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Proper orthogonal decomposition (POD) is a powerful technique for model reduction of
nonlinear systems. It is based on a Galerkin type discretization with basis elements
created from the nonlinear system itself. In this paper an identification problem arising
in car vehicle accoustics is considered. To estimate the impedance from point-wise sound
pressure values the identification problem is formulated in terms of an optimal control
problem, which is solved by a globalized quasi-Newton method. For the efficient and fast
numerical realization, a POD based model reduction is utilized.

Proper orthogonal decomposition (POD) ist eine effiziente Methode zur Modellreduktion
bei nichtlinearen Systemen. Das Verfahren basiert auf einer Galerkin-artigen
Diskretisierung mit Basiselementen, die durch Lösungen des nichtlinearen Systems
erzeugt werden. In diesem Beitrag wird die Impedanz aus punktweisen Messungen des
Schalldruckes identifiziert. Um die Impedanz von punktweisen Schaldruck-Meßwerten zu
schätzen, wird das Problem als Optimalsteueraufgabe formuliert, welches mit einem
gobalisiertem Quasi-Newton Verfahren gelöst wird. Für die effiziente und schnelle
numerische Realisierung wird POD Modellreduktion eingesetzt.

Keywords: Model reduction, proper orthogonal decomposition, Helmholtz equation,
parameter identification, quasi-Newton method.

Schlagwörter: Modellreduktion, Proper Orthogonal Decomposition, Helmholtz
Gleichung, Parameter-Identifikation, Quasi-Newton Verfahren.

1 Introduction

The acoustical impedance of a component or trim part
is one of its most important characteristics. The trim
and its absorption behavior contributes significantly to
the comfort inside the car. Therefore, correct impedance
values are needed when acoustical simulations of car in-
terior noise are carried out.

A generally used methodology to determine the acou-
stical impedance is to use cut-out round samples of the
material in question and measure the acoustic characte-
ristic in the impedance tube. As a result values for the
normal impedance and absorption coefficients can be ob-
tained for this material. Disadvantages of this method
are that the measurement considers normal acoustic wa-
ves, only, that some materials are inappropriate for the

impedance tube and that the effects of the shape of the
whole part have to be neglected. Therefore efforts have
been made to develop methods for impedance mearure-
ments of entire trim parts, such as carpets, dashboards
or seats.

In this paper we formulate the identification problem
as an optimal control problem, where the cost functio-
nal contains a regularization term as well as a least-
squares term for the difference of the mearurements and
the sound pressure p computed by solving the Helmholtz
equation. In contrast to [6] we identify the admittance
A ∈ C instead of the impedance Z = 1/A. Due to the
the term Ap in the Helmholtz equation (see (11b)) the
obtained optimal control problem has a bilinear struc-
ture, whereas in [6] the non-linearity is of the form p/Z.
If the admittance A has been estimated, then Z = 1/A
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is an estimate for the impedance. The optimal control
problem is solved by a globalized quasi-Newton method
with BFGS update of the Hessian [16]. Furthermore, a
discretization based on proper orthogonal decompositi-
on (POD) is utilized for the solution of the Helmholtz
equation. POD is a powerful technique for model re-
duction of nonlinear systems. It is based on a Galerkin
type discretization with basis elements created from so-
lutions to the Helmholtz equation itself. is successful-
ly used in different fields including signal analysis and
pattern recognition (see, e.g., [8]), fluid dynamics and
coherent structures (see, e.g., [9, 20]) and more recently
in control theory (see, e.g., [14]). The relationship bet-
ween POD and balancing is considered in [13, 19, 23]. In
contrast to POD approximations, reduced-basis element
methods for parameter dependent elliptic are investiga-
ted in [1, 15, 18], for instance.

Let us mention that in [6] a standard finite element dis-
cretization for the Helmholtz equation is applied. Alter-
natively, the wave based technique (WBT) is used in
[3, 5]. A-posteriori analysis in utilized in [21] to deter-
mine the number of POD ansatz functions in the POD
Galerkin projection for an optimal control problem go-
verned by the Helmholtz equation.

The paper is organized in the following manner: In Sec-
tion 2 we review the POD method. We discuss its clo-
se relationship to singular value decomposition (SVD)
and introduce a continuous variant of POD. The iden-
tification problem for the impedance and admittance is
formulated in terms of an optimal control problem in
Section 3. In Section 4 the reduced-order modeling is
carried out illustrated by numerical examples.

2 POD method

In this section we review the POD basis. In Section 2.1
the close connection between POD and SVD is discus-
sed; see also [11]. A continuous version of the POD me-
thod is introduced in Section 2.2. For a detailed survey
on POD in the context of optimal control and related
references we refer to [7], for instance.

2.1 POD and SVD

Let y1, . . . , yn ∈ R
m be given vectors and set V =

span {yj}nj=1 with d = dimV ≤ m. On R
m we use the

inner product

〈u, v〉M = uTWv for u, v ∈ R
m

with a symmetric, positive definite weighting matrix
W ∈ R

m×m and its induced norm ‖u‖W = (uTWu)1/2.
Then, for an arbitrary ℓ ≤ d we consider the minimiza-
tion problem

min
ψ1,...,ψℓ

n
∑

j=1

αj
∥

∥yj −
ℓ

∑

i=1

〈yj , ψi〉W ψi
∥

∥

2

W

subject to 〈ψi, ψj〉W = δij for 1 ≤ i, j ≤ ℓ,

(1)

where {αj}nj=1 are nonnegative weights, δij stands for
the Kronecker symbol, i.e., δii = 1 and δij = 0 for j 6= i.
A solution to (1) is called a POD basis of rank ℓ.

A solution (1) is characterized by the first-order neces-
sary optimality conditions

Y DY TWψi = λiψi, 1 ≤ i ≤ ℓ. (2)

whereD ∈ R
n×n denotes the diagonal matrix containing

the weights α1, . . . , αn as diagonal elements. It follows
that

Y DY TWψ =
n

∑

j=1

αj 〈yj , ψ〉W ψ =: Rnψ (3)

for any ψ ∈ R
m, where the linear operator Rn depends

on n.

Let D1/2 = diag (
√
α1, . . . ,

√
αn). Since W is a sym-

metric and positive definite matrix, W 1/2 is also defi-
ned via the eigenvalue decomposition of W . Moreover,
W 1/2 is positive definite, therefore invertible,and its in-
verse is denoted by W−1/2. Setting Ŷ = W 1/2Y D1/2

and ψ̂i = W 1/2ψi for i = 1, . . . , ℓ we derive from (2) the
m×m symmetric eigenvalue problem

Ŷ Ŷ T ψ̂i = λiψ̂i, 1 ≤ i ≤ ℓ, (4)

where we assume λ1 ≥ . . . ≥ λℓ ≥ . . . ≥ λd > 0. If ψ̂i is
computed, we obtain ψi by ψi = W−1/2ψ̂i. Note that if
W = I is the identity matrix and αj = 1 for j = 1, . . . , n
holds, we simply have Ŷ = Y . It can be shown that the
solution {ψi}ℓi=1 to the optimality conditions (2) is al-
ready a solution to (1); see, e.g., [2, 22].

Next we turn to the practical computation of the POD
basis of rank ℓ, in particular, if n < m holds. Due to
SVD [4], we can determine ψ̂i also as follows: solve the
n× n symmetric eigenvalue problem

Ŷ T Ŷ v̂i = σ2
i v̂i, 1 ≤ i ≤ ℓ, (5)

where λi = σ2
i and σ1 ≥ σ2 ≥ . . . ≥ σℓ > 0 are the ℓ lar-

gest singular values of Ŷ . Then, ψ̂i = Ŷ v̂i/σi. Note that
Ŷ T Ŷ = D1/2Y TWYD1/2 and

ψi = W−1/2ψ̂i =
1

σi
W−1/2Ŷ v̂i =

1

σi
Y D1/2v̂i. (6)

Hence, the computation of ψi via (5)-(6) does not requi-
re the evaluation of W 1/2 and its inverse. In particular,
if W is not a diagonal matrix, this is an advantage com-
pared to the realization of Ŷ Ŷ T and ψi = W−1/2ψ̂i.

For the application of POD to concrete problems the
choice of ℓ is certainly of central importance for apply-
ing POD. It appears that no general a-priori rules are
available. Rather the choice of ℓ is based on heuristic
considerations combined with observing the ratio of the
modeled to the total energy contained in the system Y ,
which is expressed by

E(ℓ) =

∑ℓ
i=1 λi

∑d
i=1 λi

=

∑ℓ
i=1 λi

trace(Ŷ T Ŷ )
.
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Let us mention that POD is also called Principal Com-
ponent Analysis (PCA) Empirical Orthogonal Eigen-
functions, and Karhunen-Loève Decomposition.

2.2 Continuous POD method

Suppose that D ⊂ R
N is a given parameter set and the

snapshot set is given by

V =
{

y(µ) ∈ R
m |µ ∈ D

}

with d = dimV ≤ m. Mathematically, y is a function de-
fined on D with values in R

m. Instead of (1) we consider
the problem

min
ψ1,...,ψℓ

∫

D

∥

∥y(µ) −
ℓ

∑

i=1

〈y(µ), ψi〉Wψi
∥

∥

2

W
dµ

subject to 〈ψi, ψj〉W = δij for 1 ≤ i, j ≤ ℓ.

(7)

Let {µj}nj=1 a set of disjunct (interpolation) points in
D and set yj = y(µj). Choosing appropriate weights αj
we can interprete the cost functional in (1) as a (e.g.,
trapezoidal) approximation for the integral in (7).

First-order necessary optimality conditions are given by

Rψi = λiψi, 1 ≤ i ≤ ℓ, (8)

with the linear, symmetric and nonnegative operator

Rψ =

∫

D

〈y(t), ψ〉W y(t) dµ, ψ ∈ R
m. (9)

In contrast to the operator Rn introduced in (3) the
eigenvectors {ψi}ℓi=1 and corresponding eigenvectors
{λi}ℓi=1 in (8) do not depend on n. Thus, we denote
by {(λni , ψni }ℓi=1 the first ℓ eigenvalue-eigenvectors pairs
of the operator Rn. Utilizing perturbation theory [10]
one can prove that

λni → λi and ψni → ψi for n→ ∞, i = 1, . . . , ℓ (10)

provided the weights {αj}nj=1 are chosen in such a way
that they ensure the operator convergence

lim
n→∞

sup
‖ψ‖W =1

‖Rnψ −Rψ‖W = 0.

From (10) an asymptotic error analysis for POD Galer-
kin discretizations is obtained in [12].

3 Admittance and impedance identification

Suppose that Ω ⊂ R
d, d ∈ {2, 3}, is an acoustic do-

main with boundary Γ = ∂Ω. For given complex impe-
dance Z = Zℜ + Zℑ 6= 0 the admittance is defined as
A = Aℜ + Aℑ = 1/Z, where  is the imaginary unit.
The associated sound pressure p : Ω → C, p = pℜ + pℑ,
is governed by the Helmholtz equation

∆p(x) + k2p(x) = −ω̺◦qδxq
for all x ∈ Ω, (11a)

where x = (x, y) for d = 2 or x = (x, y, z) for d = 3
hold, c = 343.799

[

m
s

]

, denotes the sound of speed, ̺◦ =

1.19985
[

kg
m3

]

is an ambient density, f ≥ 50[Hz] stands
for the frequency, ω = 2πf is the circle frequency and
k = ω

c is the wave number. The point xq ∈ Ω is the po-
sition of the acoustic source q (e.g., a loud speaker) and
δxq

is the Dirac delta distribution satisfying

〈δxq
, ϕ〉 = ϕ(xq) for any continuous ϕ : Ω → C.

Furthermore, ∆ is the Laplace operator. The boundary
Γ is split into two measurable disjunct parts ΓR and ΓN .
On ΓR we impose a normal impedance boundary


̺◦ω

∂p(x)
∂n = p(x)

Z = Ap(x) for all x ∈ ΓR, (11b)

where ∂
∂n denotes the derivative in the outward normal

direction. All other parts on the boundary are assumed
to be perfectly rigid, i.e.,


̺◦ω

∂p(x)
∂n = 0 for all x ∈ ΓN . (11c)

We suppose that for any A ∈ C and for all f in the fre-
quency range under consideration, (11) admits a unique
solution. Due to Fredholm theory [17] we can ensure exi-
stence of a soluion provided k2 is not an eigenvalue of
−∆ considered on Ω with Neumann and Robin bounda-
ry conditions on ΓN respectively ΓR.

Let pm
i , i = 1, . . . , N , be given measurements for the

sound pressure at N different observation points xi ∈
Ω∪ΓN , 1 ≤ i ≤ N . The goal of the parameter identifica-
tion is to find the complex-valued admittance A = 1/Z
such that the difference between the solution p to (11)
evaluated at the points xi, 1 ≤ i ≤ N , and the corre-
sponding measurements pm

i is minimized. Therefore, we
introduce the quadratic cost functional

J(p,A) = γ
2

N
∑

i=1

∣

∣p(xi) − pm
i

∣

∣

2
+ σ

2

∣

∣A−A◦

∣

∣

2
, (12)

where γ ≥ 0 is a weighting parameter, σ > 0 a regu-
larization parameter and A◦ ∈ C is a chosen nominal
or estimated value for the admittance. Furthermore,
|A| = (AA)1/2 stands for the complex absolute value and
the complex conjugate of A is denoted by A. The pa-
rameter identification can be formulated in terms of an
optimal control problem:

min
(p,A)

J(p,A) subject to (p,A) solves (11). (P)

Let us mention that (P) is a constrained, non-convex
optimization problem, where the solution space for the
sound pressure is a function space, i.e., an infinite-
dimensional space, which has to be discretized for nume-
rical purposes. Throughout the paper we suppose that
(P) admits a local solution (p∗, A∗). This solution is cha-
racterized by first-order necessary optimality conditions
in such a way that there exists a Lagrange multiplier
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λ∗ : Ω → C satisfying the following adjoint or dual pro-
blem:

∆λ∗(x) + k2λ∗(x) = γ
N
∑

i=1

(pm
i − p∗(xi))δxi

(13a)

for all x ∈ Ω together with the boundary conditions


̺◦ω

∂λ∗(x)
∂n +A∗λ∗(x) = 0 for all x ∈ ΓR, (13b)


̺◦ω

∂λ∗(x)
∂n = 0 for all x ∈ ΓN . (13c)

In (13a) we denote by δxi
, 1 ≤ i ≤ N , the Dirac delta

distribitions satisfying

〈δxi
, ϕ〉 = ϕ(xi) for any continuous ϕ : Ω ∪ ΓN → C.

Furthermore, the following relation holds

σ
(

A∗ −A◦

)

− ̺◦ω

∫

ΓR

λ∗(x)p∗(x) dx = 0. (14)

Let p(A) denote the (unique) solution to (11) for given
admittance A; in particular, p∗ = p(A∗) holds. Introdu-
cing the so-called cost functional

Ĵ(A) = J(p(A), A) for A ∈ C,

we can replace (P) by the unconstrained optimization
problem

min
A∈C

Ĵ(A). (P̂)

Note that

Ĵ ′(A∗) = Jp(p
∗, A∗)p′(A∗)A+ JA(p∗, A∗)A

for any directon A ∈ C, where Jp and A denote the par-
tial dersivative of J with resect to p and A, respectively.
A first-order necessary optimality condition for (P̂) is
Ĵ ′(A∗) = 0, where

Ĵ ′(A∗) = σ
(

A∗ −A◦

)

− ̺◦ω

∫

ΓR

λ∗(x)p∗(x) dx (15)

and λ∗ solves (13); compare [6] and (14). Since A ∈ C

holds, (P̂) is considered as an optimization problem in
R

2, i.e., in the real and imaginary part of A.

The quasi-Newton method with the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) update for the 2 × 2 Hessian
and a Wolfe-Powell line search globalization is utilized
to solve (P̂) numerically; see, e.g., [16].

Remark 1. In [6] the impedance Z = 1/A is identi-
fied from point-wise measurements of the sound pres-
sure. In this case the reduced cost functional is of the
form Ĵ(Z) = J(p(Z), Z) and its gradient at an optimal
solution Z∗ has the form

Ĵ ′(Z∗) = σ
(

Z∗ − Z◦

)

+ ̺◦ω

(Z∗)2

∫

ΓR

λ∗(x)p∗(x) dx.

with p∗ = p(Z∗) and λ∗ solves

∆λ∗ + k2λ∗ = γ
N
∑

i=1

(pm
i − p∗(xi))δxi

in Ω,


̺◦ω

∂λ∗(x)
∂n = −λ∗(x)

Z∗
in ΓR,


̺◦ω

∂λ∗(x)
∂n = 0 in ΓN .

It turns out that due to the non-linear term 1/(Z∗)2

the quasi-Newton method requires more iterations (i.e.,
more CPU-time) to reach convergence than identifying
the admittance.

The optimization method is described in Algorithm 1.

Algorithm 1 Quasi-Newton method.

1: Choose starting values A0 = (A0
ℜ, A

0
ℑ) ∈ R

2 as well
as stopping tolerance ε > 0, set H0 = σI ∈ R

2×2

and i = 0.
2: repeat
3: Compute Ĵ(Ai) and Ĵ ′(Ai) ∈ R

2.
4: Solve for δAi ∈ R

2 the quasi-Newton system

HiδAi = −Ĵ ′(Ai).

5: Determine a stepsize parameter s > 0 by the
Wolfe-Powell linesearch.

6: Update the admittance Ai+1 = Ai + sδAi.
7: Compute new Hessian by te BFGS formula.
8: Set i = i+ 1.
9: until |Ĵ ′(Ai)| < ε

4 Reduced-order modeling (ROM)

In this section we describe the POD reduced-order ap-
proach.

4.1 POD basis for the Helmholtz equation

The acoustic domain is plotted in Figure 1. The im-
pedance boundary is ΓR = {(x, 0) | 0.5 ≤ x ≤ 2.5} and
the loud speaker is located in xq = (0.21, 1.28) ∈ Ω. We
apply a standard piecewise linear finite element (FE)
discretization with m = 2108 degrees of freedom. Let
{ϕi}mi=1 denote the piecewise linear finite element an-
satz functions. Then, a finite element function is descri-
bed by a coefficient vector in R

m containing the values
of the finite element function at each grid points.

We introduce the mass martix M ∈ R
m×m with the ele-

ments

Mij =
∫

Ω

ϕj(x)ϕi(x) dx, 1 ≤ i, j ≤ m,

4
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Figure 1: Acoustic domain Ω ⊂ R
2, where the impedance

boundary ΓR consists in parts 4 and 5 of Γ.

and the stiffness matrix S ∈ R
m×m with the elements

Sij =

∫

Ω

m
∑

k=1

∂ϕj(x)

∂xk

∂ϕi(x)

∂xk
dx +Mij , 1 ≤ i, j ≤ m.

Note that both M and S are symmetric and positive
definite. Furthermore, the L2- and H1-inner product of
two FE functions

ϕ(x) =

m
∑

i=1

ciϕi(x), ϕ̃(x) =

m
∑

i=1

c̃iϕi(x)

can be described by

〈ϕ, ϕ̃〉L2 =

∫

Ω

ϕ(x)ϕ̃(x) dx =

m
∑

i,j=1

ciMij c̃j = cTMc̃,

〈ϕ, ϕ̃〉H1 = 〈ϕ, ϕ̃〉L2 +
〈

∂ϕ
∂x ,

∂ϕ̃
∂x

〉

L2

+
〈

∂ϕ
∂y ,

∂ϕ̃
∂y

〉

L2

= cTSc̃,

where c = (c1, . . . , cL)T , c̃ = (c̃1, . . . , c̃L)T .

We consider a fire resistant form, Melamin 50mm, as a
damping material. The complex impedance in normal
direction of this material has been measured with an
impedance tube. The measurement data has to be in-
terpolated and smoothed for a quantitative validation.
In Figure 2 the impedance and corresponding admittan-
ce values are plotted.

Next we compute the FE solution ph(fj) = phℜ(fj) +
phℑ(fj) to (11) for the frequencies fj = 199 + j, j =
1, . . . , n with n = 251, and corresponding admittance
A(fj), where

phℜ(fj) =

m
∑

i=1

αjiϕi, phℑ(fj) =

m
∑

i=1

βjiϕi, αji , β
j
i ∈ R

and pj
ℜ

= (αj1, . . . , α
j
m)T , pj

ℑ
= (βj1, . . . , β

j
m)T ∈ R

m are
the real respectively imaginary parts of the FE coef-
ficients for pjh. Note that also ω and k depend on f .
In the context of Section 2.1 we choose the snapshots

200 250 300 350 400 450
−1500

−1000

−500

0

500

frequency range in Hz

Impedance Melamin 50mm

 

 

Re(Z)
Im(Z)

200 250 300 350 400 450
2

4

6

8

10

12

14x 10
−4

frequency range in Hz

Admittance Melamin 50mm

 

 

Re(A)
Im(A)

Figure 2: Impedance and admittance values for Melamin
50mm in the frequency range from 200 to 450Hz.
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Figure 3: Decay of 45 largest normalized eigenvalues
λi/

∑n
i=1 λi or W = M (left plot) and W = S (right

plot).

yj = pj
ℜ
, 1 ≤ j ≤ n. For the weighting matrix we stu-

dy the reasonable choices W = M (L2-inner product)
or W = S (H1-inner product). Moreover, we choose the
weights αj = 1 for all j = 1, . . . , n. Then, we compute
the POD basis {ψi}ℓi=1 of rank ℓ for the approximation
of the real part of the sound pressure. For the imagina-
ry part we proceed analogously and determine a POD
basis {φi}ℓi=1. In Figure 3 the decay of the largest 45
normalized eigenvalues are presented.

Since the decay of the eigenvalues for the real is similar
to the one for the imaginary part, we choose the same
number of POD ansatz functions for the real and the
imaginary parts which is not necessary. We summarize
the procedure in Algorithm 2.

4.2 ROM for the Helmholtz equation

Next we utilize the computed POD basis functions to
derive a POD Galerkin scheme for (11).

Let χik = ψi + φk : Ω → C for 1 ≤ j, k ≤ ℓ. Then, we
make the ansatz

pℓ(x) =

ℓ
∑

l=1

αℓ,lψl(x) + βℓ,lφl(x), αℓ,l, βℓ,l ∈ R,

5



Algorithm 2 POD basis for the Helmholtz equation.

1: Choose a weighting matrix W (e.g., W = M or S).
2: Fix the number ℓ of POD basis functions for the real

as well as for the imaginary part.
3: Choose a reference admittance Ar(f) or impedance
Zr(f) over the frequency range 200 to 450Hz.

4: for f = 200 to 450 do
5: Compute the FE solution ph(f) to (11) with A =

Ar(f) or Z = Zr(f).
6: end for
6: Compute a POD basis {ψi}ℓi=1 using the snapshots

{phℜ(f)}450
f=200.

6: Determine a POD basis {φi}ℓi=1 using the snapshots
{phℑ(f)}450

f=200.

ℓ Eℜ(L2) Eℑ(L2) Eℜ(H1) Eℑ(H1) CPU

25 56.64 38.95 56.67 37.63 3.7e-4
28 14.59 12.58 14.28 12.65 2.0e-4
29 9.46 8.25 9.40 8.35 2.9e-4
30 2.85 3.21 2.82 3.28 4.3e-4
35 0.83 0.58 0.86 0.64 3.7e-4
40 0.05 0.28 0.13 0.32 5.1e-4
45 0.03 0.24 0.10 0.28 6.9e-4

Table 1: Relative errors in the reduced-order model com-
pared to the finite element model and CPU times sum-
marized over all n = 251 frequencies (times for POD sol-
vers divided by times for FE solver).

pℓ = pℓℜ + pℓℑ, multiply (11a) by the test functions
ψi + φk, i, k = 1, . . . , ℓ and integrate over Ω. Integrati-
on by part and the boundary conditions (11b)-(11c) we
end up with a linear system in the 2ℓ real coefficients
αℓ,l, βℓ,l, 1 ≤ l ≤ ℓ, whereas in the FE case we have a
linear system of the size 2m = 4216 ≫ 2ℓ.

To measure the error between the POD and the FE
model we introduce the quantities

Eℜ(X) = 1
n

n
∑

j=1

√

‖pℓ
ℜ

(fj)−ph
ℜ

(fj)‖2

X

‖ph
ℜ

(fj)‖2

X

· 100%,

Eℑ(X) = 1
n

n
∑

j=1

√

‖pℓ
ℑ

(fj)−ph
ℑ

(fj)‖2

X

‖ph
ℑ

(fj)‖2

X

· 100%,

where X stands for L2(Ω) or H1(Ω) (shortly, L2 re-
spectivelyH1). The obtained quantities are presented in
Table 1. As expected, the relative errors decrease with
increasing number ℓ of POD basis functions in the Ga-
lerkin ansatz.

4.3 ROM for the identification problem

Now we turn to the identification problem. In Figure 4
the N = 6 measurement points xi for the sound pres-
sure are plotted. The goal is to identify the admittance
Aid for Melamin 50mm in the frequency range from 200
to 450Hz (see Figure 2, right plot) from N = 6 point-
wise sound pressure values pmi (compare (12)) associa-
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Figure 4: Acoustic domain Ω ⊂ R
2 with N = 6 measure-

ment points for the sound pressure.
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Figure 5: Decay of 50 largest normalized eigenvalues
λi/

∑n
i=1 λi orW = M (left plot) andW = M+S (right

plot).

ted with the FE solution to (11) using A = Aid. The
POD basis is computed from FE solutions to (11) for
the frequencies f = 200, 201, . . . , 450, where for every f
we vary the admittance A = Aℜ + Aℑ as follows

Aℜ = 2 · 10−4, 4 · 10−4, 6 · 10−4,

Aℑ = 6 · 10−4, 10−3, 1.6 · 10−3,

i.e., we have 251 × 9 = 2259 snapshots. From Figure 2
we observe that 2 · 10−4 ≤ Aidℜ ≤ 6 · 10−4 and 6 · 10−4 ≤
Aidℑ ≤ 1.6 ·10−3 hold. For the computation of the snaps-
hots 3331 seconds CPU time is needed, see Table 2. The
decay of the eigenvalues are depicted in Figure 5.

In Figures 6-8 we compare the FE solution and its POD
approximation at the 6 measurement points, where we
use the admittance A = Aid(f). We observe that the
relative errors are small except for certain frequencies.
The error can be decreased if we include more ten 45
POD basis functions in our Galerkin ansatz. However,
it turns out that for the identification a more precise
approximation is not necessary.

The goal of the identification problem is to recover
the admittance by solving (P̂) for the frequencies f =

6
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Figure 6: Relative error in the measurement points x1 =
(2.15, 1.23) and x2 = (2.8, 0) in per cent.
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Figure 7: Relative error at the measurement points x3 =
(3, 0.11) and x4 = (0.83, 0.53) in per cent.
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Figure 8: Relative error at the measurement points x5 =
(1.0, 0.8) and x6 = (2.1, 0.6) in per cent.
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Figure 9: Relative error in the real part of the admittance
(left plot) and in the imaginary part of the admittance
(right plot) in per cent.
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Figure 10: Relative error in the admittance (left plot)
and in the impedance (right plot) in per cent.

200, 201, . . . , 450. For every frequency we apply Algo-
rithm 1. In the cost functional (12) we take γ = 1 and
σ = 200. Denoting by A∗(f) the obtained optimal ad-
mittance for the frequency f , we choose the nominal
values

A◦ =

{

0 if f = 200,
A∗(f − 1) otherwise.

As starting values for the quasi-Newton method we take

A0 =

{

1/Z0 if f = 200,
A∗(f − 1) otherwise

with Z0 = 100(1 − ). For the Hessian we use the start
matrix σI. For more details we refer also to [6].

In Figures 9-10 we plot the relative errors between the
estimated admittance A∗(f) and the ‘true’ value Aid(f).

The error is less than 5%. The CPU times are depicted
in Table 2.

Note that the quasi-Newton method based on a POD
approximation for the Helmholtz and adjoint equations
requires only 43 seconds, whereas the quasi-Newton me-
thod based on a FE approximation is 338 times larger.
Furthermore, the CPU time for the FE optimizer is si-
gnificantly larger than for the computation of the snap-
shots plus for the POD optimizer.
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CPU time

Snapshot computation 3331 s
Computation of the POD basis 12 s
Quasi-Newton method with POD 43 s
Quasi-Newton method with FE 14452 s

Table 2: CPU times for the POD modeling and the op-
timization.
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