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Pumping effects in models of periodically forced flow configurations
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Abstract

A periodically forced system of differential equations is defined to be a pump, if there exists an asymptotically periodic solution with non-
equilibrium mean. It is proved that such systems exist. The definition is based on physical and numerical observations of pumping in (models
of) asymmetric flow configurations. For models with rigid pipes and tanks, physical explanations for the pumping effects are derived. One of the
pumps is an internally forced linear system. For externally forced nonlinear rigid pipe models, necessary and sufficient conditions for pumping
are given. It is then demonstrated in a general setting that no externally forced linear pump exists.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The term “valveless pumping” is used for the conveyance
of liquid fluids in mechanical systems that have no valves
to ensure the preferential direction of flow. We mention four
examples. Blood circulation in the cardiovascular system is
maintained to some extent even when the heart’s valves
fail [1]. Valveless circulation can be found in early stages of
human embryonic life as well as in invertebrates [2]. Valveless
pumping is of interest in applications of nanotechnology [3]. At
large, the earth’s oceans are a valveless system of moving fluid.
In all examples the pumping is caused by periodic excitation.

In view of the physiological examples, mathematical models
have been developed with 2-dimensional annular geometry of
an elastic tube that contains the fluid [4,5]. This leads to systems
of partial differential equations. In other distributed parameter
models and simulations, two tanks are connected by an elastic
tube [6–8]. Models with ordinary differential equations for rigid
pipe–tank systems are considered in [8–10]. In all models the
periodic excitation is applied at a location that is not symmetric
with respect to the system’s geometry or its material properties.
In the case of symmetry there is no pumping. In the quoted
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modelling and simulation papers no physical explanation or
analytical analysis of the pumping phenomena is given.

In the present article we consider configurations with tanks
that are connected by rigid pipes. The models are systems
of ordinary differential equations with quadratic terms for
the pipe–tank junctions. We give necessary and sufficient
conditions for pumping effects. Whether or not these conditions
are met in a particular physical configuration depends on
the specific laboratory setup. Our results contribute to the
understanding of the above-mentioned phenomena of valveless
pumping.

The aim is to give an explanation of the pumping
phenomenon for systems with three tanks. We proceed
gradually, starting with one tank and one pipe; the basic
mechanism for pumping then obviously is the pressure loss due
to acceleration at the pipe–tank junction. For a configuration
with two tanks, the necessity of unequal pressure losses at
the junctions becomes apparent. Finally the 3-tank model is
interpreted as a combination of two 2-tank models (Section 2).

Physical explanations aside, another objective of the paper is
a mathematical one. A major motivation to study these models
is the interest in nonlinear dynamics. Apparently, pumping in
nonlinear systems so far has not been investigated in terms of
theoretical analysis. We state definitions of periodically forced
pumps and, as a special case, of externally forced periodic
pumps. Using the perturbation theory of noncritical systems
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Fig. 1. Four different flow configurations with rigid pipes and tanks: the cross
sections of the horizontal pipes are small in comparison to the cross sections
of the vertical tanks. w, w1, w2 are flow velocities in the pipes, h, h0, h1, h2
are level heights in the tanks. In (a), (b), (c) the pressure p outside a massless
and frictionless piston is forced; in (d) the level height h0 in the middle tank is
forced.

in [11], we show that periodic solutions exist (Section 3). The
rigid pipe models are externally forced periodic pumps, as long
as physically reasonable relations among the model parameters
are satisfied (Section 4). These relations exclude geometric or
material symmetries. One of the models is transformed into
a linear one with time dependent coefficient matrix. This is
a contribution to the discussion whether or not there exist
linear pumps, [6–8,12,13]. Furthermore, it is proven that there
is no externally forced linear pump, not even with infinite-
dimensional models.

2. The models

Our objective is to explain pumping effects in models with
three tanks. We start with a 1-tank configuration and look at
various versions of two tanks connected by one pipe. The 3-
tank configuration will then be seen as a combination of two
2-tank configurations.

In the configuration of Fig. 1(a), a pipe of cross section Ap is
closed by a frictionlessly moveable massless piston at distance
` from a tank of cross section At that is filled with fluid of
density ρ up to the level height h. Let p be the pressure in the
pipe outside of the piston; the environmental pressure above the
fluid in the open tank is set to zero. The system is in equilibrium
if p ≡ ρgh, g being the gravitational acceleration.

Suppose that At � Ap and that the forcing function p varies
in time t . Neglecting the movement of the fluid in the tank, the
equation of motion, without friction, is

ρ(`w)′(t) = p(t) − pe(t) (1)
where w is the velocity of the fluid in the direction from the
piston to the tank, and pe is the pressure at the end of the pipe
at the entrance to the tank. Throughout we use the symbol ′

for the derivative with respect to t . The level height h varies
according to

h′(t) = cw(t), (2)

where c = Ap/At and `(t) is coupled to h(t) by Ap`(t)
+ At h(t) ≡ V0; V0 is the given constant total volume of fluid.
In the configurations that we have in mind, the cross sections of
the tanks are much larger than the cross sections of the pipes,
and thus c is much smaller than 1.

Modelling the fluid in the tank to be at rest, one version of
the difference of the hydrostatic pressure at the bottom of the
tank and the pressure pe in the flow at the entrance of the pipe
is

ρgh(t) − pe(t) = ζ e ρ

2
w(t)2. (3)

Here ζ e
≥ 1 is a friction coefficient depending on the particular

geometry and smoothness of the junction of the tank and the
pipe. For an ideally smooth junction ζ e

= 1, and (3) becomes
Bernoulli’s equation for perfect acceleration and deceleration
of the fluid, cf. eg. [14], (2.33).

Suppose that p(t) is periodic and that w, h is a periodic
solution of (1) and (2) of the same period T > 0. The existence
of such solutions will be shown in the next section. Integrating
(1) from 0 to T and dividing by T , one obtains mean values
on the right-hand side, and the left-hand side vanishes, because
`(t)w(t) is periodic with period T ,

0 = p − ρgh + ζ e ρ

2
w2. (4)

Here and throughout denotes mean values of the periodic
functions, e.g. w2 =

1
T

∫ T
0 w(t)2dt > 0. Thus, the mean level

height in the tank of the periodically forced system,

h =
1
ρg

(
p + ζ e ρ

2
w2

)
,

is larger than in the system with constant p ≡ p. In other words,
there is a pumping effect by periodic excitation. It is produced
by the average pressure loss at the junction of the pipe and the
tank that is modelled by (3).

Another common model, used for example in [7–9], for the
pressure loss at the pipe–tank junction is

ρgh(t) − pe(t) = ζ e 1 − sgnw(t)

2
ρ

2
w(t)2 (5)

which only accounts for acceleration for flow from the tank into
the pipe. One obtains

h =
1
ρg

(
p + ζ e ρ

4
(w2 − ŵ2)

)
where

ŵ2 =
1
T

∫ T

0
sgnw(t)w(t)2dt.
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ŵ2 might be zero, positive or negative. For example for w(t) =

sin t , ŵ2 is zero, for w(t) = sin t2 (periodically extended
outside [0,

√
2π ]) it is positive. The difference w2 − ŵ2 is

always nonnegative. Again, the pumping effect corresponds to
the mean of the pressure loss at the pipe–tank junction.

Next, consider two tanks that are connected by a pipe of
fixed length `, as in Fig. 1(b), p being the pressure above the
fluid in the left tank with cross section A0. The equation of
motion for this configuration is

ρ`w′(t) = pb(t) − pe(t), (6)

where the pressure pe at the end of the pipe is given in (3) or
(5), and

pb(t) = p(t) + ρgh0(t) − ζ b ρ

2
w(t)2, (7)

or

pb(t) = p(t) + ρgh0(t) − ζ b 1 + sgnw(t)

2
ρ

2
w(t)2, (8)

are analogous models for the pressure at the beginning of the
pipe. The evolution of h is coupled to w by (2) and h0(t) is
given by A0h0(t) + At h(t) ≡ V0, where V0 now is the total
volume of fluid outside the always filled pipe.

The system is in equilibrium iff p + ρgh0 ≡ ρgh. Suppose
the forcing p is periodic and w, h is a periodic solution of
the same period T > 0. The existence of such solutions is
demonstrated in the next section. For simplicity of exposition
let p = 0. Then for the model (3) and (7), taking the mean in
(6) yields

h − h0 =
1

2g
(ζ e

− ζ b)w2. (9)

If ζ e
6= ζ b, the pumping goes in the direction of lower pressure

due to the larger pressure loss at one of the junctions. However,
in the case ζ e

= ζ b there is no pumping effect.
In the model (5), (8) the situation is different because of the

±sgnw terms. Taking the mean yields

h − h0 =
1

4g
(ζ e

− ζ b)w2 −
1

4g
(ζ e

+ ζ b)ŵ2. (10)

Thus, in the case ζ e
= ζ b, whether or not there is a pumping

effect depends on ŵ2 6= 0, which in turn depends on the shape
of the periodic forcing. The effect might be negative (h < h0)
or positive.

In [8] a combination of (5) and (7) was used. Then, even in
the case ζ b

= ζ e, there is a pumping effect of height

h − h0 =
1

4g
(ζ e

− 2ζ b)w2 −
1

4g
ζ eŵ2. (11)

To see the impact of friction, a term p f (t) has to be
subtracted on the right-hand side of (6); Poiseuille’s law for
laminar flow is

p f
= `r0w (12)
and Blasius’ law for turbulent flow reads

p f
= `r1sgnw|w|

7/4 (13)

with constants r0, r1 > 0. For a periodic w with mean 0
(otherwise h would not be periodic), the presence of (12) does
not alter the pumping effect. For (13), the term `r1w̃/ρg has to
be subtracted from the right-hand side in (9)–(11) with

w̃ =
1
T

∫ T

0
sgnw|w|

7/4dt.

w̃ might be zero, positive or negative, depending on the shape
of w.

In summary, the 2-tank configuration does not exhibit
pumping effects in the case of the symmetric model (3) and
(7) with ζ b

= ζ e. For the sgn-model (5) and (8) with ζ b
= ζ e,

pumping takes place only if ŵ2 6= 0. Linear friction (12) does
not alter the pumping effect; nonlinear friction (13) only does
so when w̃ 6= 0. The conclusion is that pumping effects are
introduced by unsymmetric modelling of the pressure losses at
the junctions (ζ b

−ζ e
6= 0 or sgnw terms) which on average act

like a valve that favours the flow in the direction of the larger
pressure loss. For example the model (3), (7) with ζ b > ζ e

exhibits a negative pumping effect in the sense that the average
level height is higher in the tank in which the periodic pressure
is applied, as indicated in Fig. 1(b).

In Fig. 1(c), a configuration with three tanks that are
connected by two pipes of length `1 < `2 is shown. The
pressure p above the fluid level in the middle tank is a given
forcing function, the level heights in the outer tanks are h1, h2
and the flow velocities in the outward direction are denoted by
w1, w2. The model for this configuration is a system of four
differential equations,

h′

i = cwi ,

ρ`iw
′

i = ρg(h0 − hi ) + (ζ e
i − ζ b

i )
ρ

2
w2

i − r0`iwi + p,

i = 1, 2,

(14)

where h0 is given by the constant volume of fluid outside the
always filled pipes, h0 = V0/At −h1 −h2. For simplicity we let
the cross section of all tanks equal At , the cross sections of both
pipes equal Ap and we employed Poiseuille’s law with uniform
friction coefficient r0. Moreover, we used (3) (without sgn
terms) for the pressure losses at all four pipe–tank junctions.
For constant p ≡ p, the system is in equilibrium iff h1 ≡ h2
and p + ρgh0 ≡ ρgh1.

In 3-tank models, as in [8–10], pumping is defined by the
difference of the average level heights in the two outer tanks.
The 3-tank pumping effect can be understood as a combination
of two 2-tank systems as follows: let

ζi = ζ e
i − ζ b

i

be the net pressure loss in pipe i . From the 2-tank analysis the
difference of the average level height in the middle and the outer

tank i should be hi − h0 = ζiw
2
i /2g, as in (9), and we expect a

3-tank pumping h2 − h1 = (h2 − h0) − (h1 − h0).
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Indeed, let p be periodic and w1, w2, h1, h2 be a solution of
(14) of the same period T > 0. The existence and stability of
such solutions will be demonstrated in the next section. Then,
because of the hi -equations in (14), wi = 0. Taking the mean
in the wi -equations of (14) and subtracting the two equations,
we get

h2 − h1 =
1

2g
(ζ2w

2
2 − ζ1w

2
1). (15)

In particular in the case ζ e
i = ζ b

i , i = 1, 2, the pumping effect
is zero because of ζ1 = ζ2 = 0. This result is obvious by
the above 2-tank analysis but it was not included or discussed
in the papers on the subject [8–10,12]. In these references the
pumping effect was attributed to the difference of the lengths
`1 6= `2 and not explained any further.

In order to understand the role of the difference of the pipe
lengths, we assume ζ1 = ζ2 =: ζ 6= 0. The average level

difference then is ζ(w2
2 − w2

1)/2g. In the next section it will be

proven that sgn(w2
2 −w2

1) = sgn(`1 −`2) for periodic solutions
of (14) and sufficiently small ζ . The physical interpretation is
that the amplitude of the velocity in the longer pipe is smaller,
because there is more mass and inertia than in the shorter
pipe, and the periodically moving system allocates its total
momentum among the two pipes according to the proportion
of `1 and `2. In the limit ζ, c → 0 the proportion is `1|w1|

= `2|w2|; see (26).
To illustrate the analysis by examples, again let ζ1 = ζ2 =:

ζ . In the case ζ = 0, the pumping effect is 0. In the case
ζ > 0, the pumping goes from the middle tank to the outer
ones, because the pressure loss at the outer junctions is larger.
If `1 < `2, then the amplitude of the velocity in pipe 1 is
larger and therefore the positive difference h1 − h0 is larger
than h2 − h0, which implies a negative 3-tank pumping effect
from tank 2 into tank 1. In the case ζ < 0 and still `1 < `2,
the middle tank sucks more volume out of tank 1 than out of
tank 2 and the pumping effect h2 − h1 is positive, as indicated
in Fig. 1(c).

In the case of the sgn-versions (8) and (5) for (some of) the
junctions at the middle tank and the outer tanks, respectively,
various combinations of (10) and/or (11) are possible. For
example, in the case ζ b

i = ζ e
i =: ζ0, i = 1, 2, and therefore

ζi = 0 in (15), we get

h2 − h1 =
ζ0

2g
(ŵ2

1 − ŵ2
2),

when all pressure losses include sgn-terms. We do not further
pursue these models.

Finally, consider a configuration with three tanks where the
level height h0(t) is enforced by a piston, as in Fig. 1(d). The
momentum equations for the flow in the pipes are

ρ`iw
′

i = pm
− ζ b

i
ρ

2
w2

i − pe
i − r0`iwi , i = 1, 2, (16)

where pe
i is as in (3) and pm is the pressure at the bottom of the

middle tank. In the piston enforcement configuration, pm is not
modelled explicitly. Rather, we introduce

w− = `1w1 − `2w2, w+ = w1 + w2

and take the difference of the two equations in (16), so that pm

cancels. We get

w′
− = g(h2 − h1) +

ζ1

2
w2

1 −
ζ2

2
w2

2 − rw−

where we used the abbreviations ζi = ζ e
i − ζ b

i and r = r0/ρ.
h′

i = cwi as in (14). Because

cw+ = −h′

0 =: v,

w+ is proportional to the given velocity v(t) of the piston. In
order to set up a system for the two state variables h1, w−,
we need to express wi in terms of w−, w+, and h2 in terms
of h0, h1, namely(

w1
w2

)
=

1
`1 + `2

(
`2w+ + w−

`1w+ − w−

)
, h0 + h1 + h2 = V0/At .

In the particular case ζ1 = ζ2 =: ζ , the term ζ(w2
1 − w2

2) can
be rewritten as a product of w+ and w−; thereby the w2

− terms
cancel and we arrive at

h′

1 =
1

`1 + `2
(cw− + `2v),

w′
− = −2gh1 −

(
r −

ζ

c

v

`1 + `2

)
w− + g

(
V0

At
− h0

)
+

ζ

2c2

`2 − `1

`1 + `2
v2.

(17)

This is a linear model; the forcing and the time dependence
of the w−-coefficient in the w− equation is determined by the
given functions h0 and v = −h′

0.
The unforced system (h0 ≡ h0, v ≡ 0) is in equilibrium iff

w− ≡ 0 and h2 − h1 ≡ 0. Suppose h0 (and thus v) is periodic
and h1, w− is a solution of (17) with the same period T > 0.
The existence of such solutions is demonstrated in Section 3.
Since v = −h′

0 = 0, taking the mean in the h1-equation implies
w− = 0, and the w−-equation, using V0/At − h0 = h1 + h2,
yields

h2 − h1 =
ζ

2g
(w2

2 − w2
1), (18)

as in (15).
A 2-tank configuration with piston enforcement cannot

exhibit pumping, since the level heights are tied to each other
by the constant total volume. However, in the 3-tank model (17)
the average level heights have to be adjusted according to (16),

0 = pm + (ζ e
i − ζ b

i )
ρ

2
w2

i − ρghi .

Thus, as in the pressure enforcement model, the pumping is
due to the difference of the pressure losses at the pipe–tank
junctions.

Let us compare the piston enforcement model (16) to
configurations in the literature. In [9], in place of the middle
tank a tee-junction with cross section Ap of all three of its arms
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was used and the flow characteristics and pressure losses in the
tee were taken from independent laboratory experiments. The
model in [9] is not linear because of the nonlinearities in the
pressure loss coefficients at the tee-junction. In [9,10] formulas
of the type (18) are derived by making a sinusoidal substitution
for approximate solutions and neglecting the pressure loss
coefficients in the tee. That a pumping effect can occur in
a linear model with periodic coefficients was already shown
in [6] and demonstrated in [8] by simulations with an infinite
dimensional model for elastic tubes. The observation that a
rigid pipe model can be formulated in a linear variant with
time dependent coefficients was brought to our attention by the
developments in [12].

3. Existence of periodic solutions

This section is concerned with the existence of periodic
solutions to four of the models in Section 2. Differentiating the
product in (1) and using `′

= −w yields

w′
=

p/ρ − gh + (1 + ζ/2)w2

V0/Ap − h/c

along with (2). The state component h appears in the
denominator of the w-equation, and therefore the 1-tank model
is very different from the other models in Section 2. For the
1-tank model we do not have existence results for general
periodic forcing functions p. To guarantee the existence of
some periodic solutions, we choose a particular solution (w, h)

and construct a forcing p such that (1), (2) is satisfied: let, for
example,

p(t) = ρ(V0/Ap − gc + cos t) cos t − ρ(1 + ζ e/2) sin2 t.(19)

Then w(t) = sin t and h(t) = −c cos t is a solution of (1), (2).
This solution is 2π -periodic, as is the forcing function p.

As to the 2-tank model (2), (6) with pressures (3), (7),
differentiation of the w-equation gives

w′′
+ f (w)w′

+ ω2
0w = e(t) (20)

with f (w) = (ζ b
− ζ e)w/`, ω2

0 = 2gc/` (let A0 = At , V0 = 0
for simplicity) and e(t) = p′(t)/ρ`. When friction (12) is
included, the constant r is added to f (w). It was established
in [15,16], that the Liénard equation (20) with T -periodic
forcing function e has a solution of period T , provided that f
and e are continuous, ω0 6= 0, and 0 < T < 2π/ω0. An outline
of a proof is given in the Appendix.

Thus, if p is continuously differentiable, T -periodic and
0 < T/2π <

√
`/2gc, then the 2-tank model (2), (6), (3),

(7) with or without friction has a solution of period T . For the
sgn-versions (5) and/or (8) the difficulty of non-differentiability
arises when trying to set up the second order formulation; we
omit these cases.

Next, consider the 3-tank model with pressure forcing p in
the middle tank and assume that there is some friction involved,
i.e. r0 > 0. Without loss of generality we can set V0 = 0:
if hi , wi , i = 1, 2, is a solution for some V0 6= 0, then
hi − V0/3, wi is a solution of (14) with V0 = 0, and vice
versa. In order to make the model accessible to the theory of
perturbations of linear systems, we define the column vector
x = col(h1, h2, w1, w2) and write (14) in the form

x ′
= Ax + b(t) + ζ f (x), (21)

where, for simplicity of notation, we take the same ζ = ζ e
i −ζ b

i
for both i , and

A =


0 0 c 0
0 0 0 c

−2g/`1 −g/`1 −r 0
−g/`2 −2g/`2 0 −r

 ,

with r = r0/ρ and

b(t) =


0
0

p(t)/ρ`1
p(t)/ρ`2

 , f


h1
h2
w1
w2

 =


0
0

w2
1/2`1

w2
2/2`2

 .

Suppose p is periodic with some arbitrary period T > 0.
Eq. (21) is a special case of [11], chapter IV, equation (2.4) and
so the theory in [11] guarantees the existence and uniqueness of
a T -periodic solution of (21), provided |ζ | is small enough.

More specifically, the equation x ′
= Ax is noncritical with

respect to periodic functions of any period T > 0, because all
eigenvalues of A have non-zero real parts. Indeed, since r > 0,
they are negative. [11] IV Theorem 1.1, implies that the linear
equation x ′

= Ax + b(t) has a unique T -periodic solution that
is denoted by Kb. The nonlinearity f is locally Lipschitz on
R4. Therefore, the application of [11] IV Theorem 2.1, as in the
discussion of [11] IV (2.4), implies the existence of positive
constants ε1, ρ1 with the following property: For all ζ with
0 ≤ |ζ | ≤ ε1 there exists a T -periodic solution x∗(·, ζ, b) of
(21), x∗(·, 0, b) = Kb, and x∗(·, ζ, b) is the only T -periodic
solution of (21) that is contained in the ρ1-neighbourhood of
Kb. Furthermore, x∗(·, ζ, b) depends continuously on ζ . See
the Appendix for an existence proof.

As to the asymptotic stability of x∗(·, ζ, b), [11] IV Theorem
3.1 can be applied (for our problem, the number k of
eigenvalues with positive real part in the interpretation of the
Theorem is k = 0). The stability of the zero solution of IV (3.3)
can be traced back to the solution x∗(·, ζ, b) of (21), and so
there is an ε2 > 0 such that for all 0 ≤ |ζ | ≤ ε2, x∗(·, ζ, b) is
uniformly asymptotically stable.

Finally, the piston enforcement model (17) for x =

col(h1, w−) is of the form

x ′
= Ax + b(t) + ζ f (t, x), (22)

with

A =

(
0 c/(`1 + `2)

−2g −r

)
, b(t) =

(
`2v(t)/(`1 + `2)

g(V0/At − h0(t))

)
,

f

(
t,

(
h1
w−

))
=

1
c(`1 + `2)

(
0

v(t)w− + (`2 − `1)v(t)2/2c

)
.

Let r > 0. Suppose h0 is differentiable and, along with its
derivative v, is periodic with some arbitrary period T > 0.
Since f is Lipschitz in x uniformly with respect to t in
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(−∞, ∞), the theory of [11] can be applied to (22) as described
above for (21). Provided that |ζ | is small enough, there exists
a unique asymptotically stable periodic solution of (22) in the
neighbourhood of the solution Kb of x ′

= Ax + b(t).

4. Definition and existence of pumps

In this section it is shown that the models of Section 2 are
pumps according to

Definition 1. Let (X, | · |) and U be Banach spaces, F a map
from X × U to X , u a map from (−∞, ∞) to U and x0 ∈ X .
The system

x ′(t) = F(x(t), u(t)), x(0) = x0 (23)

is called a periodically forced pump if it has the following
properties:

(i) u is a nonconstant periodic function with mean ū.
(ii) There exists an asymptotically periodic solution x :

[0, ∞) → X , that is, x solves (23) and for a periodic
function y : (−∞, ∞) → X , limt→∞ |x(t) − y(t)| = 0.

(iii) The mean ȳ of y is not an equilibrium of the ū-forced
system, i.e. F(ȳ, ū) 6= 0.

A periodically forced pump is called an externally forced
periodic pump if it is of the form

x ′(t) = F(x(t)) + B(u(t)), x(0) = x0

with maps F : X → X , B : U → X . Otherwise it is called an
internally forced periodic pump.

The definition does not require that the forcing function u
and the limit cycle y have the same period; thus, subharmonic
limit cycles (cf. e.g. [17]) are admissible. We have formulated
the definition with asymptotically periodic solutions x , because
starting the trajectory x in an equilibrium x0 of the unforced
system most evidently demonstrates the pumping; cf. the
simulations in [8]. On the other hand, if there exists a periodic
solution y with F(ȳ, ū) 6= 0, then system (23) is a periodically
forced pump (set x = y and x0 = y(0)).

In the case of the 3-tank models we restrict the proof of
pumping to forcing functions p, that are complex valued simple
harmonic. Furthermore, we require that the forcing frequency is
larger than half the natural frequencies of the decoupled 2-tank
subsystems. Let C ∈ C, ω ∈ R and

p′(t) = ρC exp(−iωt) with ω2 > gc/ min(`1, `2). (24)

Note that c is small, so the requirement on ω2 is physically
reasonable.

Theorem 1. (i) The model (1)–(3) with p in (19) and ζ e
6= 0 is

an externally forced periodic pump.
(ii) Provided that the period T of p satisfies 0 < T <

2π
√

`/2gc, the model (2), (6), (3), (7) with or without friction
(12) and ζ e

6= ζ b is an externally forced periodic pump.
(iii) The model (14) with p as in (24), r0 > 0, `1 6= `2 and
sufficiently small |ζ e

i − ζ b
i | = |ζ | 6= 0 is an externally forced

periodic pump.
(iv) The model (17) with p as in (24), r > 0, `1 6= `2 and
sufficiently small |ζ | 6= 0 is a periodically forced pump.
Proof. The existence of periodic solutions under the assump-
tions on the parameters was demonstrated in Section 3. It re-
mains to show F(y, u) 6= 0 for periodic solutions y.
(i) For the 1-tank model, (4) implies p 6= ρgh, and so h, w is
not an equilibrium of the p-forced 1-tank configuration.
(ii) For the 2-tank model, h 6= h0 follows from (9).
(iii) In the 3-tank models, the existence of a pumping effect

h1 6= h2 is equivalent to |w2
1| 6= |w2

2|. To show that this is
the case when `1 6= `2, we use the perturbation statements in
Section 3. For the moment, let ζ e

i − ζ b
i = ζ = 0 and consider

the then linear system (14). Using h0 + h1 + h2 = V0/At = 0
it can be written as a system of coupled oscillators

w′′

1 + rw′

1 +
gc

`1
(2w1 + w2) =

1
ρ`1

p′,

w′′

2 + rw′

2 +
gc

`2
(w1 + 2w2) =

1
ρ`2

p′,

(25)

for the flow velocities w1, w2. In order to apply the theory of
coupled linear oscillators in [18], we need the characteristic
polynomial ∆(−iω). ∆(−iω) 6= 0, because all eigenvalues of
A have negative real part. [18], formula (3.2.14) yields

w1 =

(
1
`1

(
−ω2

− iωr + 2
gc

`2

)
−

gc

`1`2

)
C exp(−iωt)

∆(−iω)
,

w2 =

(
1
`2

(
−ω2

− iωr + 2
gc

`1

)
−

gc

`1`2

)
C exp(−iωt)

∆(−iω)
,

for periodic solutions of (25) with p′ as in (24). Therefore,

|w1|
2

|w2|
2 =

`2
2

`2
1

ω2r2
+ (ω2

− gc/`2)
2

ω2r2 + (ω2 − gc/`1)2 . (26)

This implies `1|w1| > `2|w2| if `1 < `2 and `1|w1| <

`2|w2|, if `1 > `2. Thus, although there is no pumping in
the linear system (25), the amplitudes of the velocities are
different if `1 6= `2. Now, the solution x∗(·, ζ, b) of (21) is
in a neighbourhood of the solution Kb to the linear system
with ζ = 0, and since x∗(·, ζ, b) depends continuously on
ζ , the inequality |w1| 6= |w2| for the linear system implies

|w2
1| 6= |w2

2| in the nonlinear system if |ζ | 6= 0 is sufficiently
small.
(iv) Suppose ζ e

i − ζ b
i = ζ = 0, so (16) becomes

ρ`iw
′

i = pm
− r0`iwi − ρghi , i = 1, 2.

Again we consider the simple harmonic case in complex
notation. Then the unknown pressure pm is also simple
harmonic, pm ′(t) = ρ P exp(−iωt) say. We treat pm/ρ`i as
a forcing function in the linear oscillator

w′′

i + rw′

i +
gc

`i
wi =

1
`i

P exp(−iωt). (27)

According to [18] (2.3.2), the 2π/ω-periodic solution to (27) is

wi (t) =
1
`i

(−ω2
− iωr + gc/`i )

−1 P exp(−iωt).

Therefore the ratio |w1|
2/|w2|

2 is exactly the same as in (26).
As in (iii) the perturbation statements of Section 3 and the
continuous dependence of the periodic solution on ζ imply
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|w1|
2 6= |w2|

2 for the nonlinear system with sufficiently small
|ζ | 6= 0. �

Note that the system (17) is not an externally forced periodic
pump, because it is of the form

x ′
= A(t)x + b(t),

with

A(t) =

(
0 c/(`1 + `2)

−2g −r + ζv(t)/c(`1 + `2)

)
,

b(t) =

(
`2v(t)/(`1 + `2)

g(V0/At − h0(t)) + ζ(`2 − `1)v(t)2/2c2(`1 + `2)

)
.

But it is a linear periodically forced pump with time
dependent periodic coefficient matrix. However, there is no
linear externally forced periodic pump. This is the assertion of

Theorem 2. Let X and U be Banach spaces, A an X-valued
closed linear operator with domain in X, B an X-valued closed
linear operator with domain in U, u a U-valued integrable
nonconstant periodic function and x0 ∈ X. Then the system

x ′(t) = Ax(t) + Bu(t), x(0) = x0 (28)

is not an externally forced periodic pump.

Proof. Let T > 0 be the minimal period of u and let P be
the minimal period of the limit cycle y of an asymptotically
periodic solution x of (28). Then the time derivative of x is
asymptotically periodic with P-periodic limit cycle. Therefore,
Ax +Bu is asymptotically periodic with P-periodic limit cycle.
It follows that P is a multiple of T , P = nT for some n ∈ N.
For k ∈ N define

xk =
1
P

∫ k+P

k
x(t)dt,

which are elements of the domain of A (cf. [19], proof
of (2.14)). Because of the asymptotic behaviour of x ,
limk→∞ xk = ȳ. Furthermore, as A is closed and linear, it
interchanges with integration, and so

lim
k→∞

Axk =
1
P

lim
k→∞

A
∫ k+P

k
x(t)dt

=
1
P

lim
k→∞

∫ k+P

k
Ax(t)dt

=
1
P

lim
k→∞

(∫ k+P

k

d
dt

x(t)dt −

∫ k+P

k
Bu(t)dt

)
=

1
P

lim
k→∞

(x(k + P) − x(k)) − Bū = −Bū.

Therefore ȳ is in the domain of A and Aȳ = −Bū. Thus, no
solution of (28) with the properties required in the definition of
an externally forced periodic pump exists. �

The fact that A and B are closed but may be unbounded
makes the theorem applicable to infinite-dimensional systems
such as partial differential equations with point or boundary
forcing.
5. Conclusions

Systems of ordinary differential equations were studied that
are models of flow in rigid pipe configurations. It was shown
that pumping effects due to periodic excitation are caused
by unsymmetric modelling of pipe–tank pressure losses. The
unsymmetry may be due to different pipe–tank parameters or
to terms involving the signum of the flow velocity. This led to
the insight that symmetric pressure loss models do not exhibit
pumping effects in 3-tank configurations, even in the case of
different lengths of the two pipes. A definition of periodically
forced pumps was stated. It was proved that the rigid pipe
models are pumps, provided that the model parameters satisfy
physically reasonable relations. One of the models was shown
to be a linear pump with time dependent coefficient matrix.
Finally, in a formulation that includes infinite-dimensional
systems, it was demonstrated that there is no linear periodically
forced pump with constant coefficients.
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Appendix

For the convenience of the reader we outline proofs of the
existence of periodic solutions, and add a remark on the reversal
of the pumping direction.

The 2-tank model is a first order system u′(t) = F(t, u(t))

with u =

(
w

v

)
and

F

(
t,

(
w

v

)
(t)

)
=

(
v

− f (w)v − ω2
0w + e

)
(t),

where ω2
0 6= 0, f : R → R is continuous and e is continuous

and T -periodic with mean ē = 0. The existence of T -periodic
solutions is formulated as a fixed point problem in the Banach
space E = {u ∈ C([0, T ]; R2) : u(T ) = u(0)},

u(t) =

∫ t

0
F(s, u(s))ds =: (Su)(t).

S : E → C([0, T ]; R2) is a compact operator because F :

[0, T ] × R2
→ R2 is continuous. For µ ∈ [0, 1] let Sµ = µS.

S0 has the fixed point 0 and, as shown below, there is an open
bounded set D ⊂ E with 0 ∈ D and Sµu 6= u for all u ∈ ∂ D
and all µ ∈ [0, 1]. Therefore, by the Leray–Schauder Theorem,
S1 has at least one fixed point in D. Indeed, for sufficiently
large K , the set D can be chosen to be D = {(w, v) ∈ E :

‖w‖∞, ‖v‖∞ < K }. This is so, because there is an a priori
bound for any possible solution of Sµu = u ∈ E .

To see this, let u = (w, v) ∈ E be such a solution. Then
µv = w′ and w satisfies

w′′
+ µ f (w)w′

+ µ2ω2
0w = µ2e(t). (29)
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Establishing a priori bounds on w, w′ can be done in the
following way, cf. [20]. Multiplication of (29) by w and
integration gives

−‖w′
‖

2
2 + µ2ω2

0‖w‖
2
2 = µ2

〈w, e〉2 (30)

where 〈·, ·〉2 and ‖ · ‖2 are the inner product and norm in
L2(0, T ). The Fourier expansion of w (w̄ = 0 by integration
of (29)) and Parseval’s identity show

‖w‖
2
2 ≤

T 2

4π2 ‖w′
‖

2
2.

Using this, µ2
≤ 1 and |〈w, e〉2| ≤ ‖w‖2‖e‖2 in (30) yields

4π2
− ω2

0T 2

4π2 ‖w′
‖

2
2 ≤

T

2π
‖w′

‖2‖e‖2.

By assumption T < 2π/ω0, so

‖w′
‖2 ≤

2πT

4π2 − ω2
0T 2

‖e‖2.

Since w(t0) = 0 for some t0 ∈ [0, T ], ‖w‖∞ = max |w(t)| ≤
√

T ‖w′
‖2. Thus, M := 2πT 3/2(4π2

−ω2
0T 2)−1

‖e‖2 is a bound
on ‖w‖∞, independent of µ ∈ [0, 1]. As w ∈ C2([0, T ]),
‖w′

‖
2
∞ ≤ 4‖w‖∞‖w′′

‖∞ and (29) yields

‖w′
‖

2
∞ ≤ 4M(q‖w′

‖∞ + ω2
0 M + ‖e‖∞)

for all µ ∈ [0, 1], where q = max{| f (w)| : |w| ≤ M}.
Therefore, there is a µ-independent bound on ‖w′

‖∞.
The 3-tank model (21), for ζ = 0, has a unique periodic

solution denoted by Kb. For ζ 6= 0, consider

y′
= Ay + ζg(y) (31)

where g(y) = f (y +Kb). If y is a T -periodic solution of (31),
then x = y +Kb is a T -periodic solution of (21). The existence
of a T -periodic solution of (31) is argued as follows, cf. [20].
The solution of (31) with y(0) = y0 is

y(t) = et A y0 + ζ

∫ t

0
e(t−s)Ag(y(s))ds.

Thus, T -periodicity is enforced by

y0 = (I − eT A)−1ζ

∫ T

0
e(T −s)Ag(y(s))ds.

I − eT A is invertible as all eigenvalues of A have negative real
part. Therefore, the existence of a T -periodic solution of (31)
is equivalent to the existence of a fixed point of Sζ , where Sζ is
given by

(Sζ y)(t) := ζet A
(

(I − eT A)−1
∫ T

0
e(T −s)Ag(y(s))ds

+

∫ t

0
e−s Ag(y(s))ds

)
.

Sζ is a compact operator in the Banach space E = {y ∈

C([0, T ]; R4) : y(T ) = y(0)}. For arbitrary M > 0, let
qM = max{|g(y)| : |y| ≤ M}. Then, for y ∈ DM := {y ∈

E : ‖y‖∞ ≤ M}, ‖Sζ y‖∞ ≤ 2|ζ |K T qM with

K = max
(

max
s,t∈[0,T ]

|et A(I − eT A)−1
||e(T −s)A

|, max
s∈[0,T ]

|e−s A
|

)
,

wherein | · | denotes an appropriate matrix norm. If |ζ | <

(2K T qM )−1 M , then Sζ DM ⊂ DM . Therefore, by the Schauder
Fixed Point Theorem, for such ζ , (21) has a T -periodic
solution.

The reversal of the pumping direction is an interesting
resonance feature of the 3-tank models. If the tube friction is
sufficiently small, there is a smooth inversion of the direction
of the pumping effect in the 3-tank models (pressure or piston
forcing in the middle tank) when the forcing frequency is
reduced below a certain value.

Consider the complex simple harmonic forcing in (24) and
omit the assumption ω2 > gc/ min(`1, `2) which was only
made to simplify the use of (26). In view of (15) (with ζ1 =

ζ2 = ζ ) and (18), the question is whether |w1|/|w2| is larger
or smaller than 1. This determines the direction of the pumping
effect. As the solutions depend continuously on ζ , |w1|/|w2| >

1 (<1 resp.) in the linearized (ζ = 0) system carries over to the
nonlinear system as long as |ζ | is sufficiently small. Suppose
`2 > `1.

For ω2
≥ 0 let f (ω2) denote the right-hand side of (26),

f (ω2) =
`2

2

`2
1

ω2r2
+ (ω2

− gc/`2)
2

ω2r2 + (ω2 − gc/`1)2 .

We have f (0) = 1 and limω2→∞ f (ω2) = `2
2/`

2
1 > 1.

Analysis of the derivative of f leads to the definition of the
frequencies

(ω2)1,2 =
gc

2`1`2

(
`1 + `2

±

√
(`1 − `2)2 + 2r2`1`2(`1 + `2)/gc

)
where the +stands for (ω2)1 and the −for (ω2)2.

In the case 2gc < r2(`1 + `2), i.e. when the friction
coefficient r is large, f (ω2) grows on (0, (ω2)1) and falls on
((ω2)1, ∞). Therefore |w1|/|w2| > 1 for all ω in this case, and
the direction of average pumping, for small ζ > 0, always goes
from tank 2 to tank 1 (cf. (18)).

If 2gc ≥ r2(`1 +`2), f (ω2) falls on (0, (ω2)2)∪((ω2)1, ∞)

and grows on ((ω2)2, (ω
2)1). Therefore |w1|/|w2| smoothly

crosses 1 on the middle interval, thereby, for small ζ > 0,
changing the direction of pumping from 1 → 2 to 2 → 1.
This phenomenon was physically and numerically observed by
Takagi and Takahashi [10].
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