 [V - A7) D7 (8 o) i
7(Q)
2 [VA ) = V(A7 0 87)(0IDW7 (87 )|
7(Q)
< 6| Vi (A7 — A7) |72, +2/ [y AT (970 (x)) DO (x)
7(Q)

— Vy A7 (97 (x)) DD (x)| DU (97 (x)) | dx

< kgl|Vx (A7 ,400)“L2 + 4/1’0@) ‘VYAgo((I)U(X)) - VyAffo((I)Uo (x))‘QdX

+4/ |Vy AT (@7°(x))[DP7 — DP?°)(x) DT (7 (x \ dx
(Q

=111 + Lo+ 3.
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Since H'(T N Q7°) embeds continuously into L*(T N Q7°) the estimate (11)
entails

u < Cflm — V2|2(HVAUOHL2 s70.0n0g0) + VAT - Sf’Os"nQ"O))
< Ol — 1afvol(8™7) 5 (IV AL s s maroy + VA2 2 s00rr0)
< Ctfvr — vaf?llog — Ulloon(llAUOIIHz (rnary + 145° 2 rnaz0))
where d denotes an embedding constant. Concerning t3 one obtains the bound
3] 40+ N+ VD) [ 9547 ) dlo’ o,
< wgllo’ —opll%

where we used ®7° (\I/"(Q)) C (—£,1+&) x (=56,50) C Q. In order to estimate
12 one splits I into I'™ = {xy € I: o(z1) > o¢(z1)} and I~ = I\I". Accordingly
Lo 18 written as

LQZL;-FLQ_.

In view of the definition of fl?o this yields

:L‘l +45 -
3 _// | [9yA (@1,22 = o{a)) = Vy A (1,2 = o0(e0) P doada
CUl
// |V A (xl,xz ((I,‘l)) V A (xl,xz—ag(xl)ﬂ d(L‘QdZBl
CUl
// |V A xl,xz - U((I,‘l)) - Vyzziflro(flfl,(lfg — Uo(xl))|2d(L‘2dm1

(1)+40 . ~
// |VyA(170 (xl,xz - U((I,‘l)) - VyA({O((IIl,(L‘Q — Ug(xl))|2 d(L‘QdZBl

— +
= L21 + L22 + Lo3.
An argument analogous to the one applied in the estimate of 1 leads to
1
32| < gllo — o %

Using AS° € H?(T,) and Fubini’s Theorem one verifies

N oo(z1) x2—o(x1) o 5 5
le3| < // ‘/ B—VAgO(ZElJI) dn|”dzadz,
o(x1)—40  Jzo—og(z1) O

< ||O'—O'0“oo// / ‘a VAUO ;131’ ‘ d?’]d]?Qd!El
o(z1) 46

—56
<l|lo— 00“0046 “AgO“H2(7~“2)'
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In the last inequality we used I x (—55 , 0) C T which is a consequence of the
choice of 0. Combining the estimates for [|A7 — A7|| 20y With (34) one arrives
at

(A% — A”O)yly ||L2 < Kollog — a||W2oo, i=1,2. (35)
OnT;,i=1,2 the following relations are satisfied in the distributional sense:

(1+ oy )A”O = 200A —i—agflgo A%0

Y212 Y1y2 Y1y1
) -

(1+o )A;zy2 =20’ Azlyz + 0" A7, - Aglyl

This gives rise to
- _ 1 _ - _ - - -
(A7 = A0)yy, = 1402 [2‘7(,)(140 =A%)y y, +0g (A7 — A7)y, — (A7 — A7)y,
0
+2(0 — 00) A3, + (0 — 00)" A7, — (20" (0 = 00) + (0 — o) ") 47, ].

which together with (35) and (29) completes the proof of the Theorem. [J
Theorem 2 implies the existence of the traces VAZ(-,o(+)) in L?(0,1) which
depend continuously on o:

Corollary 1. Assume the hypotheses of Theorem 2. Then there is a constant
k > 0 such that

L .
VA7 (-,0(:)) = VAT (,00()llLz04) < Ello — ool ae:  i=1,2
holds for all o € U.

PROOF. In view of (15) one obtains (x4 stands for a constant independent of
oel)
IVAZ(,0() = VAT (5 00(D)lz2n =
l
/ Yy A7 (2,0) D" (1,0 (2)) — Vy A% (2,00 DB (2, o () [*dic
0

l
<2 / |[Vy A2 (2,0) — Vy A7 (2,0)] D37 (2, 0(a))|*da +

0
l
/ 0)[D&° (z, 0(x)) — DI (x, 00 ()] "do

< ullie - A2 00 + 1AL s g 10" — bR,
which by Theorem 2 implies the result. [

4. DIFFERENTIABILITY

In this section we investigate the differentiability of the cost functional (7)
with respect to o. For this purpose we introduce the adjoint problem: Find a
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function P? € H}(Q) such that
[rere @i = [ (42,0 042, - dn)dx (30
Q D

for all ¢ € HE(Q), where A7 € H(Q) is the (known) solution to (5) corre-
sponding to the geometry determined by o.

The right-hand side of (36) which can be considered as the derivative of the
cost functional K with respect to A in direction 9 defines a bounded linear
functional in ¢ on H{(€), the norm of which is bounded by |c|y/vol(D) +
||AU||H3(Q)' It is known that (36) has a unique solution P7 € H}(Q). The

coercivity of the bilinear form B” on H}(£2) ensures as in (9) the bound

1Pl 2 < lely/~ol(D) + M, (37)
for all o € B,q (M being the bound in (9)). Moreover the continuous depen-
dence result (11) is valid also for P7:

1P7 = P70y < Cr v = val [V P2 (50.5). (38)

Concerning the smoothness of P? we can derive, with exactly the same proof
as for A%, the analogous result P° € H?>(TUQ?) for 0 € U, where U and T are
choosen as in Theorem 1. Also the uniform boundedness result in Theorem 1
and the continuous dependence result of Theorem 2 hold for P?.

Let us now formulate the differentiability result.

Theorem 3. The cost functional K, as given in (7), is Fréchet differentiable
at every o € By as a functional on the Banach space

B={oceW;°(—¢,l+e€):0=0 on(—€0JU[,l+e¢)}.
The Fréchet derivative in direction nn € B is given by
oK v —1y [ .
1= 25 [ e (VP 0@) (VA5 @ o)) (9
80' 2 0

+V%%mdeWMuhdmmﬁﬁh

where A? and P? denote the solutions of (5) and (36) respectively and subscripts
i € {1,2} to A? and P° denote restrictions to 7.

Note that, by the regularity result in Theorem 1, the first order traces in (39)
are well defined.
PROOF. First we prove that the expression (39) is the Gateaux derivative of
K. To this aim, we consider the finite-difference quotient (K (o +hn)— K(0))
for h — 0. We have

%@qa+hm _ K(o)

— % </D Ag;rhn (Atr+h77 o AU)mQ + (Agrrhn o C) (A0+h77 o AU)CDl dx

b [ A (AT %) (47, = 0) (47— %))
D
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Both terms in the last expression can be considered as right-hand sides of the
adjoint equation (36) with AT — A% as test function. Replacing them by the
corresponding left-hand side results in

%(K(a +h) = K(U)) = % (/ It PER (7 (AT — A7))* dx
Q
+ /Q V7 VP? (V(ATHh1 — A7) dx> : (40)

From (5) we obtain

/ pothn VPO'+hT] (vAa-i-hn)* dx = ]< POt gy — / pothn dX)
Q Wi Ws

= /Q v VPO (T A%)* dx
and analogously
/Q V7 VP (VA%)* dx = /Q v th g po (VAT * dx.
Inserting these terms into (40) gives

H(K (o +hn) ~ K(0)) (41)
1
" 20 g

_ (z1)+hn(z1)
=4 / / (VP A7) + VPO (TATHY) da diy
(42)

since v — vt = 0 outside ST+, On S77+M we have v7 — v+ = 4 (v —

v2). The sign depends on whether o(z1) + hn(z1) > o(z1) or o(z1) + hn(z1) <
o(xy1).

We introduce

(VO' _ Vtr+h77) (VPtrJrhn(vAa)* + VPU(VAUJrhn)*)dX

It = {21 €[0,1] : o(x1) + hn(z1) > o(w1)}. (43)

For z; € I'T and 25 € [0(z1), 0 (x1)+hn(z1)] one has P70 (21, 25) = PY (21, 2),
Po(z1,25) = P7(z1,35), A7 (zy,20) = ASTV(21,35) and A%(z1,25) =
AJ(z1,x2). Consider the difference

VI_V2

(z1)+hn(z1) oth
L (R e (VAT )y
I o(
+ VP! (z1,22) (VAg+h"(ac1, :ch))*) dxo dz (44)
S5 @) (TP o) (VAT @ o(@))

+ VP (21,0(21)) (VA (21, 0(21)))" ) doy
=T+ T+ T+ T+ Ts + T3,
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where
o= U /1+/g T P 1) (VA7 1, 22)
—VP”+ "(fm, (1)) (VAT (21,0(21)))*] d day (45)
R et /I+ /U T P (1, 52) (VAT 1, )
—VP? (1, a(xl)) (VAS™ (21, 0(21)))*] divy day (46)
7, = 25 [ ) (VP e a(en) = VB, o(ar) + )]
(VAS (21, 0(x1)))* dzy (47)
T, = V1;V2 / L (@) (VAT (21, 0(21)) — VAT (@1, 0(21) + hnp(1))]
(VPP (21,0(21))* da: (48)
T, = %/H (1) [VP ™" (w1, 0(x1) + hn(a1)) = VP (21,0(21))]
(VAT (z1,0(1)))" dzq (49)
T = D5 [ ) VAT el + b)) = VA o, (o)
(VPP (z1,0(21)))* da1. (50)

We turn to the estimate of T7:

el I [ (7P e (V71,6 Yy

|T1|
(z1) 8€

. (z1)+hn(z1)
o | / " (o o) = 2 (VPE1, )(V A7 (01, €))° ) di

o€
| V2| / / (z1)+hn(z1)
< Al |7lso
< o il

(VP”+h"(x1, 5132) (VAl (5131, 5132 *> ‘ d:I?g d:I?l
Z2

[ — vy +h
< T ||77Hoo{“a—mvng n||L2(So—,o—+han‘2’+h’l)HVAgHL%So—,o—%—hang*h")
+h 9
+||VP20 n||L2(So—,o—+han"+h")“a VAU||L2 So, o—+han"+h")}
+h
e 2] ||77“00||PU n“;p 5a,a+hmﬂg+h")“Al ||L2(5a,a+hmﬂg+hn)'

Since Theorem 1 holds for P?, o € B4, we conclude by (37) that HP;HW||H2(S(,,c,+hmgg+hn)

is bounded uniformly in A for all |h| small enough such that o + hnp € U(0o).
This implies

lim |T}| = 0.

h—0

In a completely analogous way, it can be shown that |T7| — 0 as h — 0.
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T5 is estimated as follows:

_ o(z1)+hn(z1) g
14 1% o o *
Ty < Lig;dMWmﬁ;w/() EEVTBHm@hxﬂ¢mVAﬂth@ﬂ)Mm
o(zy
— o(zi)+hn(z1) g 2 1
< Bl ()] L Py, 03) da| )
+ 1 Jo(ay) T2
2 3
(/ VA({(:Bl,O'(:El))‘ d$1>
Iy
vy — v 3 o+h o L
e Y L S PPN 'Y ey )

By Theorem 1 and (37) |T3] — 0 as h — 0 follows. An analogous argument
establishes |T5| — 0 as h — 0.
Finally, T and T3 vanish as h — 0 which is a consequence of Corollary 1.
So far we have proved that (39) is in fact the Gateaux derivative of the cost
functional K. For each o € B,, the Gateaux derivative (39) defines a bounded
linear functional on the Banach space

B={oe€W?»>®0,l): 0(0) =0'(0) =0,0(1) = o’(1) = 0}.

Furthermore, Corollary 1 and Theorem 1 imply the existence of constants & > 0,
0 > 0 such that

1
1K' (5) — K'(0)ll5 < &6 = olljpame

holds for all & € {n € B: || — o|ly20 < }. As a consequence, Theorem II-4.3
in ([2]) ensures that DK (o) is in fact the Fréchet derivative of K. O
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