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Abstract
In this paper we describe a matrix-free iterative algorithm based on the GMRES method
for solving electromagnetic scattering problems expressed in an integral formulation. Integral
methods are an interesting alternative to differential equation solvers for this problem class
since they do not require absorbing boundary conditions and they mesh only the surface of
the radiating object giving rise to dense and smaller linear systems of equations. However,
in realistic applications the discretized systems can be very large and for some integral
formulations, like the popular Electric Field Integral Equation, they become ill-conditioned
when the frequency increases. This means that iterative Krylov solvers have to be combined
with fast methods for the matrix-vector products and robust preconditioning to be affordable
in terms of CPU time. In this work we describe a matrix-free two-grid preconditioner for the
GMRES solver combined with the Fast Multipole Method. The preconditioner is an algebraic
two-grid cycle built on top of a sparse approximate inverse that is used as smoother, while the
grid transfer operators are defined using spectral information of the preconditioned matrix.
Experiments on a set of linear systems arising from real radar cross section calculation in
industry illustrate the potential of the proposed approach for solving large-scale problems in
electromagnetism.
Keywords : Iterative methods, Frobenius-norm minimization method, spectral
preconditioner, additive two-grid cycles, electromagnetic scattering applications.
AMS subject classification: 65F10, 65F50, 65N38, 65R20, 78A45, 78A50, 78-08
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Introduction.

In recent years, considerable research efforts have been devoted to the efficient numerical solution
of the Maxwell’s equations on high-performance computers. This analysis is of relevant interest for
the simulation of many industrial processes like the design of microcircuits, medical equipment and
absorbing materials, the study of the electromagnetic compatibility of modern electronic devices,
the radar cross section calculation of electrically large objects like aircrafts and many others. The
physical issue consists in detecting the diffraction pattern of the outgoing radiation that is scattered
back when an object is illuminated by an ingoing electromagnetic wave. Two main approaches are
generally used for the numerical solution. One approach, based on differential equation methods
(finite element, finite difference and finite volume methods), discretizes a finite volume surrounding
the scatterer and gives rise to sparse and very large linear systems of equations. In recent years,
alternative strategies based on integral equation methods have received a growing interest. Using
the equivalence principle, the Maxwell’s equations can be recast into a set of integral equations
which relate the electromagnetic fields outside the object to the electric and magnetic currents
that are induced on the surface of the object. Integral methods are particularly attractive because
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the boundary conditions are automatically satisfied and for homogeneous or layered homogeneous
dielectric objects they require to mesh only the surface of the radiating object and the discontinuous
interfaces between two different materials. They solve for the induced surface currents whereas
differential equation methods solve for the electromagnetic scattered fields. The collocation or
Galerkin discretization of integral equations give rise to dense matrices that have smaller size
compared to those arising from finite element or finite difference discretizations. However, the
resulting systems can be very large since their dimension n is of the order of λ/10, where λ denotes
the wavelength. When the frequency increases, the memory cost of direct methods cannot be
afforded even on high-performance computers and iterative solvers are mandatory to use. In this
paper, we consider the design of robust parallel preconditioners for electromagnetic scattering
problems expressed in the popular Electric Field Integral Equation formulation. We focus on
this formulation because it gives rise to ill-conditioned systems especially for high frequencies and
is routinely used in industry as it is applicable to general objects, including bodies with open
surfaces, cavities and disconnected parts. After a brief description of the physical problem in
Section 2, in Section 3 we introduce a matrix-free iterative algorithm combined with the FMM.
We assess the performance of our method in Section 4 by reporting on experiments on a set of
real-life industrial problems arising from radar cross section calculations. Finally, in Section 5 we
draw some conclusions arising from the work.

2

The electromagnetic scattering problem

We consider the case of a dielectric body Ωi with frontier Γ, and we denote by Ωe the
complementary of Ωi . We indicate by ²e (resp. ²i ) the electric permittivity in Ωe (resp. Ωi )
and by µe (resp. µi ) the magnetic permeability, and we denote ν the outgoing normal on Γ.
~ inc , H
~ inc ) of angular frequency
The entire domain Ω is illuminated by an incident plane wave (E
ω = ck = 2πc/λ, where the constant c is the speed of light, k is the wave number and λ = c/f is
the wave length (f is the frequency). The Maxwell’s equations for the electromagnetic fields in Ω
can be written
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An integral formulation of this problem can be derived by considering the electric and magnetic
~ and E
~
surface currents ~j and m
~ on Γ, that are defined as the tangential parts of the total fields H
(
~ tot ,
~j = ~ν ∧ H
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(3)

where we denote by R and S the integral operators
Z
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4πr

is the Green’s function. Using equations (3) in Ω, we obtain
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Finally, testing these equations with tangential test functions (~j t , m
~ t ), we derive the variational
formulation:
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For perfectly conducting objects, m
~ and m
~ t are null and (4) simplifies
Z
Z
~ inc .~j t ,
iω (µe S~e j).~j t = − E
Γ

(5)

Γ

that is known as Electric Field Integral Equation (EFIE). This formulation can be used for arbitrary
geometries, for instance those with cavities, disconnected parts, breaks on the surface. For closed
and perfectly conducting targets, it is possible to derive the Magnetic Field Integral Equation
(MFIE)
Z
Z
Z
1 ~ ~t
~ inc ∧ ~ν ).~j t .
(R~e j ∧ ~ν ).~j t +
j.j = − (H
(6)
2
Γ
Γ
Γ
This formulation suffers from interior cavity resonances and does not have unique solution. The
problem of nonuniqueness of the solution can be solved by combining linearly (5) and (6). The
resulting formulation is known as Combined Field Integral Equation (CFIE) and has the form
CF IE = αEF IE + (1 − α) ki M F IE; its use is mandatory for closed targets. Although any
value can be setup for the parameter α, the choice α = 0.2 is usually recommended. A thorough
presentation of integral equations in electromagnetism can be found in [40], from which we inherit
the notations.

3

Matrix-free
equations

iterative

solution

of

boundary

integral

For homogeneous or layered homogeneous dielectric bodies, the Galerkin method discretizes
equation (5) on the surface of the object and at the discontinuous interfaces between two different
materials. The induced current is expanded into a set of basis functions, the Rao-Wilton-Glisson
basis [34], and the surface of the radiating object is meshed using triangular facets like for standard
finite element methods. The discretization gives rise to dense and complex linear systems of
equations that are symmetric for the EFIE, unsymmetric for the CFIE and the MFIE. Each
3

unknown of the linear system represents the vectorial flux across an edge in the mesh. The total
number n of unknowns is given by the number of interior edges which is about one and a half times
the number of triangular facets. The value of n grows linearly with the dimension of the object and,
for a given target, quadratically with the frequency of the problem. In fact, when the frequency
increases, the edge length has to decrease to be in the order of λ/10 for a correct representation
of the oscillation of the field and the singularities of the scatterer. The coefficient matrix of the
resulting linear system is assembled triangle by triangle and its generic entry is associated with
the interaction of a pair of triangles in the mesh. The right-hand side depends on the frequency
and the illuminating angle; in monostatic radar cross section (RCS) simulations, systems with
one single right-hand side are solved, whereas the bistatic RCS calculation requires the solution
for multiple right-hand sides, ranging over the complete set of directions between the transmitter
and the receiver. For many years, Gaussian elimination has been the method of preference for
solving large dense systems issued from boundary integral equations in industry, mainly because
of its reliability and predictability in terms of cost [17]. Although efficient out-of-core direct
solvers have been developed for this problem class [1, 13], the huge storage requirement can be
a severe limit to the viability of integral equation methods for solving high-frequency problems
in electromagnetism. Iterative solvers, namely modern Krylov methods, can solve the bottleneck
of memory but have to be used in combination with fast methods for the matrix-vector products
and robust preconditioners. The condition number of matrices arising from the discretization of
EFIE can grow like p1/2 , where p denotes the size of the scatterer in terms of the wavelength,
and linearly with the number of points per wavelength [14]. As a result, Krylov methods scale
as O(n0.5 ) and preconditioning is crucial to accelerate convergence. In Figure 1 we display the
eigenvalue distribution of the discretized matrix for a model problem that is representative of
the general case. The presence of many isolated eigenvalues in the spectrum, some with large
negative real part is unfavorable for a rapid convergence of Krylov solvers. The CFIE formulation
is much better conditioned and unsymmetric Krylov solvers scale as O(n0.25 ). In this case basic
preconditioners like block Jacobi or incomplete factorizations can be effective.
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Figure 1: Eigenvalue distribution in the complex plane of the coefficient matrix for a model problem
that is representative of the general trend. The problem is modeled using the EFIE formulation.
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3.1

The design of the preconditioner

On EFIE many standard preconditioners can perform very poorly because of the indefiniteness
of A. Basic preconditioners like the diagonal of A, diagonal blocks, or a band can be effective
only when the coefficient matrix has some degree of diagonal dominance [39]. Block diagonal
preconditioners are generally more robust than their point-wise counterparts, but may require
matrix permutations or renumbering of the grid points to cluster the large entries close to the
diagonal. Incomplete factorizations have been successfully used on nonsymmetric dense systems
in [38] and hybrid integral formulations in [29], but on the EFIE the triangular factors computed
by the factorization can be very ill-conditioned. We illustrate this numerical behavior on a model
problem, that is a sphere of 1 meter length, illuminated at 300 MHz. The mesh is discretized with
2430 edges (Figure 2). More severe numerical difficulties can be expected for higher frequencies
since the coefficient matrices are less diagonal dominant. In Table 1 we report on experiments with

Figure 2: Model problem, a sphere of 1 meter length, illuminated at 300 MHz. The mesh is
discretized with 2430 edges.
an incomplete Cholesky preconditioner constructed using the pattern of a sparse approximation
Ã of A. We consider increasing values of the density for Ã as well as various levels of fill-in for
the triangular factor L. The general trend is that increasing the fill-in generally produces a much
more robust preconditioner than IC(0) applied to a denser sparse approximation of the original
matrix. Moreover, IC(`) with ` ≥ 1 may deliver a good rate of convergence provided the coefficient
matrix is not too sparse, as we get closer to LDLT . However, on indefinite problems the numerical
behavior of IC can be fairly chaotic. The factorization of a very sparse approximation (up to
2%) of the coefficient matrix can be stable and deliver a good rate of convergence, especially if at
least one level of fill-in is retained. For higher values of density for the approximation of A, the
factors may become very ill-conditioned, the triangular solves highly unstable and consequently
the preconditioner is useless. As shown in the table, ill-conditioning of the factors is not related to
ill-conditioning of A. This behavior has been already observed on sparse real indefinite systems,
see for instance [15].
Approximate inverse methods are generally less prone to instabilities on indefinite systems,
and several preconditioners of this type have been proposed in electromagnetism (see for instance
[2, 10, 12, 28, 37, 42]). Approximate inverses can be computed in factorized or unfactorized form,
5

IC(level)
IC(0)
IC(1)
IC(2)

Density of L
2.0%
5.1%
9.1%

Density of Ã = 2%
κ∞ (L)
GMRES(30)
2 · 103
378
1 · 103
79
9 · 102
58

GMRES(50)
245
68
48

IC(level)
IC(0)
IC(1)
IC(2)

Density of L
4.0%
11.7%
19.0%

Density of Ã = 4%
κ∞ (L)
GMRES(30)
9
6 · 10
–
2 · 105
–
7 · 103
40

GMRES(50)
–
–
38

Density of Ã = 6%
L
κ∞ (L)
GMRES(30)
8 · 1011
–
5 · 1011
–
7 · 104
–

GMRES(50)
–
–
–

IC(level)
IC(0)
IC(1)
IC(2)

Density of
6.0%
18.8%
29.6%

Table 1: Number of iterations of GMRES varying the sparsity level of Ã and the level of fill-in
on the model problem of Figure 2 (n = 2430, κ∞ (A) ≈ O(102 )). The iterations are stopped when
initial residual is reduced by five orders of magnitude. The symbol ’-’ means that convergence was
not obtained after 500 iterations.
depending on the fact that they are expressed as a single matrix or the product of two (or more)
matrices. For a small sphere, we display in Figure 3 the sparsity pattern of A−1 (on the left) and
L−1 , the inverse of its Cholesky factor (on the right), respectively, where all the entries smaller
than 5.0 × 10−2 have been dropped after a symmetric scaling such that maxi |aji | = maxi |`ji | = 1.
The inverse factors can be totally unstructured as shown in Figure 3(b). In Figure 4 we plot
the magnitude of the entries in the first column of A−1 (on the left) and L−1 (on the right),
respectively, with respect to their row index. These plots indicate that for unfactorized methods
any dropping strategy, either static or dynamic, may be very difficult to tune as it can easily
discard relevant information and potentially lead to a very poor preconditioner. Selecting too
small a threshold would retain too many entries and lead to a fairly dense preconditioner. Because
of these issues, finding the appropriate threshold to enable a good trade-off between sparsity and
numerical efficiency is challenging and very problem-dependent. As a result, the performance of
the AINV [6] and FSAI [27] preconditioners are disappointing (see Table 2).
Density of M
4%
6%
8%
10%

GMRES(m)
m=50
–
–
–
–

m=110
–
–
–
–

m=∞
–
259
229
216

Table 2: Number of iterations of GMRES preconditioned by AINV to reduce the initial residual
by five orders of magnitude. The symbol ’-’ means that convergence was not obtained after 500
iterations.
Owing to the rapid decay of the discrete Green’s function, the location of the large entries
in the inverse matrix exhibit some structure as shown in Figure 3(a). In addition, only a
very small number of its entries have large magnitude compared to the others that are much
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Figure 3: Sparsity patterns of the inverse of A (on the left) and of the inverse of its lower triangular
factor (on the right), where all the entries whose relative magnitude is smaller than 5.0 × 10−2 are
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2
2

1.8
1.8

Magnitude of the entries in the 1st row of A−1

1.6
1.6

1.4
1.4

1.2
1.2

1
1

0.8
0.8

0.6
0.6

0.4
0.4

0.2
0.2

0

0
0

20

40

60
Column of A−1

80

100

120

0

20

40

60

80

100

120

(b) Histogram of the magnitude of the
entries in the first column of the inverse of
a factor of A

(a) Histogram of the magnitude of the
entries of the first column of A−1

Figure 4: Histograms of the magnitude of the entries of the first column of A−1 and its lower
triangular factor. A similar behavior has been observed for all the other columns. The test problem,
representative of the general trend, is a small sphere.
smaller (Figure 4(a)). It means that a very sparse matrix is likely to retain the most relevant
contributions to the exact inverse. The approximate inverse can be computed as the matrix M
that minimizes the Frobenius-norm of the error matrix kI − AM kF , subject to certain sparsity
constraints. The Frobenius norm is chosen since it allows the decoupling of the constrained
minimization problems into n independent linear least-squares problems, one for each column
(resp. row) of M when preconditioning from the right (resp. left). The independence of these
least-squares problems follows immediately from the identity:
kI − AM k2F =

n
X

kej − Am•j k22 ,

(7)

j=1

where ej is the jth canonical unit vector, m•j is the column vector representing the jth column
of M . Both the construction and the application of M are embarrassingly parallel. Two different
approaches can be followed for the selection of the sparsity pattern of M : an adaptive technique
that dynamically tries to identify the best structure for M and a static technique, where the pattern
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of M is prescribed a priori based on some heuristics. The idea is to keep M reasonably sparse
while trying to capture the large magnitude entries of the inverse, which are expected to contribute
the most to the quality of the preconditioner. A static approach that requires an a priori nonzero
pattern for the preconditioner, introduces significant scope for parallelism and has the advantage
that the memory storage requirements and the computational cost for the setup phase are known
in advance. However, it can be very problem dependent. A dynamic approach is generally effective
but very expensive. These methods usually start with a simple initial guess, like a diagonal matrix,
and then improve the pattern until a criterion of the form kAmj − ej k2 < ε (for each j) is satisfied
for a given ε > 0, ej being the jth column of the identity matrix, or until a maximum number of
nonzeros in the jth column mj of M has been reached. In Table 3 we report on results on the
model problem using the MI12 routine of the Harwell Subroutine Library [25] which implements the
adaptive procedure described in [20]. Provided the preconditioner is dense enough, SPAI is quite
effective in reducing the number of iterations. However, the construction of the preconditioner
with a density of 10% takes more than one day using one processor on a SGI Origin 2000. On
Density of M
2%
6%
10%

GMRES(m)
m=10
–
–
–

m=30
–
–
283

m=50
–
194
100

m=80
–
122
68

m=110
–
93
68

Table 3: Number of iterations required by different Krylov solvers preconditioned by SPAI to
reduce the initial residual by five orders of magnitude. The symbol ’-’ means that convergence was
not obtained after 500 iterations.
dense problems from electromagnetics, a good pattern for M can be prescribed a priori exploiting
the rapid decay of the discrete Green’s function which induces a similar structure in A and its
inverse. The pattern can be computed in advance using graph information from the near-field part
of the matrix that is explicitly computed and available in the Fast Multipole Method [2, 28], or
graph information from the mesh, by selecting for the jth column of the approximate inverse edge
j and its qth level nearest-neighbours [33]. In the next section we introduce a preconditioning
algorithm constructed on top of a Frobenius-norm minimization method and aimed at enhancing
its robustness. We present the main ideas behind the method and illustrate the results of numerical
experiments for the solution of realistic industrial problems in combination with the Fast Multipole
Method.

3.2

Algebraic two-grid spectral preconditioning

In this section we perform a study with a two-grid spectral preconditioning algorithm that is
built on top of a given preconditioner M , meaning that we want to solve M Ax = M b for left
preconditioning, or AM y = b, x = M y for right preconditioning. We inherit the basic idea from
standard two-grid cycles that are fully defined by the selection of the coarse grid, the choice of
the smoother applied on the fine grid and of the grid transfer operators to move between fine and
coarse grid. We use the preconditioner M to define a weighted stationary method that implements
the smoother and the coarse space is defined using a Galerkin formula Ac = RH AP , where R and
P are the restriction and the prolongation operator, respectively. We consider an additive two-grid
cycle, although schemes based on standard multiplicative cycles can be derived as well [11]. After µ
smoothing steps, we project by means of the operator R the residual into the coarse subspace and
we solve the coarse space error equation involving Ac = RH AP . Finally, we prolongate back
the error using the operator P in the original space and smooth again the new approximation.
8

These two contributions are summed together for the solution update. We define the grid-transfer
operators algebraically, and select P = Vε to be the set of right eigenvectors associated with the
set of eigenvalues λi of M A with |λi | ≤ ε. For the restriction operator, a natural choice is to
select R = W orthogonal to Vε (i.e. W H Vε = I). Following [19, 41], we define the filtering
operators using the grid transfer operators as (I − Vε W H ). Thus we have (I − Vε W H )Vε = 0
and the filtering operator is supposed to remove all the components of the preconditioned residual
in the Vε directions. The coarse grid correction computes components of the residual in the
space spanned by the eigenvectors associated with the few selected small eigenvalues, while at the
end of the smoothing step the preconditioned residual is filtered so that only components in the
complementary subspace are retained. The preconditioner constructed using this scheme depends
on A, M , µ, ω > 0. For the sake of simplicity of exposure, we will simply denote it by MAdd (A, M ).
We present a sketch of the algorithm in Figure 5. It takes as input a vector r that is the residual
vector we want to precondition, and returns as output the preconditioned residual vector z.

set z 1 = 0
for k=1, iter do
1. Compute the residual
sk = r − Az k
2. Compute the high and low frequency corrections
(a) High frequency correction
ek,0
1 =0
for j=1, µ do
k,j−1
ek,j
+ ωM (sk − Aek,j−1
)
1 = e1
1
end for
ck1 = (I − Vε W H )ek,µ
1
(b) Low frequency correction
H k
ck2 = Vε A−1
c W s
3. Update the preconditioned residual
z k+1 = z k + ck1 + ck2
end for
z = z iter
Figure 5: Additive two-grid spectral preconditioning. The algorithm.

Proposition 1 Let W be such that Ac = W H AVε has full rank and satisfies (I − Vε W H )Vε = 0,
the preconditioning operation described in the algorithm of Figure 5 can be written in the form
z = MAdd r. After one cycle (iter = 1), MAdd has the following expression:
H
MAdd = Vε A−1
+ (I − Vε W H )(I − (I − ωM )µ )A−1 .
c W

(8)

Proof
Hereby we remove the superscript k in the algorithm of Figure 5, as we analyze the case iter = 1.
The statement easily follows from the observation that the smoothing step generates sequence of
9

vectors of the form ej1 = (I − ωM A)ej−1
+ ωM r, that can be written eµ1 = [I − (I − ωM A)µ ]A−1 r
1
0
because e1 = 0.
¥
In the following proposition, we examine the effect of MAdd on the spectrum of the
preconditioned matrix. We analyse the case when M A has a complete set of eigenvectors, that is
M A is diagonalizable in the form
M A = V ΛV −1 ,
(9)
with Λ = diag(λi ), where |λ1 | ≤ . . . ≤ |λn | are the eigenvalues and V = (vi ) the associated right
eigenvectors. Let Vε be the set of right eigenvectors associated with the set of eigenvalues λi with
|λi | ≤ ε.
Proposition 2 The preconditioner MAdd defined by Proposition 1 is such that the preconditioned
matrix MAdd A has eigenvalues:
½
ηi = 1
if |λi | ≤ ε,
ηi = 1 − (1 − ωλi )µ if |λi | > ε.
Proof
Let V = (Vε , Vε̄ ), where Vε̄ is the set of (n − k) right eigenvectors associated with eigenvalues
|λi | > ε of M A. Let Dε = diag(λi ) with |λi | ≤ ε and Dε̄ = diag(λj ) with |λj | > ε. Then the
following relations hold: MAdd AVε = Vε , and MAdd AVε̄ = Vε̄ (I − (I − ωDε̄ ))µ + Vε CAdd with
H
H
µ
CAdd = A−1
c W AVε̄ − W Vε̄ (I − (I − ωDε̄ ) . This can be written:
µ
¶
I
CAdd
MAdd AV = V
0 I − (I − ωDε̄ )µ
¥
The spectral properties of the preconditioner have been derived from the algorithm in Figure 5
where only one outer iteration is considered. For ω = 1, implementing “iter” outer steps leads to
a spectral transformation that is defined by the following proposition.
Proposition 3 The preconditioner MAdd defined by the algorithm of Figure 5 with iter ≥ 1 and
ω = 1 is such that the preconditioned matrix MAdd A has eigenvalues:
½
ηi = 1
if |λi | ≤ ε,
ηi = 1 − (1 − λi )iter×µ if |λi | > ε.
Proof
The assertion is true for iter = 1. Suppose that after iter cycles the eigenvalues are transformed
as follows:
½
δi = 1
if |λi | ≤ ε,
δi = 1 − (1 − λi )iter×µ if |λi | > ε.
One additional cycle with MAdd gives the following spectral transformation: ηi = 1−(1−δi )µ =
= 1 − (1 − (1 − (1 − λi )iter·µ ))µ = 1 − ((1 − λi )iter·µ )µ = 1 − (1 − λi )(iter+1)·µ . Thus the assertion
follows by induction on the number of outer steps.
¥
Remark 1 Let B and C be two square matrices, it is known that the eigenvalues of AB are the
same as those of BA. Consequently using MAdd either as a left or as a right preconditioner will
give the same spectrum for the preconditioned matrix.
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In Figure 6 we depict the spectral transformation for ω = 1.0 in the case M A has real
eigenvalues. We can observe that for µ > 1 all the eigenvalues lying in the open disk of radius one
centered in (1,0) are attracted toward (1,0); the clustering is stronger for larger µ. The eigenvalues
out of this disk are spread away from (1,0) potentially damaging the convergence. We see that
those having magnitude larger than two become negative for µ even, they stay positive for µ odd.
The use of a damping parameter ω can ensure better clustering of the right part of the spectrum in
this case. Selecting ω = λmax
α , the spectrum of M A is contracted so that the largest eigenvalue has
modulus α. Although in the contraction some small eigenvalues will approach the origin, with an
appropriate choice of α the right part of the spectrum is likely to cluster more effectively around
one. However, the most suitable choice of this parameter depends on the eigenvalue distribution
and it is difficult to define in advance.
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Figure 6: Shape of the polynomial that governs the eigenvalues distribution of the two-grid spectral
preconditioner for ω = 1.

3.2.1

Discussions

The Frobenius-norm minimization preconditioner succeeds in clustering most of the eigenvalues
far from the origin. This can be observed in Figure 7 where we see a big cluster near (1.0,0.0)
in the spectrum of the preconditioned matrix for a small test problem that is representative of
the general trend. This kind of distribution is highly desirable to get fast convergence of Krylov
solvers. Nevertheless the eigenvalues nearest to zero potentially can slow down convergence. The
small eigenvalues are difficult to remove even if we increase the number of nonzeros. This scenario is
typical of many standard preconditioners and applications, where the preconditioned matrix results
in a fairly well clustered spectrum close to one but often a few small eigenvalues are left close to the
origin and are difficult to remove by tuning the parameters that control the preconditioner. This
may happen in particular for indefinite problems when some eigenvalues, in their migration process
towards the real axis under the action of a good preconditioner, can group close to the origin of the
complex plane. It is known that the convergence of Krylov methods for solving the linear system
depends to a large extent on the eigenvalue distribution. In exact arithmetic, the solution of Ax = b
lies in the space Km (A, b), where m is the degree of the minimal polynomial of A. If λ1 , ..., λd are
Pd
the distinct eigenvalues of A, we have m = j=1 mj where mj is the index of λj . The smaller the
degree of the minimal polynomial, the faster the expected rate of convergence. If the eigenvalues
are not distinct but the diameters of the clusters are small enough, each cluster behaves numerically
like a single eigenvalue, and we may expect a few iterations of a Krylov method to converge to
reasonably accurate approximations. Since Krylov methods build a polynomial expansion of A
that is equal to one at zero and has to approximate zero on the set of eigenvalues, the presence of
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Figure 7: Eigenvalue distribution for the coefficient matrix preconditioned by the Frobenius-norm
minimization method on a small test problem, that is representative of the general trend.
clusters close to zero is undesirable because a polynomial of low-degree cannot approximate zero
at such many points. To cure this, several techniques have been proposed in the past few years,
mainly to improve the convergence of GMRES. There are essentially two different approaches for
exploiting information related to the smallest eigenvalues. The first idea is to compute a few, k say,
approximate eigenvectors of M A corresponding to the k smallest eigenvalues in magnitude, and
augment the Krylov subspace with those directions. This approach is referred to as the augmented
subspace approach (see [7, 30, 31, 32, 43]). The approximate eigenvectors can be chosen to be
Ritz vectors from the Arnoldi process. The standard implementation of the restarted GMRES
algorithm is based on the Arnoldi process, and spectral information of M A might be recovered
during the iterations. The second idea exploits spectral information gathered during the Arnoldi
process to determine an approximation of an invariant subspace of A associated with the eigenvalues
nearest the origin, and uses this information to construct a preconditioner or to adapt an existing
one [3, 9, 18, 26, 36]. The novelty of the approach presented in this paper compared to other
spectral preconditioning techniques like those described in [3, 9, 26] is that the proposed method
induces a global deflation in the spectrum of the preconditioned matrix. The combined effect of
the coarse grid correction that shifts the smallest eigenvalues to one, coupled with the action of
the Richardson accelerator that clusters the rest of the spectrum can be beneficial in the presence
of outliers or many isolated eigenvalues. The price to pay are additional matrix-vector products.
Applying MAdd requires (µ − 1) × iter matrix-vector products with M , and (µ × iter − 1) products
by A. The filtering operation costs 2nk operations and the low frequency correction costs 2nk + k 2 ,
where k is the size of the coarse space. As µ, iter, k are O(1), the overall cost of applying MAdd
if O(n). Under the assumption that the convergence of Krylov solver is mainly governed by the
eigenvalue distributions (i.e. iter × µ given), from Proposition 3 follows that it is more efficient to
use only one two-grid cycle with (iter × µ) smoothing steps rather than iter two-grid cycles with
µ smoothing steps per cycle.

3.3

Implementation of the Fast Multipole Method

In the numerical experiments reported in this paper, the preconditioned Krylov method is combined
with multipole techniques for the matrix-vector products. In the last twenty years, fertile research
efforts have led to the development of fast methods for performing approximate matrix-vector
products with boundary integral operators (see e.g. [4, 5, 8, 22, 23, 24]), including reliable
12

implementations on distributed memory computers [21, 40]. In our experiments, we use a multilevel
implementation of the Fast Multipole Method (FMM). The algorithm, introduced by Greengard
and Rokhlin [22, 35], enables us to compute approximate matrix-vector products with dense
matrices arising from the discretization of boundary integral operators in O(n log n) arithmetic
operations and O(n log n) memory storage. The method is approximate in the sense that the
relative error in the matrix-vector computation is of the order of ² = 10−3 . The main idea is
to compute interactions amongst degrees of freedom in the mesh at different levels of accuracy
depending on their physical distance. In a first stage of the algorithm, the mesh of the discretized
object is partitioned by recursive subdivision into disjoint aggregates of small size compared to
the wavelength, each roughly formed by an equal number of separate triangles. The near-field
interactions between triangles belonging to neighbouring boxes are computed explicitly using
truncated series expansions of the Green’s function. As the neighbourhood of a box is defined
by the box itself and its 26 adjacent neighbours (eight in 2D), this computation reduces to a
sparse matrix-vector product operation. The far-field interactions between far-away triangles are
approximated using a separable expression of the discrete Green’s function, which separates the
Green’s function into two sets of terms that depend only on the observation point x and the source
point y, respectively. This expression can be used only if x and y are distant enough in the mesh
and cannot be used for the near-field. The cumulative effect of the interaction corresponding
to nodes belonging to each far-away box is concentrated in a single coefficient that is called
multipole coefficient. Multipole coefficients of far-away boxes are summed together to compute
local coefficients for the observation box, and the total effect of the far field on each triangle is
evaluated from the local coefficients (see Figure 8 for a 2D illustration). Local and multipole

Figure 8: Interactions in the one-level FMM. For each observation box, the interactions with the
gray neighbouring boxes are computed directly. The contribution of far away boxes are computed
approximately. Multipole expansions of far away boxes are translated to local expansions for the
observation box and the total field induced by far away boxes is evaluated from local expansions.
coefficients are pre-computed, stored and reused many times in the matrix-vector calculation. The
final cost of this operation is reduced to O(n3/2 ) in the basic one-level algorithm. In the numerical
experiments, we consider the parallel multilevel implementation of the FMM described in [16, 40].
In the multilevel algorithm, the box-wise partitioning of the obstacle is carried out until the size
of the smallest box is of the order of λ/2 and a tree-structured data is used at all levels to record
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the non-empty boxes of the partitioning. The resulting tree is called the oct-tree (see Figure 9)
and its leaves are generally referred to as the leaf boxes. Multipole coefficients are computed for

Figure 9: The oct-tree in the FMM algorithm. The maximum number of children is eight. The
actual number corresponds to the subset of eight that intersect the object. Courtesy of EADS.
all boxes starting from the lowest level of the oct-tree and recursively for each parent box by
summing together multipole coefficients of their children. In the matrix-vector calculation, the
tree is explored from the root to the leaves, and at each level the one level multipole method is
used to treat interactions between non-neighbouring domains that have not yet been treated at an
upper level. At the lowest level of the tree, that is for the leaf-boxes, the interactions are computed
explicitly. In the multilevel algorithm, the computational cost is O(n log n).

4

Numerical experiments.

We report on results of experiments on a set of real-life industrial problems provided by EADS.
The two-grid preconditioning scheme described in the earlier section is applied on top of a sparse
approximate inverse preconditioner based on Frobenius-norm minimization which plays the role
of the smoother M . This class of approximate inverses is an interesting alternative to standard
smoothers because it is inherently parallel, ordering independent and locally adaptive. A relevant
issue is the selection of a good sparsity pattern for M . In this work, we compute the approximate
inverse from the near-field part Ã of A, meaning that we solve kI − ÃM k2F for right preconditioning.
We prescribe in advance the nonzero structure J = {i ∈ [1, n] s.t. mij = 0} for the jth column
of M using geometric information from the mesh. In the context of FMM, we adopt the following
criterion: the nonzero structure of each column of the preconditioner is defined by retaining edges
within the associated leaf box and one level of neighbouring boxes. The near-field matrix Ã is
constructed computing interactions of triangles within the same leaf box and up-to two levels of
neighbouring boxes. The least-squares solution involves only the columns of Ã indexed by J; we
indicate this subset by Ã(:, J). As Ã is sparse, many rows in Ã(:, J) are null and do not affect the
solution of the least-squares problems (7). If we denote by I the set of indices corresponding to
the nonzero rows in Ã(:, J) and define by Â = Ã(I, J), m̂j = mj (J), and êj = ej (J), the actual
reduced least-squares problems to solve are
minkêj − Âm̂j k2 , j = 1, ..., n.
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(10)

Problems (10) have much smaller size than problems (7) and can be effectively solved by a dense
QR factorization. We observe that the least-square problems corresponding to edges within the
same box are identical because they are defined using the same nonzero structure and the same
set of entries of A. It means that the preconditioner has a block structure and we only have to
compute one QR factorization per leaf box. Thus the construction cost of the approximate inverse
scales as O(n), and its application is a sparse O(n) matrix-vector product operation. Details of
the implementation of the approximate inverse in the EADS code as well as results on the parallel
and numerical scalability are reported in [10]. In the numerical experiments, we consider a right
preconditioned GMRES method; iterations start from the zero vector and are stopped when the
normwise backward error ||r||
||b|| , where r denotes the residual and b the right-hand side of the linear
system, is smaller that 10−3 . This tolerance is accurate for engineering purposes, as it enables the
correct reconstruction of the radar cross section of the object and is in the order of accuracy of
the approximate matrix-vector products when using FMM. We use highly accurate FMM for the
standard matrix-vector product operation within GMRES, and less accurate FMM for the extra
matrix-vector products involved in the smoother of the preconditioning operation. The price to pay
for the accuracy is mainly computational time, high accuracy also means more time consuming to
compute. The parallel runs have been performed in single precision arithmetic on sixteen processors
of a HP-Compaq Alpha server, a cluster of Symmetric Multi-Processors. In the next sections we
describe the set of test problems and the results of numerical experiments.

4.1

Test examples

For the numerical experiments, we consider the following three test problems provided by EADS:
• an Airbus aircraft (Figure 10(c)) discretized with 23796 degrees of freedom. The size is
1.8 m × 1.9 m × 0.65 m. This mesh is used in realistic industrial simulations.
• the Almond problem (Figure 10(b)), discretized with 104793 edges. The size is 2.5 m. It was
an official test case for the JINA 2002 conference (12th International workshop on Antenna
design, Nice 2002).
• the Cobra problem (Figure 10(a)), a standard test case in the electromagnetic community.
The geometry represents an air intake and has size 67.9 cm × 23.3 cm × 11 cm. As the surface
is open, it can only modeled using the EFIE formulation. The mesh has 60695 degrees of
freedom.
In Table 4 we report on the physical characteristics of each problem, that are the frequency
of the illuminating wave and the size of the scatterer with respect to the wavelength measured as
the diameter (in wavelengths) of the smallest sphere that encompasses the object. As the solution
of Maxwells equations is highly oscillating, for an accurate representation the average length of
the edges varies in the range between λ/6 and λ/10. Among all the possible right-hand sides we
have selected those that are the most difficult to solve in order to better illustrate the robustness
and the efficiency of our preconditioner. The condition number κ∞ (A) for the test problems is
O(102 ) for CFIE and O(104 ) for EFIE. Although the test problems are not ill-conditioned, they
are difficult to precondition as illustrated in Section 3.1
Geometry
Aircraf t
Almond
Cobra

Size
23676
104793
60695

Frequency
2.3 GHz
2.6 GHz
10.0 GHz

λ
13.0 cm
11.5 cm
3.0 cm

p
14
22
24

Table 4: Physical characteristics of the test problems.
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(a) Cobra

(b) Almond

(c) Airbus

Figure 10: Mesh associated with test examples. Courtesy of EADS.

4.2

Numerical results

In Tables 5-6 we report on the number of iterations and the elapsed-time for different sizes of the
coarse space and an increasing number of smoothing steps. For the two tests examples we show
results with restarted and full GMRES. For these experiments we setup ω = 23 λmax (M A), that is
an overall good choice. In this table we also display the number of iterations and the elapsed time
of GMRES with only the sparse approximate inverse. The gain in time varies from fourteen to
infinity with GMRES(10) and between two and three with GMRES(∞). From a numerical point
of view we observe that the larger the coarse space, the better the preconditioner; the number of
GMRES iterations decreases when the number of smoothing steps is increased. Furthermore, the
gain is larger if restarted GMRES is considered than if full GMRES is used as solver. In particular
on the Almond with GMRES(10) and less that fifty eigenvectors the only way to get convergence
is to perform few step of smoothing; with fifty eigenvectors the gain introduced by the smoothing
iterations is tremendous (i.e. larger than 21). On the Cobra problem, using fifteen eigenvectors the
gain is far larger than two with GMRES(10), and close to two for full GMRES. Not only the number
of iterations is significantly reduced but also the solution time. On the Almond problem, using
fifty eigenvectors and GMRES(10) we gain a factor of twelve in elapsed-time when we increase
the number of smoothing steps from one to three. We mention that on large electromagnetic
problems (of size larger than 0.5 Million unknowns) the use of small restarts is recommended in
order to save the heavy cost of reorthogonalization and reduce the final solution cost. The choice
of a small restart is often dictated by memory constraints [10]. With full GMRES, the number of
iterations is significantly decreased but the total solution cost is likely to only slightly decrase when
the number of smoothing step is large as the preconditioner is expensive to apply. The optimal
selection of the size of the coarse space and of the number of smoothing steps remains an open
question, and the choice mainly depends on the clustering properties of the initial preconditioner.
The coarse-grid correction and the smoothing mechanism are complementary components that
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balance each other. On the Cobra problem, for instance, using three smoothing steps and five
eigenvectors we obtain better convergence rate but similar computational time than using one
smoothing step but fifteen eigenvectors; on the Almond problem, the solution cost of GMRES(10)
with three smoothing steps and thirty eigenvectors is similar to the time with two smoothing
steps but fifteen eigenvectors. Balancing the reduction of the number of eigenvectors by using
more smoothing steps is a desirable feature in the contexts where computing many eigenvalues can
become very expensive which is for instance the case in this application for very large problems.
The eigenvectors are computed in forward mode by ARPACK in a preprocessing phase. To give
an idea of this cost, the eigencomputation of 30 eigenvectors on the Almond problem takes 1100
matrix-vector products and 1h of time on 32 processors, while 500 matrix-vector products and
15 minutes are required for computing 15 eigenvectors on the Cobra problem. This extra-cost is
quickly amortized as many right-hand sides have usually to be solved to compute the so called
radar cross section. Finally, in Table 7 we report on results of experiments on a real Airbus aircraft
discretized with 23796 nodes. Although small, this test problem is difficult to solve for iterative
methods. Convergence using GMRES and the Frobenius-norm minimization preconditioner can
be achieved only with large values of restart [10]. It can be seen that the use of MAdd is very
beneficial. It enables to obtain convergence for very small restart and the smoothing mechanism
reduces significantly both the number of iterations and the CPU time.
With MF ROB

GMRES(10)
GMRES(∞)

GMRES(10)
GMRES(∞)

GMRES(10)
GMRES(∞)

Cobra problem
GMRES(10) 2719 iterations (1h 10m )
GMRES(∞) 378 iterations (18m )
µ=1
Dimension of the coarse space
5
10
15
1458 (42m ) 594 (12m ) 517 (11m )
262 ( 9m ) 216 ( 7m )
188 ( 6m )
µ=2
Dimension of the coarse space
5
10
15
m
m
471 (18 )
209 (7 )
201 (6m )
m
m
161 ( 8 )
132 (6 )
115 (5m )
µ=3
Dimension of the coarse space
5
10
15
281 (12m )
132 (6m )
124 (5m )
120 ( 7m )
98 (6m )
85 (5m )

Table 5: Experiments with MAdd on the Cobra problem.

5

Conclusive remarks

In this work, we have presented an algebraic two-grid spectral preconditioner combined with
multipole techniques for solving boundary integral equations in electromagnetism. We use a sparse
approximate inverse as a smoother for an algebraic two-grid cycle where the inter-grids operators
are based on spectral information from the preconditioned matrix. The preconditioner induces a
global deflation of the eigenvalues of the preconditioned matrix which can result in a well clustered
spectrum around one. The overall scheme is fairly robust, requires limited memory and is matrixfree as it does not require the explicit computation of all the entries of the coefficient of the linear
17

With MF ROB

GMRES(10)
GMRES(∞)

GMRES(10)
GMRES(∞)

GMRES(10)
GMRES(∞)

Almond problem
GMRES(10) +3000 iterations
GMRES(∞) 242 iterations (14m )
µ=1
Dimension of the coarse space
10
30
50
+3000
+3000
1867 (1h12m)
229 (13m ) 157 ( 8m )
132 ( 6m )
µ=2
Dimension of the coarse space
10
30
50
552 (29m ) 245 (14m )
176 (9m )
134 ( 9m )
92 ( 6m )
77 (6m )
µ=3
Dimension of the coarse space
10
30
50
216 (16m ) 116 (9m )
87 (6m )
97 ( 9m )
66 (6m )
56 (6m )

Table 6: Experiments with MAdd on the Almond problem.
Airbus aircraft problem
With MF ROB GMRES(10) +4000 iterations
µ
GMRES(10)
CPU-time
1
1835
1h 07m
2
807
36m
3
368
22m
Table 7: Experiments with MAdd on the Airbus aircraft problem.

system to solve. The sparse approximate inverse is computed from the near-field part of the dense
coefficient matrix and the pattern is prescribed in advance by using physical information. The
numerical results on small and medium size problems from radar cross section calculations illustrate
the potential of this method for solving realistic electromagnetic applications. Future work has
to assess the viability of the proposed scheme on larger problems especially in the context of
multiple right-hand sides systems, where the spectral information can be profitably recovered from
the Arnoldi factorization of previous system solving. Apart from electromagnetism, the proposed
method can be potentially interesting to test in other application contexts where the coefficient
matrix is not completely assembled, as in large least-squares calculations or for solving inner linear
systems in nonlinear iterations.
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