
RADICAL FACTORIAL MONOIDS AND DOMAINS

ANDREAS REINHART

Abstract. In this paper we study variations and generalizations of SP-domains (i.e. domains where

every ideal is a finite product of radical ideals) with respect to monoids and finitary ideal systems r.
In particular we consider so called r-SP-monoids and investigate monoids where every principal ideal

is a finite product of radical principal ideals (which we call radical factorial monoids). We clarify the

connections between radical factorial monoids and r-SP-monoids and characterize the GCD-monoids
that are radical factorial. Furthermore, we specify the factorial monoids using radical factorial monoids

and some of their variations. As a byproduct of these investigations we present a characterization of
strongly r-discrete r-Prüfer monoids.

0. Introduction

Recall that a Dedekind domain is an integral domain where each of its ideals is a finite product of prime
ideals. Moreover, a factorial domain is an integral domain where each of its principal ideals is a finite
product of principal prime ideals. These concepts have been generalized into various directions. It is well
known that an ideal of a commutative ring with identity is a prime ideal if and only if it is primary and
radical. Therefore, it is natural to ask how integral domains (resp. monoids) can be characterized if each
of its ideals (principal ideals) is a finite product of primary ideals resp. radical ideals (primary principal
ideals resp. radical principal ideals). Most of these generalizations (like Q-rings, SP-domains and weakly
factorial domains) have already been studied (see [2, 3, 9, 11, 15, 16]). As far as we know the monoids
where every principal ideal is a finite product of radical principal ideals have not been investigated so far
(we call them radical factorial monoids). Note that factorial monoids are closely connected with the t-
operation. Consequently, it is of interest to look at the t-analogue of Dedekind domains and SP-domains.
More generally we introduce and study so called r-SP-monoids with respect to a finitary ideal system r
and reveal their relations with radical factorial monoids.
In the first section we recall the most important facts about ideal systems. We define the most significant
ideal systems and provide much of the terminology that is used in the succeeding sections.
In the second section we investigate radical factorial monoids. In particular we show that radical factorial
monoids are completely integrally closed. We characterize the radical factorial monoids that are Krull
monoids and specify the GCD-monoids that are radical factorial. The main result in this section is a
characterization result for factorial monoids using the radical factorial property and similar concepts.
Finally we prove that polynomial rings over radical factorial GCD-domains are radical factorial.
In the third section we deal with finitary ideal systems r and r-SP-monoids. We investigate the con-
nections between r-SP-monoids and radical factorial monoids and improve the results of [11, 15]. The
first main result in this section characterizes the r-ideals that are finite r-products of radical r-ideals in
the context of almost r-Dedekind monoids. As a consequence we specify the almost r-Dedekind monoids
that are r-SP-monoids. We introduce and study monoids that are primary r-ideal inclusive. The second
main result in this section shows that r-SP-monoids that are primary r-ideal inclusive are already almost
r-Dedekind monoids.
The fourth section contains several counterexamples. We show that none of the conditions of the main
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result in section two can be cancelled and we give a few non-trivial examples of radical factorial monoids.
Moreover, we present an example of a noetherian domain that is not primary t-ideal inclusive.
In the last section we generalize parts of [4] and [10] to monoids and finitary ideal systems. The main
result in this section specifies the strongly r-discrete r-Prüfer monoids.

1. Ideal systems

In the following a monoid is a commutative (multiplicatively written) semigroup that possesses a zero
element and an indentity (which is not the zero element), where every non-zero element is cancellative.
A quotient monoid of a monoid is an extension monoid, where every non-zero element is invertible and
that is minimal with respect to this property.

Let H be a monoid and K a quotient monoid of H. If A,B,C ⊆ K, then set (A :C B) = {z ∈ C | zB ⊆
A}, A−1 = (H :K A) and A• = A\{0}. By P(H) we denote the power set of H. Next we give a brief
description of ideal systems. An elaboration of ideal systems can be found in [8]. Let r : P(H) → P(H)
be a map. We call r an ideal system on H if the following conditions are satisfied for all X,Y ⊆ H and
c ∈ H.

• XH ∪ {0} ⊆ r(X).
• r(cX) = cr(X).
• If X ⊆ r(Y ), then r(X) ⊆ r(Y ).

We call r a finitary ideal system on H if the following property is additionally satisfied for all X ⊆ H.

• r(X) =
⋃

E⊆X,|E|<∞ r(E).

Observe that s : P(H) → P(H) defined by s(X) = XH if ∅ 6= X ⊆ H and by s(X) = {0} if X = ∅ is a
finitary ideal system on H. Furthermore, if H• 6= H×, then v : P(H)→ P(H) defined by v(X) = (X−1)−1

for all X ⊆ H is an ideal system on H. Let t : P(H) → P(H) be defined by t(X) =
⋃

E⊆X,|E|<∞Ev

for all X ⊆ H. If H• 6= H×, then t is a finitary ideal system on H. If H is an integral domain, then
d : P(H)→ P(H) defined by d(X) = (X)H for all X ⊆ H is a finitary ideal system on H.
Let r be an ideal system on H. For X ⊆ H we set Xr = r(X). Note that {0}r = {0}. Set Ir(H) =
{Xr | X ⊆ H} and Ir,f (H) = {Er | E ⊆ H, |E| <∞}. We have Iv(H) ⊆ Ir(H) ⊆ Is(H). If r is finitary,
then It(H) ⊆ Ir(H). Especially if H is an integral domain that is not a field, then Iv(H) ⊆ It(H) ⊆
Id(H) ⊆ Is(H). Let r-max(H) be the set of all maximal elements of {X $ H | Xr = X} and r-spec(H)
the set of all prime r-ideals of H. It is well known that r-max(H) ⊆ r-spec(H). We call H r-local if
H\H× ∈ r-max(H) (equivalently: |r-max(H)| = 1). If Y ⊆ Is(H), then set Y • = Y \{{0}}. By X(H)
we denote the set of all minimal elements of s-spec(H)•.

Let I ∈ Is(H). Set
√
I = {x ∈ H | xk ∈ I for some k ∈ N}, called the radical of I. Set I√r(H) = {J ∈

Ir(H) |
√
J = J} and I√r,f (H) = I√r(H) ∩ Ir,f (H). Let P(I) be the set of all minimal elements of

{P ∈ s-spec(H) | I ⊆ P}, called the set of prime divisors of I. Note that if r is finitary and I ∈ Ir(H),
then P(I) ⊆ r-spec(H). If I ∈ Ir(H), then I is called r-invertible if (II−1)r = H. Let I∗r (H) be the
set of r-invertible r-ideals of H. Observe that I∗r (H) forms a monoid (without a zero element) under
r-multiplication. There exists some quotient group Fr(H)× of I∗r (H) such that {aH | a ∈ K•} is a
subgroup of Fr(H)×. Set Cr(H) = Fr(H)×/{aH | a ∈ K•}, called the r-class group of H. If r is finitary
and T ⊆ H• multiplicatively closed, then there exists an unique finitary ideal system T−1r on T−1H such
that (T−1X)T−1r = T−1Xr for all X ⊆ H. If T = H\Q for some Q ∈ s-spec(H), then set rQ = T−1r.

2. Radical factorial monoids

Let H be a monoid and x ∈ H•.

• x is called radical if
√
xH = xH and x is called primary if xH is primary.

• H is called radical factorial if every y ∈ H• is a finite product of radical elements of H (equivalently:
Every principal ideal of H is a finite product of radical principal ideals of H).
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• H is called primary if H• 6= H× and every y ∈ H•\H× is primary.
• H is called weakly factorial if every y ∈ H•\H× is a finite product of primary elements of H.

As usual one defines the notions of Krull monoids, Mori monoids, discrete valuation monoids and com-
pletely integrally closed monoids (for instance see [8, Definition 16.4.], [7, Definition 2.1.9.] and [7, Defini-
tion 2.3.1.] or [14]). Let A(H) denote the set of atoms of H and let B(H) be the set of radical elements of
H. Obviously, if H is atomic andA(H) ⊆ B(H), then H is radical factorial. Note that if H is radical facto-
rial, then A(H) ⊆ B(H). Clearly every primary monoid is weakly factorial. Moreover, an integral domain
is primary if and only if it is local and 1-dimensional. Set Ω(H) = {

∏n
i=1 xi | n ∈ N, (xi)

n
i=1 ∈ B(H)[1,n]}

and V(H) =
⋃

y∈H• P(yH). A subset Z ⊆ H is called divisor-closed if for all x ∈ H and y ∈ H• such
that xy ∈ Z it follows that x ∈ Z.

Lemma 2.1. Let H be a monoid and T ⊆ H• multiplicatively closed.

1. B(H) ⊆ B(T−1H).
2. If H is radical factorial, then T−1H is radical factorial.

Proof. 1. Let x ∈ B(H). It follows that x(T−1H) = T−1(xH) = T−1(
√
xH) = T−1H

√
T−1(xH) =

T−1H
√

x(T−1H), hence x ∈ B(T−1H).
2. This is an easy consequence of 1.. �

Lemma 2.2. Let H be a monoid, I ∈ Is(H) and P ∈ s-spec(H) such that I ⊆ P .

1. If I is primary and x ∈ H such that
√
I = xH, then there exists some r ∈ N such that I = xrH.

2. We have P ∈ P(I) if and only if PP = (
√
I)P .

Proof. 1. Let I be primary and x ∈ H such that
√
I = xH. There exists some smallest r ∈ N such that

xr ∈ I. It remains to show that I ⊆ xrH. Let y ∈ I. Case 1: y ∈
⋂

n∈N xnH: Clearly, y ∈ xrH. Case 2:
There is some largest n ∈ N such that y ∈ xnH: There exists some z ∈ H such that y = xnz. Obviously,
z 6∈
√
I and thus xn ∈ I. It follows that r ≤ n, hence y ∈ xnH ⊆ xrH.

2. “⇒“: Let P ∈ P(I). Then PP ∈ P(IP ). Since PP ∈ s(HP )-max(HP ) we obtain that PP is the

only prime s(HP )-ideal of HP that contains IP . This implies that PP =
HP
√
IP = (

√
I)P . “⇐“: Let

PP = (
√
I)P and Q ∈ s-spec(H) be such that I ⊆ Q ⊆ P . Then

√
I ⊆ Q, hence PP = (

√
I)P ⊆ QP ⊆ PP .

Therefore, QP = PP and thus Q = P . �

Lemma 2.3. Let H be a monoid.

1. If P ∈ X(H) such that P∩B(H) 6= ∅, then HP is a discrete valuation monoid and P *
⋃

Q∈X(H) Q
2
Q.

2. Every prime divisor of a non-zero radical principal ideal of H is minimal with respect to inclusion
among the prime s-ideals of H containing a radical element of H.

Proof. 1. Let P ∈ X(H) and x ∈ P ∩ B(H). Since P ∈ P(xH) it follows by Lemma 2.2.2. that
PP = (xH)P = xHP , hence PP contains a prime element of HP . Since HP is primary by [8, Corollary
15.4.] we have HP is a discrete valuation monoid by [8, Theorem 16.4.]. Assume that there is some
Q ∈ X(H) such that x ∈ Q2

Q. Then Q ∈ P(xH) and thus QQ = (xH)Q = xHQ by Lemma 2.2.2..

Consequently, x ∈ Q2
Q = x2HQ, hence x ∈ H×Q , a contradiction.

2. Let u ∈ B(H), P ∈ P(uH) and Q ∈ s-spec(H) be such that Q∩B(H) 6= ∅ and Q ⊆ P . There is some
v ∈ Q ∩ B(H). Lemma 2.2.2. implies that PP = (uH)P = uHP , hence there is some w ∈ HP such that
v = uw. Assume that w 6∈ H×P . Then w ∈ PP = uHP and thus w2 ∈ vHP . By Lemma 2.1.1. we have
w ∈ vHP , hence there is some z ∈ HP such that w = vz. It follows that v = uvz which implies that
u ∈ H×P , a contradiction. Consequently, w ∈ H×P and thus PP = vHP ⊆ QP ⊆ PP , hence Q = P . �

In the next result we collect some important facts about radical factorial monoids.

Proposition 2.4. Let H be a radical factorial monoid.

1. For every x ∈ H it follows that
√
xH is a finite intersection of radical principal ideals of H.
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2. If I ∈ Iv(H) is primary such that (I l)v is principal for some l ∈ N, then there are some k ∈ N and
p ∈ H a prime element of H such that I = pkH.

3. Every Q ∈ s-spec(H)• contains a radical element of H and P *
⋃

Q∈X(H) Q
2
Q for all P ∈ X(H).

4. HP is a discrete valuation monoid for all P ∈ V(H) (especially H satisfies the Principal Ideal
Theorem).

5.
⋂

P∈X(H) HP = H and H is completely integrally closed.

Proof. 1. Without restriction let x ∈ H•. There exist some n ∈ N and some sequence (xi)
n
i=1 of radical

elements of H such that x =
∏n

i=1 xi. It follows that
√
xH =

√∏n
i=1 xiH =

⋂n
i=1

√
xiH =

⋂n
i=1 xiH.

2. Let I ∈ Iv(H) be primary, l ∈ N and x ∈ H• such that (I l)v = xH. Since I l ⊆ (I l)v ⊆ I we have√
I =
√
I l ⊆

√
(I l)v ⊆

√
I, hence

√
I =
√
xH. By 1. there exist some n ∈ N and some sequence (xi)

n
i=1

of elements of H such that
√
I =

⋂n
i=1 xiH. Since

√
I ∈ s-spec(H) there is some i ∈ [1, n] such that√

I = xiH. Set p = xi. Observe that p is a prime element of H. By Lemma 2.2.1. there exists some
k ∈ N such that I = pkH.
3. Let Q ∈ s-spec(H)•. Then there are some x ∈ Q•, n ∈ N and some sequence (xi)

n
i=1 of radical

elements of H such that x =
∏n

i=1 xi. Consequently, there is some i ∈ [1, n] such that xi ∈ Q, hence
Q ∩ B(H) 6= ∅. The second statement follows from of Lemma 2.3.1..
4. Let P ∈ V(H). Then there is some x ∈ H• such that P ∈ P(xH). Let Q ∈ s-spec(H)• be such that
Q ⊆ P . Then Q ∩ B(H) 6= ∅ by 3. and there is some u ∈ B(H) such that x ∈ uH ⊆ P . Therefore,
P ∈ P(uH) and hence Lemma 2.3.2. implies that P = Q. Consequently, P ∈ X(H) and thus HP is a
discrete valuation monoid by 3. and Lemma 2.3.1..
5. Claim: For all x ∈ H, n ∈ N0 and (ui)

n
i=1 ∈ B(H)[1,n] such that x∏n

i=1 ui
∈
⋂

P∈X(H) HP it follows

that x∏n
i=1 ui

∈ H. Let x ∈ H. We use induction on n. The assertion is clear for n = 0. Now let

n ∈ N0 and (ui)
n+1
i=1 ∈ B(H)[1,n+1] be such that x∏n+1

i=1 ui
∈
⋂

P∈X(H) HP . Set z = x∏n+1
i=2 ui

. Then

z ∈
⋂

P∈X(H) HP and thus z ∈ H by the induction hypothesis. We have z
u1
∈
⋂

P∈X(H) HP . If P ∈ X(H)

such that u1 ∈ P , then there is some t ∈ H\P such that tz ∈ u1H ⊆ P , hence z ∈ P . By 4. we have
z ∈

⋂
P∈X(H),u1∈P P =

⋂
P∈P(u1H) P =

√
u1H = u1H and thus x∏n+1

i=1 ui
= z

u1
∈ H.

It is an easy consequence of the claim that
⋂

P∈X(H) HP = H. By 4. it follows that HP is completely

integrally closed for all P ∈ X(H). Therefore, H is completely integrally closed. �

Note that if H is a radical factorial monoid, then Ct(H) satisfies a weak form of being torsion-free by
Proposition 2.4.2.. The next result is a generalization of [1] and [8, Proposition 6.6.].

Lemma 2.5. Let H be a monoid, r a finitary ideal system on H and I ∈ Ir(H) such that for each

P ∈ P(I) there is some J ∈ Ir,f (H) such that P =
√
J . Then P(I) is finite.

Proof. Without restriction let I 6= H. Set Σ = {(
∏n

i=1 Pi)r | n ∈ N, (Pi)
n
i=1 ∈ P(I)[1,n]} and Ω =

{J ∈ I√r(H) | I ⊆ J and Q * J for all Q ∈ Σ}. Assume that
√
I ∈ Ω. Let ∅ 6= M ⊆ Ω be a chain

and J =
⋃

A∈MA. Since r is finitary it follows that J ∈ I√r(H). Obviously, I ⊆ J . Assume that
there is some Q ∈ Σ such that Q ⊆ J . There are some m ∈ N and some sequence (Bi)

m
i=1 of r-finitely

generated r-ideals of H such that Q = (
∏m

i=1

√
Bi)r. Let B = (

∏m
i=1 Bi)r. Then B ∈ Ir,f (H) and√

Q =
√
B. Since B ⊆

√
Q ⊆ J , there is some A ∈ M such that B ⊆ A, hence Q ⊆

√
B ⊆ A, a

contradiction. Therefore, J ∈ Ω. This implies that Ω is ordered inductively by inclusion, hence there is
some maximal M ∈ Ω. Clearly, M 6= H. Assume that there are some x, y ∈ H\M such that xy ∈ M .

Then
√

(M ∪ {x})r,
√

(M ∪ {y})r 6∈ Ω and thus there are some Q1, Q2 ∈ Σ such that Q1 ⊆
√

(M ∪ {x})r
and Q2 ⊆

√
(M ∪ {y})r. This implies that (Q1Q2)r ⊆ (

√
(M ∪ {x})r

√
(M ∪ {y})r)r ⊆

√
(M ∪ {x})r ∩√

(M ∪ {y})r =
√

(M ∪ {x})r(M ∪ {y})r ⊆ M . Since (Q1Q2)r ∈ Σ we have M 6∈ Ω, a contradiction.
Therefore, M ∈ r-spec(H), hence there is some P ∈ P(I) ⊆ Σ such that P ⊆ M , a contradiction.
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Consequently,
√
I 6∈ Ω and thus there are some n ∈ N and some sequence (Pi)

n
i=1 of prime divisors of I

such that (
∏n

i=1 Pi)r ⊆
√
I. This implies that P(I) ⊆ {Pi | i ∈ [1, n]}, hence P(I) is finite. �

Proposition 2.6. Let H be a radical factorial monoid. The following conditions are equivalent:

1. H is a Krull monoid.
2. H is a Mori monoid.
3. For every P ∈ X(H) there is some J ∈ It,f (H) such that P =

√
J .

4. {P ∈ X(H) | x ∈ P} is finite for all x ∈ H•.

Proof. 1. ⇒ 2.: Clear. 2. ⇒ 3.: Trivial. 3. ⇒ 4.: Let x ∈ H•. By Proposition 2.4.4. we have
P(xH) = {P ∈ X(H) | x ∈ P} and thus every P ∈ P(xH) is the radical of an t-finitely generated t-ideal
of H. Therefore, Lemma 2.5. implies that {P ∈ X(H) | x ∈ P} is finite. 4. ⇒ 1.: It is well known that
an intersection of finite character of a family of Krull monoids is again a Krull monoid. Consequently,
Proposition 2.4.4. and Proposition 2.4.5. imply that H is a Krull monoid. �

It is well known that every completely integrally closed monoid H where every M ∈ t-max(H) is divisorial
is already a Krull monoid. Therefore, the question arises whether H is a Krull monoid if H is radical
factorial and every P ∈ X(H) is divisorial. Note that this problem is closely connected with the question:
Does every radical factorial monoid H (with H• 6= H×) satisfy t-max(H) = X(H)? In the following we
characterize radical factorial monoids under several additional conditions.

Lemma 2.7. Let H be a monoid such that
⋂

P∈X(H) HP = H and HP is a discrete valuation monoid

for all P ∈ V(H).

1. H•\
⋃

L∈X(H) L
2
L ⊆ B(H).

2. If x ∈ H• and y ∈ H such that
√
xH ⊆ yH, then y ∈ B(H).

3. If P *
⋃

Q∈X(H) Q
2
Q for all P ∈ X(H), then Q ∩ B(H) 6= ∅ for all Q ∈ s-spec(H)•.

4. If
√
{u,w}t is principal for all u ∈ B(H) and w ∈ H, then Ω(H) is divisor-closed.

Proof. 1. Let x ∈ H•\
⋃

L∈X(H) L
2
L and Q ∈ X(H). If x ∈ Q, then xHQ = QQ and if x 6∈ Q, then xHQ =

HQ. We have
√
xH =

⋂
P∈P(xH) P =

⋂
P∈X(H),x∈P P = (

⋂
P∈X(H),x∈P PP )∩H = (

⋂
P∈X(H),x∈P xHP )∩

H = (
⋂

P∈X(H),x∈P xHP ) ∩
⋂

P∈X(H) HP =
⋂

P∈X(H) xHP = xH. Therefore, x ∈ B(H).

2. Let x ∈ H• and y ∈ H be such that
√
xH ⊆ yH and Q ∈ X(H). If y ∈ Q2

Q, then QQ ⊆ HQ
√
xHQ =

(
√
xH)Q ⊆ yHQ ⊆ Q2

Q, a contradiction. Therefore, y 6∈
⋃

L∈X(H) L
2
L and thus y ∈ B(H) by 1..

3. Let P *
⋃

Q∈X(H) Q
2
Q for all P ∈ X(H). It follows by 1. that P ∩ B(H) 6= ∅ for all P ∈ X(H). Let

Q ∈ s-spec(H)•. There is some x ∈ Q• and thus there is some L ∈ P(xH) ⊆ X(H) such that L ⊆ Q.
Consequently, Q ∩ B(H) 6= ∅.
4. Let

√
{u,w}t be principal for all u ∈ B(H) and w ∈ H. It is sufficient to show by induction that

for all n ∈ N0, (ui)
n
i=1 ∈ B(H)[1,n] and y ∈ H such that

∏n
i=1 ui ∈ yH it follows that y ∈ Ω(H).

The assertion is clear for n = 0. Now let n ∈ N0, (ui)
n+1
i=1 ∈ B(H)[1,n+1] and y ∈ H be such that∏n+1

i=1 ui ∈ yH. There exists some x ∈ B(H) ⊆ Ω(H) such that
√
{un+1, y}t = xH, hence there

is some z ∈ H such that y = xz. Next we prove that
∏n

i=1 uiHQ ⊆ zHQ for all Q ∈ X(H). Let

Q ∈ X(H). Then
∏n+1

i=1 uiHQ ⊆ yHQ = xzHQ by assumption. If yHQ = HQ, then zHQ = HQ,
hence

∏n
i=1 uiHQ ⊆ HQ = zHQ. If un+1HQ = HQ, then xHQ = HQ and the assertion follows. If

yHQ 6= HQ and un+1HQ 6= HQ, then un+1HQ = QQ = xHQ and the assertion follows. Finally we
have (

∏n
i=1 ui)H =

⋂
P∈X(H)(

∏n
i=1 ui)HP ⊆

⋂
P∈X(H) zHP = zH, hence z ∈ Ω(H) by the induction

hypothesis and thus y = xz ∈ Ω(H). �

Proposition 2.8. Let H be a monoid such that
⋂

P∈X(H) HP = H and HP is a discrete valuation monoid

for all P ∈ V(H). Let for all x ∈ H,
√
xH be a finite intersection of principal ideals of H.

1. For all x ∈ H• there is some k ∈ N such that x 6∈ P k
P for all P ∈ X(H).
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2. P ∩ B(H) 6= ∅ for all P ∈ s-spec(H)•.
3. For all x ∈ H• and P ∈ X(H) there is some y ∈ Ω(H) such that x

y ∈ H\P .

Proof. By Lemma 2.7.2.,
√
xH is a finite intersection of radical principal ideals of H for all x ∈ H.

1. Let x ∈ H•. There are some n ∈ N and some sequence (xi)
n
i=1 of radical elements of H such that√

xH =
⋂n

i=1 xiH. We have
√∏n

i=1 xiH =
⋂n

i=1

√
xiH =

⋂n
i=1 xiH =

√
xH and thus there is some

l ∈ N such that (
∏n

i=1 xi)
lH ⊆ xH. Let k = ln + 1 and P ∈ X(H). Observe that PP ⊆ xiHP for all

i ∈ [1, n]. Assume that x ∈ P k
P . Then P ln

P ⊆ (
∏n

i=1 xiHP )l = (
∏n

i=1 xi)
lHP ⊆ P ln+1

P , a contradiction.
Consequently, x 6∈ P k

P for all P ∈ X(H).
2. Let P ∈ s-spec(H)•. There are some x ∈ P •, n ∈ N and some sequence (xi)

n
i=1 of radical elements

of H such that
√
xH =

⋂n
i=1 xiH, hence

⋂n
i=1 xiH ⊆ P . Consequently, there exists some i ∈ [1, n] such

that xi ∈ P and thus P ∩ B(H) 6= ∅.
3. Let x ∈ H• and P ∈ X(H). There is some k ∈ N0 such that xHP = P k

P . It is sufficient to show by
induction that for every l ∈ [0, k] there is some y ∈ Ω(H) such that x

y ∈ H\P k+1−l. If l = 0, then set

y = 1. Now let l ∈ [0, k− 1] and z ∈ Ω(H) be such that x
z ∈ H\P k+1−l. There are some n ∈ N and some

sequence (xi)
n
i=1 of radical elements of H such that

√
x
zH =

⋂n
i=1 xiH. If x

z 6∈ P , then set y = z. Now

let x
z ∈ P . There is some i ∈ [1, n] such that xi ∈ P . Obviously, xiz ∈ Ω(H) and x

xiz
∈ H\P k−l. �

Corollary 2.9. Let H be a monoid such that {
√
xH | x ∈ H•\H×} satisfies the ACC. The following

statements are equivalent:

1. H is radical factorial.
2.
⋂

P∈X(H) HP = H, HP is a discrete valuation monoid for all P ∈ V(H) and for all x ∈ H it follows

that
√
xH is a finite intersection of principal ideals of H.

Proof. 1.⇒ 2.: This follows from Proposition 2.4.1., Proposition 2.4.4. and Proposition 2.4.5.. 2.⇒ 1.:
Assume that H is not radical factorial. Then H•\Ω(H) 6= ∅, hence there is some x ∈ H•\Ω(H) such

that
√
xH is maximal in {

√
vH | v ∈ H•\Ω(H)}. Since x 6∈ H× there is some P ∈ X(H) such that

x ∈ P . By Proposition 2.8.3. there is some y ∈ Ω(H) such that x
y ∈ H\P . We have x

y ∈ H•\Ω(H) and
√
xH $

√
x
yH, a contradiction. �

Proposition 2.10. Let H be a monoid such that
√
xH is principal for every x ∈ H•. Then H is radical

factorial.

Proof. Claim 1: P(xH) ⊆ X(H) for all x ∈ H•. Let x ∈ H•, P ∈ P(xH) and Q ∈ s-spec(H)• be such

that Q ⊆ P . There is some u ∈ B(H) such that
√
xH = uH, hence P ∈ P(uH). There are some y ∈ Q•

and v ∈ B(H) such that
√
yH = vH. Therefore, Q ∩ B(H) 6= ∅ and thus Q = P by Lemma 2.3.2..

Claim 2: For all x ∈ H• there is some k ∈ N such that x 6∈ P k+1 for all P ∈ P(xH). Let x ∈ H•. There

is some y ∈ H such that
√
xH = yH, hence there exists some k ∈ N such that yk ∈ xH. Assume that

there is some P ∈ P(xH) such that x ∈ P k+1. We have P ∈ P(yH), hence PP = (yH)P = yHP by

Lemma 2.2.2.. It follows that yk ∈ xHP ⊆ P k+1
P = yk+1HP and thus y ∈ H×P , a contradiction.

By claim 2 it suffices to show (by induction) that for all k ∈ N0 and x ∈ H• such that x 6∈ P k+1

for all P ∈ P(xH) it follows that x ∈ Ω(H). If x ∈ H• such that x 6∈ P for all P ∈ P(xH), then
x ∈ H× ⊆ Ω(H). Now let k ∈ N0 and x ∈ H• be such that x 6∈ P k+2 for all P ∈ P(xH). There are some

y ∈ B(H) ⊆ Ω(H) and z ∈ H• such that
√
xH = yH and x = yz. Assume that there is some Q ∈ P(zH)

such that z ∈ Qk+1. Then x ∈ Q, hence y ∈ Q. It follows that x = yz ∈ Qk+2 and Q ∈ P(xH) by
claim 1, a contradiction. Therefore, z 6∈ P k+1 for all P ∈ P(zH). By the induction hypothesis we have
z ∈ Ω(H). Consequently, x = yz ∈ Ω(H). �

Lemma 2.11. Let H be a GCD-monoid and x, y ∈ H. Then {x, y}t and xH ∩ yH are principal.
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Proof. See [8, Corollary 11.5.]. �

Proposition 2.12. Let H be a GCD-monoid such that H• 6= H×. The following are equivalent:

1. H is radical factorial.
2. t-max(H) = X(H) and Q ∩ B(H) 6= ∅ for all Q ∈ X(H).
3.
⋂

P∈X(H) HP = H, HQ is a discrete valuation monoid for all Q ∈ V(H) and P *
⋃

Q∈X(H) Q
2
Q for

all P ∈ X(H).

4.
√
xH is principal for all x ∈ H (equivalently:

√
I is principal for all I ∈ It,f (H)).

Proof. 1. ⇒ 2.: Let P ∈ t-max(H). By Lemma 2.1.2. and Lemma 2.11. it follows that HP is a radical
factorial valuation monoid. Therefore, every radical element of HP is a prime element of HP , hence HP is
factorial and thus HP is a discrete valuation monoid by [8, Theorem 16.4.]. This implies that P ∈ X(H).
Consequently, t-max(H) = X(H). It follows by Proposition 2.4.3. that Q ∩ B(H) 6= ∅ for all Q ∈ X(H).
2.⇒ 3.: This is an easy consequence of Lemma 2.3.1..
3. ⇒ 1.: It follows by Lemma 2.7.2. and Lemma 2.11. that

√
{u,w}t is principal for all u ∈ B(H) and

w ∈ H. Therefore, Lemma 2.7.3. and Lemma 2.7.4. imply that Ω(H) is divisor-closed and P ∩B(H) 6= ∅
for all P ∈ s-spec(H)•. It is sufficient to show that Ω(H) = H•. Assume that Ω(H) $ H•. Then
there is some x ∈ H•\Ω(H). Since Ω(H) is divisor-closed it follows that xH ∩ Ω(H) = ∅. Since Ω(H) is
multiplicatively closed, there is some P ∈ s-spec(H) such that xH ⊆ P and P ∩Ω(H) = ∅. Consequently,
P ∈ s-spec(H)• and thus P ∩ Ω(H) ⊇ P ∩ B(H) 6= ∅, a contradiction.
1.⇒ 4.: Let x ∈ H. By Proposition 2.4.1. there exist some n ∈ N and some sequence (xi)

n
i=1 of elements

of H such that
√
xH =

⋂n
i=1 xiH, hence

√
xH is principal by Lemma 2.11..

4.⇒ 1.: This follows from Proposition 2.10.. �

Lemma 2.13. Let H be a monoid such that
√
I is principal for all I ∈ It,f (H).

1. Every atom of H is a prime element of H.
2. If {uH | u ∈ B(H)} satisfies the ACC, then H is factorial.

Proof. 1. Let u ∈ A(H) and x, y ∈ H be such that xy ∈ uH. There are some v, w ∈ H such that√
{x, u}t = vH and

√
{y, u}t = wH. Since u ∈ A(H),

√
uH is principal and uH ⊆

√
uH $ H

we obtain that
√
uH = uH. It follows that vH ∩ wH =

√
{x, u}t ∩

√
{y, u}t =

√
{x, u}t{y, u}t ⊆√

{xy, xu, uy, u2}t ⊆
√
uH = uH and thus uH = vH ∩ wH. This implies that uH = vH or uH = wH,

hence x ∈ uH or y ∈ uH.
2. Let {uH | u ∈ B(H)} satisfy the ACC. It is sufficient to show that every Q ∈ s-spec(H)• contains
a prime element of H. Let Q ∈ s-spec(H)•. Then there is some x ∈ Q•, hence there is some P ∈
P(xH) ⊆ t-spec(H)• such that P ⊆ Q. There is some y ∈ P ∩ B(H) such that

√
xH = yH. Therefore,

Σ = {zH | z ∈ P ∩B(H)} 6= ∅ and thus there is some w ∈ P ∩B(H) such that wH is a maximal element

of Σ. Assume that wH $ P . Then there is some v ∈ P such that v ∈ P\wH. Since
√
{w, v}t ⊆ P ,

there is some s ∈ P ∩ B(H) such that
√
{w, v}t = sH. On the other hand wH $ sH, a contradiction.

Consequently, P = wH and thus w is a prime element of H and w ∈ Q. �

Lemma 2.13.2. shows that the monoids occurring in Corollary 2.9. and Proposition 2.12. are different
types of monoids. Next we present the main result in this section.

Theorem 2.14. Let H be a monoid. The following conditions are equivalent:

1. H is factorial.
2. H is radical factorial, {P ∈ X(H) | x ∈ P} is finite for all x ∈ H• and Ct(H) is a torsion group.

3. H is atomic and
√
I is principal for all I ∈ It,f (H).

4. {uH | u ∈ B(H)} satisfies the ACC and
√
I is principal for all I ∈ It,f (H).

5. {P ∈ X(H) | x ∈ P} is finite and
√
xH is principal for all x ∈ H•.

6. P(xH) ⊆ X(H) for all x ∈ H• and every P ∈ X(H) is principal.
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7. H is radical factorial and weakly factorial.

Proof. By [7, Corollary 2.3.13.] we have H is factorial if and only if H is a Krull monoid and |Cv(H)| = 1.
1.⇒ 2., 1.⇒ 7.: Clear, since every prime element of H is radical and primary.
1.⇔ 3.: This follows from Proposition 2.12. and Lemma 2.13.1..
1.⇔ 4.: This is an easy consequence of Proposition 2.12. and Lemma 2.13.2..
2.⇒ 6.: By Proposition 2.6. we have H is a Krull monoid and thus P(xH) ⊆ X(H) for all x ∈ H• and
v = t. Let P ∈ X(H). Then P is v-invertible and since Cv(H) is a torsion group it follows that some
v-power of P is principal. Therefore, Proposition 2.4.2. implies that P is principal.
1.⇒ 5.: This is an easy consequence of Proposition 2.6. and Proposition 2.12..
5. ⇒ 6.: It follows by Proposition 2.10. that H is radical factorial. Therefore, H is a Krull monoid by
Proposition 2.6. and thus P(xH) ⊆ X(H) for all x ∈ H•. Let P ∈ X(H). There is some x ∈ P ∩B(H) by
Proposition 2.4.3., hence there is some finite Σ ⊆ X(H) such that P ∈ Σ and xH = (

∏
Q∈Σ Q)t. There

are some z ∈
⋂

Q∈Σ\{P}Q\P and y ∈ B(H) such that
√
zH = yH. This implies that y ∈

⋂
Q∈Σ\{P}Q\P .

There is some finite Φ ⊆ X(H) such that Σ\{P} ⊆ Φ and yH = (
∏

Q∈Φ Q)t. We have
√
xyH =

xH ∩ yH = (
∏

Q∈Σ Q)t ∩ (
∏

Q∈Φ Q)t =
⋂

Q∈Σ Q ∩
⋂

Q∈Φ Q = P ∩
⋂

Q∈Φ Q = (P
∏

Q∈Φ Q)t = yP is
principal, hence P is principal.
6. ⇒ 1.: It is sufficient to show that every P ∈ s-spec(H)• contains a prime element of H. Let
P ∈ s-spec(H)•. Then there are some x ∈ P • and Q ∈ P(xH) ⊆ X(H) such that Q ⊆ P . There is some
prime element p ∈ H such that Q = pH. Consequently, p ∈ P .
7.⇒ 1.: By Proposition 2.4.2. we have every primary element of H is a finite product of prime elements
of H. Therefore, every x ∈ H•\H× is a finite product of prime elements of H, hence H is factorial. �

Lemma 2.15. Let (I,≤) be a directed set, K a monoid and (Hi)i∈I a family of radical factorial sub-
monoids of K such that Hi ⊆ Hj and B(Hi) ⊆ B(Hj) for all i, j ∈ I such that i ≤ j. Then

⋃
i∈I Hi is a

radical factorial monoid.

Proof. Set H =
⋃

i∈I Hi. First we show that B(Hi) ⊆ B(H) for all i ∈ I. Let i ∈ I, y ∈ B(Hi) and

z ∈ H
√
yH. Then there are some k ∈ N and w ∈ H such that zk = yw. There is some j ∈ I such that

i ≤ j, Hi ⊆ Hj and z, w ∈ Hj . We have y ∈ B(Hj). Therefore, z ∈ Hj
√
yHj = yHj ⊆ yH. This implies

that
√
yH = yH and thus y ∈ B(H). Now let x ∈ H•. Then there is some l ∈ I such that x ∈ H•l . Since

x is a finite product of radical elements of Hl we have x is a finite product of radical elements of H. �

If R is an integral domain, X is an indeterminate over R, k ∈ N0 and f ∈ R[X] (or f ∈ R[[X]]), then let
fk denote the k-th coefficient (the coefficient belonging to Xk) of f . The next Lemma is probably well
known, but we were not able to find a reference.

Lemma 2.16. Let R be an integrally closed domain, X an indeterminate over R and I ∈ It(R[X]) such
that I ∩R 6= {0}. Then I ∩R ∈ It(R) and I = (I ∩R)[X].

Proof. It follows by [12, Lemme 2.] that J = (J ∩ R)[X] for all J ∈ Iv(R[X]) such that J ∩ R 6= {0}.
First we show that I = (I ∩ R)[X]. “⊆“: Let f ∈ I. There is some finite E ⊆ I such that E ∩ R 6= {0}
and f ∈ EvR[X]

. Set J = EvR[X]
. Then f ∈ J = (J ∩ R)[X] ⊆ (I ∩ R)[X].“⊇“: Trivial. It is well known

that At[X] = (A[X])tR[X]
for every ideal A of R. Therefore, (I ∩R)[X] = I = ItR[X]

= ((I ∩R)[X])tR[X]
=

(I ∩R)t[X], hence (I ∩R)t = I ∩R and thus I ∩R ∈ It(R). �

Proposition 2.17. Let R be an integral domain, K a field of quotients of R and X a set of independent
indeterminates over K.

1. B(R[X]) ∩R = B(R).
2. If R[X] is radical factorial, then R is radical factorial.
3. If R is a radical factorial GCD-domain, then R[X] is a radical factorial GCD-domain.
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Proof. 1. Let X ∈ X. Claim: B(R) ⊆ B(R[X]). Let y ∈ B(R), f ∈ R[X] and k ∈ N be such
that fk ∈ yR[X]. It is sufficient to show by induction that fj ∈ yR for all j ∈ N0. Let j ∈ N0

be such that fi ∈ yR for all i ∈ N0 such that i < j. Set g =
∑j−1

i=0 fiX
i. Then g ∈ yR[X], hence

(f − g)k =
∑k

i=0

(
k
i

)
f i(−g)k−i ∈ yR[X]. There is some h ∈ R[X] such that (f − g)k = yh and thus

fk
j = yhjk ∈ yR. Consequently, fj ∈ yR.

“⊆“: Let y ∈ B(R[X])∩R. Let x ∈ R and k ∈ N be such that xk ∈ yR. Then xk ∈ yR[X], hence x ∈ yR[X]
and thus there is some f ∈ R[X] such that x = yf . Observe that f ∈ R, hence x = yf ∈ yR. “⊇“: Let
y ∈ B(R), f ∈ R[X] and k ∈ N be such that fk ∈ yR[X]. There is some finite E ⊆ X such that f ∈ R[E]
and fk ∈ yR[E]. Using induction it follows by the claim that y ∈ B(R[E]), hence f ∈ yR[E] ⊆ yR[X].
2. Let x ∈ R•. Then there are some n ∈ N and some sequence (xi)

n
i=1 of radical elements of R[X] such that

x =
∏n

i=1 xi. Obviously, xi ∈ R for every i ∈ [1, n]. Therefore, 1. implies that xi ∈ B(R[X]) ∩R = B(R)
for all i ∈ [1, n]. Consequently, R is radical factorial.
3. Let R be a radical factorial GCD-domain and X ∈ X. Claim: R[X] is a radical factorial GCD-domain.
By Proposition 2.4.5. it follows that R is completely integrally closed. Therefore, I ∩ R ∈ It(R) and
I = (I ∩ R)[X] for all I ∈ It(R[X]) such that I ∩ R 6= {0} by Lemma 2.16.. It is well known that R[X]
is a GCD-domain. By Proposition 2.12. it suffices to show that P ∈ X(R[X]) and P ∩ B(R[X]) 6= ∅ for
all P ∈ t-spec(R[X])•. Let P ∈ t-spec(R[X])•.
Case 1: P ∩ R = {0}: Set T = R•. Observe that T−1R[X] = K[X], hence T−1P ∈ spec(K[X])•.
Therefore, there is some prime element h ∈ K[X] such that T−1P = hK[X]. Since R is a GCD-domain
there is some f ∈ R[X] such that f is a prime element of K[X], 1 ∈ GCD({fi | i ∈ N0}) and T−1P =
fK[X]. Observe that f is a prime element of R[X], hence f ∈ B(R[X]). Since f ∈ T−1P ∩R[X] = P we
have P∩B(R[X]) 6= ∅. Let Q ∈ spec(R[X])• be such that Q ⊆ P . Then Q∩R = {0}, T−1Q ∈ spec(K[X])•

and T−1Q ⊆ T−1P . Therefore, T−1Q = T−1P , hence Q = P . This implies that P ∈ X(R[X]).
Case 2: P ∩R 6= {0}: We have P ∩R ∈ t-spec(R)•. Consequently, there exists some u ∈ B(R) such that
u ∈ P . By 1. it follows that u ∈ B(R[X]), hence P ∩ B(R[X]) 6= ∅. Together with case 1 we obtain that
Q ∩ B(R[X]) 6= ∅ for all Q ∈ t-spec(R[X])•. To prove that P ∈ X(R[X]) it suffices to show that for all
Q ∈ t-spec(R[X])• such that Q ⊆ P it follows that P = Q. Let Q ∈ t-spec(R[X])• be such that Q ⊆ P .
There is some A ∈ P(uR[X]) such that A ⊆ P . Since A ∈ t-spec(R[X])• and A ∩ R 6= {0} we have
A∩R ∈ t-spec(R)• and A = (A∩R)[X]. We have A∩R ⊆ P ∩R and thus A∩R = P ∩R by Proposition
2.12.. This implies that P = (P ∩ R)[X] = (A ∩ R)[X] = A ∈ P(uR[X]). Since Q ∩ B(R[X]) 6= ∅ it
follows that Q = P by Lemma 2.3.2..
We have R[E] is a radical factorial GCD-domain for every finite E ⊆ X by the claim. It is straightforward
to prove that R[X] is a GCD-domain. As in 1. it follows that B(R[E]) ⊆ B(R[F ]) for all finite E,F ⊆ X
such that E ⊆ F . Therefore, R[X] =

⋃
E⊆X,|E|<∞R[E] is radical factorial by Lemma 2.15.. �

3. r-SP-monoids

Let H be a monoid, r a finitary ideal system on H, Q ∈ r-max(H), Σ ⊆ r-spec(H) and (Ii)i∈N a sequence
of r-ideals of H.

• H is called an r-SP-monoid if every r-ideal of H is a finite r-product of radical r-ideals of H.
• H is called an almost r-Dedekind monoid if HM is a discrete valuation monoid for all M ∈ r-max(H).
• H is called an r-Prüfer monoid if HM is a valuation monoid for all M ∈ r-max(H).
• Q is called r-critical if for all I ∈ Ir,f (H) such that I ⊆ Q there is some M ∈ r-max(H) such that

I ⊆ (M2)r.
• Σ is called r-closed if there is some I ∈ Ir(H) such that Σ = {P ∈ r-spec(H) | I ⊆ P}.
• (Ii)i∈N is called formally infinite if there is some k ∈ N such that Il = H for all l ∈ N≥k.

Observe that H is an r-Prüfer monoid if and only if every I ∈ I•r,f (H) is r-invertible. Obviously, every
valuation monoid and every almost r-Dedekind monoid is an r-Prüfer monoid. Note that if H is an
almost r-Dedekind monoid, then P(I) = {P ∈ r-spec(H) | I ⊆ P} for each I ∈ Ir(H)•. Observe that
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every intersection of r-closed subsets of r-spec(H) is r-closed. Recall that I ∈ Ir(H) is r-cancellative if
for all A,B ∈ Ir(H) such that (IA)r = (IB)r it follows that A = B. It is easy to prove that if H is an
almost r-Dedekind monoid, then each I ∈ Ir(H)• is r-cancellative.

Lemma 3.1. Let H be a monoid and r a finitary ideal system on H such that H is an r-Prüfer monoid.

1. If P ∈ r-spec(H) and I, J ∈ Ir(H) are P -primary, then (IJ)r is P -primary.
2. If I, J ∈ Ir,f (H), then I ∩ J ∈ Ir,f (H).

Proof. See [8, Theorem 17.4.] and [8, Chapter 17, Exercise 8.]. �

Lemma 3.2. Let H be a monoid, r a finitary ideal system on H such that H is an almost r-Dedekind
monoid and I ∈ Ir(H)•. Then

√
I = I if and only if I * (Q2)r for all Q ∈ r-max(H).

Proof. Let M ∈ r-max(H). It follows by Lemma 3.1.1. that M2
M ∩H = ((M2)r)M ∩H = (M2)r, hence

(
√
I)M = IM if and only if

HM
√
IM = IM if and only if IM ∈ {MM , HM} if and only if IM * M2

M if and

only if I * (M2)r. Therefore,
√
I = I if and only if (

√
I)Q = IQ for all Q ∈ r-max(H) if and only if

I * (Q2)r for all Q ∈ r-max(H). �

The next Theorem is the first main result in this section. It generalizes [11, Theorem 2.1.] (together with
the following Corollary).

Theorem 3.3. Let H be a monoid, r a finitary ideal system on H such that H is an almost r-Dedekind
monoid and I ∈ Ir(H)•. For i ∈ N set Vi(I) = {M ∈ r-max(H) | I ⊆ (M i)r} and Ii =

⋂
M∈Vi(I) M . Let

(Jj)j∈N be such that J1 = I and Jj+1 = (Jj :H
√

Jj) for all j ∈ N.

1. Let I ∈ Ir,f (H)•. The following statements are equivalent:
a. I is a finite r-product of radical r-ideals of H.
b. For all M ∈ r-max(H) such that I ⊆M there is some J ∈ I√r,f (H)• such that J ⊆M .
c. Every M ∈ r-max(H) such that I ⊆M is not r-critical.

d.
√
J ∈ Ir,f (H) for all J ∈ Ir,f (H) such that I ⊆ J .

e. For every J ∈ Ir,f (H) such that I ⊆ J we have J is a finite r-product of radical r-ideals of H.
2. The following conditions are equivalent:

a. I is a finite r-product of radical r-ideals of H.
b. Vj(I) is r-closed for all j ∈ N and there is some n ∈ N0 such that Vl(I) = ∅ for all l ∈ N>n.

If these equivalent conditions are satisfied, then (Ii)i∈N = (
√
Ji)i∈N is the unique formally infinite

sequence (Ai)i∈N of radical r-ideals of H such that Aj ⊆ Aj+1 for all j ∈ N and I = (
∏

i∈N Ai)r.

Proof. 1.a.⇒ 1.b.: Let M ∈ r-max(H) be such that I ⊆M . There exist some n ∈ N and some sequence
(Ii)

n
i=1 of radical r-ideals of H such that I = (

∏n
i=1 Ii)r. Since (

∏n
i=1 Ii)r ⊆ M there is some j ∈ [1, n]

such that Ij ⊆M . Set J = Ij . Since I is r-invertible and I = (
∏n

i=1 Ij)r it follows that J is r-invertible,
hence J ∈ Ir,f (H)•.
1.b.⇒ 1.c.: This follows from Lemma 3.2..
1.c.⇒ 1.d.: Let J ∈ Ir,f (H) be such that I ⊆ J , K a quotient monoid of H and M ∈ r-max(H). There
is some n ∈ N0 such that JM = Mn

M . Therefore, J * (Mn+1)r. Claim: For every i ∈ [0, n] there exist

some A,B ∈ Ir,f (H) such that A * (Mn−i+1)r,
√
B ∈ Ir,f (H) and J = (AB)r. We prove the claim by

induction on i. If i = 0, then set A = J and B = H. Now let i ∈ [0, n− 1] and C,D ∈ Ir,f (H) be such

that C * (Mn−i+1)r,
√
D ∈ Ir,f (H) and J = (CD)r. If C * M , then set A = C and B = D. Since

A * (Mn−i)r we are done. Now let C ⊆M . There is some N ∈ Ir,f (H) such that N ⊆M and N * (Q2)r
for all Q ∈ r-max(H). Set L = (C ∪N)r. Then L ∈ Ir,f (H)•. It follows by Lemma 3.2. that

√
L = L.

Set A = (CL−1)r and B = (LD)r. Since L is r-invertible it follows that A,B ∈ Ir,f (H) and J = (AB)r.

We have
√
B = L ∩

√
D ∈ Ir,f (H) by Lemma 3.1.2.. If A ⊆ (Mn−i)r, then C = (AL)r ⊆ (Mn−i+1)r, a

contradiction. Therefore, A * (Mn−i)r.

By the claim there exist some A,B ∈ Ir,f (H) such that A * M ,
√
B ∈ Ir,f (H) and J = (AB)r. This
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implies that
√
J =

√
A ∩
√
B and (

√
A)M = HM , hence (

√
J)M = (

√
A)M ∩ (

√
B)M = (

√
B)M . Since√

B ∈ Ir,f (H) this implies that (HM :K (
√
J)M ) = (HM :K (

√
B)M ) = ((

√
B)−1)M ⊆ ((

√
J)−1)M ⊆

(HM :K (
√
J)M ). Consequently, ((

√
J(
√
J)−1)r)M = ((

√
J)M (HM :K (

√
J)M ))rM = HM . Since M ∈

r-max(H) was arbitrary we have (
√
J(
√
J)−1)r = H, hence

√
J is r-invertible and thus

√
J ∈ Ir,f (H).

1.d.⇒ 1.e.: Claim: For every J ∈ Ir,f (H) such that I ⊆ J there is some k ∈ N0 such that Vk+1(J) = ∅.
Let J ∈ Ir,f (H) be such that I ⊆ J . Since

√
J ∈ Ir,f (H) there is some k ∈ N0 such that (

√
J)k ⊆ J .

Assume that Vk+1(J) 6= ∅. Then there is some M ∈ r-max(H) such that (
√
J)k ⊆ (Mk+1)r and thus

Mk
M ⊆ (

√
J)kM ⊆ ((Mk+1)r)M = Mk+1

M , a contradiction. Consequently, Vk+1(J) = ∅.
It is sufficient to show by induction that for all k ∈ N0 and J ∈ Ir,f (H)• such that I ⊆ J and Vk+1(J) = ∅
it follows that J is a finite r-product of radical r-ideals of H. Let k ∈ N0. If k = 0 and J ∈ Ir,f (H)• such
that I ⊆ J and Vk+1(J) = ∅, then J = H. Now let J ∈ Ir,f (H)• be such that I ⊆ J and Vk+2(J) = ∅.
Since

√
J ∈ Ir,f (H)• it follows that

√
J is r-invertible. Let N = (J(

√
J)−1)r. Then N ∈ Ir,f (H)• and

J = (
√
JN)r. Assume that Vk+1(N) 6= ∅. There is some M ∈ r-max(H) such that N ⊆ (Mk+1)r. Then

J = (
√
JN)r ⊆ (

√
JMk+1)r, hence J ⊆M . Therefore,

√
J ⊆M and thus J ⊆ (Mk+2)r, a contradiction.

Consequently, Vk+1(N) = ∅. It follows by the induction hypothesis that N is a finite r-product of radical

r-ideals of H. Since J = (
√
JN)r we have J is a finite r-product of radical r-ideals of H.

1.e.⇒ 1.a.: Trivial.
2.a.⇒ 2.b.: Let n ∈ N and (Ai)

n
i=1 a finite sequence of radical r-ideals of H be such that I = (

∏n
i=1 Ai)r.

Set Bj =
⋂

Σ⊆[1,n],|Σ|≥j(
⋃

i∈Σ Ai)r for j ∈ N. It is sufficient to show that Vj(I) = P(Bj) for all j ∈ N,

since then Vl(I) = P(Bl) = P(H) = ∅ for all l ∈ N>n. Let j ∈ N. “⊆“: Let M ∈ Vj(I) and Σ = {i ∈
[1, n] | Ai ⊆ M}. Then M

|Σ|
M =

∏
i∈Σ(Ai)M =

∏n
i=1(Ai)M = ((

∏n
i=1 Ai)r)M = IM ⊆ ((M j)r)M = M j

M ,
hence |Σ| ≥ j. Therefore, Bj ⊆ (

⋃
i∈Σ Ai)r ⊆M , hence M ∈ P(Bj). “⊇“: Let M ∈ P(Bj). There is some

Σ ⊆ [1, n] such that |Σ| ≥ j and (
⋃

i∈Σ Ai)r ⊆ M . It follows that I ⊆ (
∏

i∈Σ Ai)r ⊆ (M |Σ|)r ⊆ (M j)r.
Consequently, M ∈ Vj(I).
2.b. ⇒ 2.a.: There is some n ∈ N0 such that Vl(I) = ∅ for all l ∈ N>n, hence Il = H for all l ∈ N>n.
Therefore, (Ii)i∈N is a formally infinite sequence of radical r-ideals of H. Obviously, Ii ⊆ Ii+1 for all
i ∈ N. Let M ∈ r-max(H). There is some k ∈ N0 such that IM = Mk

M = ((Mk)r)M . By Lemma 3.1.1.
we have I ⊆ (Mk)r and I * (Mk+1)r. Therefore, for all i ∈ [1, n] it follows that Ii ⊆ M if and only if

i ≤ k. Consequently, ((
∏n

i=1 Ii)r)M =
∏n

i=1(Ii)M =
∏k

i=1(Ii)M = Mk
M = IM . Since M ∈ r-max(H) was

arbitrary this implies that (
∏

i∈N Ii)r = (
∏n

i=1 Ii)r = I.
Now let (Ai)i∈N be a formally infinite sequence of radical r-ideals of H such that Aj ⊆ Aj+1 for all j ∈ N
and I = (

∏
i∈N Ai)r. It suffices to show by induction on l that Al = Il =

√
Jl and Jl = (

∏
i∈N≥l

Ii)r =

(
∏

i∈N≥l
Ai)r for all l ∈ N. Clearly, J1 = I = (

∏
i∈N Ii)r = (

∏
i∈N Ai)r. Since (Ii)i∈N and (Ai)i∈N are

ascending sequences we obtain that P(A1) = P(I1) = P(J1) and thus A1 = I1 =
√
J1. Now let l ∈ N

and let the assertion be true for l. We have Jl = (
√
Jl
∏

i∈N≥l+1
Ii)r = (

√
Jl
∏

i∈N≥l+1
Ai)r. Therefore,

(
∏

i∈N≥l+1
Ii)r ⊆ (Jl :H

√
Jl) = Jl+1 and thus Jl = (

√
JlJl+1)r. Since H is an almost r-Dedekind monoid

we have
√
Jl is r-cancellative, hence Jl+1 = (

∏
i∈N≥l+1

Ii)r = (
∏

i∈N≥l+1
Ai)r. Since (Ii)i∈N and (Ai)i∈N

are ascending sequences it follows that P(Al+1) = P(Il+1) = P(Jl+1) and thus Al+1 = Il+1 =
√

Jl+1. �

Corollary 3.4. Let H be a monoid and r a finitary ideal system on H such that H is an almost r-
Dedekind monoid. The following conditions are equivalent:

1. H is an r-SP-monoid.
2. I is a finite r-product of radical r-ideals of H for all I ∈ Ir,f (H).
3. xH is a finite r-product of radical r-ideals of H for all x ∈ H.
4.
√
I ∈ Ir,f (H) for all I ∈ Ir,f (H).

5.
√
xH ∈ Ir,f (H) for all x ∈ H.

6. For every M ∈ r-max(H) there exists some I ∈ I√r,f (H)• such that I ⊆M .
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7. Every M ∈ r-max(H) is not r-critical.

Proof. 1. ⇒ 2., 2. ⇒ 3., 4. ⇒ 5., 5. ⇒ 6.: Trivial. 2. ⇒ 4., 3. ⇒ 5., 6. ⇒ 7., 7. ⇒ 2.: Are an
immediate consequence of Theorem 3.3.1.. 2. ⇒ 1.: For i ∈ N and J ∈ Ir(H) set Vi(J) = {M ∈
r-max(H) | J ⊆ (M i)r}. Let I ∈ Ir(H)•. There is some A ∈ Ir,f (H)• such that A ⊆ I. By Theorem
3.3.2. there is some n ∈ N0 such that Vl(A) = ∅ for all l ∈ N>n. Obviously, Vl(I) ⊆ Vl(A) for all l ∈ N>n

and thus Vl(I) = ∅ for all l ∈ N>n. Let j ∈ N. Since I =
⋃

J∈Ir,f (H)•,J⊆I J it follows by Theorem 3.3.2.

that Vj(I) =
⋂

J∈Ir,f (H)•,J⊆I Vj(J) is r-closed. Consequently, I is a finite r-product of radical r-ideals of

H by Theorem 3.3.2.. �

Let H be a monoid and r a finitary ideal system on H.

• We say that H is primary r-ideal inclusive if for all P,Q ∈ r-spec(H) such that P $ Q, there is

some primary I ∈ Ir(H) such that P ⊆ I $
√
I ⊆ Q.

• We say that H satisfies the r-prime power condition if for every primary Q ∈ Ir(H) there is some
k ∈ N such that Q = ((

√
Q)k)r.

Note that every almost r-Dedekind monoid satisfies the r-prime power condition.

Lemma 3.5. Let H be a monoid, r a finitary ideal system on H, I ∈ Ir(H), P ∈ P(I) and J = IP ∩H.
Then J ∈ Ir(H) and J is P -primary.

Proof. This follows from [8, Theorem 7.3.]. �

Lemma 3.6. Let R be an integral domain. Then R is primary d-ideal inclusive.

Proof. Let P,Q ∈ spec(R) be such that P $ Q. Then there is some y ∈ Q\P . There exists some
M ∈ P(P + y2R) such that M ⊆ Q. Set I = (P + y2R)M ∩R. By Lemma 3.5. it follows that I ∈ Id(R),
I is M -primary and P ⊆ I ⊆ Q. Assume that I = M . Then y ∈ (P + y2R)M , hence there is some
t ∈ R\M such that yt ∈ P + y2R. Consequently, there exists some z ∈ R such that y(t + yz) ∈ P , hence
t + yz ∈ P ⊆M and thus t ∈M , a contradiction. This implies that I $ M . �

Lemma 3.7. Let H be a monoid. Then H is primary s-ideal inclusive.

Proof. Let P,Q ∈ s-spec(H) be such that P $ Q. Then there is some y ∈ Q\P . There exists some
M ∈ P(P ∪y2H) such that M ⊆ Q. Set I = (P ∪y2H)M ∩H. By Lemma 3.5. it follows that I ∈ Is(H),
I is M -primary and P ⊆ I ⊆ Q. Assume that I = M . Then y ∈ (P ∪ y2H)M , hence there is some
t ∈ H\M such that yt ∈ P ∪ y2H. Since yt 6∈ P it follows that yt ∈ y2H and thus t ∈ yH ⊆ M , a
contradiction. This implies that I $ M . �

Lemma 3.8. Let H be a monoid, r a finitary ideal system on H and T ⊆ H• multiplicatively closed.

1. If H is primary r-ideal inclusive, then T−1H is primary T−1r-ideal inclusive.
2. If H is an r-SP-monoid, then T−1H is an T−1r-SP-monoid.
3. If H satisfies the r-prime power condition, then T−1H satisfies the T−1r-prime power condition.
4. Let HM be primary rM -ideal inclusive for all M ∈ r-max(H). Then H is primary r-ideal inclusive.

Proof. In the following we use some facts about primary r-ideals which can be found in [8, Theorem 7.2.].
1. Let H be primary r-ideal inclusive. Let A,B ∈ T−1r-spec(T−1H) be such that A $ B. Set P = A∩H
and Q = B ∩H. Then P,Q ∈ r-spec(H) and P $ Q, hence there is some primary I ∈ Ir(H) such that

P ⊆ I $
√
I ⊆ Q. Set J = T−1I. Then J ∈ IT−1r(T−1H), J is primary and A = T−1P ⊆ J ⊆ T−1Q =

B. Since J ∩H = I and T−1H
√
J ∩H =

√
I it follows that A ⊆ J $ T−1H

√
J ⊆ B.

2. Let H be an r-SP-monoid and J ∈ IT−1r(T−1H). There is some I ∈ Ir(H) such that J = T−1I,

hence there exist some k ∈ N and some sequence (Ii)
k
i=1 of radical r-ideals of H such that I = (

∏k
i=1 Ii)r.

Observe that (T−1Ii)
k
i=1 is a sequence of radical T−1r-ideals of T−1H and T−1I = (

∏k
i=1 T

−1Ii)T−1r.
Consequently, T−1H is an T−1r-SP-monoid.
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3. Let H satisfy the r-prime power condition. Let I ∈ IT−1r(T−1H) be primary. Set J = I ∩ H.

Then J ∈ Ir(H) and J is primary. There is some k ∈ N such that J = ((
√
J)k)r. Consequently,

I = T−1J = T−1((
√
J)k)r = ((T−1

√
J)k)T−1r = (( T−1H

√
I)k)T−1r.

4. Let P,Q ∈ r-spec(H) be such that P $ Q. There is some M ∈ r-max(H) such that Q ⊆ M . We
have PM , QM ∈ rM -spec(HM ) and PM $ QM . Therefore, there is some primary J ∈ IrM (HM ) such

that PM ⊆ J $ HM
√
J ⊆ QM . Let I = J ∩H. Then I ∈ Ir(H), I is primary and P = PM ∩H ⊆ I ⊆

QM ∩H = Q. Assume that I =
√
I. Then J = IM =

HM
√
IM =

HM
√
J , a contradiction. Consequently,

P ⊆ I $
√
I ⊆ Q. �

Proposition 3.9. Let H be a monoid and r a finitary ideal system on H such that H is an r-Prüfer
monoid or r-max(H) = X(H). Then H is primary r-ideal inclusive.

Proof. Case 1: H is an r-Prüfer monoid: Let M ∈ r-max(H). Then HM is a valuation monoid, hence
rM = s(HM ). Therefore, Lemma 3.7. implies that HM is primary rM -ideal inclusive. Consequently, H
is primary r-ideal inclusive by Lemma 3.8.4.. Case 2: r-max(H) = X(H): Let P,Q ∈ r-spec(H) be such
that P $ Q. Then P = {0}. There is some x ∈ Q•. Let I = x2HQ ∩H. Since Q ∈ P(x2H) it follows
by Lemma 3.5. that I ∈ Ir(H) and I is Q-primary. Assume that I = Q. Then x ∈ I, hence x ∈ H×Q , a

contradiction. Therefore, P ⊆ I $
√
I = Q. �

Recall that if H is a monoid, then V(H) is the set of all prime divisors of non-zero principal ideals of H.

Proposition 3.10. Let H be a monoid and r a finitary ideal system on H such that H is an r-SP-monoid.

1. H satisfies the r-prime power condition.
2. If Cr(H) is trivial, then H is radical factorial.
3.
⋂

P∈X(H) HP = H, HP is a discrete valuation monoid for all P ∈ V(H) and H is completely

integrally closed.

Proof. 1. Let Q ∈ Ir(H) be primary. There are some n ∈ N and some sequence (Ii)
n
i=1 of radical

r-ideals of H such that Q = (
∏n

i=1 Ii)r. Let Σ = {i ∈ [1, n] | Ii 6=
√
Q} and k = |[1, n]\Σ|. Observe

that k ∈ N. It follows that Q = ((
√
Q)k

∏
i∈Σ Ii)r. Assume that Q 6= ((

√
Q)k)r. Then (

√
Q)k * Q and

(
√
Q)k

∏
i∈Σ Ii ⊆ Q. Since Q is primary this implies that

∏
i∈Σ Ii ⊆

√
Q. Consequently, there exists

some j ∈ Σ such that Ij ⊆
√
Q, hence Ij =

√
Q, a contradiction. Therefore, Q = ((

√
Q)k)r.

2. Let Cr(H) be trivial and x ∈ H•. Then there are some n ∈ N and some sequence of (Ii)
n
i=1 of radical

r-ideals of H such that xH = (
∏n

i=1 Ii)r. Observe that Ii is r-invertible and thus Ii is principal for every
i ∈ [1, n]. Therefore, xH is a finite product of radical principal ideals of H.
3. By Lemma 3.8.2. and 2. we have HM is radical factorial for all M ∈ r-max(H). Moreover, it
follows that X(HM ) = {PM | P ∈ X(H), P ⊆ M} and

⋂
Q∈X(HM )(HM )Q =

⋂
P∈X(H),P⊆M (HM )PM

=⋂
P∈X(H),P⊆M HP for all M ∈ r-max(H). Therefore, Proposition 2.4.5. implies that

⋂
P∈X(H) HP =⋂

M∈r-max(H)(
⋂

P∈X(H),P⊆M HP ) =
⋂

M∈r-max(H)(
⋂

Q∈X(HM )(HM )Q) =
⋂

M∈r-max(H) HM = H. Now let

P ∈ V(H). There is some Q ∈ r-max(H) such that P ⊆ Q. It follows that PQ ∈ V(HQ) and thus
Proposition 2.4.4. implies that HP = (HQ)PQ

is a discrete valuation monoid. We have HM is completely
integrally closed for all M ∈ r-max(H) by Proposition 2.4.5., hence H is completely integrally closed. �

Note that every r-SP-monoid fulfills the Principal Ideal Theorem by Proposition 3.10.3.. Next we provide
a few conditions that enforce a radical factorial monoid to be an r-SP-monoid.

Proposition 3.11. Let H be a radical factorial monoid such that H• 6= H× and r a finitary ideal system
on H. If r-max(H) = X(H) or H is an r-Prüfer monoid, then H is an r-SP-monoid.

Proof. Case 1: r-max(H) = X(H): By Proposition 2.4.4. we have H is an almost r-Dedekind monoid.
Case 2: H is an r-Prüfer monoid: Let P ∈ r-max(H). It follows by Lemma 2.1.2. that HP is a radical
factorial valuation monoid. Moreover, every radical element of HP is a prime element of HP . Therefore,
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HP is a factorial valuation monoid, hence HP is a discrete valuation monoid by [8, Theorem 16.4.]. In
any case H is an almost r-Dedekind monoid and thus H is an r-SP-monoid by Corollary 3.4.. �

Lemma 3.12. Let H be a monoid, r a finitary ideal system on H such that H is r-local, H is primary
r-ideal inclusive, M = H\H× and I ∈ Ir(H) such that I $

√
I = M .

1. If H satisfies the r-prime power condition, then M is principal.
2. If H satisfies the r-prime power condition and H is radical factorial, then H is a discrete valuation

monoid.
3. If H is an r-SP-monoid, then H is a discrete valuation monoid.

Proof. 1. Let H satisfy the r-prime power condition. Since I is M -primary there exists some k ∈ N≥2

such that I = (Mk)r, hence (Mk)r $ M and thus (M2)r $ M . Let A ∈ r-spec(H)\{M}. Then there is

some primary J ∈ Ir(H) such that A ⊆ J $
√
J . There exists some l ∈ N≥2 such that J = ((

√
J)l)r.

Therefore, A ⊆ J ⊆ ((
√
J)2)r ⊆ (M2)r. Consequently, B ⊆ (M2)r for all B ∈ r-spec(H)\{M}. There is

some z ∈M\(M2)r, hence
√
zH = M . Since zH is primary there is some m ∈ N such that zH = (Mm)r.

We have H is r-local and thus Cr(H) is trivial. Consequently, M is principal.
2. Let H satisfy the r-prime power condition and let H be radical factorial. By 1. there is some x ∈M
such that M = xH. Therefore, Proposition 2.4.4. implies that H = HM is a discrete valuation monoid.
3. Let H be an r-SP-monoid. It follows by Proposition 3.10.1. that H satisfies the r-prime power
condition. Since H is r-local we have Cr(H) is trivial and thus H is radical factorial by Proposition
3.10.2.. Therefore, H is a discrete valuation monoid by 2.. �

Next we present the second main result in this section, which generalizes parts of [15].

Theorem 3.13. Let H be a monoid such that H• 6= H× and r a finitary ideal system on H such that
H is primary r-ideal inclusive.

1. If H satisfies the r-prime power condition and H is radical factorial, then H is an r-SP-monoid.
2. If H is an r-SP-monoid, then H is an almost r-Dedekind monoid.

Proof. 1. Let H satisfy the r-prime power condition and let H be radical factorial. By Proposition
3.11. it is sufficient to show that r-max(H) = X(H). Assume that r-max(H) 6= X(H). Then there
are some P,Q ∈ r-spec(H)• such that P $ Q. Therefore, there is some primary I ∈ Ir(H) such that

P ⊆ I $
√
I ⊆ Q. Set M =

√
I. It follows by Lemma 2.1.2. and Lemma 3.8. that HM is radical

factorial, HM is primary rM -ideal inclusive and HM satisfies the rM -prime power condition. Since
IM ∈ IrM (HM ) and IM $ HM

√
IM = MM it follows by Lemma 3.12.2. that HM is a discrete valuation

monoid. Consequently, PM = {0} and thus P = {0}, a contradiction.

2. Let H be an r-SP-monoid. Claim: If B ∈ Ir(H) is primary and B $
√
B, then H√B is a discrete

valuation monoid. Let B ∈ Ir(H) be primary and B $
√
B. Set P =

√
B. Then Lemma 3.8. implies

that HP is an rP -local rP -SP-monoid that is primary rP -ideal inclusive. Moreover, BP ∈ IrP (HP ) and

BP $ HP
√
BP = PP , hence HP is a discrete valuation monoid by Lemma 3.12.3..

Let Q ∈ r-max(H). Since {0} $ Q, there is some primary I ∈ Ir(H) such that I $
√
I ⊆ Q. Assume

that
√
I $ Q. Then there is some primary J ∈ Ir(H) such that

√
I ⊆ J $

√
J ⊆ Q. We have H√J is a

discrete valuation monoid by the claim. Consequently, (
√
I)√J = {0} and thus

√
I = {0}, a contradiction.

Therefore, Q =
√
I, hence HQ is a discrete valuation monoid by the claim. �

Corollary 3.14. Let H be a monoid such that H• 6= H× and r a finitary ideal system on H. The
following statements are equivalent:

1. H is an r-SP-monoid that is primary r-ideal inclusive.
2. H is an r-Prüfer monoid, r-max(H) = X(H) and every M ∈ r-max(H) is not r-critical.
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Proof. 1. ⇒ 2.: It follows by Theorem 3.13.2. that H is an almost r-Dedekind monoid. Therefore, H
is an r-Prüfer monoid and r-max(H) = X(H). It follows by Corollary 3.4. that every M ∈ r-max(H) is
not r-critical. 2. ⇒ 1.: Let M ∈ r-max(H). Assume that M2

M = MM . Then ((M2)r)M = (M2
M )rM =

(MM )rM = MM and thus (M2)r = ((M2)r)M ∩H = MM ∩H = M by Lemma 3.1.1.. This implies that
M is r-critical, a contradiction. Therefore, M2

M 6= MM , hence MM is principal and thus HM is a discrete
valuation monoid by [8, Corollary 5.4.] and [8, Theorem 6.4.]. Consequently, H is an almost r-Dedekind
monoid. By Corollary 3.4. we have H is an r-SP-monoid. Proposition 3.9. implies that H is primary
r-ideal inclusive. �

By Lemma 3.6. we obtain that Corollary 3.14. improves [11, Corollary 2.2.].

Corollary 3.15. Let H be an s-SP-monoid such that H• 6= H×. Then H is a discrete valuation monoid.

Proof. By Theorem 3.13.2. and Lemma 3.7. we have H is an almost s-Dedekind monoid. Since H is
s-local this implies that H is a discrete valuation monoid. �

4. Examples and Remarks

Let H be a monoid, K a quotient monoid of H, x ∈ H• and n ∈ N. Set Dn(x) = {u ∈ A(H) | u|xn}
and D∞(x) =

⋃
k∈NDk(x). Observe that D∞(a) = D1(a) for all a ∈ H• if and only if A(H) ⊆ B(H).

Especially if H is atomic, then H is radical factorial if and only if D∞(a) = D1(a) for all a ∈ H•. Recall

that H is seminormal if for all x ∈ K such that x2, x3 ∈ H it follows that x ∈ H (see also [14]). By Ĥ
we denote the complete integral closure of H.

Example 4.1. Let L be a field, K $ L a subfield, X an indeterminate over L and R = K + XL[[X]].
Then R is a primary Mori domain that is not completely integrally closed and D∞(f) = D2(f) for all
f ∈ R•. Especially R is weakly factorial, Ct(R) is trivial and R is not factorial.

Proof. Note that R and L[[X]] have the same field of quotients. Clearly, R̂ = L[[X]] is a discrete valuation

domain, hence R̂ is factorial. Observe that R is seminormal and not completely integrally closed. We have

R̂\R̂× = XL[[X]]. Since R̂×∩R = (L×+XL[[X]])∩(K+XL[[X]]) = (L×∩K)+XL[[X]] = K×+XL[[X]] =

R× it follows that R\R× = (R̂\R̂×) ∩ R = XL[[X]]. Therefore, R is local. Let P ∈ spec(R)•. Then

P ⊆ XL[[X]], hence {0} 6= PR̂ ⊆ XR̂ and thus
R̂
√

PR̂ = XR̂ (since R̂ is local and 1-dimensional). There

exists some k ∈ N such that Xk ∈ PR̂, hence Xk+1 ∈ XPR̂ ⊆ PR = P and thus X ∈ P . This implies

that (XL[[X]])2 = X2R̂ ⊆ XR ⊆ P . Consequently, XL[[X]] ⊆ P , hence P = XL[[X]]. This implies that
R is 1-dimensional and since R is local we have R is primary, hence R is weakly factorial and Ct(R) is
trivial. It follows by [14, Lemma 2.6.] that R is a Mori domain.

Next we show that A(R) ⊆ A(R̂). Let f ∈ A(R). Obviously, f ∈ R̂•\R̂×. Let g, h ∈ R̂ be such that

f = gh. Case 1: g0 = h0 = 0: We have g, h ∈ R, hence g ∈ R× ⊆ R̂× or h ∈ R× ⊆ R̂×. Case 2: g0 6= 0
or h0 6= 0: Without restriction let g0 6= 0. Then f = gh = g−1

0 gg0h and g−1
0 g, g0h ∈ R, hence g−1

0 g ∈ R×

or g0h ∈ R×. Since g0 ∈ L× ⊆ R̂× it follows that g ∈ R̂× or h ∈ R̂×.
It remains to show that D∞(f) ⊆ D2(f) for all f ∈ R•\R×. Let f ∈ R•\R× and u ∈ D∞(f). Then there

exists some k ∈ N such that u|Rfk. This implies that u|R̂f
k. Since u ∈ A(R) ⊆ A(R̂) and R̂ is factorial

it follows that u|R̂f . Therefore, there exists some g ∈ R̂ such that f = ug. Case 1: f0 6= 0: We have

u0 6= 0, hence g0 = f0u
−1
0 ∈ K. This implies that g ∈ R and thus u ∈ D1(f) ⊆ D2(f). Case 2: f0 = 0: It

follows that fg ∈ R. Since f2 = ufg we have u|Rf2, hence u ∈ D2(f). �

Example 4.2. There exists some radical factorial GCD-domain that is not factorial.

Proof. By [15, Theorem 3.4.] there exists some Bézout domain R that is an SP-domain but not a
Dedekind domain. Therefore, R is a 1-dimensional Bézout domain and thus R is a GCD-domain, hence
Pic(R) = Ct(R) is trivial. Assume that R is factorial. Then R is an atomic Bézout domain, hence R



16 ANDREAS REINHART

is a principal ideal domain and thus R is a Dedekind domain, a contradiction. Consequently, R is not
factorial. By Proposition 3.10.2. we have R is radical factorial. �

Together with Proposition 2.17. it follows by Example 4.2. that there are plenty examples of radical
factorial GCD-domains that fail to be factorial. The following example is a generalization of [5, Example
3-2.] and [5, Example 3-3.].

Example 4.3. Each of the following properties is satisfied by some Dedekind domain R that is not
factorial such that max(R) is countable, M is not principal and |R/M | < ∞ for all M ∈ max(R) and
Ct(R) is torsion-free:

1. R is radical factorial.
2. B(R) = R×.
3. M ∩ B(R) 6= ∅ for all M ∈ max(R) and R is not radical factorial.

Proof. Let G be a countably generated (additive) free abelian group with basis (xi)i∈N, (li)i∈N ∈ NN,

H = 〈{xi+lixi+1 | i ∈ N}〉 and I = {z ∈ H | z =
∑

i∈N rixi for some (ri)i∈N ∈ N(N)
0 }. Set l0 = 0. First we

show that for every finite E ⊆ N and all (ne)e∈E ∈ NE
0 there is some (me)e∈N ∈ N(N)

0 such that me = ne

for all e ∈ E and
∑

e∈N mexe ∈ I. Let E ⊆ N be finite and (ne)e∈E ∈ NE
0 . There is some finite F ⊆ N and

some bijection h : E → F such that E ∩ F = ∅ and h(e)− e is an odd natural number for all e ∈ E. Set

me = ne if e ∈ E, me = (
∏e−1

i=h−1(e) li)nh−1(e) if e ∈ F and me = 0 if e ∈ N\(E∪F ). Then (me)e∈N ∈ N(N)
0 .

Note that xe + (
∏h(e)−1

j=e lj)xh(e) =
∑h(e)−1

i=e (
∏i−1

j=e(−lj))(xi + lixi+1) ∈ I for all e ∈ E. Therefore,∑
e∈N mexe =

∑
e∈E nexe +

∑
e∈F (

∏e−1
i=h−1(e) li)nh−1(e)xe =

∑
e∈E ne(xe + (

∏h(e)−1
j=e lj)xh(e)) ∈ I.

By [5, Theorem 2.1.] there exists some Dedekind domain R and some bijection f : {xi | i ∈ N} →
max(R) such that R/M is finite for all M ∈ max(R) and such that the canonical group isomorphism
g : G→ F(R)• that extends f satisfies g(I) = {yR | y ∈ R•}. Obviously, max(R) is countable. Next we
show that H ∩ {kxj | k ∈ Z, j ∈ N} = {0}. Let v ∈ H, k ∈ Z, j ∈ N and (zi)i∈N ∈ Z(N) be such that
v = kxj =

∑
i∈N zi(xi+lixi+1). Set z0 = 0. Then zi+li−1zi−1 = 0 for all i ∈ N\{j} and k = zj+lj−1zj−1.

Assume that v 6= 0. Then there exist some smallest a ∈ N and some largest b ∈ N such that za 6= 0 and
zb 6= 0. This implies that a = j = b + 1, hence za = zb+1 = 0, a contradiction. Consequently, every
M ∈ max(R) is not principal. Therefore, R is not a principal ideal domain, hence R is not factorial.
Now we prove that Pic(R) = Ct(R) is torsion-free. Let J be a non-zero ideal of R and c ∈ N such that

Jc is a principal ideal of R. There is some (vi)i∈N ∈ N(N)
0 such that g(

∑
i∈N vixi) = J . It follows that∑

i∈N cvixi ∈ I, hence there is some (di)i∈N ∈ Z(N) such that
∑

i∈N cvixi =
∑

i∈N di(xi + lixi+1). Set
d0 = 0. Then cvi = di+li−1di−1 for all i ∈ N. By induction we obtain that c|di for all i ∈ N, hence there is
some (ei)i∈N ∈ Z(N) such that di = cei for all i ∈ N. This implies that

∑
i∈N vixi =

∑
i∈N ei(xi+lixi+1) ∈ I

and thus J is principal.
1. Set li = 1 for all i ∈ N. We show that R is radical factorial. Since R is atomic it remains to
show that A(R) ⊆ B(R). Let u ∈ A(R). Then there is some z ∈ I such that g(z) = uR. There exist

some (ri)i∈N ∈ N(N)
0 and (ti)i∈N ∈ Z(N) such that z =

∑
i∈N rixi =

∑
i∈N ti(xi + xi+1). Set t0 = 0.

Then ri = ti + ti−1 for all i ∈ N. Since uR 6= R we have z 6= 0 and thus there is some least n ∈ N
such that tn 6= 0. Assume that rn+2i+1 = 0 for all i ∈ N0. If i ∈ N0, then tn+2i+1 = −tn+2i and
tn+2i+2 + tn+2i+1 ≥ 0, hence tn+2i+2 ≥ tn+2i. Since tn = rn > 0 we have tn+2i > 0 for all i ∈ N0, a
contradiction. Consequently, there is some j ∈ N0 such that rn+2j+1 6= 0. Set m = n + 2j + 1. We have

xn + xm =
∑m−n−1

i=0 (−1)i(xi+n + xi+n+1) ∈ I. Therefore, there is some v ∈ R• such that g(xn + xm) =
vR. This implies that uR =

∏
i∈N g(xi)

ri ⊆ g(xn)g(xm) = vR $ R, hence uR = g(xn)g(xm). Since

g(xn) 6= g(xm) it follows that
√
uR = g(xn) ∩ g(xm) = g(xn)g(xm) = uR and thus u ∈ B(R).

2. Let li ∈ N≥2 for all i ∈ N. Assume that B(R) 6= R×. Then there are some u ∈ B(R)\R× and

w ∈ I such that g(w) = uR. Consequently, there exist some (si)i∈N ∈ {0, 1}(N) and (ui)i∈N ∈ Z(N) such
that w =

∑
i∈N sixi =

∑
i∈N ui(xi + lixi+1). Set u0 = 0. Then si = ui + li−1ui−1 for all i ∈ N. Since
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w 6= 0, there are some largest m,n ∈ N such that sm 6= 0 and un 6= 0. Set p = max(m,n). Then
sp+1 = up+1 = 0, hence up = 0 and thus 1 = sp = lp−1up−1, a contradiction.
3. Set l2 = 2 and li = 1 for all i ∈ N\{2}. Let N ∈ max(R). There is some b ∈ N such that g(xb) = N .
If b 6= 2, then there is some w ∈ B(R) such that g(xb + xb+1) = wR and thus w ∈ N ∩ B(R). If b = 2,
then there exists some w ∈ B(R) such that g(x1 +x2) = wR, hence w ∈ N ∩B(R). There is some v ∈ R•

such that g(x2 + 2x3) = vR. Since v ∈ g(x3)2 it follows that v 6∈ B(R). On the other hand we have
x2 + x3, x2, x3, 2x3 6∈ I. Therefore, v ∈ A(R). This implies that A(R) * B(R) and thus R is not radical
factorial. �

Note that R in Example 4.3.2. is an integral domain that fulfills the conditions in Lemma 2.7.4., hence
Ω(R) is divisor-closed and yet R is not radical factorial. Observe that there exists a valuation domain S
that is not a field and such that X(S) = ∅, hence every P ∈ X(S) is principal and yet S is not factorial.
By this remark and Example 4.1., Example 4.2. and Example 4.3. it follows that none of the conditions
in Theorem 2.14. can be omitted.

Example 4.4. There exists some local, 2-dimensional, noetherian domain R such that RP is a discrete
valuation domain for all P ∈ X(R) and R is not primary t-ideal inclusive.

Proof. Let S be a discrete valuation domain, p a prime element of S, K a quotient field of S, X an
indeterminate over K, R = {f ∈ S[[X]] | p|f1} and Q = (p, pX,X2, X3)R. Clearly, S[[X]] is a local, 2-
dimensional noetherian domain. By [13, Lemma 5.2.1.] we have R = S[[X]] = (1, X)R and thus R is local
and 2-dimensional. Moreover, R is noetherian by the Theorem of Eakin-Nagata. By [13, Lemma 5.2.5.] we
have RP is a discrete valuation domain for all P ∈ X(R). It follows that Q = Qv = {f ∈ S[[X]] | p|f0, p|f1}
by [13, Lemma 5.2.2.]. Obviously, Q ∈ max(R) and thus max(R) = t-max(R) = {Q}. Let I ∈ It(R)

be such that
√
I = Q. Then there is some k ∈ N such that pk, Xk ∈ I. We have Q−1 ⊆ I−1 ⊆

((pk, Xk)R)−1 ⊆ S[[X]] = Q−1, hence I = Iv = Q. Consequently, {J ∈ It(R) | P ⊆ J ⊆ Q} = {P,Q} for
all P ∈ X(R) = t-spec(R)•\{Q}, hence R is not primary t-ideal inclusive. �

Example 4.5. There is some Dedekind domain R such that R is not radical factorial, Ct(R) is a torsion
group and yet P ∩ B(R) 6= ∅ for all P ∈ max(R).

Proof. Let R = Z[
√
−5]. It is well known that R is a Dedekind domain that is not factorial and

|Ct(R)| = 2. Therefore, Theorem 2.14. implies that R is not radical factorial. Let P ∈ max(R).
There is some p ∈ P such that P ∩Z = pZ. If p is not ramified, then p ∈ P ∩B(R). If p is ramified, then
p = 2 or p = 5. Case 1: p = 2: We have P = (2, 1+

√
−5)R, (3, 1+

√
−5)R ∈ max(R), P 6= (3, 1+

√
−5)R

and (1 +
√
−5)R = P (3, 1 +

√
−5)R. Therefore, 1 +

√
−5 ∈ P ∩ B(R). Case 2: p = 5: It follows that

P =
√
−5R and thus

√
−5 ∈ P ∩ B(R). �

By Proposition 2.12. we have if H is a GCD-monoid such that t-max(H) = X(H) and every height-one
prime s-ideal of H contains a radical element, then H is radical factorial. By Example 4.5. we know that
this is far away from being true if we replace the term “GCD-monoid” by “Dedekind domain”. Observe
that the last example fails to be radical factorial, since the property in Proposition 2.4.2. is not satisfied.
By Example 4.3. we obtain that even if the t-class group of a Dedekind domain R is torsion-free (and
thus the property in Proposition 2.4.2. is satisfied) and all maximal ideals of R contain a radical element,
then R needs not be radical factorial.
Up to now we could not decide whether every radical factorial monoid H such that H• 6= H× satisfies
t-max(H) = X(H). The following remark shows (together with Proposition 2.4.5.) that at least the
divisorial prime ideals of H behave nicely.

Remark 4.6. Let H be a monoid such that H• 6= H× and
⋂

P∈X(H) HP = H. Then for each I ∈
Iv(H)\{H} there is some P ∈ X(H) such that I ⊆ P . Especially v-spec(H)• ⊆ X(H).
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Proof. Let K be a quotient monoid of H, I ∈ Iv(H)\{H} and x ∈
⋂

Q∈X(H) IQ. It follows that xI−1 ⊆
IQ(HQ :K IQ) ⊆ HQ for all Q ∈ X(H), hence xI−1 ⊆ H and thus x ∈ Iv = I. Therefore,

⋂
Q∈X(H) IQ = I.

There is some P ∈ X(H) such that IP 6= HP , hence I ⊆ P . �

5. Appendix: Strongly r-discrete r-Prüfer monoids

In the following we refine some of the statements of [4] and [10]. The first result in this section extends
[10, Lemma 2.2.] (in the local case), but its proof is very similar. Let H be a monoid, r a finitary ideal
system on H, X ⊆ H and P ∈ r-spec(H). Set Or(X) = {Q ∈ r-spec(H) | X $ Q}. Next, H is called
strongly r-discrete if for all Q ∈ r-spec(H) such that (Q2)r = Q it follows that Q = {0}. Observe that if
∅ 6= K ⊆ r-spec(H) is a chain, then

⋂
Q∈K Q,

⋃
Q∈K Q ∈ r-spec(H). We call P r-branched if there exists

some P -primary I ∈ Ir(H) such that I 6= P . Let r-B(H) denote the set of all r-branched prime r-ideals
of H.

Proposition 5.1. Let H be a monoid, r a finitary ideal system on H and M = H\H×.

1. If M is principal, then
⋂

n∈N Mn ∈ s-spec(H) and Q ⊆
⋂

n∈N Mn for all Q ∈ s-spec(H)\{M}.
2. The following conditions are equivalent:

a. H is a strongly s-discrete valuation monoid.
b. H is a strongly r-discrete valuation monoid.
c. PP is principal in HP for all P ∈ s-spec(H).
d. H is r-local and PP is principal in HP for all P ∈ r-spec(H).

If these conditions are satisfied, then s-spec(H) satisfies the ACC.

Proof. 1. Let M be principal and N =
⋂

n∈N Mn. There is some s ∈ M such that M = sH. Without
restriction we can assume that s 6= 0. Let x, y ∈ H be such that xy ∈ N . Assume that x, y 6∈ N . Then
there are some least n,m ∈ N such that x 6∈ Mn and y 6∈ Mm. It follows that x ∈ Mn−1, y ∈ Mm−1

and xy ∈ Mn+m−1. There exist some u, v ∈ H× such that x = sn−1u and y = sm−1v. We have
sn+m−2uv = xy ∈ sn+m−1H, hence s ∈ H×, a contradiction. Let Q ∈ s-spec(H) be such that Q 6= M .
We show by induction on k that Q ⊆ Mk, for all k ∈ N. Clearly, Q ⊆ M . Now let k ∈ N be such that
Q ⊆ Mk. Then s−kQ ⊆ H. Assume that s−kQ = H. Then sk ∈ Q, hence s ∈ Q and thus Q = M , a
contradiction. Therefore, s−kQ ⊆M = sH, hence Q ⊆ sk+1H = Mk+1.
2. a. ⇔ b.: In any case H is a valuation monoid. Hence s = r and thus H is strongly s-discrete if and
only if H is strongly r-discrete.
a.⇒ c.: Let P ∈ s-spec(H). Obviously, HP is a valuation monoid and thus PP = P 2

P or PP is principal.
Assume that PP is not principal. Then PP = P 2

P . Since P 2 is P -primary by Lemma 3.1.1. it follows that
P = PP ∩H = P 2

P ∩H = (P 2)P ∩H = P 2. Therefore, P = {0} and thus PP = {0}, a contradiction.
c. ⇒ d.: Since MM = M is principal in HM = H it follows that Mr = M , hence H is r-local. Clearly,
PP is principal in HP for all P ∈ r-spec(H).
d.⇒ a.: Claim 1: r-spec(H) is a chain. Let P,Q ∈ r-spec(H). Then there is some A ∈ P((P ∪Q)r). It
follows that PA, QA ⊆ AA. Assume that PA, QA $ AA. Since A ∈ r-spec(H) we have AA is principal,
hence it follows by 1. that PA, QA ⊆

⋂
k∈N Ak

A. By 1. we have
⋂

k∈N Ak
A ∈ s-spec(HA). Set B =⋂

k∈N Ak
A ∩ H. Then B ∈ r-spec(H), B ⊆ A and BA =

⋂
k∈N Ak

A. Consequently, PA, QA ⊆ BA, hence

(P ∪Q)r ⊆ B ⊆ A and thus B = A. We have AA =
⋂

k∈N Ak
A. Therefore, AA = A2

A, and thus AA = {0},
a contradiction. It follows that PA = AA or QA = AA, hence Q ⊆ P or P ⊆ Q.
Claim 2: r-spec(H) satisfies the ACC. Let (Pi)i∈N be an ascending sequence of prime r-ideals of H. Set
Q =

⋃
i∈N Pi. Then Q ∈ r-spec(H). There is some q ∈ Q such that QQ = qHQ, hence there is some

k ∈ N such that q ∈ Pk. Consequently, QQ = qHQ ⊆ (Pk)Q ⊆ QQ, hence QQ = (Pk)Q and thus Q = Pk.
Therefore, Pj = Pk for all j ∈ N≥k.
Claim 3: If Ω ⊆ r-spec(H) and if for every P ∈ r-spec(H) satisfying Or(P ) ⊆ Ω it follows that P ∈ Ω,
then Ω = r-spec(H). Let Ω ⊆ r-spec(H) be such that for every P ∈ r-spec(H) satisfying Or(P ) ⊆ Ω it
follows that P ∈ Ω. Assume that Ω 6= r-spec(H). By claim 2 there is some P ∈ r-spec(H)\Ω that is
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maximal. Therefore, Or(P ) ⊆ Ω and thus P ∈ Ω, a contradiction.
Let Ω = {P ∈ r-spec(H) | for all x, y ∈ H\P we have P ⊆ xH and it follows that x ∈ yH or y ∈ xH}. Let
P ∈ r-spec(H) be such that Or(P ) ⊆ Ω. We show that P ∈ Ω. Since M ∈ Ω we can assume that P $ M .
Set L =

⋂
Q∈Or(P ) Q. Note that M ∈ Or(P ), hence L ∈ r-spec(H) by claim 1. There exists some t ∈ L

such that LL = tHL. First we show that if P $ L, then PL =
⋂

k∈N tkHL. Let P $ L. Since PL $ LL

and LL is principal it follows by 1. that PL ⊆
⋂

k∈N Lk
L ∈ s-spec(HL). Set B =

⋂
k∈N Lk

L ∩ H. Then

B ∈ r-spec(H), B ⊆ L and
⋂

k∈N Lk
L = BL. If B = L, then L2

L = LL, hence LL = {0}, a contradiction.

Therefore, P ⊆ B $ L, hence P = B and PL =
⋂

k∈N tkHL.
Let x, y ∈ H\P . Case 1: x 6∈ L: There is some Q ∈ Or(P ) such that x 6∈ Q. Therefore, P ⊆ Q ⊆ xH.
Case 1a: y 6∈ L: There is some Q′ ∈ Or(P ) such that y 6∈ Q′. By claim 1 we have Q ∩ Q′ ∈ Or(P )
and x, y 6∈ Q ∩ Q′. Therefore, x ∈ yH or y ∈ xH. Case 1b: y ∈ L: We have y ∈ L ⊆ Q ⊆ xH. Case
2: x ∈ L: It follows that P $ L and thus L ∈ Ω. Therefore, L ⊆ zH for all z ∈ H\L, hence LL ⊆ H.
Since x 6∈ PL there is some i ∈ N such that x ∈ tiHL and x 6∈ ti+1HL, hence there is some u ∈ H×L
such that x = tiu. It follows that P ⊆ PL ⊆ ti+1HL = xtHL = xLL ⊆ xH. Case 2a: y 6∈ L: We
have x ∈ L ⊆ yH. Case 2b: y ∈ L: Since y 6∈ PL there exists some j ∈ N such that y ∈ tjHL and
y 6∈ tj+1HL and thus there is some v ∈ H×L such that y = tjv. If i < j, then y = xtj−ivu−1 ∈ xLL ⊆ xH.
If j < i, then x = yti−juv−1 ∈ yLL ⊆ yH. Now let i = j. There exists some c ∈ H\L such that
cu, cv ∈ H\L. Consequently, cu ∈ cvH or cv ∈ cuH and hence x = tic−1cu ∈ tic−1cvH = yH or
y = tic−1cv ∈ tic−1cuH = xH. Finally P ∈ Ω.
By claim 3 we have Ω = r-spec(H). Therefore, {0} ∈ Ω and thus H is a valuation monoid. Let
I ∈ s-spec(H) be such that I2 = I. Then I ∈ r-spec(H). Since II = (I2)I = I2

I and II is principal we
have II = {0}, hence I = {0}.
Set r = s. Then it follows by claim 2 that s-spec(H) satisfies the ACC. �

Proposition 5.2. Let H be a monoid and r a finitary ideal system on H such that H satisfies the r-prime
power condition and H is primary r-ideal inclusive.

1. PP is principal in HP for all P ∈ r-B(H) and (Qk)r is Q-primary for all k ∈ N and Q ∈ r-spec(H).
2. If P ∈ r-spec(H) and Q ∈ s-spec(H) such that Q $ P , then Q ⊆

⋂
n∈N(Pn)r ∈ r-spec(H).

Proof. 1. Let P ∈ r-B(H). There is some primary I ∈ Ir(H) such that I $
√
I = P . This implies that

IP ∈ IrP (HP ) and IP $ HP
√
IP = PP . By Lemma 3.8. we have HP satisfies the rP -prime power condition

and HP is primary rP -ideal inclusive. Since HP is rP -local it follows by Lemma 3.12.1. that PP is principal
in HP . Let Q ∈ r-spec(H). Without restriction let Q 6= (Q2)r. Set Ω = {A ∈ r-spec(H) | A $ Q}. Then

{0} ∈ Ω. Let B ∈ Ω. There are some primary I ∈ Ir(H) and some l ∈ N≥2 such that B ⊆ I $
√
I ⊆ Q

and I = ((
√
I)l)r. This implies that B ⊆ I ⊆ ((

√
I)2)r ⊆ (Q2)r. Therefore, C ⊆ (Q2)r for all C ∈ Ω.

Let ∅ 6= Σ ⊆ Ω be a chain. Then
⋃

A∈Σ A ∈ r-spec(H) and
⋃

A∈Σ A ⊆ (Q2)r $ Q, hence
⋃

A∈Σ A ∈ Ω.
Therefore, Ω is ordered inductively by inclusion. Consequently, there exists some maximal A ∈ Ω. There
is some primary J ∈ Ir(H) such that A ⊆ J $

√
J ⊆ Q and thus Q =

√
J . It follows that Q ∈ r-B(H),

hence QQ is principal in HQ. We have Qk
Q∩H is Q-primary for all k ∈ N. It suffices to show by induction

on k that Qk
Q ∩H = (Qk)r for all k ∈ N. The assertion is clear for k = 1. Now let k ∈ N be such that

Qk
Q ∩H = (Qk)r. Since QQ is principal we have Qk+1

Q ∩H $ Qk
Q ∩H and Qk+1

Q ∩H ∈ Ir(H). Therefore,

there is some l ∈ N such that Qk+1
Q ∩H = (Ql)r. Since (Ql)r = Qk+1

Q ∩H $ Qk
Q ∩H = (Qk)r it follows

that l ≥ k + 1. Consequently, Qk+1
Q ∩ H = (Ql)r ⊆ (Qk+1)r ⊆ ((Qk+1)r)Q ∩ H = Qk+1

Q ∩ H, hence

Qk+1
Q ∩H = (Qk+1)r.

2. Let P ∈ r-spec(H) and Q ∈ s-spec(H) be such that Q $ P . Without restriction let P 6= (P 2)r. By 1.
it follows that (P 2)r is P -primary, hence P ∈ r-B(H) and thus PP is principal in HP by 1.. Since QP $ PP

we have QP ⊆
⋂

n∈N Pn
P ∈ s(HP )-spec(HP ) by Proposition 5.1.1.. Observe that (P k)r = ((P k)r)P ∩H =

P k
P ∩H for all k ∈ N. Therefore, Q = QP ∩H ⊆ (

⋂
n∈N Pn

P ) ∩H =
⋂

n∈N(Pn)r ∈ r-spec(H). �
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Corollary 5.3. Let H be a monoid and r a finitary ideal system on H such that H is primary r-ideal
inclusive. The following conditions are equivalent:

1. H satisfies the r-prime power condition.
2. PP is principal in HP for all P ∈ r-B(H) and (Qk)r is Q-primary for all k ∈ N and Q ∈ r-spec(H).
3. PP is principal in HP and (P k)r is P -primary for all k ∈ N and P ∈ r-B(H).

Proof. 1. ⇒ 2.: This follows from Proposition 5.2.1.. 2. ⇒ 3.: Trivial. 3. ⇒ 1.: Let I ∈ Ir(H) be

primary and P =
√
I. Without restriction let I 6= P . Then P ∈ r-B(H). Since IP is PP -primary,

it follows by Lemma 2.2.1. that there is some k ∈ N such that IP = P k
P = (P k

P )rP = ((P k)r)P .
Consequently, I = IP ∩H = ((P k)r)P ∩H = (P k)r. �

The following Theorem is the main result in this section.

Theorem 5.4. Let H be a monoid and r a finitary ideal system on H. The following are equivalent:

1. H is a strongly r-discrete r-Prüfer monoid.
2. H satisfies the r-prime power condition, H is primary r-ideal inclusive and r-spec(H) satisfies the

ACC.
3. H satisfies the r-prime power condition, H is primary r-ideal inclusive and H is strongly r-discrete.
4. PP is principal in HP for all P ∈ r-spec(H).

Proof. 1. ⇒ 2.,1. ⇒ 3.: First we show that LL is principal in HL for all L ∈ r-spec(H). Let L ∈
r-spec(H). Assume that LL is not principal in HL. Since HL is a valuation monoid it follows that
L2
L = LL, hence ((L2)r)L = (L2

L)rL = L2
L = LL. Because of Lemma 3.1.1. we have (L2)r = ((L2)r)L ∩

H = LL ∩ H = L. Therefore, L = {0}, a contradiction. By Proposition 3.9. it follows that H is
primary r-ideal inclusive. By Lemma 3.1.1. and Corollary 5.3. we have H satisfies the r-prime power
condition. Let M ∈ r-max(H) and J ∈ rM -spec(HM )•. Then there is some N ∈ r-spec(H)• such
that N ⊆ M and J = NM . We have NN is principal in HN . This implies that JJ = (NM )NM

= NN

is principal in (HM )J = (HM )NM
= HN . Since HM is rM -local it follows by Proposition 5.1.2. that

rM -spec(HM ) = s(HM )-spec(HM ) satisfies the ACC. Therefore, {P ∈ r-spec(H) | P ⊆ B} satisfies the
ACC for all B ∈ r-max(H) and thus r-spec(H) satisfies the ACC.
2.⇒ 4.: Let P ∈ r-spec(H)•. There is some Q ∈ r-spec(H) such that Q is maximal in {A ∈ r-spec(H) |
A $ P}. There is some primary I ∈ Ir(H) such that Q ⊆ I $

√
I ⊆ P and thus

√
I = P . Therefore,

P ∈ r-B(H), hence PP is principal in HP by Proposition 5.2.1..
3.⇒ 4.: Let P ∈ r-spec(H)•. By Proposition 5.2.1. it follows that (P 2)r is P -primary. Since (P 2)r $ P
we have P ∈ r-B(H) and thus PP is principal in HP by Proposition 5.2.1..
4. ⇒ 1.: Let M ∈ r-max(H). Let P ∈ rM -spec(HM ) and P = P ∩ H. Then P ∈ r-spec(H), P ⊆ M
and P = PM . It follows that PP = (PM )PM

= PP is principal in (HM )P = (HM )PM
= HP . Since

HM is rM -local it follows by Proposition 5.1.2. that HM is a strongly rM -discrete valuation monoid.
Consequently, H is an r-Prüfer monoid. Let Q ∈ r-spec(H) be such that (Q2)r = Q. There is some
N ∈ r-max(H) such that Q ⊆ N . We have (Q2

N )rN = ((Q2)r)N = QN , hence QN = {0} and thus
Q = {0}. Therefore, H is strongly r-discrete. �

Corollary 5.5. Let R be an integral domain. The following statements are equivalent:

1. R is a strongly d-discrete Prüfer domain.
2. R satisfies the d-prime power condition and spec(R) satisfies the ACC.
3. R satisfies the d-prime power condition and R is strongly d-discrete.
4. PP is principal in RP for all P ∈ spec(R).

Proof. This is an easy consequence of Lemma 3.6. and Theorem 5.4.. �

Therefore, Theorem 5.4. is a common generalization of [10, Lemma 2.2.] and [4, Theorem 7.].

Corollary 5.6. Let H be a monoid. The following conditions are equivalent:
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1. H is a strongly s-discrete valuation monoid.
2. H satisfies the s-prime power condition and s-spec(H) satisfies the ACC.
3. H satisfies the s-prime power condition and H is strongly s-discrete.

Proof. Since H is s-local, this is an immediate consequence of Lemma 3.7. and Theorem 5.4.. �
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