ON THE DIVISOR-CLASS GROUP OF MONADIC SUBMONOIDS OF RINGS OF
INTEGER-VALUED POLYNOMIALS

ANDREAS REINHART

ABSTRACT. Let R be a factorial domain. In this work we investigate the connections between the
arithmetic of Int(R) (i.e., the ring of integer-valued polynomials over R) and its monadic submonoids
(i.e., monoids of the form {g € Int(R) | g |ine(r) fF for some k € Ng} for some nonzero f € Int(R)).
Since every monadic submonoid of Int(R) is a Krull monoid it is possible to describe the arithmetic of
these monoids in terms of their divisor-class group. We give an explicit description of these divisor-class
groups in several situations and provide a few techniques that can be used to determine them. As an
application we show that there are strong connections between Int(R) and its monadic submonoids. If
R = 7 or more generally if R has sufficiently many “nice” atoms, then we prove that the infinitude of the
elasticity and the tame degree of Int(R) can be explained by using the structure of monadic submonoids
of Int(R).

1. INTRODUCTION

The class of Krull monoids is among the most well-studied classes of monoids in factorization theory (see
[5]). It is known that the behavior of their factorizations only depends on their divisor-class group. On
the other hand, there are many examples of atomic, completely integrally closed monoids that fail to be
Krull. For instance, it is known that the ring of integer-valued polynomials Int(R) over an integral domain
R is a Krull domain if and only if R is a Krull domain and Int(R) = R[X] (see [1, Corollary 1.3.15] and |2,
Corollary 2.7]). Recently, it was shown that the ring of integer-valued polynomials over a Krull domain
satisfies a weaker property which is called monadically Krull [3, 7]. A monoid is called monadically
Krull if all its divisor-closed submonoids generated by one element (i.e., monadic submonoids) are Krull
monoids.

The purpose of this work is to investigate monadic submonoids of rings of integer-valued polynomials over
factorial domains. Since these rings are monadically Krull it is possible to study the arithmetic of their
monadic submonoids by using their divisor-class groups. The restriction to factorial domains (instead of
Krull domains) is reasonable, since we are able to give more precise descriptions in this situation. We
pursue two goals. The first goal is a thorough description of divisor-class groups of monadic submonoids
of Int(R). We achieve this goal for monadic submonoids that are generated by nonzero polynomials with
coefficients in R. The second goal is to show that the elasticity and the tame degree of certain rings of
integer-valued polynomials are infinite. We present a proof that relies on the structure of divisor-class
groups of monadic submonoids of Int(R).

The second goal is motivated by results in the literature that were proved in the recent past. More
precisely, it is known that every nonempty finite subset of N>, is the set of lengths of some nonzero
f € Int(Z) (see [4]). This is a property that Int(Z) shares with Krull monoids whose divisor-class group
is infinite and where every class contains a height-one prime ideal (see [6]). The question arises whether
it is possible to describe this phenomenon in Int(Z) by using the theory of Krull monoids. So far, we
were not able to solve this problem. Therefore, we want to pursue a simpler goal and prove that the
infinitude of certain invariants (i.e., the elasticity and the tame degree) can be derived from the theory
of Krull monoids.
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In the next section we discuss the notation that is used in this work. We recall the definitions of saturated,
divisor-closed, and monadic submonoids of a monoid, and present some of their elementary properties.
We briefly discuss a few simple facts about rings of integer-valued polynomials. Another important notion
that will be introduced is the image-content d(f) of a nonzero integer-valued polynomial f. It is basically
a greatest common divisor of the image of f (over the base ring). This notion is of major importance in
this work.

The main purpose of the third section is to study the structure of atoms and height-one prime ideals
of monadic submonoids of Int(R). This is an important prerequisite concerning the investigation of the
divisor-class group, since it is possible to describe the structure of the divisor-class group of a Krull
monoid by using the v-product decompositions of principal ideals (generated by atoms) into height-one
prime ideals. We will specifically investigate the subset of constant atoms of a monadic submonoid. We
show that every constant atom generates a radical ideal. Moreover, we present a characterization result
for monadic submonoids where every constant atom is a prime element. We give a complete description
of the set of atoms of monadic submonoids of Int(R) that are generated by some nonzero f € R[X].
In what follows we study the set of height-one prime ideals of monadic submonoids generated by some
nonzero f € R[X] that do not contain any constant elements. Finally, we present a result which will
enable us to determine the v-product decompositions of principal ideals into height-one prime ideals in
many situations.

In the fourth section we present the first main result of this work. We show that the divisor-class group
of a monadic submonoid of Int(R) generated by some nonzero f € R[X] is torsion-free. Moreover, we
present a simple formula to calculate the torsion-free rank in this case. We proceed with a few results that
hold in a more general context. In particular, we prove a proposition which relates the P-adic exponents
of v-ideals between a Krull monoid and a saturated submonoid. It is an analogue to a well-known theorem
which connects P-adic exponents of ideals in a Dedekind domain to a subring that is also a Dedekind
domain (see [8]). Moreover, it will be useful to determine the divisor-class group of monadic submonoids
of Int(R) which are not covered by the first main theorem. We proceed by describing the set of height-one
prime ideals that contain constant elements. These results complement the achievements in Section 3,
and have several applications in the last section.

The fifth section is devoted to the construction of “more involved” examples of divisor-class groups. We
provide basically two sufficient criteria which will enable us to decompose certain divisor-class groups of
monadic submonoids into a direct product of divisor-class groups (up to an isomorphism). These criteria
will be helpful in last section of this work.

In the last section we provide a few examples and discuss several consequences of the prior sections.
Among them are a variety of counterexamples. For instance, it is shown that several characterization
results that hold for monadic submonoids generated by some nonzero f € R[X] no longer hold for
arbitrary monadic submonoids. We give non-trivial examples of divisor-class groups that are torsion
groups or torsion-free or none of the two. We prove that it is possible to find monadic submonoids of
Int(Z) whose divisor-class group is torsion-free with prescribed rank. Finally, we present the second main
result of this work. It shows that rings of integer-valued polynomials over certain factorial domains have
infinite elasticity and tame degree.

2. NOTATION AND PRELIMINARIES

All monoids in this work are commutative cancellative monoids. Let H be a monoid, and T' C H a
submonoid. If z,y € H, then we write z |g y if there is some ¢ € H with y = cx.

We say that T C H is saturated if for all z,y € T such that x | y it follows that z |7 y.

e T C H is called divisor-closed if for all x,y € H with xy € T we have z € T'.

e If E C H, then let [E]y denote the smallest divisor-closed submonoid of H which contains F. If
x € H, then set [z]g = [{z}]n-

We say that T C H is monadic if T = [z] g for some xz € H.
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If E C H, then we write [E] instead of [E]y if the monoid H is the most obvious choice. Clearly,
every monadic submonoid of H is divisor-closed, and every divisor-closed submonoid of H is saturated.
Observe that if v € H, then [z] = {y € H | y |z «* for some k € No}. A subset I C H is called an s-ideal
of H if TH = I. Let spec(H) be the set of all prime s-ideals of H. An s-ideal is called radical if it is an
intersection of prime s-ideals. By X(H) we denote the set of all height-one prime (s-)ideals of H, i.e.,
the set of all minimal nonempty prime s-ideals of H. By H* (resp., A(H)) we denote the set of units of
H (resp., the set of atoms of H). We say that H is reduced if H* = {1}. If x,y € H, then we say that
2 and y are associated (we denote this by x ~pg y) if = ye for some ¢ € H*. It is well-known that
~p defines an equivalence relation on H. By Hyeq = {tH* | x € H} we denote the set of equivalence
classes of ~p. This set forms a monoid under the canonical multiplication. If £ C H, then F C E is
called a system of representatives of F if for every x € FE there is a unique y € F such that x ~p y. Let
L be a quotient group of H. For X C L,set X ' ={z€ L|2X C H} and X, = (X~ 1)71. A subset
I C H is called a divisorial ideal (or v-ideal) of H if I, = I. Every divisorial ideal of H is an s-ideal
of H. Let Z,(H) denote the set of divisorial ideals of H. By C,(H) we denote the divisor-class group
(or v-class group) of H. It measures how far (v-invertible) v-ideals are from being principal ideals. A
precise definition can be found in [5, Definition 2.1.8]. If I € Z,(H), then let [I] denote the class of I
in C,(H). Note that H is called a Krull monoid if H is a completely integrally closed Mori monoid (or
equivalently, every nonempty v-ideal of H is a finite v-product of height-one prime ideals of H). For a
thorough introduction to Krull monoids we refer to [5, Definition 2.3.1]. We say that H is monadically
Krull if [z] is a Krull monoid for every x € H. Most of these notions can be defined analogously in the
context of integral domains.

We want to recapitulate a few basic facts concerning saturated and divisor-closed submonoids of H. First
let T C H be saturated. Then H* NT = T*. If H is a Krull monoid, then T is a Krull monoid. Now
let T'C H be divisor-closed. Then T = H*, and A(T) = A(H)NT.

If M is a set and | € N, then a finite sequence (a;)}_; € M', will be denoted by a (i.e., a = (a;)}_;).
Recall that if R is an integral domain with quotient field K and X is an indeterminate over K, then
Int(R) = {f € K[X] | f(z) € Rfor all x € R} is called the ring of integer-valued polynomials over R. It is
well-known that Int(R)* = R[X]|* = R*. Note that R®* = R\ {0} forms a monoid under multiplication.
If we refer to a submonoid of R, then we always mean a submonoid of R®. Especially, if £ C R®, then
let [E]r = [E]re. We say that R is monadically Krull if R® is monadically Krull.

Now let R be a factorial domain, K a field of quotients of R, X an indeterminate over K, and ) a system
of representatives of A(R). For T C R, let GCDg(T) be the set of all greatest common divisors of T' (in
R), and let LCMR(T') be the set of all least common multiples of T' (in R). If f € R[X]®, then we say
that f is primitive if every greatest common divisor of all coeflicients of f is a unit of R. For convenience
we also allow the units of R to be primitive polynomials. If ¢ € @, then let v, : R — Ny U {oco} denote
the g-adic valuation on R. Let dg : Int(R)® — R* be defined by do(g) = [[,cq printvela(e)leer} for all
g € Int(R)®. Set d = dq. Note that d(g) € GCDr({g(c) | c € R}) and 5 € Int(R) for all g € Int(R)*.
It is straightforward to show that d(f*) = d(f)* and d(af) ~r ad(f) for all f € Int(R)*, k € Ny, and
a € R*. Let n € N, f € (Int(R)*)" and z € NJ\{0}. We say that z is f-irreducible if for all y,z € Nj
such that 2 = y + z and d([[;—, fi") = d(IT;_, f7)d(IT;—, f7*) it follows that y = 0 or z = 0. It is
well-known (see [7, Theorem 5.2]) that Int(R) is monadically Krull. If f € Int(R)®, then we can deduce
by [7, Theorem 3.6] and its proof that X([f]), spec([f]), and {u[f] | v € A([f])} are finite sets. The
remarks in this section will be used without citation.

3. ATOMS AND HEIGHT-ONE PRIME IDEALS

In this section we present a few basic preparatory results about atoms and height-one prime ideals of
monadic submonoids of Int(R). Many of the results in this section refer to monadic submonoids generated
by some “f € R[X]*”. Note that this is a rather natural assumption because it is straightforward to prove
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that every monadic submonoid of Int(R) is contained in some monadic submonoid of Int(R) generated by
some f € R[X]*. (If g € Int(R)® and b € R® are such that bg € R[X], then [¢] C [bg].) The purpose of
the first result is to describe the set of “constant atoms” of monadic submonoids of Int(R). In particular,
we show that the principal ideals generated by constant atoms are radical ideals. Furthermore, we prove
that a height-one prime ideal contains at most one constant atom (up to associates).

Lemma 3.1. Let R be a factorial domain, and f € Int(R)®.

If g € [f] and u € R, then u |[f) g if and only if u |r d(g).
AN N R =T1NA(R) = {u € A(R) | u|r d(f)}.

If u e A([f]) N R, then u[f] is a radical ideal of [f].

4. If P € X([f]) and u,w € PN A(R), then u ~s w.

W=

Proof. 1. Let g € [f], and uw € R. “=": Let u |5} g. There is some v € [f] such that g = uv. Since
u € R we infer that d(g) ~g ud(v), and thus u [r d(g). “<=": Let u |r d(g). We have d(g) |mt(r) 9, and
thus u |me(r) - Since g € [f] it follows that u |f4 g.

2. First we show that A([f])NR = [f]NA(R). “C”: Let u € A([f]) N R. Observe that u & [f]* = R*.
Let x,y € R be such that u = xy. It is clear that z,y € [f]. Therefore, z € [f]* = R* ory € [f]* = R*.
Consequently, u € [fJNA(R). “2”: Let u € [f]NA(R). We have u ¢ R* = [f]*. Let z,y € [f] be such
that v = xy. Observe that 0 = deg(u) = deg(x) + deg(y), and thus z,y € R. Therefore, x € R* = [f]*
ory € R* = [f]*. We infer that v € A([f]) N R.

Next we show that [f] N A(R) = {u € AR) | u |g d(f)}. “C": Let u € [f] NA(R). Then u |iue(r) f*
for some k € N. Consequently, u |z f*. It follows by 1 that u |z d(f*) = d(f)*. This implies that
u|gr d(f). “2”: Let u € A(R) be such that u |g d(f). By 1 we have u |} f. Therefore, u € [f]N.A(R).
3. Let u € A([f]) N R. Let g € [f] and n € N be such that u [pg g". Then u |g d(g9") = d(g)"™ by 1, and
thus u |g d(g). It follows by 1 that u |j¢; g. Therefore, u[f] is a radical ideal of [f].

4. Assume to the contrary that there are P € X([f]) and u,w € PN .A(R) such that u %[ w. Let K be
a quotient field of R, X an indeterminate over K and L a quotient group of [f]. Let h € L be such that
uh,wh € [f]. We have h € K[X], uh,wh € Int(R), and thus uh(z),wh(z) € R for all z € R. Observe
that u 2gr w. If z € R, then u |g uwh(z) = wuh(z), and thus u |gr uh(z), hence h(z) € R. Therefore,
h € Int(R) N L = [f]. We infer that u'[f] nw™'[f] = [f]. Consequently, [f] = {u,w}., C P, a
contradiction. ]

Let R be a factorial domain, and f € Int(R)®. Then A([f]) N R is called the set of constant atoms of
[f]. Next, we characterize when every constant atom is a prime element.

Proposition 3.2. Let R be a factorial domain, and f € Int(R)®. The following are equivalent:

1. Every P € X([f]) such that PN R # 0 is principal.
2. For every P € X([f]) such that PN R # () there is some n € N such that (P™), is principal.
3. Every constant atom of [f] is a prime element.
4. d(gh) =d(g)d(h) for all g,h € [f].
If Cu([f]) is finite, then these conditions are satisfied.

Proof. 1. = 2.: Trivial.

2. = 3.: Let u be a constant atom of [f]. Since [f] is a Krull monoid there is some P € X([f]) such
that u € P. Some v-power of P is principal, and thus there is some x € [f] such that P = /z[f]. There
is some k € N such that z |[;; u”. Therefore, z € R and z |g u*. Since R is factorial this implies that
@ ~p u' for some | € N. Consequently, z ~[; u'. It follows that P = \/u![f] = /u[f] = u[f], hence u
is a prime element of [f].

3. = 1.: Let P € X([f]) be such that PN R # (. There is some € PN R and some u € A(R) such

that u |gr « and u € P. Observe that u is a constant atom of [f], hence u is a prime element of [f].
Therefore, P = u[f].
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3. = 4.: Let g,h € [f]. Tt is sufficient to show that d(
d(m) # 1. Then there is some p € A(R) such that p |r d(#ﬁl(h)). Obviously, p is a constant atom
of [f] and p [z @m. Therefore, p [[ ﬁ or p |1y % This implies that p |g d(%) =1or
p R (T)) =1, a contradiction.

4. = 3.: Let u be a constant atom of [f], and g,h € [f] such that u |fs gh. Then u € A(R) and
u |r d(gh) = d(g)d(h). We infer that u |r d(g) or u |r d(h). Consequently, u |77 g or u [z h.

If C,([f]) is finite, then for every P € X([f]) there is some n € N such that (P™), is principal, hence 2
is satisfied. O

#Z(h)) = 1. Assume to the contrary that

Now we show that elements of monadic submonoids that are generated by some f € R[X]® can be
represented in form of special fractions. As a consequence, we provide a simple set of generators of the
quotient group of [f]. This type of representability will turn out to be a crucial ingredient for our first
main result in Section 4.

Lemma 3.3. Let R be a factorial domain, X an indeterminate over R, and f € R[X]|*. For every
g € [f] there are some a,b € [f] N R and some primitive h € [f] N R[X] such that h |gx) f* for some
k € N, GCDg(a,b) = R* and g = 2.

Proof. Let g € [f]. There are some primitive h € R[X] and some a,b € R® such that GCDg(a,b) = R*
and g = 2. Since g € [f] there are some k € N, z € R[X]* and ¢ € R® such that 22 = fk

follows that bhz = fFac. Since h is primitive we infer that h | RLx] f*, and thus h € [f]. Observe that
a |gr d(bh) ~p bd(h). We infer that a |g d(h). Since d(h) € [f] we have a € [f]. Moreover, bh = ga € [f],
and thus b € [f]. O

Lemma 3.4. Let R be a factorial domain, X an indeterminate over R, and f € R[X]*. Then the
quotient group of [f] is generated by ([f] N A(R[X])) U [f]*.

Proof. 1t is sufficient to show that [f] C (([f] N A(R[X])) U [f]*). Let € [f]. By Lemma 3.3 there
are some h € [f] N R[X] and a € [f] N R such that x = 2. Since R and R[X] are factorial we infer that

h e (IFINARIX))ULA1%) and a € ([FINAR) ULS). Therefore, o € (LfINARIX])ULA¥). O

Next we give a complete description of the set of atoms of monadic submonoids of Int(R)® that are
generated by some f € R[X]®. A part of this description can be found in the proof of [7, Theorem 5.2].

D\m

Proposition 3.5. Let R be a factorial domain, a € R®*, n € N and f € (A(R[X]) \ R)" a sequence of
pairwise non-associated elements of R[X]. Set f = al['_, fi. Then {u[f] | v € A([f])} = {ulf] | v €

A(R),u |g d(f )}U{d(l_fnlfyl)[[f]] | y € N§,y is f-irreducible}.
Proof. “C”: Let u € A([f]). Observe that u € A(Int(R)). There is some k € N such that u |my(r) /"
Case 1. u € R: Clearly, u € A(R). We have u |g d(f*) = d(f)*, and thus u |r d(f).

Case 2. u ¢ R: There are some primitive t € R[X] and some b, c € R® such that GCDg(x;(bt, c) = R[X]*
and u = 2. Obviously, ¢ | d(t), and thus ﬁ, bdc(t) € Int(R) and u = % bdc(t)
There are some e € R® and some s € R[X] such that u® = f*. This implies that bst = a*ce ]!, fF.

Therefore, t |pix) [Tie; fF, hence t ~pix) TI7_, fi" for some y € Ni \ {0}. Observe that u ~u(r)
%, and thus u[f] = %ﬂfﬂ We need to show that y is f-irreducible. Let o, € Nj be
such that y = a+ 8 and d([[", f¥) = d([[1, fo)d([T1, f7). Clearly, d}}i];) d(lg[iff;) € Int(R)

and d(nl_fl ”;y; = d(l_ll'fijlj}aa)d(nniillf;ﬁ) Consequently, 7d(]‘f"1f"’) € Int(R)* or 7{1(1_[&;111)}?_) € Int(R)*.
This implies that & = 0 or g =0.

. Therefore, u ~1,(r) ﬁ.
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“D7”: Case 1. Let u € A(R) be such that u |g d(f). We have d(f) € [f], and thus u € [f]. Let y, z € [f]
be such that u = yz. Then y,z € R, hence y € R* = [f]* or z € R* = [f]*. Consequently, u € A([f]).

Case 2. Let y € Nij be f-irreducible. First we show that g o A(Int(R)). Let y,z € Int(R)

ATy £
be such that % = yz. There are some b,c,e,r € R® and some primitive g,h € R[X] such
that GCD(b,e) = R*, GCD(c,r) = R*, y = % and 2z = <. This implies that g |g(x] [}, f/* and

holrixy Ty £ Consequently, there are some v,w € Nf such that g ~gix [T\, fi* and h ~gx]
[T, fi". Observe that e |g d(g) and r |g d(h). Since d(yz) = 1, it follows that d(y) = d(z) = 1

Therefore, § ~p d(g) and £ ~p d(h). We infer that d(lil-[ff/y) ~nt(R) (1;[_; 11;“7,1) d(H]‘f" 11’;:1) This

implies that y = v + w and d([T\—, f*) = d(IT—, f7)d([1;; f;"*). Consequently, v =0 or w = 0, and

thus y € Int(R)* or z € Int(R)*.

It is clear that [])_, f¥" € [f], hence d(rll_fnilf% € [f]- This implies that % /1IN A(Int(R)) =
i=1

AlSD- 0

Note that the set of atoms of an arbitrary monadic submonoid H of Int(R) can be derived from Proposition
3.5 and the fact that A(H) = A(Int(R)) N H. We proceed with an important lemma which will enable
us to identify certain divisorial ideals of monadic submonoids of Int(R).

Lemma 3.6. Let R be a factorial domain, f € Int(R)®, and g € [f]. Then {0} # LCMpg( Cii((q:)) | h €
[/1h) € 11

Proof. Let @ be a system of representatives of A(R) and d = dg. We show that there is some T' C R
such that for all h € [f], h(y) # 0 for all y € T and min{v,(h(z)) | z € R} = min{v,(h(z)) | z € T}
forallp € Q. Set T = {z € R | f(z) # 0}. Let h € [f]. Then h |1y f* for some k € N. Let
y € T. Then f(y) # 0, hence f(y)* # 0, and thus h(y) # 0. Let p € Q. There is some v € R such that
min{v,(h(z)) | « € R} = vp(h(v)). It is straightforward to prove that there is some m € N such that
vp(h(v +p')) = v, (h(v)) for all | € N»,,. Since R\ T is finite, we can find some n € N>, such that
v+ p" € T. This implies that min{v,(h(z)) | * € R} = v,(h(v + p')), hence min{v,(h(z)) | * € R} =
min{v,(h(z)) |z € T}.

Next we prove that for every p € @ there is some z € Ny such that vp(d;(gkk))) < z for all k € [f].
Without restriction let f ¢ R*. By [7, Theorem 3.6 and Theorem 5.2] there is some finite § # U C A([f])
such that [f] is the monoid generated by U U [f]*. Let p € Q. By Dickson’s theorem (see [5, Theorem
1.5.3]) there is some finite ) # S C T such that Min({(v,(u(2)))uev | € T}) = {(vp(u(2)))uev | € S}.
We show that min{v,(I(z)) | z € R} = min{v,(I(z)) | z € S} for all | € [f]. Let I € [f]. There are some
n € [f]* and (ew)uev € N§ such that | = n[],cy u®. Clearly, min{v,(i(z)) | z € R} = v,(l(w)) =
> wev euVp(u(w)) for some w € T'. By Dickson’s theorem (see [5, Theorem 1.5.3]) we can find some y € S
such that v, (u(y)) < vy(u(w)) for all u € U. Since v,(I(y)) = > e euVp(u(y)) < D cp euVplu(w)) =
vp(l(w)) we infer that min{v,(I(z)) | z € R} = vp({(y)) = min{v,({(z)) | z € S}.

Set z = max{vy(g(z)) | © € S}. Then z € Ny. Let k € [f]. Now we prove that v( d((k))) < z. There

is some v € S such that min{v,(k(z)) | = € S} = v,(k(v)). We have Vp(dd(é]kk))) = min{v,((gk)(z)) |

z € Ry —min{v,(k(z)) | 2 € R} = min{v,((gk)(2)) | z € S} — min{vp(k(z)) | z € S} < v,((gk)(v)) —

Vp(k(v)) = vp(g(v)) < 2.

Set P = {p € Q| vy(d(f)) > 0}. Then P is finite. For every h € [f] it follows that {p € Q | v,(%4%5)) >
d(gh)

0} C P. This implies that 0 # [, p p™ M Cam) U e LoMp ({488 | b e [£1}).

d(gh)

Note that d(f) € [f]. Consequently, P C [f], and thus [] eppmax{vp(m)‘heﬂfﬂ} € [f]. Since least
common multiples are unique up to units it follows immediately that LCM g ({< i h)) [helflh) C[f]- O
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Let R be a factorial domain, @ a system of representatives of A(R), and f € Int(R)®. Then let ef ¢ :
d(gh)

[f] — R* be defined by ef.q(9) = [[,co pmax{v‘”( am IMEUD for all g € [f]. It follows from Lemma 3.6

that e g is well defined, and ey o([f]) € [f]. Observe that LCMg({% d(gh | h e [f]}) = er.o(g)R™ for
all g € [f]. In the following we suppose that a fixed @ is given and set ef =ey,0.

A well-known and very basic result in ring theory is that contractions of ideals to subrings are ideals
again. In analogy, it holds that contractions of s-ideals of monoids to submonoids are s-ideals again.
The system of v-ideals has a very different behavior. In the last section of this work we show that the
contraction of a v-ideal of a Krull monoid to a monadic submonoid can fail to be a v-ideal. The next
result, however, gives a positive answer under more restrictive conditions.

Proposition 3.7. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over
K, f € R[X]*, and g € [f]. Then gK[X]|N[f] = %[[f]] N [f]- In particular, gK[X] N [f] € Z,([f]),
and if g € A(K[X]), then K[ XN [f] € X([/])-

Proof. Set e = ef(g). “C”: Let z € gK[X]| N [f]. Then there are some a,b € R® and some h' € Int(R)
such that d(h’) = 1, GCDg(a,b) = R* and z = agbhl. Clearly, h'h" = bf* for some k € N and some
R’ € Int(R). There are some primitive y’ € R[X], some y” € R[X] and some d € R such that A’ = #y,,)
and b = y—” We infer that y’ " =d(y')dbf*. Since y/ is primitive it follows that 3" |g;x] f¥, and thus
y € [f]. Therefore B = 2= € [f]. Since bz = agh’, we have bd(z) ~r ad(gh'). This implies that

a|rd(z) and b |g d(gh') = d(gh}f) |r e. By Lemma 3.6 we have e € [f]. It follows that a, € [f], hence
Sz = gal’ € [f]. Consequently, z € £[f] N [f]. “27: Trivial.

Observe that £ is an element of the quotient group of [f]. Therefore, gK[X] N [f] is an intersection of
fractional principal ideals of [f], and thus ¢K[X]| N [f] € Z,([f])-

Now let ¢ € A(K[X]). Clearly, gK[X] € spec(K[X]), and thus gK[X]®* € s-spec(K[X]®) \ {#}. This
implies that g K[X|N[f] = ¢K[X]*N[f] € s-spec([f])\{0}. Since [f] is a Krull monoid and g K [X]N[f]
is divisorial, we have g K[X] N [f] € X([f])- O

As a consequence, we obtain a description of the set of height-one prime ideals (of monadic submonoids
generated by some f € R[X]®) that do not contain constant elements.

Corollary 3.8. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over K, and
feRIX]*. Then {P € X([f]) | PN R =0} ={gK[X]N[fT|g € [/INARIX]) \ R} = {gK[X]N[] |
g € [f] N AK[X])}. In particular, if R is a system of representatives of [f] N A(R[X]) \ R, then
Q:R—=A{PeX([f]) | PN R =0} defined by Q(t) = tK[X]N[f] is a bijection.

Proof. Since R is factorial it follows that A(R[X]) \ R C A(K[X]).

First we prove that {P € X([f]) | PN R = 0} C {gyK[X]Nn[f] | g € [f] N AR[X]) \ R}. Let
P € X([f]) be such that P N R = (). There are some a € [f] N R, some n € N and some finite sequence
f € (If1NA(R[X]) \ R)" such that f =a[[,—, f;- Clearly, f € P. Consequently, there is some i € [1,n]
such that f; € P. It follows by I7] = LiKIX]IN[f] € 2([f])- Let
z € f; K[X]N[f]. Then es(f;)z € f;[f] € P, and thus z € P. This implies that f; K[X]N[f] C P, hence

P = fiK[X]N [/].
NA(RIX])\ R} € {gK[X]N[f] | g € [/TNAKIX])}.
(

It is obvious that {gK[X]N[f] | g € [f]
Finally we show that {gK[X]|N[f] | ¢ € [f/IN AK[X])} C {P € X([f]) | PN R = 0}. Let g €
[f1 N A(K[X]). Set P = gK[X]N[f]. It follows by Proposition 3.7 that P € X([f]). Since g € K we

have gK[X] N R = {0}, hence PN R = 0. O

One method of determining the divisor-class group of a Krull monoid is to identify the v-product decom-
positions of certain principal ideals into height-one prime ideals. Next, we present a useful tool which
can be used for that purpose.
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Proposition 3.9. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over
K, f € R[X]*, and L a quotient group of [f]. For g € [f] set P, = gK[X]|N[f].

1. (PyPy)y = Py, for all g, h € [f].
2. If g € [fINAK[X]), then vp,(x[f]) = v4(x) for all z € L.

3. If g€ [f], @ € X([f]) and q € QN A(R), then vo(g[f]) < vq(es(9))-

Proof. Let R be a system of representatives of [f] N A(R[X]) \ R. Note that R is finite.

1. First we show by induction that for all k € Ny and ¢ € R it follows that (PF), = P,. The assertion
is clear for k = 0. Now let k € Ny and ¢ € R. Since P+ is a divisorial ideal of [f] (by Proposition 3.7)
it follows that (Pf), C Pus1 € Py = (PF),. We infer that (PF), = Pir.

Next we prove that Pry,__ e = ([[;er £/")o for all (ni)ier € NF. Let (n¢)ier € NI¥. Observe that
P, and P; are v—coprime for all distinct s,t € R. Since [f] is a Krull monoid we have ([[,cr Pi"*)v =
Nier (P o = Mier Pine = (Mier £ K[X]) N [f] = P, g tre-

Now let g,h € [f]. It follows from Lemma 3.3 that there are some (n;)ier, (mi)ier € NI such
that g ~p(x] [[er t™ and h ~g(x) [[,er t™. Therefore, Pyp = Ppy,_ ynivme = (Ilier p”f+mt)
((Ter PP (e B Vodo = (P, ime P, o) = (Py P

2. Let g € [f] N A(K[X]) and # € L. There are some y,z € [f] such that 2 = £. By 1 we have

y€ g WEX]N[f] = (B)""), and y & gV K[X]N[f] = (B ™), and thus v, (u]f]) = vy (w).
Arzal)ogously7 it follows that vp, (2[f]) = v4(2), hence vp, (z[f]) = v, (W[f]) Ve, (2[f]) = v4(y) —v4(2) =

3. Let g € [f], @ € X([f]), and ¢ € QNA(R). Tt is an easy consequence of Proposition 3.7, Corollary 3.8,
1 and 2 that (HP@%([[f]]),PmR:@ Pvp(g[[fﬂ))v = (HteR Ptvpt(g[[f]]))v = (Hte’R PtVt(g))v = P]’LEﬁ tve(e) = Pg =

SN = L2 [FIULFD) Y Therefore, (T pexgp),prmzo PV VD)0 = gL [FIULFD)e = (91f]U
ef(9)[f1)v. We infer that v (g[f]) = min{vg(g[f]),vo(er(9)[f])}. Let S be a system of representatives
of [f] N A(R) such that ¢ € S. It follows from Lemma 3.1.3 and 3.1.4 that vo(g[f]) < vo(es(9)[f]) =

vo([Tes L)) = 32 csviler(9)vo(pLf]) = X pes Vo(es(9))dp.q = vales(9))- 0

It is clear that every principal ideal of a monoid is a v-ideal. The converse is, of course, far from true. In
the last part of this section we describe when the v-ideals in Proposition 3.7 are principal.

Proposition 3.10. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over
K, f € R[X]*, and g € [f]. The following are equivalent:

1. gK[X]N[f] is a principal ideal of [f].

2. gK[X] N [f] = 25111

3. d(gh) = d(g)d(h) for all h € [f].

Proof. Set e = ef(g). By Proposition 3.7 we have gK[X] N [f] = £[f] N [f].
1. = 2.: There is some a € [f] such that gK[X] N [f] = a[f]. There are some h’,h” € [f] such that

a=2" and % = ah”. Therefore, e = d(g)h'h”, and thus a = This implies that d(g)h” |r d(g),
hence b € [f]*. Consequently, gK[X] N [f] = ﬁ[[f]].

2. = 3.: Let h € [f]. Since d(g)d(h) |r d(gh), it is sufficient to show that v, (d(gh)) < v,(d(g))+v,(d(h))
for all p € A(R). Let p € A(R). There is some a € [f] such that Vp(d(ga)) = vp(e). Observe that

d(a) ¢)-
W € gK[X] N [f] = 7&;[f]. Therefore, there is some k € [f] such that ad(g) = kpYe(©d(a).
This implies that d(a)d(g) ~r dlg

[
d(k)p¥»©)d(a). Consequently, v,(d(g)) > vp(e) > v,( d(}?)), and thus

vp(d(gh)) < vp(d(g)) + vp(d(h)).
3 = 1.: Obviously, e ~p d(g), hence gK[X]N R = 2[f] N [f] = ﬁ[{f}] N[f] = ﬁ[{f]]. O

9
d(g)h’"*
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4. FIRST MAIN RESULT AND IMPORTANT PREPARATION RESULTS

In this section we present the first of two main results of this work. It basically states that the divisor-class
group of a monadic submonoid of Int(R) generated by some f € R[X]* (where R is a factorial domain)
is torsion-free. It is pointed out in the last section of this work that the condition “f € R[X]*” is crucial
here, since there are monadic submonoids of Int(Z) generated by some f € Int(Z)® whose divisor-class
group is not torsion-free. We proceed by preparing several useful results (which might be interesting on
their own) to investigate the divisor-class group of arbitrary monadic submonoids of Int(R). We were
not able to give a complete description of the structure of the divisor-class group of arbitrary monadic
submonoids of Int(R). However, note that they are always finitely generated abelian groups.

Theorem 4.1. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over K,
and f € R[X]*. Setr=|{P € X([f]) | PN R # 0} — {u[f] | v € A([f]) N R}|. Then C,([f]) = Z",
HIPT | PeX([fD} = KP e X([f]) | PR # 0, P is not principal}|, and the following are equivalent:

1. [f] is factorial.
2. Co([f]) is finite.
3. d(gh) = d(g)d(h) for all g,h € [f].

Proof. There is some P C {P € X([f]) | PN R # 0} such that [{Q € X([f]) |u € Q and Q € P} =1
for every constant atom u of [f]. Let h : Z” — Cy([f]) be defined by h((np)pep) = [(ITpep P™7)v]
for all (np)pep € Z”. Clearly, h is a well-defined group homomorphism. We show that h is a group
isomorphism.

First we show that h is surjective. It suffices to prove that for every P € X([f]) there is some (ng)gep €
ZP such that h((ng)gep) = [P]. Let P € X([f]).

Case 1. P € P: Set ng = dp,g for all Q € P. Then h((ng)gep) = [P].

Case 2. PN R # () and P ¢ P: Clearly, there is some constant atom u of [f] such that u € P. Set
ng=-1lifQePanduecQandng=0if Q@ € P and u ¢ Q. We have u[f] = (HQex([[f]]),ueQ Q). by
Lemma 3.1.3, hence (Her’ueQ Q™ 1), = u='P. Therefore, h((ng)gep) = [(HQE’F’,U,EQ Q). =[P
Case 3. PN R = (: By Corollary 3.8 there is some g € [f] N A(K[X]) such that P = gK[X] N [f]. It
follows from Proposition 3.9 that vg(g[f]) = dp,o for all Q € X([f]) such that QN R = (. Consequently,
glf] = (PIIX, Qi)y for some m € Ny and some sequence @ € {Q € X([f]) | @ N R # 0}™. Since h
is a group homomorphism, it follows by case 1 and case 2 that h((ng)ger) = [(I11~, @; ').] for some
(ng)gep € ZP. Since ([[12, Q;")» = g~ ' P we infer that h((ng)gep) = [P].

Next we show that h is injective. Let (np)pep € Z” be such that ([]pep P™7)y is principal. Let R
be a system of representatives of [f] N A(R[X]). By Lemma 3.4 there is some (n,)uer € Z* such that
(Ilpep P"7)o = Ilyeru™[f]. By Corollary 3.8 and Proposition 3.9.2 we infer that n, = 0 for all
u€eR\R.

Claim: If M € X([f]) and w € M N RN R, then vy (([[pep P"F)v) = nw. Let M € X([f]) and
w € MNRNR. It follows by Lemma 3.1.3 and 3.1.4 that vy (u[f]) = du . for all w € RN R.
Therefore, VM((HPEP Pnp)v) = VM(HueR u [[f]]) = ZueR anM(u[[f]]) = ZueRnR anM(U[[f]]) =
2 uernR Muduw = M-

We have to show that ny; = 0 for all M € P. Let M € P. Obviously, there is some w € M N RN R.
It is clear that there is some @ € X([f]) such that w € @ and @ ¢ P. It follows by the claim that
ny = vu(([lpep P'7)o) = nw = vo((Ilpep P'7)v) = 0.

Observe that |P| = . This implies that C,([f]) = 2% = ZIP| = 7".

Set S = {P € X([f]) | PN R # 0, P is not principal}. To show that [{[P] | P € X([/]D}] > |S| it is
sufficient to show that for all P,@Q € S such that h=1([P]) = h=1([Q]) it follows that P = Q. Let P,Q € S
be such that h=1([P]) = h=1([Q]). Note that if P € P, then h=*([P]) = (6p.ar) mep- Moreover, if P & P
and v € PNA(R), then A"} ([P])yy = —1if M € Pand u € M and h=([P))py =0if M € P and u ¢ M.
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In particular, if P ¢ P, then (h='([P]))a # 1 for all M € P. Therefore, we have that either P,Q € P or
P.Q¢P.

Case 1. P,@ € P: Observe that (513,]\/1)]\/1677 = hfl([P]) = hil([Q]) = (5Q7]y[)jy[€'p, hence P = Q.

Case 2. P,Q ¢ P: There are some u € PNA(R) and v € QN A(R). Since h=([P]) = h=(|Q]), we infer
that for all M € P, u € M if and only if v € M. Since P and @ are not principal and u[f] and v[f] are
radical ideals of [f] (by Lemma 3.1.3), there are some P’ € X([f]) \{P} and Q" € X([f]) \ {Q} such that
u € P'and v € Q'. Tt is immediately clear that P',Q" € P. It follows that u,v € P’, and thus u >~} v
by Lemma 3.1.4. The choice of P immediately implies that P = ). Finally, we prove the equivalence.
1. = 2.: Trivial.

2. = 3.: This is an immediate consequence of Proposition 3.2.

3. = 1.: Since [f] is a Krull monoid it is sufficient to show that every P € X([f]) is principal. Let
P e 2([f]).

Case 1. PN R # 0: Tt follows by Proposition 3.2 that P is principal.

Case 2. PN R = (): By Corollary 3.8 there is some g € [f] N A(K[X]) such that P = gK[X] N [f].
Therefore, P is principal by Proposition 3.10. ]

We continue with a few result concerning the structure of height-one prime ideals.

Lemma 4.2. Let R be a factorial domain, and f € Int(R)*. Then {[a] | a € [f]} = {[f1\ Upep P |
P CX([fD} is the set of divisor-closed submonoids of [f].

Proof. Note that [f] is a Krull monoid. Therefore, {Upcp P | P € X([f])} is the set of prime s-ideals
of [f]. It is well known that the set of prime s-ideals of [f] is finite. Consequently, the assertion follows
from [5, Lemma 2.2.1 and 2.2.3]. O

Lemma 4.3. Let T be a Krull monoid, and H C T a saturated submonoid. Then for every P € X(H)
there is some Q € X(T) such that P = Q N H. In particular, X(H) is the set of minimal elements of

{QNH [ Qe X(T)}\ {0}

Proof. Let P € X(H). Clearly, H is a Krull monoid, and thus P is a divisorial ideal of H. Therefore,
[5, Proposition 2.4.2.3] implies that P,. N H = P. There is some n € N, some injective sequence
Q € X(T)" and some n € N" such that P, = (IT:'_(Q7")vr)vr = Nie1(Q}")vy- This implies that
P =N ((Q)vy N H), and thus P = (Q}7)y, N H for some j € [1,n]. Set Q = Q;. We infer that
P:ﬁﬂ@ﬂmez\/@wmeszH. O
Lemma 4.4. Let H be a monoid, J a finite nonempty set and (Li)res a family of nonempty s-ideals of
H such that (L; U Ly), = H for all distinct I,J € 3. Then ((N;c5 L1)o = ;e5(L1)o-

Proof. Observe that (\;c5(L1)v = ([1;e5(L1)v)o = (115 Lr)v € (Nyes Lr)v € Nies(L1)o- O

The next result has some well-known analogue in the case of extension of Dedekind domains (e.g. see [8,
Proposition 2.10.2]).

Proposition 4.5. Let T be a Krull monoid, H C T a saturated submonoid, I € Z,(H) \ {0}, and
P € X(H). Then vp(I) = max{[135T}] | Q € X(T),Q N H = P}.

Proof. Without restriction let I C P. Set m = max{[VQ(P”T)} | Q € ¥(T),Q N H = P}. First we show

that vp(I) < m. Set P ={QNH | Q € X(T),I C Q}. By Lemma 4.3 we have P € P. For L € P

set I, = Ngex(r).oni= L(@Qveler)), "N H. Let M € X(T) be such that M N H = P. Note that P™ C
vy Uvp) prarUop) o vaUop) g (Po ) [ 221 vr)

p(vaUT) C (Py,) "M@ C ((MVM(PUT))UT)rvM<PvT> C (MVM vT vM<PUT>])vT C (MVM(IUT))UT
Therefore, (P™)y,; C (Ip)y,, and thus vp((Ip)y,) < m.
Claim: For every L € P there is some a € Ny such that I, O L% Let L € P. Set a = max{vg(ly,) |

Q S .’{( ) Q NH= L} Then IL D mQE%(T QNH= L(QVQ(IvT)) NH D nQex T),QNH= LLVQ(IWT) = L%
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By the claim we have vp((IL)y,) = 0 for all L € P\ {P}. Moreover, it follows by the claim that
(I UIn)y, = H for all distinet L, M € P. Observe that I,, = ﬂQex(T),IgQ(QVQ(IUT))UT7 hence I =
ﬂQex(T),IgQ(QVQ(I“T))UTﬂH = \pep 1. Weinfer by Lemma 4.4 that I = ((\,cp IL)oy = NrepIL) v
hence vp(I) = max{vp((IL)v,) | L € P} =vp((Ip)y,) < m.

Next we show that m < vp(I). We have I = ([[;cx(m) rve@), . D [rexm Lve()  hence

L2 ((I1 e9) = (I @) =( I (( I1 s )™) =

Lex(H) vr Lex(H) LEX(H)  MeX(T)

T 11 MvaT)vL(I)) :( I 1 MVM(LVTM(I)) _

LeX(H) MeX(T) vr MeX(T) LEX(H) vr

H MZLex(H)VM(LvT)VL(I))
MeX(T)
Let Q € X(T) be such that @ N H = P. Observe that vg(Ly,) = 01, pvo(Py,) for all L € X(H). We

infer that vo (L) < Y cxn Vo (Lor V(D) = vo(Poy)vp(I), and thus vp(I) > [jg((j;:; 1. O

vr

Let T be a monadic submonoid of Int(R), and let H be a monadic submonoid of Int(R) that is contained
in T. Suppose that we know how v-product decompositions of principal ideals (generated by atoms) in
T look like. Then Proposition 4.5 enables us to derive all v-product decompositions of principal ideals
(generated by atoms) in H.

Remark 4.6. Let R be a factorial domain, f € Int(R)®, and R a system of representatives of A([f]) N R.

Then {P € X([f]) | PN R # 0} = Uper{P € X([f]) | p € P}.

Proof. Tt is straightforward to prove the equality. That the union is a disjoint union follows from Lemma
3.1.4. |

Corollary 4.7. Let R be a factorial domain, f € Int(R)®, g € [f], I € Z,([9]) \ {0}, and P € X([g])
such that PN R # 0. Then vp(I) = max{vq(ly,) | @ € X([f]),Q N [g] = P}.

Proof. Because of Proposition 4.5 it suffices to show that vq(Py ) = 1 for all @ € X([f]) such that
QN[g] = P. Let @ € X([f]) be such that @N[g] = P. By Remark 4.6 there is some u € A([¢g]) N PNR.
Note that u € A([f]) N Q@ N R. It follows by Lemma 3.1.3 that u[f] is a radical ideal of [f]. Therefore,
u & (Q%)vyyy, hence P & (Q%)yy,y, and thus vo(Pyy,;) = 1. O

In the last part of this section we describe the structure of height-one prime ideals that contain constant
elements. We make an ad hoc definition to state the following results more easily. Let R be a factorial
domain, f € Int(R)®, a € [f]N R, and A C B C [f]. We say that A is a-compatible if there is some

w € [f] such that a |g % for all w € A. Moreover, A is called maximal a-compatible in B if A is

maximal (with respect to inclusion) among the a-compatible subsets of B.

Lemma 4.8. Let R be a factorial domain, f € Int(R)®, S a system of representatives of A([f]) \ R, p
a constant atom of [f], and A C [f].

1. A is p-compatible if and only if (AU{p})v,; S [f]-
2. {PeX([fD|peP}={QU{phHIf] | Q@ CS,Q is mazimal p-compatible in S}.

Proof. 1. Let L be a quotient group of [f]. First let A be p-compatible. Then there is some w € [f]

such that p |g déé‘;‘;) for all u € A. Set z = 75, Observe that z € L. It follows by Lemma 3.1.1

that zu = s € [f] for all uw € A. Therefore, 2(A U {p}) C [f]. Suppose that z € [f]. Then

% = pdd((ww)) ~p d(z) € R, a contradiction. Consequently, z & [f]. We infer that [f] C ([f] :z AU {p}),

and thus (AU {p})y,; < [f]-
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Next let (AU{p})v;y & [f]- There is some 2 € L\ [f] such that z2(AU{p}) C [f]. Set w = 2p. It is clear
that w € [f]. Let u € A. Then “* € [f], hence p [ d(wu) by Lemma 3.1.1. Since z ¢ [f] it follows by

Lemma 3.1.1 that p {g d(w), and thus p | dd(zfuu)).

2. “C7: Let P € X([f]) be such that p € P. Set Q@ = SN P. It is obvious that (Q U {p})[f] C P. Let
x € P. There is some u € A([f]) such that = € u[f] C P.

Case 1. u € R: Tt follows by Lemma 3.1.4 that u ~[ p, and thus 2 € p[f] € (Q U {p})[f].

Case 2. u ¢ R: There is some z € S such that u ~[4] 2, hence x € z[f] C (Q U {p})[f].

Consequently, P = (Q U {p})[f]. We have (Q U {p})v;, C Pu,; = P, hence Q is p-compatible by 1. Let
Q' C S be p-compatible such that Q C @Q’. It follows by 1 that there is some M € X([f]) such that
Q' U {p} C M. We infer that P = (Q U {p})[f] C (Q" U{pH[f] € M, and thus M = P. Therefore,
Q' €SN P = Q. This shows that @ is maximal p-compatible in S.

“2”: Let @ C S be maximal p-compatible in S. Set P = (Q U {p})[f]. It is clear that p € P. It
follows by 1 that P C M for some M € X([f]). Assume that P C M. There is some u € A([f]) such
that w € M \ P. It follows by Lemma 3.1.4 that u ¢ R. Consequently, there is some w € § such that
u gy w. Set Q" = QU {w}. It is clear that Q" C M, hence Q' is p-compatible in S by 1. It follows that
we Q' =Q C P, and thus u € P, a contradiction. We infer that P = M € X([f]). O

Remark 4.9. Let R be a factorial domain, X an indeterminate over R, f € R[X]*, a € [f]N R, and

A C[f]- Then A is a-compatible if and only if there is some primitive g € [f]NR[X] such that a |g dd(zg)

for allu € A.

Proof. First let A be a-compatible. Then there is some w € [f] such that a |z %) for all u € A. By

d(w)
Lemma 3.3 there are some b, ¢ € [f] N R and some primitive g € [f] N R[X] such that w = b?g. We infer
that a | dé&;”)) = dcg(ug g)) for all u € A. The converse is trivially satisfied. O

5. CONSTRUCTION OF DIVISOR-CLASS GROUPS

In this section we present a few methods which can be used to construct “more complicated” divisor-class
groups. We start with a few preparatory results.

Lemma 5.1. Let R be a factorial domain, X an indeterminate over R, and f,g € R[X]|* such that
GCDgx(f,9) = R[X]* and d(rs) = d(r)d(s) for all v € [f] and s € [g]. Then [fg] = {zy |z € [f],y €
[g1}

Proof. “C”: Let z € [fg]. By Lemma 3.3 there are some a,b € [fg] N R and some primitive h €
[fg] N R[X] such that h |rx) f*g* for some k € N, GCDg(a,b) = R* and z = Y. Since R[X] is
factorial, there are some h/,h” € R[X] such that h = h'h, I |gpx) f* and B |g(x) g¥. Consequently,
B e [f] and A" € [g]. We infer that a |g d(h) = d(R')d(h"”), and thus there are some a’,a” € R
such that @ = d'd”, d’ |g d(h') and o” |g d(h”). Observe that o’ € [f] and a” € [g]. Moreover,
b |r d((fg)) = d(f)'d(g)' for some | € N, and thus there are some ¥',b"” € R such that b = b'b”,
V |g d(f)! and V' |g d(g)'. We infer that b € [f] and b € [g]. Set x = b;’}/ and y = b:;f?”. Note
that z = xy. Since a/ |g d(h') we have = € Int(R). Obviously, za’ = V'R’ € [f], and thus = € [f].
Analogously, it follows that y € [g]. “2”: Trivial. O

Lemma 5.2. Let R be a factorial domain, K a quotient field of R, X an indeterminate over K, and
f,9 € Int(R)* such that GCDgx1(f,9) = K[X]* and GCDg(f(x),g(x)) = R* for all but finitely many
x € R. If h € [f], then [f] N [hg] = [A].

Proof. Let h € [f]. “C7: Let z € [f[N[hg]. There is some k € N such that z [1me(g) f* and 2 [1me(r) h¥g"*.
Since GCD g x)(f,9) = K[X]*, it follows that z |k[x) h*. Therefore, zy = h* for some y € K[X]. Let
w € R be such that GCDg(f(w),g(w)) = R*. Then z(w) |z f(w)* and z(w) |g h(w)¥g(w)*. Since



ON THE DIVISOR-CLASS GROUP OF MONADIC SUBMONOIDS 13

GCDg(z(w), g(w)¥) = R* we have z(w) |gr h(w)*. We infer that y(z) € R for all but finitely many
x € R. Consequently, y € Int(R), and thus z € [h]. “2”: Trivial. O

Lemma 5.3. Let R be a factorial domain, K a quotient field of R, X an indeterminate over K, and
f,9 € Int(R)* such that GCDgx)(f,9) = K[X]* and GCDRg(f(2),9(2)) = R* for some z € R. Then
for all x,x" € [f] and y,y" € [g] such that xy = 2"y’ it follows that x ~[s x" and y ~[g v’

Pmof Let z,2" € [f] and y,y € [4] be such that zy = 2’y’. There is some k € N such that @ [1r) f*,
|Int(R) f Y |Int(R) g and y |Int g Since GCDK ](fa g) = K[X]Xv we infer that GCDK[X] (1:7 y/) =

GCDkx)(2',y) = K[X]*, and thus there is some ¢ € K[X]* = K* such that x = ex’ and y = e~ 1y/.

Moreover, z(2)y(z) = 2'(2)y'(z) and GCDg(x(2),y'(2)) = GCDg(2'(2),y(2)) = R*, hence there is some

r € R* such that z(z) = r2/(z) and y(z) = r~'¢/(2). Since GCDg(z'(2),y'(2)) = R* we have 2/(z) # 0

or y'(z) # 0.

Case 1. 2'(z) # 0: Observe that rz'(z) = z(z) = ex/(2), and thus ¢ = r.

Case 2. y/(z) # 0: Note that r—1y/(2) = y(z) = e 1y/(2), hence € = r.

In any case it follows that e € R* = [f]* = [g ]] ThlS implies that  ~p¢ 2" and y >~ v'. O

Proposition 5.4. Let R be a factorial domain, X an indeterminate over R, and f,g € R[X]® such that
GCDgx(f,9) = RIX]*, GCDRr(f(x),g(x)) = R* for all but finitely many x € R and d(rs) = d(r)d(s)
for allr € [f] and s € [g]. If z € [f] and y € [g], then C,([zy]) = Cu([=]) % Co([y])-

Proof. Without restriction let R be not a field. Let x € [f] and y € [¢g]. We show that [zy]iea =
[[ml]red X [[y]]red- Let ¢ : [[xy]]red — [[x]]red X [[y]]red be defined by @(u[[a:yﬂx) = (U[[x]]x’w[[y]]x) ifue€ [[xy]]v
v € [z] and w € [y] are such that u = vw.
First we show that ¢ is well-defined. Let z € [zy]reqa. Then there is some u € [zy] such that z = u[zy]*.
By Lemmas 5.1 and 5.2 there are some v € [f] N [zy] € [f] N [zg] = [z] and w € [g] N [zy] <
lg]l N [fy] = [y] such that u = vw. Now let v’ € [xy], v' € [z] and w’ € [[y]] be such that ' = v'w’ and
z = u'[xy]*. There is some ¢ € [zy]* = [«]* = [y]* such that u = eu’. Therefore, vw = ev’'w’, and
thus v ~[,) ev’ ~[) v and w ~,) w’ by Lemma 5.3. Consequently, (v[z]*, w[y]*) = (v'[=]*, ’[[y]]
Next we show that ¢ is an injective monoid homomorphism. It is clear that <p([[xy]]) (=], Ty ]])
Let z,2" € [2y]rea- There are some u,u’ € [zy], v,v" € [z] and w,w’ € [y] such that z = u[zy]*,
2= [zy]*, u = vw and v’ = v'w'. Since uu’ = vv'ww’ we infer that ¢(zz") = (vv'[z]*, ww'[y]*) =
(=], wly] ) ('[2], w'[yl™) = (2)e(2). Now let o(2) = ¢(2). Then v[a] = v'[+] and w[y] = w'[y],
and thus v ~[,, v and w ~[,,7 w’. This implies that u ~,,; v, hence z = 2’.
It is clear that ¢ is surjective. We conclude by [5, Proposition 2.1.11.2] that C,([zy]) = Cy([xy]red) =
(]

Cv([[x]]red) X Cv(ﬂy]red) = Cv([[-r]]) X Cv([[yﬂ)

By Theorem 4.1 we know that if H is a monadic submonoid generated by some f € R[X]®, then d is
multiplicative on H if and only if H is factorial. The last proposition requires a less stringent form of
being multiplicative. Next we show that there is an interesting class of monadic submonoids for which d
satisfies this weak form of being multiplicative.

Lemma 5.5. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over K,
a € R, and f,g € R[X]* such that GCDg(f(a),g(a)) = R* and for all p € A(R) and h € A(R[X])
with (p |r f(a) and h |gix) g) or (p |r g(a) and h |gx) f) it follows that p |gix) h — h(a). Then
d(rs) = d(r)d(s) for all v € [f] and s € [g].

Proof. Let r € [f] and s € [g]. Let P be a system of representatives of A(R). To prove that d(rs) =
d(r)d(s), we need to show that for each p € P there is some y € R such that v,(r(y)) = min{v,(r(z)) |

xz € R} and vp(s(y)) = min{vp(s(z)) | « € R}. Let p € P. It is an easy consequence of Lemma 3.3
that there are some b, c € K' n,m €N, a € Ny, 8 € Ny, f € A(R[X])" and g € A(R[X])™ such that

r=>b[1", S—CHJ 1g] , filrx) f for all i € [1,n] and g; |gpx) ¢ for all j € [1,m].
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If z € R is such that v,(f;(z)) = 0 for all i € [1,n], then v,(r(z)) = v,(b) + Y1, a;vp(fi(2)) = vp(b) <
vp(b) + Yi aivy(fi(v)) = vp(r(v)) for all v € R, and thus v,(r(z)) = min{v,(r(z)) | z € R}.

Analogously7 if w € Ris such that v,,(g;(w)) = 0 for all j € [1,m], then v, (s(w)) = min{v,(s(x)) | z € R}.
Case 1. p{r (fg)(a): Observe that v,(fi(a)) = vp(g;(a)) =0 for all ¢ € [1,n] and j € [1,m]. Therefore,
vp(r(a)) = min{v,(r(z)) | € R} and vp(s(a)) = min{v,(s(z)) | z € R}.

Case 2. p |r f(a): There is some y € R such that v, (r(y)) = min{v,(r(z)) | « € R}. Let j € [1,m]. Note
that p |rix) g9; — gj(a). Consequently, p |r g;(y) — g;(a), and since p {r g;(a), we have vp(gj( )) = 0.
This implies that v, (s(y)) = min{v,(s(z)) | z € R}.

Case 3. p|g g(a): Goes along the same lines as case 2. O

Proposition 5.6. Let R be a factorial domain, X an indeterminate over R, a € R, and f,g € R[X]*
such that GCDg(x)(f,9) = R[X]*, GCDg(f(a),g(a)) = R*, and d(rs) = d(r)d(s) for all r € [f] and

s € [g]- ThenC([[ gl) = Co([f]) x Cu(l9D)-

Proof. As in the proof of Proposition 5.4 it follows from Lemmas 5.1 and 5.3 that [fg]rea = [f]red X [9]re

d.
We conclude by [5, Proposition 2.1.11.2] that C,([fg]) = Co([fg]red) = Co([flrea) X Co([g]rea) = Co([f]) x
Co(lgl)- O
Corollary 5.7. Let R be a factorial domain, X an indeterminate over R, a € R, and f,g € R[X]*®

such that GCDgx)(f,9) = R[X]*, GCDg(f(a),g(a)) = R* and for all p € A(R) and h € A(R[X])

with (p |r f(a) and h lrix) g) or (p |r g(a) and h |gx) f) it follows that p |gix) h — h(a). Then
Co([f9l) = Co([1) x Cu(lgD)-

Proof. This is an immediate consequence of Lemma 5.5 and Proposition 5.6. O

6. EXAMPLES, IMPORTANT CONSEQUENCES AND SECOND MAIN RESULT

In this section we present several applications of the abstract theory. We start with a bunch of examples
that serve as counterexamples for various questions. We use the set of prime numbers as choice for the set
of representatives of A(Z). If Z is the base ring, then let all monadic submonoids be monadic submonoids
of Int(Z). Note that if H is an atomic monoid (e.g. H is a Krull monoid), @ is a system of representatives
of A(H), and P € X(H), then P = {J,conpuH. We will use this fact without citation. It was used
implicitly in the proof of Lemma 4.8. Also note that if T C H is a divisor-closed submonoid of H, and
z € H, then either zHNT = 2T or zHNT = ().

Example 6.1. Let X be an indeterminate over Q. Set uy = 2, us = 3, uz = X, ug = X — 1,

3
us = X — 2, ug = B, uy = M gy = MM gy = D and uyg = %, For J C [1 10],

set Uy ={u; | j € J}. Set H = [uzuqus], S = [[m]] = [[u3u4" LV= [[usu“u‘)]] = [[usu“u"]]
Y = [usuy4], and Z = [@]]
e S=H \ U{174}H, T=H \ U{1,2737476}H, andV = H \ U{273,57677}H,
e W=H)\ U{1,2,3,4,5,6,7}H; Y=H)\ U{2,5,7,8,9,10}H: and Z = H \ U{1,2,4,5,7,8,9,10}H'
o {uH |ue A(H)} = {u1H,uoH,usH,us H,us H,ug H, u7 H,ug H, ug H, u1o H } .
o {uS|ue A(S)} = {uaS,usS, usS, ugS, ur S, ugS, ugS, u105}.
o {uT |ue AT} = {usT,ur T, usT, ugT,u10T}, and {uV | u € A(V)} = {u1V,usV,ugV, ugV,u10V}.
o {uW |ue AW)} = {usW,ugW, u1oW}, and {uY |u € A(Y)} = {u1Y,uzY,usY,ugY}.
{uZ |uwe A(Z)} ={usZ,u¢Z}.
o X(H)={Up3s5680H Un357803H,UnayH, Utz 361 H, Uga 4670100 H, Uga 5,10 H, Uz 6.8.0,101 H,
Uta,6,7,89.10yH, Ugs 780,10y H }-
X(S) = {Uq2,3,6y5, Ug2,5,71 5, Ug2,6,7,9,101 S, Ug3,5,6,8,91 5, Ug3,5,7,8,015, U3,6,8,9,1015, Us,7,8,9,101 5,
Ui6,7,8,9,1015
X(T) ={Upsy T, Us 800 T, Ugr 010015 Ugs 0,100 T} and X(V) = {U1,43V, Ug1.8.03 Vi Uga0,104 Vs
Usg0,101V }-

2’



ON THE DIVISOR-CLASS GROUP OF MONADIC SUBMONOIDS 15

o X(W) = {U{s W, Uy, 10}W} X(Y)= {U{1,3}Y’ Un,4Y, Uz 6, U{4,6}Y}: and X(Z) =
{’LL3Z UGZ}

o C,(H)=C,y(S) =27, Co(T) 2Cp(V) 2Co(Y) X Z, and C,(W) = Z/27Z.

e Z is factorial, and u3Q[X]NZ = Uz 6y Z = Z \ Z* is not divisorial.

Proof. Tt is straightforward to prove that d(ufulul’) = 2min{2ktm.bk+2mbgmin{k,Lm} for all k1, m €
No. Now one can show by a careful case analysis that {z € N3 | x is (ug,u4,us)-irreducible} =
{(1,0,0),(0,1,0), (0,0, 1), (1,1,0), (0,1, 1), (1,1, 1), (1,2,1), (1,3, 1)}. It follows that {uH |u € A(H)} =
{u;H | i € [1,10]}, by Proposition 3.5.

It is clear that Ups 1) is a system of representatives of A(H) \ Z. Note that each primitive g € H N R[X]
is associated to some element of the form u§uluf for some k,I,m € Nyg. We have 2 | ZEZ%&ZE;. If
I+1

k,l,m € Ny are such that 2 | W, then | < min{2k + m,k + 2m}, and then it is easy to show
that 2 ¢ du(uuziu““)) for every j € {3,5,6,7,8,9,10}. Consequently, U4y is maximal 2-compatible in
Uj3,10)- Analogously, we have U3 56,89y and Uys 5 7 89} are maximal 2-compatible in U3 10}, and Uys gy,
Uta,6,7,9,10}, and Uys 7y are maximal 3-compatible in Uz 1¢. Clearly, we have uzQ[X]NH = U3 689,101 H,
w QXN H = Uy 6,789,103 H, and usQ[X| N H = U5 789,10y H. It follows from Corollary 3.8, Remark
4.6, Lemma 4.8.2, and Remark 4.9 that X(H) can be expressed as asserted.

Tt is easy to see that the other monoids (S,T,V, WY, and Z) are all monadic submonoids of H. They
are, therefore, complements of unions of height-one prime ideals of H by Lemma 4.2. We show that
S = H \ Up4yH. The corresponding equalities for the remaining monoids can be proved in analogy.
Set A = H \ Ugy 4yH. First, note that A = [A] for some h € H by Lemma 4.2. Since h is a product of
atoms of H, and h € A we have h is associated to a product of elements of U{2 3,5,6,7,8,9,10}- Observe that

U2,356789.10p © A. Consequently, A = [uzus Hl sui] = HUZ(M)Q(M) [ = [up e %]] =
S. Tt is now simple to prove the remaining statements concerning sets of atoms and sets of height-one
prime ideals (by using Lemma 4.3). It is clear that Z is factorial (since every height-one prime ideal of Z
is principal). Moreover, we have u3Q[X]NZ = u3Q[X|NHNZ = Uz 80100 HNZ = Uz 632 = Z\ 2%,
since every non-unit of Z is a multiple of ug or ug. If Z\ Z* is divisorial, then Z is a discrete valuation
monoid, and hence it has only one atom up to associates, a contradiction. Therefore, Z \ Z* is not

divisorial.

It remains to show all statements about divisor-class groups. It follows from Theorem 4.1 that C,(H) =
Z*. We only show that C,(W) = Z/27Z. The other assertions follow in analogy. Let (P;)}_; be the se-
quence of height-one prime ideals of H in the above order (i.e., P1 = Uy 35680 H, P2 = Uf1,357,80} H,
and so on). We determine the v-product decompositions of principal ideals of H generated by atoms.
Set f = usuqus. The definition of ey can be found in Section 3. It is straightforward to prove that
ef(us) = es(ug) = ey(ur) = ep(ug) = 6. We infer by Proposition 3.9 that wyH = (PyP2P3),,
UQH = (P4P5P6)U, U4H = (P:gf:%P)g)v7 UGH = (P1P4P5P7P8)U, U7H = (P2P5P6P8P9)U, and UQH =
(P1P2P5P7P82P9) . Therefore 7.L3H UIZSH = (P12P2P4P7)v, U5H = %H = (P12P22P6P9)v, UgH =
ulugH (Pl P2 P7P8P9)U, and ’LL10H ui?gH = (P52P7P83P9)U Set Ql = U{g,g}W, and Q2 = U{g}lo}W.
Then {P S .'f( ) | PNnW = Ql} = {Pl,PQ}, and {P € %(H) | PNnW = QQ} = {P5} ‘We
have VPl((Ql)'UH) = Inin{Vpl(u8H),Vp1(’LL9H)} =1 VPZ((Ql)'UH) = min{VPQ(USH)’VPE(uf)H)} =1
and vp, ((Q2)vy) = min{vp, (ugH),vp,(u10H)} = 1. We infer by Proposition 4.5 that vg, (usW) =

vp, (ug H vp, (ug H
max{ [ - Pl(@f)vl){ﬂa (VPQP(Q((QT);)” =2, v, (u10W) = 2, and v, (uyW) = vg,(uyW) = 1. Consequently,

UgW (Ql)’uwa UgW = (QlQQ)UW, and U,l()W = (Q%)UW This implies that [Q1] = [QQ], and thus [Ql]
is an element of order 2 which generates C,(W). Therefore, C,(W) = Z/2Z. O

The last example it is straightforward to prove that
o T satisfies the equivalent conditions in Proposition 3.2, and yet C,(T) is infinite.
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e C,(W) is finite, and yet W is not factorial.
Observe that Uiz eg9,100H N Z = UgzeyZ in the last example. We know that H is a Krull monoid,
Uts,6,8,9,103H is a height-one prime ideal of H (and hence it is divisorial), Z is a monadic submonoid of
H, and yet Uz 689,10y N Z is not a divisorial ideal of Z.
Recall that if G is an additive abelian group, and Gy C G, then the Davenport constant of Gy (denoted
D(Gy)) is defined to be the supremum of all lengths of nonempty minimal zero-sum sequences of Gg
(see [5, Definition 3.4.1]).

Lemma 6.2. Let R be a factorial domain, K a field of quotients of R, X an indeterminate over K,
p € A(R), n € Nxy, and f € (A(R[X]) \ R)" a sequence of pairwise non-associated elements of R[X]
such that d([[_, f?) = p™intrili€ltnl} for all r € N, Set H = [[[_, fil. Then {uH | u € A(H)} =
{pH,%H}U{fiH |ie(l,n]}, X(H)={pHU f;H, fHU I 1f]H | i€ [1,n]}, Co(H) =221, all
proper divisor-closed submonoids of H are factorial, for every P E X(H) there is some Q € X(H) such
that (PQ)y is a principal ideal of H and D({[P] | P € X(H)}) > n.

Proof. Set e; = (0;,7)7_; for eachi € [1,n]. Observe that {m € Ny | m is f-irreducible} = {e; | i € [1,n]}U
{31, ei}. Therefore, Proposition 3.5 implies that {uH | v € A(H)} = {pH, HTL:T”CH} U{fiH|ic¢€
[1,n]}. Note that R = {p} is a system of representatives of A(H)NR and S = {f; |i € [1,n]}U {H:Tlf}
is a system of representatives of A(H) \ R. It follows by Remark 4.6, Lemma 4.8.2, and Remark 4.9
that {P € X(H) | PN R # 0} = {P € X(H) | p € P} = {pHU f;H | i € [1,n]}. Moreover, we
have {P € ¥(H) | PN R = 0} = {;,KIX]NH | i € [1,n]} = {fiHU@H | ¢ € [1,n]} by
Corollary 3.8. Consequently, Co(H) = Z"~! by Theorem 4.1. For i € [1,n], set S; = H \ (pH U f;H)
and T; = H\ (f;HU Wi ds H). Let i € [1,n]. By Lemma 4.2, S; and T; are divisor-closed submonoids
of H and every proper d1v1sor closed bubmonoid of H is a divisor-closed submonoid of S; or T} for some
j € [1,n]. Note that X(5;) = {f5: lfJS | k€ [Ln]\{i}} and X(T3) = {pT;, i Ts | k € [1,n] \ {i}}
by Lemma 4.3. This implies that S and T; are factorial (since all of their height-one prime ideals are
principal), and hence every proper divisor-closed submonoid of H is factorial.

It is an easy consequence of Proposition 3.9 that f;H = ((pH U f;H)(f;H U @H))v for every
it € [1,n]. Let P € X(H). Clearly, there are some i € [1,n] and Q € X(H) such that {P,Q} =
{pHU f;H, f;H U @H} It follows that (PQ), is a principal ideal of H.

Note that pH = ([['_,pH U f;H), (since pH is a radical ideal of H). Since p is an atom of H, it

follows that no nonempty proper v-subproduct of ([]\-, pH U f;H), is principal. Therefore, D({[P] | P €
X(H)}) = n. O

Next we recall a simple irreducibility criterion similar to Eisenstein’s criterion. We include a proof for
the sake of completeness. If R is a factorial domain, X is an indeterminate over R, and f € R[X] with
deg(f) = n € Ny, then let (f;)"_, € R"*! be the unique sequence such that f =", f; X

Lemma 6.3. Let R be a factorial domain, X an indeterminate over R, p € A(R), and f € R[X]\ R
primitive such that n = deg(f), p1r fo, P*1r fn, and p |r fi for alli € [1,n]. Then f € A(R[X]).

Proof. Clearly, f € R[X]|*\R[X]*. Let g,h € R[X] be such that f = gh. Let | = deg(g), and m = deg(h).
Without restriction we can assume that { < m. Observe that p | gihm, p? 1R gihm, and m > 1. We need
to show that g € R*.

Case 1. p|g g1 and p tg hnm,: We prove that p | g;—; for all ¢ € [0,]] by induction on i. Let ¢ € [0,]]
be such that p |r gi—; for each j € [0,i — 1]. It follows that p |g fitm—i = Z;:O 91— jhm+j—s, and hence
P |rR gi—ihm. Consequently, p [r gi—;. We infer that p |rx] g [r;x] f, and thus p |r fo, a contradiction.
Case 2. p1r ¢ and p |g hm: We prove that [ = 0. Assume to the contrary that [ > 0. We show
by induction on ¢ that p |g hy,—; for all ¢ € [0,m]. Let i € [0,m] be such that p |g hm—; for every
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j € 0,7 —1]. Note that p |r firm—i = Z;-n:i%{i’l} Gi—jhm+j—i, and thus p |gr ghm—;. We infer that
P |r hm—i. Consequently, p [rix] b |rx] f, and hence p |r fo, a contradiction. It follows that I = 0, and
thus g € R. Since f is primitive we have g € R*. a

In the beginning of this section we have provided examples of monadic submonoids of Int(Z) whose
divisor-class group is a torsion group or torsion-free, but not trivial. Next we provide an example of a
monadic submonoid of Int(Z) whose divisor-class group is neither torsion-free nor a torsion group.

Example 6.4. Let X be an indeterminate over Q. Set py = 7, po = 13, ps = 19, py = 31, p5 = 37,
pe = 43, pr = 67, a = szlpi, f=(@X+1)(aX 4+ 2)(aX +3), g = szl(GXf + pi), and H =
[eXE@X 42 (@XE8)9) - Thep ¢, (H) = Z/2Z x Z°.

Proof. Tt is straightforward to show that d((aX +1)*(aX +2)!(aX 4 3)™) = 2min{2k+m,Lk+2m} gmin{k.l,m}
2
for all k,1,m € Nyg. As in Example 6.1 we obtain that CU([[(“XH)(“XJ% (@X+3)1) o 7,/27. Moreover,
one can show that d(szl(GXf +pi)) = Prlnin{bi‘ie[l’m for all b € Nj. It follows by Lemma 6.3 that
6X f + p; € A(Z[X]) for every i € [1,7]. Therefore, it follows from Lemma 6.2 that C,([g]) = Z°. It is
clear that GCDyx(f,9) = GCDzx(f,a) = GCDyx(6,a) = Z[X]*. Along the same lines we infer that
GCDz(f(x),g9(x)) = GCDz(f(z),a) = GCDz(6,a) = Z* for each x € Z. Observe that X + 1,aX +
2,aX + 3 € A(Z[X]). Consequently, it is obvious that for all p € A(Z) and h € A(Z[X]) with (p |z f(0)
2
and h |z1x) g) or (p |z 9(0) and h |5 f) it follows that p [zx) h—h(0). Since CXTOXFD(@XES) ¢ ¢7
we infer by Proposition 5.4 and Lemma 5.5 that C, (H) 2 C, ([ @XH@X+22@X48) 1y o 0 ([]) = 7,/27, x
7Z8. (|

Now we present a result which enables us to construct examples of monadic submonoids of Int(Z) whose
divisor-class group is torsion-free with prescribed rank.

Proposition 6.5. Let R be a factorial domain, X an indeterminate over R, P a system of representatives
of A(R),n €N, a € R", and p € P" such that for all i € [1,n], p1 |r a;i —1, a; +prR € (R/prR)* for all
k€ [2,n], and ifi > 1, thenn = |{p;+p1 R | j € [1,n]}| = |[R/p1R| < |R/p;R|. Set H = [[[;_,(a; X —p;)].
Then Co(H) =2 Z"71, for every P € X(H) there is some Q € X(H) such that (PQ), is a principal ideal
of H, and D{[P] | P € X(H)}) > n.

Proof. By Lemma 6.2 it is sufficient to show that d([];—, (a;: X —p;)™) = pimn{nlle[l’n]} for all r € Njj. Let
r € Ny and ¢ € P. We need to show that min{} ;" | rive(a;x — p;) | © € R} = §,,, min{r; | i € [1,n]}.
Case 1. q # p; for alli € [1,n]: Observe that Y., r;v4(a;q—p;) = 0. Therefore, min{>"" | r;vq(a;z—p;) |
x € R} =0.

Case 2. ¢ = p; for some j € [2,n]: Since n < |R/qR)|, there is some y € R such that ¢ {r y — px
for all & € [1,n]. Let k € [1,n]. Since ar + qR € (R/qR)*, there is some z € R such that ¢ |r
apz —y. Consequently, ¢ {g arz — py. It follows that > r;v4(a;z — p;) = 0. This implies that
min{} ", rivg(a;xz — p;) |z € R} = 0.

Case 3. ¢ = p1: Let y € R. Since R/qR = {p;+qR | i € [1,n]}, there is some j € [1,n] such that ¢ |r y—p;.
Since ¢ |g a; — 1, we infer that ¢ |g a;y — p;. Therefore, min{r; | i € [1,n]} <r; < 3" | rive(aiy — pi),
hence min{r; | i € [1,n]} < min{>"" | rvy(a;z — p;) | € R}.

There is some k € [1,n] such that min{r; | ¢ € [1,n]} = ry. We show that v,(arz — pg) = 1 for some
2z € R. Since q |r ar — 1, there is some y € R such that q |r ary — pr. If ¢> {r ary — pr, then set z = y.
Now suppose that ¢* |r axy — pg. Set 2 = ¢+ y. Then vy(agz —pg) = 1.

Let j € [1,n]\ {k}. Then ¢{r p; —px. Since q |r ajz—z and ¢ |r arz — z, we infer that v4(a;z —p;) = 0.
Consequently, min{} """, r;vy(a;x —p;) | 2 € R} < >0 rivg(aiz — p;) = ri, = min{r; | i € [1,n]}. O

The following result is a useful application of Corollary 5.7.
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Proposition 6.6. Let R be a factorial domain, X an indeterminate over R, and P a system of represen-
tatives of A(R). Let k € N, and (P;)%_, a finite sequence of finite and pairwise disjoint subsets of P such
that for every i € [1,k| there is some p € P; for which |P;| = |[{r+pR |7 € P;}| = |R/pR| < |R/qR| < 00
for all g € P; \ {p}, and p |r HGEULl,#i p,@— 1. Set

I T o)x9)

i=1 beP; aeUr, ., P

Then Cy([g]) = ZX7=11Pil =k,

Proof. For j € [1,k] set f; = Hbepj((naeule’#j p, @)X —b). It is sufficient to show by induction on
j that Cy([[T fi) = Z==1 P77 for every j € [1,k]. It follows immediately from Proposition 6.5
that C,([f;]) = ZIPi1=1 for every j € [1,k]. Let j € [2,k]. Set f = 5;11 fi and ¢’ = f;. Note that

GCDpgx(f,9") = R[X]*. We show that GCDg(f(0),4'(0)) = R* and for all p € A(R) and h € A(R[X])
such that (p [r f(0) and h |gx) ¢') or (p |r ¢'(0) and h |gix) f) we have p |gx) b — h(0). Observe

that f(0) ~p Hbeug;ll p, band ¢'(0) ~p [Isep, b- Since U/} Pi and P; are disjoint, it follows that
GCDkg(f(0),¢'(0)) = R*. Let p € A(R) and h € A(R[X]).

Case 1. p |g f(0) and h |gx] ¢": Of course, p ~p b for some b € Ule’i# P; and h ~px)
(HaEUﬁLl,i#j p, @)X — c for some ¢ € P;. Therefore, p ~p(x) b |r[x] (HaEUﬁLl,i#j p, @)X ~pgix) h — h(0).
Case 2. p |r ¢'(0) and h |g[x] f: It is clear that p ~p b for some b € P; and h ~pgx] (HaEUL,#z p, )X —c
for some [ € [1,j —1] and some ¢ € P;. Consequently, p ~g(x] b |r[x] (HGEUL,#Z p, )X ~pix) h—h(0).

We infer by Corollary 5.7 that Cy([£g']) = Co([f]) X Co([¢]) = ZXi=1 IPil=i+1 5 ZIPs|=1 o2 7,550, [Pil=3
]

Example 6.7. Let g = (95095X +2)(95095X +3)(6X +5)(6X +7)(6X +11)(6X +13)(6X +19) € Z[X].
Then Cy([g]) = Z°.

Proof. This follows from Proposition 6.6 with k = 2, P; = {2,3}, and P2 = {5,7,11,13,19}. O

There are many important invariants which can describe the structure of factorizations. Two of them that
are commonly used are the elasticity p(H) and the tame degree t(H) of a monoid H. For the definitions
of the elasticity and the tame degree we refer to [5, Definitions 1.4.1 and 1.6.4]. In what follows we
want to provide a class of rings of integer-valued polynomials over factorial domains where both of these
invariants are infinite. Note that if H is an atomic monoid and 7" C H is a divisor-closed submonoid,
then p(T) < p(H), and t(T") < t(H).

Theorem 6.8. Let R be a factorial domain, X an indeterminate over R, and P a system of represen-
tatives of A(R). Let (P;)ien be a sequence of finite subsets of P such that for every i € N there is some
p € P; for which i < |P;| = |[{r + pR | r € P;}| = |R/pR| < |R/qR| < oo for all ¢ € P; \ {p}. Then
p(Int(R)) = t(Int(R)) = oo.

Proof. For i € N set H; = [[[,cp,(X — a)]. By Proposition 6.5 we infer that {[P] | P € X(H;)} =
{[P7Y| P € X(H;)} and D({[P] | P € X(H;)}) > i for all i € N. It follows from [5, Theorem 3.4.10] that
p(Int(R)) = p(H;) > D[P] | P € X(H;)})/2 > i/2, and t(Int(R)) > t(H;) = D{[P] | P € X(H,)}) > i

for every i € N. This implies that p(Int(R)) = t(Int(R)) = oo. O
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