RADICAL FACTORIAL MONOIDS AND DOMAINS

ANDREAS REINHART

ABSTRACT. In this paper we study variations and generalizations of SP-domains (i.e. domains where
every ideal is a finite product of radical ideals) with respect to monoids and finitary ideal systems r.
In particular we consider so called r-SP-monoids and investigate monoids where every principal ideal
is a finite product of radical principal ideals (which we call radical factorial monoids). We clarify the
connections between radical factorial monoids and r-SP-monoids and characterize the GCD-monoids
that are radical factorial. Furthermore, we specify the factorial monoids using radical factorial monoids
and some of their variations. As a byproduct of these investigations we present a characterization of
strongly r-discrete r-Priifer monoids.

0. INTRODUCTION

Recall that a Dedekind domain is an integral domain where each of its ideals is a finite product of prime
ideals. Moreover, a factorial domain is an integral domain where each of its principal ideals is a finite
product of principal prime ideals. These concepts have been generalized into various directions. It is well
known that an ideal of a commutative ring with identity is a prime ideal if and only if it is primary and
radical. Therefore, it is natural to ask how integral domains (resp. monoids) can be characterized if each
of its ideals (principal ideals) is a finite product of primary ideals resp. radical ideals (primary principal
ideals resp. radical principal ideals). Most of these generalizations (like Q-rings, SP-domains and weakly
factorial domains) have already been studied (see [2, 3, 9, 11, 15, 16]). As far as we know the monoids
where every principal ideal is a finite product of radical principal ideals have not been investigated so far
(we call them radical factorial monoids). Note that factorial monoids are closely connected with the ¢-
operation. Consequently, it is of interest to look at the t-analogue of Dedekind domains and SP-domains.
More generally we introduce and study so called r-SP-monoids with respect to a finitary ideal system r
and reveal their relations with radical factorial monoids.

In the first section we recall the most important facts about ideal systems. We define the most significant
ideal systems and provide much of the terminology that is used in the succeeding sections.

In the second section we investigate radical factorial monoids. In particular we show that radical factorial
monoids are completely integrally closed. We characterize the radical factorial monoids that are Krull
monoids and specify the GCD-monoids that are radical factorial. The main result in this section is a
characterization result for factorial monoids using the radical factorial property and similar concepts.
Finally we prove that polynomial rings over radical factorial GCD-domains are radical factorial.

In the third section we deal with finitary ideal systems r and r-SP-monoids. We investigate the con-
nections between r-SP-monoids and radical factorial monoids and improve the results of [11, 15]. The
first main result in this section characterizes the r-ideals that are finite r-products of radical r-ideals in
the context of almost r-Dedekind monoids. As a consequence we specify the almost r-Dedekind monoids
that are r-SP-monoids. We introduce and study monoids that are primary r-ideal inclusive. The second
main result in this section shows that r-SP-monoids that are primary r-ideal inclusive are already almost
r-Dedekind monoids.

The fourth section contains several counterexamples. We show that none of the conditions of the main
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result in section two can be cancelled and we give a few non-trivial examples of radical factorial monoids.
Moreover, we present an example of a noetherian domain that is not primary t-ideal inclusive.

In the last section we generalize parts of [4] and [10] to monoids and finitary ideal systems. The main
result in this section specifies the strongly r-discrete r-Priifer monoids.

1. IDEAL SYSTEMS

In the following a monoid is a commutative (multiplicatively written) semigroup that possesses a zero
element and an indentity (which is not the zero element), where every non-zero element is cancellative.
A quotient monoid of a monoid is an extension monoid, where every non-zero element is invertible and
that is minimal with respect to this property.

Let H be a monoid and K a quotient monoid of H. If A, B,C C K, then set (4 :c B) ={2z€ C | 2B C
A}, A7t = (H :x A) and A* = A\{0}. By P(H) we denote the power set of H. Next we give a brief
description of ideal systems. An elaboration of ideal systems can be found in [8]. Let r : P(H) — P(H)
be a map. We call r an ideal system on H if the following conditions are satisfied for all X,Y C H and
ce H.

o XHU{0} Cr(X).

o 7(cX) =cr(X).

o If X Cr(Y), then r(X) Cr(Y).
We call r a finitary ideal system on H if the following property is additionally satisfied for all X C H.

o 7(X) = UEgX,|E|<oo r(E).
Observe that s : P(H) — P(H) defined by s(X)=XH if 0 # X C Hand by s(X)={0}if X =0isa
finitary ideal system on H. Furthermore, if H® # H*, then v : P(H) — P(H) defined by v(X) = (X 1)~}
for all X C H is an ideal system on H. Let t : P(H) — P(H) be defined by ¢(X) = Upcx |pj<c0 Eo
for all X C H. If H®* # H*, then t is a finitary ideal system on H. If H is an integral domain, then
d:P(H) — P(H) defined by d(X) = (X) g for all X C H is a finitary ideal system on H.
Let r be an ideal system on H. For X C H we set X, = r(X). Note that {0}, = {0}. Set Z,(H) =
{X, | XCH}andZ, y(H)={E, | EC H,|E| < co}. We have Z,(H) C Z,(H) C Z;(H). If r is finitary,
then Z;(H) C Z.(H). Especially if H is an integral domain that is not a field, then Z,(H) C Z;(H) C
Z4(H) C T,(H). Let r-max(H) be the set of all maximal elements of {X G H | X,, = X} and r-spec(H )
the set of all prime r-ideals of H. It is well known that r-max(H) C r-spec(H). We call H r-local if
H\H* € r-max(H) (equivalently: |r-max(H)| =1). If Y C Z,(H), then set Y* = Y\{{0}}. By X(H)
we denote the set of all minimal elements of s-spec(H)®.
Let I € Z,(H). Set VI = {x € H | 2" € I for some k € N}, called the radical of I. Set I(H)={J¢€
Z.(H) | VJ = J} and Zp(H)=TZI;(H)NTI.;(H). Let P(I) be the set of all minimal elements of
{P € s-spec(H) | I C P}, called the set of prime divisors of I. Note that if r is finitary and I € Z,.(H),
then P(I) C r-spec(H). If I € Z,(H), then I is called r-invertible if (II71), = H. Let Z*(H) be the
set of r-invertible r-ideals of H. Observe that Z}(H) forms a monoid (without a zero element) under
r-multiplication. There exists some quotient group F,.(H)* of Z*(H) such that {aH | a € K*} is a
subgroup of F,.(H)*. Set C,.(H) = F.(H)* /{aH | a € K*}, called the r-class group of H. If r is finitary
and T C H*® multiplicatively closed, then there exists an unique finitary ideal system 7! on T~'H such
that (T7'X)p-1, =T71X, forall X C H. If T = H\Q for some Q € s-spec(H), then set rqo =T 1r.

2. RADICAL FACTORIAL MONOIDS

Let H be a monoid and x € H®.

e z is called radical if VxH = xH and x is called primary if zH is primary.
e H is called radical factorial if every y € H* is a finite product of radical elements of H (equivalently:
Every principal ideal of H is a finite product of radical principal ideals of H).
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e H is called primary if H® # H* and every y € H*\H* is primary.

e H is called weakly factorial if every y € H*\H* is a finite product of primary elements of H.
As usual one defines the notions of Krull monoids, Mori monoids, discrete valuation monoids and com-
pletely integrally closed monoids (for instance see [8, Definition 16.4.], [7, Definition 2.1.9.] and [7, Defini-
tion 2.3.1.] or [14]). Let A(H) denote the set of atoms of H and let B(H) be the set of radical elements of
H. Obviously, if H is atomic and A(H) C B(H), then H is radical factorial. Note that if H is radical facto-
rial, then A(H) C B(H). Clearly every primary monoid is weakly factorial. Moreover, an integral domain
is primary if and only if it is local and 1-dimensional. Set Q(H) = {[[/_, =; | n € N, (z;)"_, € B(H)1"}
and V(H) = U,cp. P(yH). A subset Z C H is called divisor-closed if for all z € H and y € H® such
that zy € Z it follows that z € Z.

Lemma 2.1. Let H be a monoid and T C H® multiplicatively closed.
1. B(H) CB(T™'H).
2. If H is radical factorial, then T~YH is radical factorial.

Proof. 1. Let x € B(H). Tt follows that =(T~'H) = T~ (zH) = T-'(VzH) = " '{/T-1(zH) =
T/ 2(T—1H), hence = € B(T~'H).

2. This is an easy consequence of 1.. |

Lemma 2.2. Let H be a monoid, I € Z;(H) and P € s-spec(H) such that I C P.

1. If I is primary and x € H such that /I = xH, then there exists some r € N such that I = 2" H.
2. We have P € P(I) if and only if Pp = (\/I)p.

Proof. 1. Let I be primary and € H such that v/ = H. There exists some smallest € N such that
x" € I. It remains to show that I C 2"H. Let y € I. Case 1: y € [, cy2"H: Clearly, y € 2" H. Case 2:
There is some largest n € N such that y € 2™ H: There exists some z € H such that y = 2™z. Obviously,
z & /T and thus 2" € I. It follows that r < n, hence y € 2"H C 2" H.

2. “=“ Let P € P(I). Then Pp € P(Ip). Since Pp € s(Hp)-max(Hp) we obtain that Pp is the
only prime s(Hp)-ideal of Hp that contains Ip. This implies that Pp = T = (\ﬁ)p. “e=* Let
Pp = (v/I)p and Q € s-spec(H) be such that I C Q C P. Then /I C Q, hence Pp = (vVI)p € Qp C Pp.
Therefore, Qp = Pp and thus Q = P. O

Lemma 2.3. Let H be a monoid.

1. If P € X(H) such that PNB(H) # 0, then Hp is a discrete valuation monoid and P ¢ Ugexm Q%-
2. FEvery prime divisor of a non-zero radical principal ideal of H is minimal with respect to inclusion
among the prime s-ideals of H containing a radical element of H.

Proof. 1. Let P € X(H) and x € PN B(H). Since P € P(zH) it follows by Lemma 2.2.2. that
Pp = (zH)p = xHp, hence Pp contains a prime element of Hp. Since Hp is primary by [8, Corollary
15.4.] we have Hp is a discrete valuation monoid by [8, Theorem 16.4.]. Assume that there is some
@ € X(H) such that z € QQQ Then @ € P(zH) and thus Qg = (¢H)g = vHg by Lemma 2.2.2..
Consequently, x € QQQ = 2%Hg, hence x € H57 a contradiction.

2. Let u € B(H), P € P(uH) and Q € s-spec(H) be such that QNB(H) # 0§ and Q C P. There is some
v € QN B(H). Lemma 2.2.2. implies that Pp = (uH)p = uHp, hence there is some w € Hp such that
v = uw. Assume that w ¢ Hj. Then w € Pp = uHp and thus w? € vHp. By Lemma 2.1.1. we have
w € vHp, hence there is some z € Hp such that w = vz. It follows that v = wvz which implies that
uw € Hp, a contradiction. Consequently, w € Hj and thus Pp = vHp C Qp C Pp, hence Q = P. |

In the next result we collect some important facts about radical factorial monoids.

Proposition 2.4. Let H be a radical factorial monoid.
1. For every x € H it follows that vxH s a finite intersection of radical principal ideals of H.
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2. If I € T,(H) is primary such that (I'), is principal for some | € N, then there are some k € N and
p € H a prime element of H such that I = p"H.

3. Every Q € s-spec(H)® contains a radical element of H and P ¢ Ugexm Q% for all P € X(H).

4. Hp is a discrete valuation monoid for all P € U(H) (especially H satisfies the Principal Ideal
Theorem).

5. ﬂPe%(H) Hp = H and H is completely integrally closed.

Proof. 1. Without restriction let € H®. There exist some n € N and some sequence (z;)!_; of radical
elements of H such that z = lel x;. Tt follows that vz H = VI, xiH ﬂz Vi H ﬂl 1 H

2. Let I € Z,(H) be primary, [ € N and z € H® such that (I'), = zH. Since I' C (I'), C I we have
VI =1 C\/(IV), C VI, hence /I = vxzH. By 1. there exist some n € N and some sequence (z;)7_,
of elements of H such that VT = (_, #;H. Since v/I € s-spec(H) there is some i € [1,n] such that
VI = x;H. Set p = ;. Observe that p is a prime element of H. By Lemma 2.2.1. there exists some
k € N such that I = pFH.

3. Let Q € s-spec(H)®. Then there are some z € @*, n € N and some sequence (x;)"_,; of radical
elements of H such that z = [[/_, ;. Consequently, there is some ¢ € [1,n] such that z; € @, hence
QN B(H) # 0. The second statement follows from of Lemma 2.3.1..

4. Let P € U(H). Then there is some z € H® such that P € P(xH). Let Q € s-spec(H)® be such that
Q C P. Then QN B(H) # 0 by 3. and there is some u € B(H) such that z € uH C P. Therefore,
P € P(uH) and hence Lemma 2.3.2. implies that P = Q. Consequently, P € X(H) and thus Hp is a
discrete valuation monoid by 3. and Lemma 2.3.1..

5. Claim: For all 2 € H, n € Ny and (u;)?, € B(H)'" such that o € Npexa) He it follows

that 1_[" - € H. Let x € H. We use induction on n. The assertion is clear for n = 0. Now let
n € NO and (ul)n+1l c B( )[1 n+1] be such that W S ﬂPE.‘f )HP Set z = I_I,,Tu Then

z € nPex(H) Hp and thus z € H by the induction hypothesis. We have = ¢ ﬂpex(H Hp. If P € X(H)
such that u; € P, then there is some ¢t € H\P such that tz € ulH - P hence z € P. By 4. we have

z € ﬂPex(H),ulePP Npepum P = VurH =ui H and thus W = cH.
It is an easy consequence of the claim that [ Pex(H) Hp = H. By 4. it follows that Hp is completely
integrally closed for all P € X(H). Therefore, H is completely integrally closed. (|

Note that if H is a radical factorial monoid, then C;(H) satisfies a weak form of being torsion-free by
Proposition 2.4.2.. The next result is a generalization of [1] and [8, Proposition 6.6.].

Lemma 2.5. Let H be a monoid, r a finitary ideal system on H and I € T.(H) such that for each
P € P(I) there is some J € I, ;(H) such that P =+/J. Then P(I) is finite.

Proof. Without restriction let I # H. Set ¥ = {([[\=, P)- | n € N,(P)", € Pt} and Q =
{JeZmH)|TC T and Q ¢ J forall Q € X} Assume that VT € Q. Let ) # M C Q be a chain
and J = e A Since r is finitary it follows that J € Z . (H). Obviously, I C J. Assume that
there is some @ € 3 such that @ C J. There are some m € N and some sequence (B;)™; of r-finitely
generated r-ideals of H such that @ = ([[/~, v/Bi)r. Let B = ([[;~, Bi)r. Then B € I, ;(H) and
VQ = VB. Since B C /Q C J, there is some A € M such that B C A, hence @ C VB C A4, a
contradiction. Therefore, J € ). This implies that 2 is ordered inductively by inclusion, hence there is
some maximal M € Q. Clearly, M # H. Assume that there are some x,y € H\M such that zy € M.
Then /(M U {z}),, /(M U {y}), & Q and thus there are some Q1, Q2 € ¥ such that Q1 C /(M U {z}),
and Q2 C /(M U {y}),. This implies that (Q1Q2), C (v/(M U {z})r/(M U {y}),)r C /(M U{z}), N
VM U{y}), = V(M U{z}).(MU{y}), C M. Since (Q1Q2), € & we have M ¢ €, a contradiction.
Therefore, M € r-spec(H), hence there is some P € P(I) C X such that P C M, a contradiction.
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Consequently, vT €  and thus there are some n € N and some sequence (P;)}_; of prime divisors of T
such that ([[/_, P;), € V1. This implies that P(I) C {P; | i € [1,n]}, hence P(I) is finite. O

Proposition 2.6. Let H be a radical factorial monoid. The following conditions are equivalent:

1. H is a Krull monoid.

2. H is a Mori monoid.

3. For every P € X(H) there is some J € T, ;(H) such that P = /J.

4. {P € X(H) | © € P} is finite for all x € H®.
Proof. 1. = 2.: Clear. 2. = 3.: Trivial. 3. = 4.: Let x € H®. By Proposition 2.4.4. we have
P(xH)={P € X(H) | x € P} and thus every P € P(xzH) is the radical of an t-finitely generated t-ideal
of H. Therefore, Lemma 2.5. implies that {P € X(H) | x € P} is finite. 4. = 1.: Tt is well known that
an intersection of finite character of a family of Krull monoids is again a Krull monoid. Consequently,
Proposition 2.4.4. and Proposition 2.4.5. imply that H is a Krull monoid. ]

It is well known that every completely integrally closed monoid H where every M € t-max(H ) is divisorial
is already a Krull monoid. Therefore, the question arises whether H is a Krull monoid if H is radical
factorial and every P € X(H) is divisorial. Note that this problem is closely connected with the question:
Does every radical factorial monoid H (with H® # H*) satisfy t-max(H) = X(H)? In the following we
characterize radical factorial monoids under several additional conditions.

Lemma 2.7. Let H be a monoid such that ﬂPE%(H) Hp = H and Hp is a discrete valuation monoid
for all P € GB(H).

H\Upexm) Li € B(H).
Ifv € H®* andy € H such that vaH C yH, then y € B(H).
IfpPg¢ Ugexan Q% for all P € X(H), then QN B(H) # 0 for all Q € s-spec(H)®.
4. If \/{u,w}: is principal for all w € B(H) and w € H, then Q(H) is divisor-closed.
Proof. 1. Let x € H*\ Upcx(m) L? and Q € X(H). If z € Q, then tHg = Qg and if x € Q, then zHg =

Hq. We have VoH = Npepom P = Npex(m.aer P = Npexm .wer PP)VH = (Npex(my cep #Hp) N
H = (Npex(m)eer ©HP) NNpexm) Hp = Npexr vHp = vH. Therefore, z € B(H).

2. Let © € H* and y € H be such that vVoH C yH and Q € X(H). Ify € QQQ, then Qg C H@\’/xH =
(VxH)g CyHg C QQQ, a contradiction. Therefore, y ¢ ULex(H) L2 and thus y € B(H) by 1..

3. Let P & Ugexm) @5 for all P € X(H). It follows by 1. that PN B(H) # 0 for all P € X(H). Let
Q € s-spec(H)®. There is some z € Q* and thus there is some L € P(xH) C X(H) such that L C Q.
Consequently, Q N B(H) # (.

4. Let /{u,w}; be principal for all v € B(H) and w € H. Tt is sufficient to show by induction that
for all n € Ny, (u;)", € B(H)'" and y € H such that [[_,u; € yH it follows that y € Q(H).
The assertion is clear for n = 0. Now let n € Ny, (u;)7*}! € B(H)'" 1 and y € H be such that
H:-Lill u; € yH. There exists some x € B(H) C Q(H) such that \/{unt1,y}+ = xH, hence there
is some z € H such that y = xzz. Next we prove that [[" ,u;Hg C zHg for all Q € X(H). Let
Q € X(H). Then H?jll uiHg C yHg = xzHg by assumption. If yHg = Hg, then zHg = Hg,
hence H?:1 uHg C Hg = zHg. If upy1Hg = Hg, then xHg = Hg and the assertion follows. If
yHg # Hg and un,11Hg # Hg, then upt1Hg = Q¢ = xHg and the assertion follows. Finally we
have (JT_ wi)H = Npex (I licy wi) Hp C Npexn 2Hp = zH, hence z € Q(H) by the induction
hypothesis and thus y = 2z € Q(H). |

W=

Proposition 2.8. Let H be a monoid such that mPex(H) Hp = H and Hp is a discrete valuation monoid
for all P € W(H). Let for all x € H, VaH be a finite intersection of principal ideals of H.
1. For all x € H® there is some k € N such that x & P¥ for all P € X(H).
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2. PNB(H) #0 for all P € s-spec(H)*.
8. For allz € H® and P € X(H) there is some y € Q(H) such that § € H\P.

Proof. By Lemma 2.7.2., V& H is a finite intersection of radical principal ideals of H for all z € H.
1. Let « € H®. There are some n € N and some sequence (x;)"_; of radical elements of H such that
VaH = ", z:H. We have /T[\_, x;H = N\, Vo H = ()i_,2:H = VzH and thus there is some
! € N such that (HZL:1 v))'H C xH. Let k =In+1 and P € X(H). Observe that Pp C z;Hp for all
€ [1,n]. Assume that z € PE. Then P2 C ([, ziHp)' = (Il z:)'Hp C P2, a contradiction.
Consequently, z ¢ Pk for all P € X(H).
2. Let P € s-spec(H)®. There are some x € P*, n € N and some sequence (x;)"_; of radical elements
of H such that VzH = N, z;H, hence (_; z;H C P. Consequently, there exists some i € [1,n] such
that z; € P and thus P N B(H) # 0.
3. Let x € H®* and P € X(H). There is some k € Ny such that tHp = PIIE. It is sufficient to show by
induction that for every I € [0, k] there is some y € Q(H) such that € H\P*+1=L If [ = 0, then set
y=1. Now let [ € [0,k —1] and z € Q(H) be such that £ € H\P*"'~!. There are some n € N and some
sequence (), of radical elements of H such that \/ZH = (;_, 2;H. If £ ¢ P, then set y = z. Now
let £ € P. There is some ¢ € [1,n] such that z; € P. Obviously, ;2 € Q(H) and ;% € H\Pk=L O

Corollary 2.9. Let H be a monoid such that {VzH | v € H*\H*} satisfies the ACC. The following
statements are equivalent:

1. H is radical factorial.
2. ﬂpex(H) Hp = H, Hp is a discrete valuation monoid for all P € B(H) and for all x € H it follows

that vVxH is a finite intersection of principal ideals of H.

Proof. 1. = 2.: This follows from Proposition 2.4.1., Proposition 2.4.4. and Proposition 2.4.5.. 2. = 1.:
Assume that H is not radical factorial. Then H*\Q(H) # (), hence there is some z € H*\Q(H) such
that V2 H is maximal in {VoH | v € H*\Q(H)}. Since x ¢ H* there is some P € X(H) such that
x € P. By Proposition 2.8.3. there is some y € Q(H) such that ¥ € H\P. We have 7 € H*\Q(H) and

VeH G | /5 H, a contradiction. O

Proposition 2.10. Let H be a monoid such that /xH is principal for every x € H®. Then H is radical
factorial.

Proof. Claim 1: P(zH) C X(H) for all x € H®. Let x € H*, P € P(xH) and Q € s-spec(H)*® be such
that Q C P. There is some u € B(H) such that vaH = uH, hence P € P(uH). There are some y € Q°
and v € B(H) such that /yH = vH. Therefore, Q N B(H) # () and thus Q = P by Lemma 2.3.2..
Claim 2: For all € H® there is some k € N such that ¢ P**! for all P € P(xH). Let z € H®. There
is some y € H such that vxH = yH, hence there exists some k € N such that y* € zH. Assume that
there is some P € P(zH) such that z € P**1. We have P € P(yH), hence Pp = (yH)p = yHp by
Lemma 2.2.2.. It follows that y* € Hp C P}f.“ = y**1Hp and thus y € H}, a contradiction.

By claim 2 it suffices to show (by induction) that for all k € Ny and = € H® such that z ¢ Pkf!
for all P € P(xH) it follows that x € Q(H). If x € H® such that x ¢ P for all P € P(zH), then
r € H* C Q(H). Now let k € Ny and # € H® be such that x ¢ P¥*2 for all P € P(zH). There are some
y € B(H) C Q(H) and z € H* such that vtH = yH and 2 = yz. Assume that there is some Q € P(zH)
such that z € Q**!. Then x € Q, hence y € Q. It follows that = yz € Q**? and Q € P(xH) by
claim 1, a contradiction. Therefore, z ¢ P**! for all P € P(2H). By the induction hypothesis we have
z € Q(H). Consequently, x = yz € Q(H). O

Lemma 2.11. Let H be a GCD-monoid and x,y € H. Then {z,y}; and xH NyH are principal.
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Proof. See [8, Corollary 11.5.]. O

Proposition 2.12. Let H be a GCD-monoid such that H® # H*. The following are equivalent:
1. H is radical factorial.
2. t-max(H) = X(H) and QN B(H) # 0 for all Q € X(H).
8. Npexm Hp = H, Hq is a discrete valuation monoid for all Q € BV(H) and P ¢ Ugexm) QzQ for
all P € X(H).
4. VxH is principal for all x € H (equivalently: \/T is principal for all I € Ly s (H)).

Proof. 1. = 2.: Let P € t-max(H). By Lemma 2.1.2. and Lemma 2.11. it follows that Hp is a radical
factorial valuation monoid. Therefore, every radical element of Hp is a prime element of Hp, hence Hp is
factorial and thus Hp is a discrete valuation monoid by [8, Theorem 16.4.]. This implies that P € X(H).
Consequently, t-max(H) = X(H). It follows by Proposition 2.4.3. that Q N B(H) # 0 for all Q € X(H).
2. = 3.: This is an easy consequence of Lemma 2.3.1..

3. = 1.: It follows by Lemma 2.7.2. and Lemma 2.11. that \/{u,w}; is principal for all v € B(H) and
w € H. Therefore, Lemma 2.7.3. and Lemma 2.7.4. imply that Q(H) is divisor-closed and PNB(H) # ()
for all P € s-spec(H)®. It is sufficient to show that Q(H) = H*®. Assume that Q(H) & H®. Then
there is some z € H*\Q(H). Since Q(H) is divisor-closed it follows that zH N Q(H) = (. Since Q(H) is
multiplicatively closed, there is some P € s-spec(H ) such that xH C P and PNQ(H) = (. Consequently,
P € s-spec(H)® and thus PNQ(H) D PNB(H) # 0, a contradiction.

1. = 4.: Let x € H. By Proposition 2.4.1. there exist some n € N and some sequence (z;)"_; of elements
of H such that Vo H = Mi_, xiH, hence vz H is principal by Lemma 2.11..

4. = 1.: This follows from Proposition 2.10.. |

Lemma 2.13. Let H be a monoid such that /I is principal for all I € Ly s(H).

1. Every atom of H is a prime element of H.
2. If {uH | u € B(H)} satisfies the ACC, then H is factorial.

Proof. 1. Let uw € A(H) and z,y € H be such that zy € uH. There are some v,w € H such that
Vi{z,uly = vH and \/{y,u}; = wH. Since u € A(H), VuH is principal and uH C vuH G H
we obtain that vuH = uH. It follows that vH NwH = /{z,u}; N \/{y,u}r = /{z,u}i{y,u}s C
V{zy, zu, vy, u?}, € VuH = wH and thus uH = vH NwH. This implies that uH = vH or uH = wH,
hence x € uH or y € uH.

2. Let {uH | u € B(H)} satisfy the ACC. It is sufficient to show that every @ € s-spec(H)® contains
a prime element of H. Let @ € s-spec(H)®. Then there is some 2 € Q°, hence there is some P €
P(xH) C t-spec(H)® such that P C Q. There is some y € P N B(H) such that voH = yH. Therefore,
Y={zH|z€ PNB(H)} # 0 and thus there is some w € PN B(H) such that wH is a maximal element
of ¥. Assume that wH G P. Then there is some v € P such that v € P\wH. Since \/{w,v}; C P,
there is some s € P N B(H) such that \/{w,v}; = sH. On the other hand wH & sH, a contradiction.
Consequently, P = wH and thus w is a prime element of H and w € Q. O

Lemma 2.13.2. shows that the monoids occurring in Corollary 2.9. and Proposition 2.12. are different
types of monoids. Next we present the main result in this section.

Theorem 2.14. Let H be a monoid. The following conditions are equivalent:

. H is factorial.

H is radical factorial, {P € X(H) | x € P} is finite for all x € H® and C¢(H) is a torsion group.
H is atomic and /T is principal for all I € T.¢(H).

{uH |u € B(H)} satisfies the ACC and \/I is principal for all I € T, ;(H).

{P e X(H) |z € P} is finite and vz H is principal for all x € H®.

P(xH) C X(H) for all x € H® and every P € X(H) is principal.

PR BN
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7. H is radical factorial and weakly factorial.

Proof. By [7, Corollary 2.3.13.] we have H is factorial if and only if H is a Krull monoid and |C,(H)| = 1.
1. = 2., 1. = 7.: Clear, since every prime element of H is radical and primary.

1. & 3.: This follows from Proposition 2.12. and Lemma 2.13.1..

1. & 4.: This is an easy consequence of Proposition 2.12. and Lemma 2.13.2..

2. = 6.: By Proposition 2.6. we have H is a Krull monoid and thus P(zH) C X(H) for all z € H® and
v =t Let P € X(H). Then P is v-invertible and since C,(H) is a torsion group it follows that some
v-power of P is principal. Therefore, Proposition 2.4.2. implies that P is principal.

1. = 5.: This is an easy consequence of Proposition 2.6. and Proposition 2.12..

5. = 6.: It follows by Proposition 2.10. that H is radical factorial. Therefore, H is a Krull monoid by
Proposition 2.6. and thus P(zH) C X(H) for all x € H®. Let P € X(H). There is some x € PNB(H) by
Proposition 2.4.3., hence there is some finite ¥ C X(H) such that P € ¥ and 2H = ([[gey @)¢- There
are some 2z € [ges (py @\P and y € B(H) such that VzH = yH. This implies that y € Noes(py @\P-
There is some finite ® C X(H) such that S\{P} C ® and yH = ([[pecs Q):- We have VayH =
tHNyH = (HQez Q)¢ N (HQGCD Q) = erzQ n ﬂerQ =Prn nerQ = (PHer Q) = yPis
principal, hence P is principal.

6. = 1.: It is sufficient to show that every P € s-spec(H)® contains a prime element of H. Let
P € s-spec(H)®. Then there are some z € P®* and Q € P(xH) C X(H) such that ¢) C P. There is some
prime element p € H such that Q = pH. Consequently, p € P.

7. = 1.: By Proposition 2.4.2. we have every primary element of H is a finite product of prime elements
of H. Therefore, every x € H*\ H* is a finite product of prime elements of H, hence H is factorial. O

Lemma 2.15. Let (I,<) be a directed set, K a monoid and (H;);cr a family of radical factorial sub-
monoids of K such that H; C H; and B(H;) C B(H;) for all i,j € I such that i < j. Then |J,.; H; is a
radical factorial monoid.

el

Proof. Set H = J;c; H;. First we show that B(H;) C B(H) for all i € I. Let i € I, y € B(H;) and
z € ¥/yH. Then there are some k € N and w € H such that z* = yw. There is some j € I such that
i <j, H; C Hj and z,w € H;. We have y € B(H;). Therefore, z € "{/yH; = yH; C yH. This implies
that v/yH = yH and thus y € B(H). Now let x € H®. Then there is some [ € I such that x € H?. Since
z is a finite product of radical elements of H; we have x is a finite product of radical elements of H. [

If R is an integral domain, X is an indeterminate over R, k € Ny and f € R[X] (or f € R[X]), then let
fi denote the k-th coefficient (the coefficient belonging to X*) of f. The next Lemma is probably well
known, but we were not able to find a reference.

Lemma 2.16. Let R be an integrally closed domain, X an indeterminate over R and I € T,(R[X]) such
that IN R # {0}. Then INR € Zy(R) and I = (I N R)[X].

Proof. Tt follows by [12, Lemme 2.] that J = (J N R)[X] for all J € Z,(R[X]) such that J N R # {0}.
First we show that I = (I N R)[X]. “C* Let f € I. There is some finite E C I such that EN R # {0}
and f € Eyp .- Set J = By . Then f € J = (JNR)[X] C (INR)X].“2“ Trivial. It is well known
that A;[X] = (A[X])t,y, for every ideal A of R. Therefore, (INR)[X]| =1 = L1, = (INR)[ X))ty =

(INR):[X], hence (I NR); = INR and thus I N R € Z,(R). O

Proposition 2.17. Let R be an integral domain, K a field of quotients of R and X a set of independent
indeterminates over K.

1. B(RX])N R = B(R).

2. If R[X] is radical factorial, then R is radical factorial.

3. If R is a radical factorial GCD-domain, then R[X] is a radical factorial GCD-domain.
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Proof. 1. Let X € X. Claim: B(R) C B(R[X]). Let y € B(R), f € R[X] and k € N be such
that f* € yR[X]. It is sufficient to show by induction that f; € yR for all j € No. Let j € Ny
be such that f; € yR for all i € Ny such that i < j. Set g = Zf;& ;X% Then g € yR[X], hence
(f —g)F = Zf:o (];)fi(fg)k*i € yR[X]. There is some h € R[X] such that (f — g)* = yh and thus
[} =yhjx € yR. Consequently, f; € yR.

“C“ Lety € B(R[X])NR. Let z € R and k € N be such that #¥ € yR. Then 2* € yR[X], hence z € yR[X]
and thus there is some f € R[X] such that z = yf. Observe that f € R, hence z = yf € yR. “2* Let
y € B(R), f € R[X] and k € N be such that f* € yR[X]. There is some finite £ C X such that f € R[F]
and f* € yR[E]. Using induction it follows by the claim that y € B(R[E]), hence f € yR[E] C yR[X].
2. Let z € R*. Then there are some n € N and some sequence (z;)?_; of radical elements of R[X] such that
z =[], z;. Obviously, z; € R for every i € [1,n]. Therefore, 1. implies that z; € B(R[X]) N R = B(R)
for all ¢ € [1,n]. Consequently, R is radical factorial.

3. Let R be a radical factorial GCD-domain and X € X. Claim: R[X] is a radical factorial GCD-domain.
By Proposition 2.4.5. it follows that R is completely integrally closed. Therefore, I N R € Z;(R) and
I =(INR)X] for all I € Z;(R[X]) such that I N R # {0} by Lemma 2.16.. It is well known that R[X]
is a GCD-domain. By Proposition 2.12. it suffices to show that P € X(R[X]) and P N B(R[X]) # 0 for
all P € t-spec(R[X])®. Let P € t-spec(R[X])*.

Case 1: PN R = {0}: Set T = R*. Observe that T~'R[X] = K[X], hence T~'P € spec(K[X])*.
Therefore, there is some prime element h € K[X] such that TP = hK[X]. Since R is a GCD-domain
there is some f € R[X] such that f is a prime element of K[X], 1 € GCD({f; | i € No}) and T7'P =
FK[X]. Observe that f is a prime element of R[X], hence f € B(R[X]). Since f € T"'PNR[X] = P we
have PNB(R[X]) # 0. Let Q € spec(R[X])® be such that Q@ C P. Then QNR = {0}, T~'Q € spec(K[X])*
and T71Q C T~'P. Therefore, T-1Q = T~'P, hence Q = P. This implies that P € X(R[X]).

Case 2: PN R # {0}: We have PN R € t-spec(R)®. Consequently, there exists some u € B(R) such that
u € P. By 1. it follows that u € B(R[X]), hence P N B(R[X]) # (). Together with case 1 we obtain that
QN B(R[X]) # 0 for all Q € t-spec(R[X])*. To prove that P € X(R[X]) it suffices to show that for all
Q € t-spec(R[X])® such that @ C P it follows that P = Q. Let Q € t-spec(R[X])® be such that Q C P.
There is some A € P(uR[X]) such that A C P. Since A € t-spec(R[X])* and AN R # {0} we have
ANR € t-spec(R)® and A = (ANR)[X]. We have ANR C PN R and thus AN R = PN R by Proposition
2.12.. This implies that P = (PN R)[X] = (AN R)[X] = A € P(uR[X]). Since Q N B(R[X]) # 0 it
follows that Q = P by Lemma 2.3.2..

We have R[F] is a radical factorial GCD-domain for every finite E C X by the claim. It is straightforward
to prove that R[X] is a GCD-domain. As in 1. it follows that B(R[E]) C B(R[F]) for all finite E, F C X
such that E' C F. Therefore, R[X] = Upcx | pj<oo RBIE] is radical factorial by Lemma 2.15.. O

3. r-SP-MONOIDS

Let H be a monoid, r a finitary ideal system on H, @ € r-max(H), ¥ C r-spec(H) and (I;);ecn a sequence
of r-ideals of H.

H is called an r-SP-monoid if every r-ideal of H is a finite r-product of radical r-ideals of H.

H is called an almost r-Dedekind monoid if Hjy is a discrete valuation monoid for all M € r-max(H).
H is called an r-Priifer monoid if Hjs is a valuation monoid for all M € r-max(H).

Q is called r-critical if for all I € Z,. y(H) such that I C @ there is some M € r-max(H) such that
IC (M?),.

Y is called r-closed if there is some I € Z,.(H) such that X = {P € r-spec(H) | I C P}.

(I;)ien is called formally infinite if there is some k € N such that I; = H for all | € N>

Observe that H is an r-Priifer monoid if and only if every I € I f(H ) is r-invertible. Obviously, every
valuation monoid and every almost r-Dedekind monoid is an r-Priifer monoid. Note that if H is an
almost r-Dedekind monoid, then P(I) = {P € r-spec(H) | I C P} for each I € Z,.(H)®*. Observe that
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every intersection of r-closed subsets of r-spec(H) is r-closed. Recall that I € Z,.(H) is r-cancellative if
for all A,B € Z.(H) such that (IA), = (IB), it follows that A = B. It is easy to prove that if H is an
almost r-Dedekind monoid, then each I € Z,(H)*® is r-cancellative.

Lemma 3.1. Let H be a monoid and r a finitary ideal system on H such that H is an r-Prifer monoid.
1. If P € r-spec(H) and I,J € Z,(H) are P-primary, then (I.J), is P-primary.
2. IfI,J eI, s(H), then INJ €I, s(H).

Proof. See [8, Theorem 17.4.] and [8, Chapter 17, Exercise 8.]. O

Lemma 3.2. Let H be a monoid, v a finitary ideal system on H such that H is an almost r-Dedekind
monoid and I € Z.(H)®. Then VI =1 if and only if I ¢ (Q?), for all Q € r-max(H).

Proof. Let M € r-max(H). It follows by Lemma 3.1.1. that M2, N H = ((M?),.)ys N H = (M?),., hence
(VI)a = Iy if and only if “%/Tys = Iy if and only if Ins € {Myy, Ha} if and only if Iny ¢ M3, if and
only if I ¢ (M?),. Therefore, /I = I if and only if (vI)g = Ig for all Q € r-max(H) if and only if
IZ(Q?), for all Q € r-max(H). O

The next Theorem is the first main result in this section. It generalizes [11, Theorem 2.1.] (together with
the following Corollary).

Theorem 3.3. Let H be a monoid, v a finitary ideal system on H such that H is an almost r-Dedekind
monoid and I € Z,(H)*. Fori € N set Vi(I) = {M € r-max(H) | I C (M"),} and I; = Nyrev, 1) M- Let
(Jj)jen be such that Jy = I and Jjp1 = (Jj :g \/J;) for all j € N.
1. Let I € Z, y(H)®. The following statements are equivalent:
a. I is a finite r-product of radical r-ideals of H.
b. For all M € r-max(H) such that I C M there is some J € L s ;(H)® such that J C M.
c. Every M € r-max(H) such that I C M is not r-critical.
d. VJ €Z. ;(H) for all J € I, ;(H) such that I C J.
e. For every J € I, y(H) such that I C J we have J is a finite r-product of radical r-ideals of H.
2. The following conditions are equivalent:
a. I is a finite r-product of radical r-ideals of H.
b. V;(I) is r-closed for all j € N and there is some n € Ny such that Vi(I) =0 for all | € Ns,,.
If these equivalent conditions are satisfied, then (I;)ien = (v Ji)ien is the unique formally infinite
sequence (A;)ien of radical r-ideals of H such that A; C Ajyq for all j € N and I = (J[;cy Ai)r-

Proof. 1.a. = 1.b.: Let M € r-max(H) be such that I C M. There exist some n € N and some sequence
(I;)1, of radical r-ideals of H such that I = ([];_, I;),. Since ([T, I;)» C M there is some j € [1,n]
such that I; C M. Set J = I;. Since I is r-invertible and I = ([, I;), it follows that .J is r-invertible,
hence J € Z, s(H)".

1.b. = 1.c.: This follows from Lemma 3.2..

l.c. = 1.d.: Let J € Z, y(H) be such that I C J, K a quotient monoid of H and M € r-max(H). There
is some n € Ny such that Jy, = MY,. Therefore, J ¢ (M"1),. Claim: For every i € [0,n] there exist
some A, B € I, y(H) such that A ¢ (M"~"*1), VB € I, ;(H) and J = (AB),. We prove the claim by
induction on ¢. If i = 0, then set A =J and B = H. Now let i € [0,n — 1] and C, D € Z, y(H) be such
that C ¢ (M"~*Y),, VD € Z, ;(H) and J = (CD),. If C ¢ M, then set A = C and B = D. Since
A g (M), we are done. Now let C C M. There is some N € Z, s(H) such that N C M and N ¢ (Q?),
for all Q € r-max(H). Set L = (CUN),. Then L € Z, ;(H)*. Tt follows by Lemma 3.2. that /L = L.
Set A= (CL™'), and B = (LD),. Since L is r-invertible it follows that A, B € Z, ;(H) and J = (AB),.
We have VB = LN VD € I, ;(H) by Lemma 3.1.2.. If A C (M"~%),, then C = (AL), C (M"*!),, a
contradiction. Therefore, A ¢ (M"™%),.

By the claim there exist some A, B € Z, ;(H) such that A ¢ M, VB € Z, ;(H) and J = (AB),. This
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implies that v.J = VAN vB and (\/Z)M = Hyy, hence (\ﬁ)M = (\/Z)M N (\/E)M = (\/E)M. Since
VB € I, ;(H) this implies that (Hy :x (VJ)u) = (Hy :x (VB)m) = (VB) ) (V)™ C
(HM ‘K (\/j)M) Consequently, ((\/j(\/j)il)r)]u = ((\/j)]u(HM ‘K (\/j)M))rM = HM Since M €
r-max(H) was arbitrary we have (v J(v/J)™!), = H, hence v/.J is r-invertible and thus v/J € Z, ;(H).
1.d. = 1l.e.: Claim: For every J € Z, ;(H) such that I C J there is some k € Ny such that Vi41(J) = 0.
Let J € Z, ;(H) be such that I C J. Since v/J € Z, ;(H) there is some k € Ny such that (v.J)* C J.
Assume that Vi 1(J) # 0. Then there is some M € r-max(H) such that (v/J)* C (M**1), and thus
M, € (VD) C (M*Y),) 0 = M5, a contradiction. Consequently, Viy1(J) = 0.

It is sufficient to show by induction that for all k € Ny and J € Z, y(H)*® such that I C J and Vi41(J) =0
it follows that J is a finite r-product of radical r-ideals of H. Let k € Ng. If k = 0 and J € Z, ;(H)® such
that I C J and Vj41(J) = 0, then J = H. Now let J € Z,. s(H)*® be such that I C J and Vjyo(J) = 0.
Since v/J € Z, ;(H)* it follows that v/J is r-invertible. Let N = (J(v/J)™'),. Then N € Z, ;(H)* and
J = (V/JN),. Assume that Vj41(N) # 0. There is some M € r-max(H) such that N C (M**+1),.. Then
J = (VJIN), C (/JM**1), hence J C M. Therefore, vJ C M and thus J C (M**2),., a contradiction.
Consequently, Vi1(N) = 0. Tt follows by the induction hypothesis that N is a finite r-product of radical
r-ideals of H. Since J = (v/JN), we have J is a finite r-product of radical r-ideals of H.

l.e. = 1l.a.: Trivial.

2.a. = 2.b.: Let n € Nand (4;)?, a finite sequence of radical r-ideals of H be such that I = ([];—; A;),-
Set Bj = Nz (Uies 4i)r for j € N. 1t is sufficient to show that V;(I) = P(B;) for all j € N,
since then V;(I) = P(B;) = P(H) = 0 for all | € N5,,. Let j € N. “C“ Let M € V;(I) and ¥ = {i €
[1,n] | Ai © M}. Then M7 = Tex (A = [Timy (A = (T2 Ai)o)ar = T © (M7))nr = M,
hence |X| > j. Therefore, B; C ({J;cx, Ai)r € M, hence M € P(B;). “2“ Let M € P(B;). There is some
¥ C [1,n] such that |S| > j and (U;es Ai)r € M. It follows that I C ([T;cs Ai)r € (MIZ]), C (M),
Consequently, M € V;(I).

2.b. = 2.a.: There is some n € Ny such that V;(I) = () for all [ € N5, hence I; = H for all [ € N5,,.
Therefore, (I;);en is a formally infinite sequence of radical r-ideals of H. Obviously, I; C I,y for all
i € N. Let M € r-max(H). There is some k € Ny such that I, = MY, = ((M*),)y. By Lemma 3.1.1.
we have I C (M*), and I ¢ (M**1),. Therefore, for all i € [1,n] it follows that I; C M if and only if
i < k. Consequently, (IT\_y Ii)r)r = [Tizy (I)ar = [Limy (I)ar = MYy = Tng. Since M € r-max(H) was
arbitrary this implies that ([];cn Li)r = (IT2; Li)r = 1.

Now let (A4;);en be a formally infinite sequence of radical r-ideals of H such that A; C A;14 forall j € N
and I = ([];cy Ai)r. It suffices to show by induction on [ that A; = I; = VJ, and J; = (Hi€N>l 1), =
(ITien., Ai)r for all I € N. Clearly, J1 = I = ([[;cn Li)r = ([ ey Ai)r- Since (I;)ien and (A;)ien are
ascending sequences we obtain that P(A;) = P(I;) = P(J;) and thus A; = I; = /J;. Now let [ € N
and let the assertion be true for [. We have J; = (v/J; Hz‘eNZM L), = (\/jlniesz A;)r. Therefore,
(HZ-GNN+1 L)y € (J; g VJi) = Jis1 and thus J; = (v J;Ji41),. Since H is an almost r-Dedekind monoid
we have /Jj is r-cancellative, hence J;11 = (Hi€N2z+1 L), = (Hi€N2z+1 A;)r. Since (I;);en and (4;)ien

are ascending sequences it follows that P(A;11) = P(Lj41) = P(Ji41) and thus Ajpq = 141 = /Ji+1. O

i€X

Corollary 3.4. Let H be a monoid and r a finitary ideal system on H such that H is an almost r-
Dedekind monoid. The following conditions are equivalent:

. H is an r-SP-monoid.

. I is a finite r-product of radical r-ideals of H for all I € Z, y(H).

xH is a finite r-product of radical r-ideals of H for all z € H.

. NVIETL, ;(H) for all I € L, ;(H).

. VzH €I, ;(H) for allz € H.

. For every M € r-max(H) there exists some I € L s ((H)® such that I C M.

e N N



12 ANDREAS REINHART

7. Every M € r-max(H) is not r-critical.

Proof. 1. = 2., 2. = 3., 4. = 5., 5. = 6.: Trivial. 2. = 4., 3. = 5., 6. = 7., 7. = 2.: Are an
immediate consequence of Theorem 3.3.1.. 2. = 1.: For i € N and J € Z.(H) set V;(J) = {M €
r-max(H) | J C (M?),}. Let I € Z,(H)®. There is some A € Z, s(H)® such that A C I. By Theorem
3.3.2. there is some n € Ny such that V;(A) = 0 for all [ € Ns,,. Obviously, V;(I) C Vj(A) for all I € Ny,
and thus V(I) = 0 for all [ € N5,,. Let j € N. Since I = UJEL,,«(H)',JQI J it follows by Theorem 3.3.2.
that V;(I) = ez, ,(mys,scs V3(J) is r-closed. Consequently, I is a finite r-product of radical r-ideals of
H by Theorem 3.3.2.. |

Let H be a monoid and r a finitary ideal system on H.
e We say that H is primary r-ideal inclusive if for all P,Q € r-spec(H) such that P ; Q, there is
some primary I € Z,.(H) such that P C T & VI C Q.
e We say that H satisfies the r-prime power condition if for every primary @ € Z,.(H) there is some

k € N such that Q = ((v/Q)*),-

Note that every almost r-Dedekind monoid satisfies the r-prime power condition.

Lemma 3.5. Let H be a monoid, v a finitary ideal system on H, I € Z,(H), P € P(I) and J =1IpNH.
Then J € I,(H) and J is P-primary.

Proof. This follows from [8, Theorem 7.3.]. O
Lemma 3.6. Let R be an integral domain. Then R is primary d-ideal inclusive.

Proof. Let P,Q € spec(R) be such that P & Q. Then there is some y € Q\P. There exists some
M € P(P+y?R) such that M C Q. Set I = (P+y?R)y N R. By Lemma 3.5. it follows that I € Zy(R),
I is M-primary and P C I C Q. Assume that [ = M. Then y € (P + y?R), hence there is some
t € R\M such that yt € P+ y?R. Consequently, there exists some z € R such that y(t + yz) € P, hence
t+yz € P C M and thus t € M, a contradiction. This implies that I ; M. O

Lemma 3.7. Let H be a monoid. Then H is primary s-ideal inclusive.

Proof. Let P,Q € s-spec(H) be such that P & Q. Then there is some y € Q\P. There exists some
M € P(PUy*H) such that M C Q. Set I = (PUy*H)y N H. By Lemma 3.5. it follows that I € Z,(H),
I is M-primary and P C I C Q. Assume that I = M. Then y € (P U y?*H)ys, hence there is some
t € H\M such that yt € PUy?H. Since yt ¢ P it follows that yt € y>H and thus t € yH C M, a
contradiction. This implies that I G M. O

Lemma 3.8. Let H be a monoid, r a finitary ideal system on H and T C H® multiplicatively closed.
1. If H is primary r-ideal inclusive, then T~ H is primary T~ 'r-ideal inclusive.
2. If H is an r-SP-monoid, then T~ H is an T~ 'r-SP-monoid.
3. If H satisfies the r-prime power condition, then T~'H satisfies the T~ r-prime power condition.
4. Let Hyp be primary ras-ideal inclusive for all M € r-max(H). Then H is primary r-ideal inclusive.

Proof. In the following we use some facts about primary r-ideals which can be found in [8, Theorem 7.2.].
1. Let H be primary r-ideal inclusive. Let A, B € T~ 'r-spec(T~'H) be such that A G B. Set P = ANH
and Q@ = BN H. Then P,Q € r-spec(H) and P G @, hence there is some primary I € Z,.(H) such that
PCIG VIC Q. Set J=T7'1. Then J € Zp-1, (T~ H), J is primary and A=T"'PCJCT'Q =
B. Since JAOH =T and " 'V/JNnH =T it follows that AC J G " ¥/J C B.

2. Let H be an r-SP-monoid and J € Zp-1,(T~'H). There is some I € Z,.(H) such that J = T~11,
hence there exist some k € N and some sequence (I;)¥_; of radical r-ideals of H such that I = (]_[f:1 L),.
Observe that (T711;)%_| is a sequence of radical T~ 1r-ideals of T-'H and T~'I = (Hf=1 T L)1,
Consequently, T~'H is an T~ 'r-SP-monoid.
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3. Let H satisfy the r-prime power condition. Let I € Zp-1,.(T"'H) be primary. Set J = I N H.
Then J € Z.(H) and J is primary. There is some k € N such that J = ((v/J)¥),. Consequently,
[=T"1 =T YWD, = (T-VDF)pr, = (7 VD F)r—s

4. Let P,Q € r-spec(H) be such that P ; Q. There is some M € r-max(H) such that Q C M. We
have Py, Qs € rar-spec(Hyr) and Py ; Qnr. Therefore, there is some primary J € Z,.,,(Hys) such
that Py C J g /T C Qu. Let I=JNH. Then I € Z,.(H), I is primary and P = P,y N H C I C
Qv NH = Q. Assume that I = V1. Then J = Iy = "/Ty; = "%/7, a contradiction. Consequently,
PCISVICQ. O

Proposition 3.9. Let H be a monoid and r a finitary ideal system on H such that H is an r-Prifer
monoid or r-max(H) = X(H). Then H is primary r-ideal inclusive.

Proof. Case 1: H is an r-Priifer monoid: Let M € r-max(H). Then H)s is a valuation monoid, hence
ry = $(Hpr). Therefore, Lemma 3.7. implies that Hys is primary rjs-ideal inclusive. Consequently, H
is primary r-ideal inclusive by Lemma 3.8.4.. Case 2: r-max(H) = X(H): Let P,Q € r-spec(H) be such
that P & Q. Then P = {0}. There is some 2 € Q°. Let I = 2*Hg N H. Since Q € P(z*H) it follows
by Lemma 3.5. that I € Z,.(H) and I is Q-primary. Assume that 7 = Q. Then z € I, hence z € H}, a

contradiction. Therefore, P C I ; VI = Q. O
Recall that if H is a monoid, then U(H) is the set of all prime divisors of non-zero principal ideals of H.

Proposition 3.10. Let H be a monoid and r a finitary ideal system on H such that H is an r-SP-monoid.
1. H satisfies the r-prime power condition.
2. IfC.(H) is trivial, then H is radical factorial.
3. ﬂPex(H) Hp = H, Hp is a discrete valuation monoid for all P € U(H) and H is completely
integrally closed.

n

Proof. 1. Let Q € Z.(H) be primary. There are some n € N and some sequence (I;)!_; of radical
r-ideals of H such that @ = ([T, I;),. Let ¥ = {i € [1,n] | I, # /Q} and k = |[1,n]\X]. Observe
that k& € N. It follows that @ = ((v/Q)" [1;ex, Li)r. Assume that Q # ((v/Q)"),. Then (vVQ)* € Q and
(V@) *ITies Ii € Q. Since Q is primary this implies that [[;cs, I; € +/Q. Consequently, there exists
some j € ¥ such that I; C /@, hence I; = /@, a contradiction. Therefore, Q = ((v/Q)"),.

2. Let C,.(H) be trivial and x € H®. Then there are some n € N and some sequence of (I;)_; of radical
r-ideals of H such that xH = (H?:1 I;),.. Observe that I; is r-invertible and thus I; is principal for every

€ [1,n]. Therefore, xH is a finite product of radical principal ideals of H.

3. By Lemma 3.8.2. and 2. we have H), is radical factorial for all M € r-max(H). Moreover, it
follows that X(HM) = {PM | P e X(H),P - M} and mQEZ{(HM)(HM)Q = nPe%(H),PgM(HM)PM =
Npexmy,pca Hp for all M € r-max(H). Therefore, Proposition 2.4.5. implies that (\pey ) Hp =
nMer-max(H)(mPex(H),PgM Hp) = nMer-max(H)(nQex(HM)(HM)Q) = mMEr—max(H) Hyr = H. Now let
P ¢ YU(H). There is some @ € r-max(H) such that P C Q. It follows that Py € U(Hg) and thus
Proposition 2.4.4. implies that Hp = (Hq)p, is a discrete valuation monoid. We have H), is completely
integrally closed for all M € r-max(H) by Proposition 2.4.5., hence H is completely integrally closed. O

Note that every r-SP-monoid fulfills the Principal Ideal Theorem by Proposition 3.10.3.. Next we provide
a few conditions that enforce a radical factorial monoid to be an r-SP-monoid.

Proposition 3.11. Let H be a radical factorial monoid such that H® # H* and r a finitary ideal system
on H. If r-max(H) = X(H) or H is an r-Prifer monoid, then H is an r-SP-monoid.

Proof. Case 1: r-max(H) = X(H): By Proposition 2.4.4. we have H is an almost r-Dedekind monoid.
Case 2: H is an r-Priifer monoid: Let P € r-max(H). It follows by Lemma 2.1.2. that Hp is a radical
factorial valuation monoid. Moreover, every radical element of Hp is a prime element of Hp. Therefore,
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Hp is a factorial valuation monoid, hence Hp is a discrete valuation monoid by [8, Theorem 16.4.]. In
any case H is an almost r-Dedekind monoid and thus H is an r-SP-monoid by Corollary 3.4.. O

Lemma 3.12. Let H be a monoid, v a finitary ideal system on H such that H is r-local, H is primary
r-ideal inclusive, M = H\H* and I € Z.(H) such that I & VI=M.
1. If H satisfies the r-prime power condition, then M is principal.
2. If H satisfies the r-prime power condition and H is radical factorial, then H is a discrete valuation
monoid.
3. If H is an r-SP-monoid, then H is a discrete valuation monoid.

Proof. 1. Let H satisfy the r-prime power condition. Since I is M-primary there exists some k € N>g
such that I = (M*),, hence (M*), S M and thus (M?), S M. Let A € r-spec(H)\{M}. Then there is
some primary J € Z,.(H) such that A € J G V/J. There exists some | € Nso such that J = ((v/J)"),..
Therefore, A C J C ((v/J)?), C (M?),.. Consequently, B C (M?),. for all B € r-spec(H)\{M?}. There is
some z € M\(M?),, hence vzH = M. Since zH is primary there is some m € N such that zH = (M™),.
We have H is r-local and thus C,.(H) is trivial. Consequently, M is principal.

2. Let H satisfy the r-prime power condition and let H be radical factorial. By 1. there is some x € M
such that M = xH. Therefore, Proposition 2.4.4. implies that H = Hj; is a discrete valuation monoid.
3. Let H be an r-SP-monoid. It follows by Proposition 3.10.1. that H satisfies the r-prime power
condition. Since H is r-local we have C,(H) is trivial and thus H is radical factorial by Proposition
3.10.2.. Therefore, H is a discrete valuation monoid by 2.. ]

Next we present the second main result in this section, which generalizes parts of [15].

Theorem 3.13. Let H be a monoid such that H® # H* and r a finitary ideal system on H such that
H is primary r-ideal inclusive.
1. If H satisfies the r-prime power condition and H is radical factorial, then H is an r-SP-monoid.
2. If H is an r-SP-monoid, then H is an almost r-Dedekind monoid.

Proof. 1. Let H satisfy the r-prime power condition and let H be radical factorial. By Proposition
3.11. it is sufficient to show that r-max(H) = X(H). Assume that r-max(H) # X(H). Then there
are some P,Q € r-spec(H)® such that P g Q. Therefore, there is some primary I € Z,.(H) such that
PCI g VI C Q. Set M = VI. Tt follows by Lemma 2.1.2. and Lemma 3.8. that Hj,; is radical
factorial, Hjy; is primary rjs-ideal inclusive and H); satisfies the rj;-prime power condition. Since
Ing € Z,,,(Hpy) and Iy ;Cé “N/Tv = My it follows by Lemma 3.12.2. that H); is a discrete valuation
monoid. Consequently, Py = {0} and thus P = {0}, a contradiction.

2. Let H be an r-SP-monoid. Claim: If B € T,(H) is primary and B G /B, then H sz is a discrete
valuation monoid. Let B € Z,.(H) be primary and B ; VB. Set P = v/B. Then Lemma 3.8. implies
that Hp is an rp-local rp-SP-monoid that is primary rp-ideal inclusive. Moreover, Bp € Z,..(Hp) and
Bp & “¥/Bp = Pp, hence Hp is a discrete valuation monoid by Lemma 3.12.3..

Let Q € r-max(H). Since {0}  @Q, there is some primary I € Z,(H) such that I S I C Q. Assume
that /T S Q. Then there is some primary J € Z,.(H) such that VIicJ G VJ C Q. We have H/;isa
discrete valuation monoid by the claim. Consequently, (/1) /7 = 10} and thus VI = {0}, a contradiction.
Therefore, Q = v/I, hence Hg is a discrete valuation monoid by the claim. O

Corollary 3.14. Let H be a monoid such that H® # H* and r a finitary ideal system on H. The
following statements are equivalent:

1. H is an r-SP-monoid that is primary r-ideal inclusive.
2. H is an r-Prifer monoid, r-max(H) = X(H) and every M € r-max(H) is not r-critical.
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Proof. 1. = 2.: It follows by Theorem 3.13.2. that H is an almost r-Dedekind monoid. Therefore, H
is an r-Priifer monoid and r-max(H) = X(H). It follows by Corollary 3.4. that every M € r-max(H) is
not r-critical. 2. = 1.: Let M € r-max(H). Assume that M3, = My;. Then ((M?),)y = (M3;)ry, =
(Myr)r,, = My and thus (M?), = ((M?),)p N H = My N H = M by Lemma 3.1.1.. This implies that
M is r-critical, a contradiction. Therefore, M3, # My, hence M)y is principal and thus H )y is a discrete
valuation monoid by [8, Corollary 5.4.] and [8, Theorem 6.4.]. Consequently, H is an almost r-Dedekind
monoid. By Corollary 3.4. we have H is an r-SP-monoid. Proposition 3.9. implies that H is primary
r-ideal inclusive. O

By Lemma 3.6. we obtain that Corollary 3.14. improves [11, Corollary 2.2.].
Corollary 3.15. Let H be an s-SP-monoid such that H®* # H*. Then H is a discrete valuation monoid.

Proof. By Theorem 3.13.2. and Lemma 3.7. we have H is an almost s-Dedekind monoid. Since H is
s-local this implies that H is a discrete valuation monoid. O

4. EXAMPLES AND REMARKS

Let H be a monoid, K a quotient monoid of H, x € H® and n € N. Set D, (x) = {uv € A(H) | u|z"™}
and Do (2) = Upen Dr(x). Observe that Do(a) = Di(a) for all a € H*® if and only if A(H) C B(H).
Especially if H is atomic, then H is radical factorial if and only if Do (a) = D1(a) for all a € H®. Recall

that H is seminormal if for all z € K such that 22, 2® € H it follows that = € H (see also [14]). By H
we denote the complete integral closure of H.

Example 4.1. Let L be a field, K g L a subfield, X an indeterminate over L and R = K + X L[X].
Then R is a primary Mori domain that is not completely integrally closed and Do (f) = Da(f) for all
f € R*. Especially R is weakly factorial, C;(R) is trivial and R is not factorial.

Proof. Note that R and L[X] have the same field of quotients. Clearly, R= L[X] is a discrete valuation
domain, hence R is factorial. Observe that R is seminormal and not completely integrally closed. We have
R\R* = XL[X]. Since R*NR = (L* + XL[X])N(K + X L[X]) = (L*NK)+ X L[X] = K*+ X L[X] =
R* it follows that R\R* = (R\RX) N R = XL[X]. Therefore, R is local. Let P € spec(R)®. Then
P C XL[X], hence {0} # PR C XR and thus VPR =XR (since R is local and 1-dimensional). There
exists some k € N such that X* € PR, hence X**! € XPR C PR = P and thus X € P. This implies
that (XL[X])? = X2R C XR C P. Consequently, XL[X] C P, hence P = X L[X]. This implies that
R is 1-dimensional and since R is local we have R is primary, hence R is weakly factorial and Ci(R) is
trivial. It follows by [14, Lemma 2.6.] that R is a Mori domain.

Next we show that A(R) C A(R). Let f € A(R). Obviously, f € R*\R*. Let g,h € R be such that
f =gh. Case 1: go = hg = 0: We have g,h € R, hencegeR>< C R orhERX C Rx. CaseQ go £ 0
or hg # 0: Without restriction let gg # 0. Then f = gh =9y ggoh and g, Y9, 90h € R, hence 9o 'g € R¥
or goh € R*. Since gg € L™ C R* it follows that g e R* or h € R*.

It remains to show that Do (f) C Da(f) for all f € R*\R*. Let f € R*\R* and u € Dy (f). Then there
exists some k € N such that u|g f*. This implies that u|5f*. Since u € A(R) C A(R) and R is factorial
it follows that u|zf. Therefore, there exists some g € R such that f =ug. Case 1: fy # 0: We have
ug # 0, hence go = foug' € K. This implies that g € R and thus u € D;(f) C Da(f). Case 2: fo = 0: It
follows that fg € R. Since f? = ufg we have u|gf?, hence u € Do(f). |

Example 4.2. There exists some radical factorial GCD-domain that is not factorial.

Proof. By [15, Theorem 3.4.] there exists some Bézout domain R that is an SP-domain but not a
Dedekind domain. Therefore, R is a 1-dimensional Bézout domain and thus R is a GCD-domain, hence
Pic(R) = C¢(R) is trivial. Assume that R is factorial. Then R is an atomic Bézout domain, hence R
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is a principal ideal domain and thus R is a Dedekind domain, a contradiction. Consequently, R is not
factorial. By Proposition 3.10.2. we have R is radical factorial. O

Together with Proposition 2.17. it follows by Example 4.2. that there are plenty examples of radical
factorial GCD-domains that fail to be factorial. The following example is a generalization of [5, Example
3-2.] and [5, Example 3-3.].

Example 4.3. Each of the following properties is satisfied by some Dedekind domain R that is not
factorial such that max(R) is countable, M is not principal and |R/M| < oo for all M € max(R) and
Ci(R) is torsion-free:

1. R is radical factorial.

2. B(R) = R*.

3. MNB(R) #0 for all M € max(R) and R is not radical factorial.
Proof. Let G be a countably generated (additive) free abelian group with basis (z;)ien, (Ii)ien € NV,
H=({zi+liziy1|i€eN})and I = {z € H |z =), yrix; for some (r;);en € N(()N)}. Set lp = 0. First we
show that for every finite E C N and all (n.)ccr € N¥ there is some (m.)cen € N(()N) such that m. = n.

foralle € Eand ) .ymex, € I. Let E C N be finite and (n¢)eer € N¥. There is some finite ¥ C N and
some bijection h : E — F such that ENF = and h(e) — e is an odd natural number for all e € E. Set

me =neife € E, me = (H:i,l(e) li)np-1(eyife € Fand me = 0 ife € N\(EUF). Then (me)ecen € N(()N).

K3

Note that z. + (H?(:ee)fllj)xh(e) = Z?Lee)fl(nifl(—lj))(xi + liziy1) € I for all e € E. Therefore,

j=e

ZeEN Mele = ZeEE NeTe + ZeeF(Hz‘:}ifl(e) li)nh—l(e)xe = ZeGE Ne(Te + (H?iee)il lj)xh(e)) el

By [5, Theorem 2.1.] there exists some Dedekind domain R and some bijection f : {x; | ¢ € N} —
max(R) such that R/M is finite for all M € max(R) and such that the canonical group isomorphism
g: G — F(R)*® that extends f satisfies g(I) = {yR | y € R*}. Obviously, max(R) is countable. Next we
show that H N {kz; | k € Z,j € N} = {0}. Let v € H, k € Z, j € N and (2;)ien € Z™ be such that
v=kxj =3, n2Ti+lizir1). Set 20 = 0. Then z;+1;_12,_1 = 0foralli € N\{j}and k = z;+1;_12;_1.
Assume that v # 0. Then there exist some smallest a € N and some largest b € N such that z, # 0 and
zp # 0. This implies that a = 7 = b+ 1, hence z, = 2zp4+1 = 0, a contradiction. Consequently, every
M € max(R) is not principal. Therefore, R is not a principal ideal domain, hence R is not factorial.
Now we prove that Pic(R) = C;(R) is torsion-free. Let J be a non-zero ideal of R and ¢ € N such that

J¢ is a principal ideal of R. There is some (v;);en € NéN) such that g(> , yviz;) = J. It follows that
> ien cviz; € I, hence there is some (d;)jen € Z™ such that Y,y cviz; = 3oy di@i + Lizig1). Set
dp = 0. Then cv; = d;+1;—1d;—; for all i € N. By induction we obtain that c|d; for all i € N, hence there is
some (e;)ien € Z™ such that d; = ce; for all i € N. This implies that doienViTi = Y ey Ci(@itlizigr) €1
and thus J is principal.

1. Set [; = 1 for all i € N. We show that R is radical factorial. Since R is atomic it remains to
show that A(R) C B(R). Let u € A(R). Then there is some z € I such that g(z) = uR. There exist
some (7;)ien € NE)N) and (t;)ien € ZM such that z = doienTiti = Y ienti(®i + wiq1). Set tg = 0.
Then r; = t; + t;—1 for all i € N. Since uR # R we have z # 0 and thus there is some least n € N
such that ¢, # 0. Assume that r,y9,4+1 = 0 for all i € Ny. If i € Ny, then ¢, 49,41 = —t,12; and
tnt2ite + thy2i+1 > 0, hence t,19;42 > tnio;. Since t, = r, > 0 we have t, 49, > 0 for all i € Ny, a
contradiction. Consequently, there is some j € Ny such that 7,241 # 0. Set m =n + 25 + 1. We have
Ty + Ty = Zf:onfl(fl)i(xlq_n + Zitnt1) € I. Therefore, there is some v € R® such that g(z, + z,,) =
vR. This implies that uR = [],cy9(z:)" C g(zn)g(zm) = vR & R, hence uR = g(zn)g(xm). Since
g(xzn) # g(xy) it follows that VuR = g(zn) Ng(xm) = g(xn)g(xy) = uR and thus v € B(R).

2. Let [; € N>g for all ¢+ € N. Assume that B(R) # R*. Then there are some v € B(R)\R* and
w € T such that g(w) = uR. Consequently, there exist some (s;)ien € {0, 1} and (u;)ieny € ZM such

that w = >,y sizi = Yoy wi(Ti + Lizip1). Set ug = 0. Then s; = u; + l;_yu;—; for all # € N. Since
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w # 0, there are some largest m,n € N such that s,, # 0 and u, # 0. Set p = max(m,n). Then
Sp+1 = Up+1 = 0, hence u, = 0 and thus 1 = s, = l,_1u,_1, a contradiction.

3. Set Iy =2 and [; =1 for all i € N\{2}. Let N € max(R). There is some b € N such that g(zp) = N.
If b # 2, then there is some w € B(R) such that g(xp + 2p+1) = wR and thus w € NN B(R). If b = 2,
then there exists some w € B(R) such that g(z1 +z2) = wR, hence w € NNB(R). There is some v € R*
such that g(zz + 273) = vR. Since v € g(x3)? it follows that v ¢ B(R). On the other hand we have
To + 3, %2, 23,223 & I. Therefore, v € A(R). This implies that A(R) ¢ B(R) and thus R is not radical
factorial. O

Note that R in Example 4.3.2. is an integral domain that fulfills the conditions in Lemma 2.7.4., hence
Q(R) is divisor-closed and yet R is not radical factorial. Observe that there exists a valuation domain S
that is not a field and such that X(S) = ), hence every P € X(S) is principal and yet S is not factorial.
By this remark and Example 4.1., Example 4.2. and Example 4.3. it follows that none of the conditions
in Theorem 2.14. can be omitted.

Example 4.4. There exists some local, 2-dimensional, noetherian domain R such that Rp is a discrete
valuation domain for all P € X(R) and R is not primary t-ideal inclusive.

Proof. Let S be a discrete valuation domain, p a prime element of S, K a quotient field of S, X an
indeterminate over K, R = {f € S[X] | p|f1} and Q = (p,pX, X2, X3)g. Clearly, S[X] is a local, 2-
dimensional noetherian domain. By [13, Lemma 5.2.1.] we have R = S[X] = (1, X)x and thus R is local
and 2-dimensional. Moreover, R is noetherian by the Theorem of Eakin-Nagata. By [13, Lemma 5.2.5.] we
have Rp is a discrete valuation domain for all P € X(R). It follows that Q = @, = {f € S[X] | p|fo,p|f1}
by [13, Lemma 5.2.2.]. Obviously, @ € max(R) and thus max(R) = t-max(R) = {Q}. Let I € T;(R)
be such that vI = Q. Then there is some k € N such that p¥, X¥ € I. We have Q=* C I~ C
((p*, X*)r)~t C S[X] = Q7! hence I = I, = Q. Consequently, {J € Z,(R) | P C J C Q} = {P,Q} for
all P € X(R) = t-spec(R)*\{@}, hence R is not primary t-ideal inclusive. O

Example 4.5. There is some Dedekind domain R such that R is not radical factorial, Ci(R) is a torsion
group and yet PN B(R) # 0 for all P € max(R).

Proof. Let R = Z[V/=5]. It is well known that R is a Dedekind domain that is not factorial and
IC:(R)| = 2. Therefore, Theorem 2.14. implies that R is not radical factorial. Let P € max(R).
There is some p € P such that P NZ = pZ. If p is not ramified, then p € PN B(R). If p is ramified, then
p=2orp=>5. Case l: p=2: We have P = (2,1++/=5)g, (3,1++v~=5)r € max(R), P # (3,1++/-5)r
and (1 + v/=5)R = P(3,1 + v/=5)r. Therefore, 1 + /=5 € PN B(R). Case 2: p = 5: It follows that
P =+/-5R and thus /-5 € PN B(R). O

By Proposition 2.12. we have if H is a GCD-monoid such that t-max(H) = X(H) and every height-one
prime s-ideal of H contains a radical element, then H is radical factorial. By Example 4.5. we know that
this is far away from being true if we replace the term “GCD-monoid” by “Dedekind domain”. Observe
that the last example fails to be radical factorial, since the property in Proposition 2.4.2. is not satisfied.
By Example 4.3. we obtain that even if the t-class group of a Dedekind domain R is torsion-free (and
thus the property in Proposition 2.4.2. is satisfied) and all maximal ideals of R contain a radical element,
then R needs not be radical factorial.

Up to now we could not decide whether every radical factorial monoid H such that H® # H* satisfies
t-max(H) = X(H). The following remark shows (together with Proposition 2.4.5.) that at least the
divisorial prime ideals of H behave nicely.

Remark 4.6. Let H be a monoid such that H* # H* and (\peyy) Hp = H. Then for each I €
Z,(H)\{H} there is some P € X(H) such that I C P. FEspecially v-spec(H)* C X(H).
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Proof. Let K be a quotient monoid of H, I € Z,(H)\{H} and « € (Ngex () lo- It follows that xl~1 C
Io(Hg :x 1g) € Ho forall Q € X(H), hencexI ™! C H and thus x € I, = I. Therefore, Ngcx(s) lo = I.
There is some P € X(H) such that Ip # Hp, hence I C P.

O

5. APPENDIX: STRONGLY 7r-DISCRETE r-PRUFER MONOIDS

In the following we refine some of the statements of [4] and [10]. The first result in this section extends
[10, Lemma 2.2.] (in the local case), but its proof is very similar. Let H be a monoid, r a finitary ideal
system on H, X C H and P € r-spec(H). Set O.(X) = {Q € r-spec(H) | X & Q}. Next, H is called
strongly r-discrete if for all Q € r-spec(H) such that (Q?), = @Q it follows that @ = {0}. Observe that if
() £ K C r-spec(H) is a chain, then ﬂQeK Q, UQeK Q € r-spec(H). We call P r-branched if there exists
some P-primary I € Z,(H) such that I # P. Let r-B(H) denote the set of all r-branched prime r-ideals
of H.

Proposition 5.1. Let H be a monoid, v a finitary ideal system on H and M = H\H*.
1. If M is principal, then (), oy M™ € s-spec(H) and Q C (,cy M™ for all Q € s-spec(H)\{M}.
2. The following conditions are equivalent:
a. H is a strongly s-discrete valuation monoid.
b. H is a strongly r-discrete valuation monoid.
c. Pp is principal in Hp for all P € s-spec(H).
d. H is r-local and Pp is principal in Hp for all P € r-spec(H).
If these conditions are satisfied, then s-spec(H) satisfies the ACC.

Proof. 1. Let M be principal and N = [, .y M™. There is some s € M such that M = sH. Without
restriction we can assume that s # 0. Let x,y € H be such that zy € N. Assume that x,y ¢ N. Then
there are some least n,m € N such that z ¢ M™ and y ¢ M™. It follows that z € M"~ !, y € M™!
and xy € M"t™~1  There exist some u,v € H* such that 2 = s" 'y and y = s™ 'v. We have
s"TM=2yy = xy € s"T™TLH  hence s € H*, a contradiction. Let Q € s-spec(H) be such that Q # M.
We show by induction on k that Q C MF, for all k € N. Clearly, Q C M. Now let k € N be such that
Q C M*. Then s~ *Q C H. Assume that s *Q = H. Then s* € Q, hence s € Q and thus Q = M, a
contradiction. Therefore, s™*Q C M = sH, hence Q C s H = MF+1,

2. a. < b.: In any case H is a valuation monoid. Hence s = r and thus H is strongly s-discrete if and
only if H is strongly r-discrete.

a. = c.: Let P € s-spec(H). Obviously, Hp is a valuation monoid and thus Pp = P2 or Pp is principal.
Assume that Pp is not principal. Then Pp = P3. Since P? is P-primary by Lemma 3.1.1. it follows that
P=PpNH=P:iNH=(P?)pnH= P? Therefore, P = {0} and thus Pp = {0}, a contradiction.

c. = d.: Since My; = M is principal in Hy; = H it follows that M,. = M, hence H is r-local. Clearly,
Pp is principal in Hp for all P € r-spec(H).

d. = a.: Claim 1: r-spec(H) is a chain. Let P,Q € r-spec(H). Then there is some A € P((PUQ),). It
follows that Pa,Qa C As. Assume that P4,Qa & Aa. Since A € r-spec(H) we have A4 is principal,
hence it follows by 1. that Pa,Qa C ey A% By 1. we have oy A% € s-spec(Ha). Set B =
MNien A% N H. Then B € r-spec(H), B C A and By = [,y A%. Consequently, P4,Qa C By, hence
(PUQ), € B C A and thus B=A. We have A4 =,y A%. Therefore, A4 = A%, and thus A4 = {0},
a contradiction. It follows that P4 = A4 or Q4 = A4, hence Q C P or P C Q.

Claim 2: r-spec(H) satisfies the ACC. Let (P;);en be an ascending sequence of prime r-ideals of H. Set
Q = Ujen Pi- Then Q € r-spec(H). There is some ¢ € @Q such that Qg = qHg, hence there is some
k € N such that ¢ € P;. Consequently, Qg = ¢Hg C (Pr)o € Qq, hence Qg = (Px)¢g and thus Q = Px.
Therefore, P; = Py, for all j € N>y

Claim 3: If Q C r-spec(H) and if for every P € r-spec(H) satisfying O,(P) C Q it follows that P € ,
then Q = r-spec(H). Let  C r-spec(H) be such that for every P € r-spec(H) satisfying O,.(P) C Q it
follows that P € Q. Assume that Q # r-spec(H). By claim 2 there is some P € r-spec(H)\Q that is
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maximal. Therefore, O, (P) C  and thus P € Q, a contradiction.

Let Q = {P € r-spec(H) | for all z,y € H\ P we have P C zH and it follows that z € yH ory € xH}. Let
P € r-spec(H) be such that O,.(P) C Q. We show that P € Q. Since M € Q we can assume that P G M.
Set L = (Ngeo,(p) @ Note that M € O,(P), hence L € r-spec(H) by claim 1. There exists some ¢t € L
such that Ly = tHp. First we show that if P G L, then Py = [,y t*Hy. Let P G L. Since P, G Lt
and Ly, is principal it follows by 1. that P C oy LY € s-spec(HL). Set B = (o L5 N H. Then
B e r-spec(H), BC L and (o L = Br. If B =L, then L3 = Ly, hence L = {0}, a contradiction.
Therefore, P € B G L, hence P = B and Py = [y thHp,.

Let ¢,y € H\P. Case 1: x ¢ L: There is some @Q € O,.(P) such that € Q. Therefore, P C Q C zH.
Case la: y € L: There is some Q' € O,(P) such that y ¢ @Q’. By claim 1 we have Q N Q" € O,.(P)
and z,y € Q NQ’. Therefore, x € yH or y € vH. Case 1b: y € L: We have y € L C Q C xH. Case
2: x € L: It follows that P g L and thus L € Q. Therefore, L C zH for all z € H\L, hence Ly, C H.
Since € Py, there is some i € N such that z € t*H;, and = € t*t'H, hence there is some u € Hf
such that 2 = t'u. It follows that P C P;, C t""'H; = xtH; = 2L; C xH. Case 2a: y ¢ L: We
have € L C yH. Case 2b: y € L: Since y ¢ P, there exists some j € N such that y € #/Hy and
y & /11 H; and thus there is some v € HJ such that y = thy. If i < j, then y = at/ “fou~! € L, C 2H.
If j < i, then z = yt" Juv~! € yL;, C yH. Now let i = j. There exists some ¢ € H\L such that
cu,cv € H\L. Consequently, cu € cvH or cv € cuH and hence z = tic lcu € tic 'ecvH = yH or
y =tic tev € tic leuH = xH. Finally P € Q.

By claim 3 we have @ = r-spec(H). Therefore, {0} € Q and thus H is a valuation monoid. Let
I € s-spec(H) be such that 1> = I. Then I € r-spec(H). Since I; = (I?); = I? and I; is principal we
have Iy = {0}, hence I = {0}.

Set r = s. Then it follows by claim 2 that s-spec(H) satisfies the ACC. O

Proposition 5.2. Let H be a monoid and r a finitary ideal system on H such that H satisfies the r-prime
power condition and H 1is primary r-ideal inclusive.
1. Pp is principal in Hp for all P € r-B(H) and (Q¥), is Q-primary for all k € N and Q € r-spec(H).

2. If P € r-spec(H) and Q € s-spec(H) such that Q & P, then Q C (), cn(P"), € r-spec(H).

Proof. 1. Let P € r-B(H). There is some primary I € Z,(H) such that I & VI = P. This implies that
Ip €Z,.,.(Hp)and Ip ;Cé “*/Tp = Pp. By Lemma 3.8. we have Hp satisfies the 7 p-prime power condition
and Hp is primary rp-ideal inclusive. Since Hp is rp-local it follows by Lemma 3.12.1. that Pp is principal
in Hp. Let Q € r-spec(H). Without restriction let Q # (Q?),. Set Q = {A € r-spec(H) | A S Q}. Then
{0} € Q. Let B € Q. There are some primary I € Z.(H) and some | € N5 such that BC T & VICQ
and I = ((v/1)),. This implies that B C I C ((vI)?), C (Q?),. Therefore, C C (Q?), for all C € Q.
Let ) # ¥ C Q be a chain. Then (J oy A € r-spec(H) and J 5 A € (Q)r & Q, hence |J oy 4 € Q.
Therefore, (2 is ordered inductively by inclusion. Consequently, there exists some maximal A € 2. There
is some primary J € Z,(H) such that AC J & VJ C Q and thus Q = /J. Tt follows that Q € r-B(H),
hence g is principal in Hg. We have Q’é N H is Q-primary for all £ € N. It suffices to show by induction
on k that Qg N H = (Q%), for all k € N. The assertion is clear for k = 1. Now let k¥ € N be such that
Q’é NH = (QF),. Since Qg is principal we have QZH NHS Q’é N H and QZH NH € Z.(H). Therefore,
there is some [ € N such that Qgrl NH = (Q"),. Since (Q"), = QZH NHS Q’é N H = (Q), it follows
that [ > k + 1. Consequently, Q’gfl NH = Q") € (@), C ("), )oNH = Qéﬂ N H, hence
ngrl NH = (Qk+1)r~

2. Let P € r-spec(H) and Q € s-spec(H) be such that @ & P. Without restriction let P # (P?),.. By 1.
it follows that (P?),. is P-primary, hence P € r-B(H) and thus Pp is principal in Hp by 1.. Since Qp & Pp
we have Qp C (,cn P € s(Hp)-spec(Hp) by Proposition 5.1.1.. Observe that (P*), = ((P*),)p N H =

PEN H for all k € N. Therefore, @ = Qp N H C (N, PR) N H =, cn(P™), € m-spec(H). O

neN neN
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Corollary 5.3. Let H be a monoid and v a finitary ideal system on H such that H is primary r-ideal
inclusive. The following conditions are equivalent:

1. H satisfies the r-prime power condition.
2. Pp is principal in Hp for all P € r-B(H) and (Q), is Q-primary for allk € N and Q € r-spec(H).
3. Pp is principal in Hp and (P*), is P-primary for all k € N and P € r-B(H).

Proof. 1. = 2.: This follows from Proposition 5.2.1.. 2. = 3.: Trivial. 3. = 1.: Let I € Z.(H) be
primary and P = +/I. Without restriction let I # P. Then P € r-B(H). Since Ip is Pp-primary,
it follows by Lemma 2.2.1. that there is some k € N such that Ip = PE = (PE),., = ((P*),)p.
Consequently, I = Ip N H = ((P*),)p N H = (P*),. O

The following Theorem is the main result in this section.

Theorem 5.4. Let H be a monoid and r a finitary ideal system on H. The following are equivalent:

1. H is a strongly r-discrete r-Priifer monoid.

2. H satisfies the r-prime power condition, H is primary r-ideal inclusive and r-spec(H) satisfies the
ACC.

3. H satisfies the r-prime power condition, H is primary r-ideal inclusive and H is strongly r-discrete.

4. Pp is principal in Hp for all P € r-spec(H).

Proof. 1. = 2.,1. = 3.: First we show that L is principal in Hy, for all L € r-spec(H). Let L €
r-spec(H). Assume that Ly is not principal in Hy. Since Hj, is a valuation monoid it follows that
L? = Ly, hence ((L?),)r = (L%),, = L2 = L. Because of Lemma 3.1.1. we have (L?), = ((L?),)r N
H = L,NH = L. Therefore, L = {0}, a contradiction. By Proposition 3.9. it follows that H is
primary r-ideal inclusive. By Lemma 3.1.1. and Corollary 5.3. we have H satisfies the r-prime power
condition. Let M € r-max(H) and J € rps-spec(Hps)®. Then there is some N € r-spec(H)® such
that N C M and J = Nj;. We have Ny is principal in Hy. This implies that J; = (Nay)n,, = Ny
is principal in (Hy )y = (Hy)n,, = Hn. Since Hyy is ras-local it follows by Proposition 5.1.2. that
ra-spec(Hyy) = s(Hpr)-spec(Hyy) satisfies the ACC. Therefore, {P € r-spec(H) | P C B} satisfies the
ACC for all B € r-max(H) and thus r-spec(H) satisfies the ACC.

2. = 4.: Let P € r-spec(H)®. There is some Q € r-spec(H) such that @) is maximal in {A € r-spec(H) |
A G P}. There is some primary I € Z,.(H) such that Q € 1 & VI C P and thus v/I = P. Therefore,
P € r-B(H), hence Pp is principal in Hp by Proposition 5.2.1..

3. = 4.: Let P € r-spec(H)*. By Proposition 5.2.1. it follows that (P?), is P-primary. Since (P?), & P
we have P € r-8B(H) and thus Pp is principal in Hp by Proposition 5.2.1..

4. = 1.: Let M € r-max(H). Let P € ry-spec(Hys) and P = PN H. Then P € r-spec(H), P C M
and P = Py. It follows that P5 = (Pa)p,, = Pp is principal in (Hy)s = (Hm)p,, = Hp. Since
Hy, is rps-local it follows by Proposition 5.1.2. that Hjs is a strongly rjps-discrete valuation monoid.
Consequently, H is an r-Priifer monoid. Let @ € r-spec(H) be such that (Q?), = Q. There is some
N € r-max(H) such that @ C N. We have (Q%).x = ((Q?),)y = Qn, hence Qn = {0} and thus
Q = {0}. Therefore, H is strongly r-discrete. O

Corollary 5.5. Let R be an integral domain. The following statements are equivalent:

1. R is a strongly d-discrete Priifer domain.

2. R satisfies the d-prime power condition and spec(R) satisfies the ACC.
3. R satisfies the d-prime power condition and R is strongly d-discrete.
4. Pp is principal in Rp for all P € spec(R).

Proof. This is an easy consequence of Lemma 3.6. and Theorem 5.4.. |
Therefore, Theorem 5.4. is a common generalization of [10, Lemma 2.2.] and [4, Theorem 7.].

Corollary 5.6. Let H be a monoid. The following conditions are equivalent:
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1. H is a strongly s-discrete valuation monoid.
2. H satisfies the s-prime power condition and s-spec(H) satisfies the ACC.
3. H satisfies the s-prime power condition and H is strongly s-discrete.

Proof. Since H is s-local, this is an immediate consequence of Lemma 3.7. and Theorem 5.4.. g
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