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Computation of equilibria in models of flue gas washer plants3
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6

Abstract7

A flue gas washer is a plant for the absorption of noxious components of industrial gas output. The type of flue gas washers that is considered
here is a spray tower. In the tower gas is raising upward and water drops with suspended limestone fall downward. Thereby sulfur dioxide is
washed out of the gas. In industrial practice, the plant is operated under long term constant gas and water input. In this article, a mathematical
model for equilibrium states of the plant is set up from basic principles. Its discretized version consists of a large system of algebraic equations for
the relevant chemical concentrations in the two phases. An efficient iterative algorithm for solving this system is proposed and shown to converge
in a wide range of examples. A satisfactory validation of the model is given by comparison with experimental data from existing literature. It is
demonstrated that the model along with the algorithm is applicable for the design of spray towers.
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. Introduction

A flue gas washer is a plant for the absorption of noxious
omponents of industrial gas output. The type of flue gas wash-
rs that is considered here is a spray tower designed by Austrian
nergy & Environment in Graz, Austria. Leaving out techni-
al details, a spray tower is a big vertical cylinder where gas
ontinuously enters at the bottom, raises upward, and exits the
ylinder at the top. At the same time water drops are sprayed
nto the tower at the top, fall down, and exit the cylinder at the
ottom for further processing and reuse. Typical dimensions of a
ubic tower is a sidelength of 14 m with a throughput of 400 m3

as and 6 m3 water per second.
We consider the case of flue gas from a power plant, where

ulfur dioxide is to be dissolved in the water drops and thereby
ashed out of the gas. To enhance the process, the pH value

n the water is stabilized by adding ground limestone CaCO3
prior to spraying the water into the tower). The overall ef-
ect of the liquid/gas mass transfer and the chemical reac-
ions in the drops is the replacement of SO2 in the gas by
O2; correspondingly, the carbon in CaCO3 is replaced by sul-

ur to form innoxious calcium sulfit and calcium sulfate (gyp-

sum) that is separated from the water in a basin below the
tower.

In industrial practice, the rate of gas inflow and its chemi-
cal composition is constant over a long period of time, and the
tower is operated by steady input of water with a fixed content
of suspended limestone. Therefore, all physical and chemical
processes in the plant converge to an equilibrium state, where
all state variables become independent of time. We make the
simplifying assumption that the gas and the drops everywhere
move upward and downward, respectively, with given average
net velocities. Then, such an equilibrium state is described by
chemical concentrations that vary only with the vertical position
in the tower.

In order to compute approximations to these functions of
one variable, we discretize the tower by slicing it into N hor-
izontal cells of equal height. In an equilibrium state, the flow
of a chemical component into the cell plus its production by
reactions and liquid/gas mass transfer within the cell is equal
to the flow of the same component out of the cell plus its loss
by reactions and liquid/gas mass transfer within the cell. This
stationary mass balance has to hold for each cell, for each chem-
ical component and for each of the two phases, gas and water
drops. Thereby we arrive at a mathematical model that consists
of a system of 9N nonlinear coupled algebraic equations for
U∗ Corresponding author. Tel.: +43 316 380 5168; fax: +43 316 380 9815.
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the concentrations of the various chemical components in each 63

cell. 64
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Nomenclature

h height of spraytower (m)
q cross section of spraytower (m2)
ρx density of water (x = l), density of gas (x = g)

(kg/m3)
m(X) concentration of substance X in liquid (mol/kg)
c(X) concentration of substance X in gas (kmol/m3)
KW ionic product of water ((kmol/m3)2)
KX equilibrium constant of reaction X (kmol/m3)
QC concentrations involving carbon (mol/kg)
QS concentrations involving sulfur (mol/kg)
TO total concentration oxygen in liquid phase

(mol/kg)
TS total concentration sulfur in liquid phase (mol/kg)
m0

(H+) nominal m(H+) concentration for CaCO3 dissolu-
tion (mol/kg)

r0 specific limestone reactivity (1/s)
r pH dependent limestone reactivity (1/s)
R universal gas constant (J/K/kmol)
T overall spraytower temperature (K)
A area of the phase interface per unit volume tower

(1/m)
p∗

X equilibrium partial pressure for gas component X
(Pa)

c∗(X) equilibrium concentration of gas component X

(kmol/m3)
KH,X Henry constant for equilibrium partial pressure of

X (Pa kg/mol)
nX rate of gas-to-water transfer of gas component X

(kmol/m3/s)
kg,X mass transfer coefficient for X (m/s)
kl,O2 mass transfer coefficient for oxygen (m/s)
M mass of liquid falling downward (kg/s)
L volume of liquid falling downward (m3/s)
G volume of gas rising upward (m3/s)
L/G ratio of liquid/gas flow (l/m3)
vg gas velocity (m/s)
dl drop diameter (m)
N number of discrete cells
n cell index
Vl(n) volume of liquid in cell n (m3)
ηSO2 SO2 efficiency of the plant
Y specific pumping work (m2/s2)
α pump parameter (m2)
g acceleration of gravity (m/s2)

We present an algorithm for the numerical computation of a65

solution of this system. It proceeds iteratively, starting with gas66

and water inflow concentrations for all cells. Based on the current67

concentrations in the drops the gas concentrations are updated68

cell by cell from bottom to top. Then, based on the current gas69

concentrations, the water concentrations are updated cell by cell70

from top to bottom. In course of this half loop, the solution of a71

highly nonlinear electroneutrality equation is required for each 72

cell, which is done by Newton’s method. The up–down iterations 73

are repeated with given inflow concentrations of the gas and 74

the water in the bottom and top cell, respectively. The iteration 75

is stopped when the updates in all cells become smaller than 76

a chosen relative error tolerance. The resulting concentrations 77

solve the system of the 9N balance equations up to a small 78

residual error. 79

To insure relevance for realistic industrial plants, all model 80

parameters are taken from real world spray towers; the most im- 81

portant parameter is the transfer coefficient for SO2. By comput- 82

ing the dependence of the efficiency of SO2 removal on various 83

parameters, it is demonstrated that the algorithm can be used for 84

the design of spray tower plants. Furthermore, good quantita- 85

tive agreement with an empirical formula for the efficiency is 86

found. Finally, we present optimization results with respect to 87

tower height and water flow rate. With our algorithm, the nu- 88

merical solution of the model equations typically is a matter of a 89

few seconds of computation time, using a conventional personal 90

computer. 91

This work was done in close cooperation with Austrian En- 92

ergy & Environment. More details can be found in Horn (in 93

press). We express our thanks to Lang and Glasner (Austrian 94

Energy & Environment) for many helpful and stimulating dis- 95

cussions. 96
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. Chemical reactions and mass transfer

Following Lang (1995), this section contains a description
f the relevant chemical processes in the spray tower. The sol-
bility of SO2 and CO2 in water depends on its pH value,
H= − logm(H+), m(H+) being the concentration of H+ ions.
or an effective solubility of SO2, the pH value should be large,
hereas for small solubility of CO2 it should not be too large. An

fficient substitution of SO2 by CO2 requires a pH value of about
in the water. When SO2 is dissolved in water, it dissociates to
O3

2−, setting free two H+ ions. When CaCO3 is dissolved in
ater, it splits into Ca2+ and CO3

2−, which can take up two H+
ons, thereby stabilizing the pH value. By oxidation the SO3

2−
olecules turn into SO4

2−. Finally SO3
2− and SO4

2− react with
a2+ to become CaSO3 and CaSO4. These two reactions are

low and take place outside of the spray tower; therefore they
re not included in the spray tower model. An overview of the
hemical reactions is seen in Fig. 1. The horizontal rules sepa-
ate the gaseous phase from the liquid phase (water drops) and
he liquid phase from the solid phase.

In the liquid phase, we consider the following acid–base re-
ctions

2O � H+ + OH−, KW = m(H+)m(OH−), (1)

O2 + H2O � H+ + HSO3
−, KS1 = m(H+)m(HSO3

−)

m(SO2)
, (2)

SO3
− � H+ + SO3

2−, KS2 = m(H+)m(SO3
2−)

m(HSO3
−)

, (3)
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Fig. 1. Overview of chemical reactions in the spray tower.

CO2 + H2O� HCO3
− + H+, KC1 = m(H+)m(HCO3

−)

m(CO2)
,

(4)

HCO3
− � CO3

2− + H+, KC2 = m(H+)m(CO3
2−)

m(HCO3
−)

, (5)121

with given equilibrium constants K. m(X) denotes the concen-
tration in mol/kg of the substance X. We introduce the sum of
concentrations involving sulfur and carbon

QS = m(SO2) +m(HSO3
−) +m(SO3

2−)

= m(SO2)

(
1 + KS1

m(H+)
+ KS1KS2

m2
(H+)

)
, (6)

QC = m(CO2) +m(HCO3
−) +m(CO3

2−)

= m(CO2)

(
1 + KC1

m(H+)
+ KC1KC2

m2
(H+)

)
. (7)

Given m(H+), the auxiliary variables QS and QC can be used to122

determine all ion concentrations in (1)–(5). Since QC is mod-123

elled such that it is not altered by the chemical reaction within124

the liquid, its variation is determined by the transfer rate of CO2125

from water to gas (see below).126

The oxidation of sulfite to sulfate is a fast irreversible reac-127

t128

2129

T130

t131

T132

T

By (2) and (3)m(HSO3
−) andm(SO3

2−) are proportional tom(SO2). 133

Thusm(SO3
2−) = 0 implies QS = 0. Sincem(O2) > 0 if and only 134

if m(SO3
2−) = 0, we conclude 135

m(O2) = 1
2 max(TO − TS, 0). (10) 136

If m(O2) = 0, then TO ≤ TS, therefore 137

QS = max(TS − TO, 0). (11) 138

Since either m(O2) = 0 or QS = 0, 139

m(SO4
2−) = min(TO,TS). (12) 140

Similarly as QC the variables TO,TS vary only by mass transfer 141

from gas to water, and therefore they are determined by mass 142

transfer rates (see below). 143

The comparison of all the positive and negative ion concen-
trations in solution yields the electroneutrality equation

m(H+) + 2m(Ca2+) + 2m(Mg2+) = m(OH−) +m(HSO3
−)

+ 2m(SO3
2−) +m(HCO3

−) + 2m(CO3
2−) + 2m(SO4

2−). (13)

Here the given constant m(Mg2+) stands for cations that are not
represented in the reaction equations above. Using (1)–(7), (11)
and (12) we can rewrite the ion concentrations in terms of QC,
TS, TO and arrive at

0
KW

G 144

b 145

e 146

r

C

T 147

r 148

149

w 150

c 151

c 152

r 153

t 154

w 155

e 156
U
N

Cion; there is no equilibrium, all oxygen is reduced immediately:

SO3
2− + O2 → 2SO4

2−, m(O2) = 0 or m(SO3
2−) = 0.

hus, either there is no oxygen or there is no sulfite in the solu-
ion. To handle this, we introduce the auxiliary variables

O = 2m(O2) +m(SO4
2−), (8)

S = QS +m(SO4
2−)

= m(SO2) +m(HSO3
−) +m(SO3

2−) +m(SO4
2−). (9)
CACE 3222 1–9

= m(H+) + 2m(Ca2+) + 2m(Mg2+) − 2 min(TS,TO) −
m(H+)

−

KS1
m(H+)

+ 2
KS1KS2

m2
(H+)

1 + KS1

m(H+)
+ KS1KS2

m2
(H+)

max(TS − TO, 0)

−

KC1

m(H+)
+ 2

KC1KC2

m2
(H+)

1 + KC1

m(H+)
+ KC1KC2

m2
(H+)

QC. (14)

iven QC, TS, TO andm(Ca2+), this equation determinesm(H+):
y differentiation with respect tom(H+) it can be seen that there
xists a unique positive solution.

The dissolution of the suspended solid limestone is a slow
eaction, the kinetics being described by a differential equation

aCO3,s → Ca2+ + CO3
2−,

d

dt
m(CaCO3) = −rm(CaCO3).

(15)

he rate r decreases with the pH value, namely r =
0

√
m(H+)/m

0
(H+), where r0 and m0

(H+) are given constants.

So far we have considered chemical reactions within the
ater drops. In the gas we consider three components: let

(SO2), c(CO2), c(O2) denote the concentration of sulfur dioxide,
arbon dioxide, oxygen in the gas in units kmol per m3 gas. The
ate of mass transfer nX of gas component X from gas into wa-
er increases with its concentration c(X) in the gas and decreases
ith its concentration m(X) in the water. By Henry’s law, the

quilibrium partial pressure p∗
X in the gas, at which no net trans-
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fer occurs, is proportional to the concentration in the water157

c∗(X) = 1

RT
p∗

X = KH,X

RT
m(X). (16)158

Here R is the universal gas constant, T denotes the temperature159

and KH,X is the Henry constant for X. nX, in kmol/s/m3, is160

proportional to the difference c(X) − c∗(X) and the area A (per161

unit volume tower) of the phase interface,162

nX = kg,XA(c(X) − c∗(X)). (17)163

kg,X is called the mass transfer coefficient, see e.g. Snape, Dunn,164

Ingham, & Přenosil (1995). In case of oxygen it is denoted by165

kl,O2 , because the resistance to transfer on the liquid side is166

negligible, whereas for c(SO2) and c(CO2) the resistance on the167

gaseous side is negligible. In summary, combining (16) and (17)168

and using QC,TS,TO to express m(X), the three mass transfer169

rates are170

nSO2 = kg,SO2A

⎛
⎜⎜⎜⎜⎝c(SO2) − KH,SO2

RT

(
1+

KS1
m(H+)

+
KS1

KS2

m2
(H+)

) max(TS − TO, 0)

⎞
⎟⎟⎟⎟⎠ ,

nCO2 = kg,CO2A

⎛
⎜⎜⎜⎜⎝c(CO2) − KH,CO2

RT

(
1+

KC1
m

+
KC1

KC2

) QC

⎞
⎟⎟⎟⎟⎠ ,

(18)171

172

t173

g174

t175

u176

i177

T178

t179

(180
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a182

t183

c184

t185

m186

t187

a188

a189

b190

a191

3192

193

d194

c195

c196

F197

directed upward and the net average flow of water is everywhere 198

directed downward. In order to formulate the balance equations 199

we introduce the following notation 200

c(X)(n) concentration of X in the gas in cell n, 201

G(n) volume of gas that leaves cell n per unit of time, 202

A(n) surface of phase-interface gas/liquid in cell n, 203

Vl(n) volume of liquid in cell n, 204

M(n) mass of water that leaves cell n per unit of time, 205

m(X)(n) concentration of X in the liquid in cell n, 206

QC(n), TS(n), TO(n) auxiliary variables in cell n. 207

The balance equations are derived by the argument that in 208

steady-state the total mass of a substance X that enters one 209

of the phases in cell n is equal to the total mass of the same 210

substance X that leaves the same phase in cell n. The sub- 211

stance X in the gas in cell n enters from cell n+ 1 with rate 212

Fig. 2. Discretization by cells.
U
N

C
O

R
R

E
C

T

(H+) m2
(H+)

nO2 = kl,O2A
(
c(O2) − KH,O2

2RT
max(TO − TS, 0)

)
.

Suppose that the temperature and the pressure are constant
hroughout the tower and that the flow velocities of both the
aseous and the liquid phase are given functions of time t and
he coordinates (x, y, z) of position in the tower. Then we can set
p the mass balance equations for each of the chemical species
n a small cell with edges that are parallel to the coordinate axes.
he velocities determine gains and losses due to advection, while

he balance due to reaction and phase transitions follows from
15) and (18). The electroneutrality Eq. (14) is an equation for

(H+)(t, x, y, z). In the limit of vanishing cell size we arrive at
system of partial differential equations of reaction-advection

ype for the eight state components

(SO2), c(CO2), c(O2),m(CaCO3),m(Ca2+),QC, TS, TO,

hat are functions of t and (x, y, z). This system is to be supple-
ented with initial conditions and appropriate boundary condi-

ions for the inflow concentrations in gas and water at the bottom
nd the top of the tower, respectively. However, in the present
rticle, we do not elaborate on that infinite dimensional model
ut rather we restrict ourselves to the most simple flow patterns
nd to states that are independent of time.

. The discrete equilibrium system

In case of states that are independent of time, the model re-
uces to steady-state balance equations. Furthermore, we dis-
retize the vertical space coordinate by consideringN horizontal
ells that are numbered from top (n = 1) to bottom (n = N), see
ig. 2. We assume that the net average flow of gas is everywhere
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c(X)(n+ 1)G(n+ 1), leaves to cell n− 1 with rate c(X)(n)G(n)
and leaves to the liquid phase with mass transfer rate nX(n) =
kg,XA(n)(c(X)(n) − c∗(X)(n)). The substance X in the drops in cell
n enters from cell n− 1 with rate m(X)(n− 1)M(n− 1), leaves
to cell n+ 1 with rate m(X)(n)M(n), and enters from the gas
with transfer rate 1000nX(n) (using kmol/m3 for gas concen-
trations and mol/kg for liquid concentrations). In addition, per
unit of time, ρlVl(n)r(n)m(CaCO3)(n) mol solid CaCO3 dissolve
into the liquid phase of cell n, increasing by the same amount
the concentrations of m(Ca2+)(n) and QC(n). ρl is the density of
the liquid. By rearrangement of the balance equations for the
concentrations in each cell, we get

c(X)(n) = (G(n) + kg,XA(n))−1 × (c(X)(n+ 1)G(n+ 1)

+ c∗(X)(n)kg,XA(n)), (19)

m(CaCO3)(n) = M(n− 1)m(CaCO3)(n− 1)

M(n) + r0

√
m(H+)(n)/m0

(H+)ρlVl(n)
, (20)213

m(Ca2+)(n) = 1

M(n)

(
M(n− 1)m(Ca2+)(n− 1)

+ r0ρlVl(n)m(CaCO3)(n)

√
m(H+)(n)

m0
(H+)

)
, (21)

Q

f214

H215

a216

b217

h218

219

w220

221

Note that αS(n), βS(n), αO(n), βO(n) are determined by the gas 222

concentrations in cell n and the liquid concentrations in cell 223

n− 1. In the case βS(n) > βO(n) we have TS(n) ≥ TO(n) be- 224

cause TS(n) < TO(n) implies TS(n)M(n) = βS(n) > βO(n) = 225

TO(n)M(n) + αO(n)(TO(n) − TS(n)) > TO(n)M(n), a contra- 226

diction. In the case βS(n) ≤ βO(n) we have TS(n) ≤ TO(n) be- 227

cause TS(n) > TO(n) implies TO(n)M(n) = βO(n) ≥ βS(n) = 228

TS(n)M(n) + αS(n)(TS(n) − TO(n)) > TS(n)M(n), a contra- 229

diction. Therefore we have 230

if βS(n) > βO(n),

{
TO(n) = βO(n)

M(n)

TS(n) = βS (n)+αS (n)TO(n)
M(n)+αS (n)

if βS(n) ≤ βO(n),

{
TS(n) = βS (n)

M(n)

TO(n) = βO(n)+αO(n)TS(n)
M(n)+αO(n)

(23) 231

We use the indices n = 0 and n = N + 1 to denote inflow con- 232

centrations. Thus c(X)(N + 1) are the concentrations in the gas 233

entering the bottom cell and m(CaCO3)(0), . . . ,TO(0) are the 234

concentrations in the drops entering at the top. Along with 235

the inflow rates G(N + 1),M(0) these are given constant plant 236

parameters. 237

Given TS(n), TO(n), QC(n),m(Ca2+)(n) and the plant param-
eterm(Mg2+), the electroneutrality Eq. (14) with indices n deter-
minesm(H+)(n), the hydrogen ion concentration in cell n. Thus,
the model for the discrete equilibrium state consists of the 9N
c
v

c

a 238

239

t 240

f 241

( 242

d 243

t 244

S 245

t 246

t 247

l 248

c 249

a 250

v 251

t 252

b 253

t 254

m 255

e 256

t 257

• 258

259

• 260

261
U
N

C
O

R
R

E
C

TE

C(n) =

⎛
⎜⎜⎝M(n) + KH,CO2

RT

1000kg,CO2A(n)

1 + KC1
m(H+)(n) + KC1KC2

m2
(H+)

(n)

⎞
⎟⎟⎠

−1

×
(
M(n− 1)QC(n− 1)

+ r0
√
m(H+)(n)

m0
(H+)

ρlVl(n)m(CaCO3)(n)

+ 1000kg,CO2A(n)c(CO2)(n)

)
, (22)

or n = 1, . . . , N. Eq. (19) is valid for X = SO2,CO2,O2, the
enry concentrations c∗(X)(n) being given in (18), using the vari-

bles QC(n), TS(n), TO(n). The balance for TS and TO has to
e done simultaneously. Equating gains and losses in cell n we
ave

TS(n)M(n) + αS(n) max(TS(n) − TO(n), 0) = βS(n),

TO(n)M(n) + αO(n) max(TO(n) − TS(n), 0) = βO(n),

here

αS(n) = 1000kg,SO2A(n)
KH,SO2
RT

(
1 + KS1

m(H+)(n) + KS1KS2
m2

(H+)
(n)

)−1

,

βS(n) = 1000kg,SO2A(n)c(SO2)(n) +M(n− 1)TS(n− 1),

αO(n) = 1000kl,O2A(n)
KH,O2
2RT ,

βO(n) = 1000kl,O2A(n)c(O2)(n) +M(n− 1)TO(n− 1).
CACE 3222 1–9

oupled algebraic Eqs. (19)–(23),(14) for the 8N discrete state
ariables

(SO2)(n), c(CO2)(n), c(O2)(n),m(CaCO3)(n),m(Ca2+)(n),QC(n),

TS(n),TO(n),

nd the N ion concentrations m(H+)(n).
We exploit the specific structure of the system that is due to

he unidirectional movement of each of the two phases. Assume,
or the moment, that the m(H+)(n) are given. By inspection of
19)–(23), it is seen that the gas concentrations in cell n are
etermined by the liquid concentrations in cell n for the mass
ransfer and the gas concentrations in cell n+ 1 for the flow.
imilarly, the liquid concentrations in cell n are determined by

he gas concentrations c(CO2)(n), c(O2)(n) and the liquid concen-
rations in cell n− 1. If the equilibrium concentrations in the
iquid are given, then the corresponding equilibrium gas con-
entrations can be computed from the gas inflow concentrations
t the bottom in the orderN,N − 1, . . . , 2, 1 up to the top. Con-
ersely, if the equilibrium gas concentrations are given, then
he corresponding equilibrium concentrations in the liquid can
e computed using (20)–(23) from the liquid inflow concentra-
ions at the top in the order 1, 2, . . . , N down to the bottom. The

(H+)(n) themselves depend on the concentrations by a nonlin-
ar equation. Motivated by this observation we propose and use
he following iterative procedure:

start withm(H+)(n) = √
KW and the given inflow concentra-

tions for gas and liquid in all cells;
using the current liquid concentrations, update the gas con-
centrations in cell N,N − 1, . . . , 1 using (19);
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• then, using the updated gas concentrations, compute the liq-262

uid concentrations in cell 1, 2, . . . , N using (20)–(23) and, in263

each cell, update m(H+)(n) by solving (14);264

• continue the up/down iterations until all updates are smaller265

than a preselected tolerance.266

For updating m(CaCO3)(n),m(Ca2+)(n),QC(n),TS(n), the value267

of m(H+)(n) is needed (see (20)–(22), αS(n)), which in turn268

depends on m(Ca2+)(n), QC(n), TS(n), TO(n) (see (14)). We269

break up this dependency by usingm(H+)(n) from the preceding270

up/down cycle for the update ofm(CaCO3)(n),m(Ca2+)(n), QC(n)271

and TS(n),TO(n) and then use these to compute the update of272

m(H+)(n) solving (14).273

We employed various ideas and algorithms for the solution274

of (14), such as bisection or fixed point iteration. Splitting the275

right hand side of (14) into the difference of the two functions276

(ofm(H+)) that comprise the first five and the last two terms, their277

intersection point can be approximated by crossing secants. It278

was shown in Horn (in press) that this method converges. How-279

ever, the standard Newton method turned out to be most efficient280

for finding the unique positive zero m∗
(H+) of (14). Any positive281

initial guess with negative right hand side of (14) generates a282

Newton sequence that converges to m∗
(H+).283

A satisfying end result is typically obtained in EIGHT284

up/down cycles. A discretization with a couple of hundred cells285

i286

t287

a288

u289

4290

291

T292

d293

m294

s295

X296

e297

b298

9299

300

t301

o302

u303

t304

M305

p306

307

v308

w309

t310

311

Here dl is the diameter of the drops, g is the earth’s acceleration, 312

ρl, ρg are the densities and the factorψ depends on the Reynolds 313

number. We set ρg = 1 and, following Vauck and Müller (1988) 314

ψ = 0.44, and obtain vrel = 5.452
√
ρldl. From vrel we get A = 315

6L/(dl(vrel − vg)q) with the constant gas velocity vg, which is 316

a given plant parameter. 317

The mass transfer coefficients for CO2 and O2 can be modeled 318

by constants, but the important coefficient kg,SO2 depends on the 319

acidity in the drops, and the acidity increases from top to bottom. 320

A detailed study of kg,SO2
was carried out in Eden (1994) and 321

Glasner and Tokarewicz (1999). The basic argument behind the 322

formula for 1/kg,SO2
is, that it is the sum of resistance to transfer 323

of SO2 out of the gaseous phase and the resistance to transfer of 324

SO2 into the liquid phase, 325

kg,SO2 =
(

1

βg
+ H

βlE

)−1

. (25) 326

The factor H/E is introduced to account for pH dependency, 327

H = KH,SO2/(ρgRT ) is a dimensionless Henry constant and 328

E = 0.0269(100m(CaCO3))0.122pH2.4(G/L)0.173 is an empiri- 329

cal factor. βg = 1.6(2 + 148
√
dlvrel)/(105dl) and βl = 4.37 × 330

10−5(ρld
3
l σ)1/4, wherein the numeric constants reflect estimated 331

flow characteristics of the turbulent gas around spherical drops 332

and 333

σ = a

(
Tc − T

Tc

)ν (
1 + b

(
Tc − T

Tc

))
, (26) 334

is the surface tension with the parameters a = 235.8 × 335

10−3 N/m, b = −0.625, ν = 1.245, Tc = 647 K. This formulas 336

yield pH dependent mass transfer coefficients kg,SO2 with values 337

between 0.01 and 0.05 m/s. 338

The remaining constants and inflow concentrations are taken 339

from Lang (1995). A set of parameter values, that are realistic 340

in industrial practice, is given, along with their units, in Table 1. 341

With this set of parameter values we apply the up/down al- 342

gorithm. For reproducability, numeric outcomes for N = 10 343

cells are given in Table 2. The results for N = 100 are seen 344

in Fig. 3. The ranges of the vertical axes are as follows: SO2 345

from 0 to 3.5 × 10−5, CO2 from 0.018 to 0.0205, O2 from 346

3.55 × 10−3 to 3.62 × 10−3, H+ from 0 to 1.8 × 10−6, TO,TS 347

Table 1
Parameters and units

h 13 m KW 9.3764 × 10−14 (kmol/m3)2

q 14 × 14 m2 KS1 6.2000 × 10−3 kmol/m3

R 8314.4 J/K/kmol KS2 3.1610 × 10−8 kmol/m3

T 273+60 K KC1 5.2106 × 10−7 kmol/m3

ρl 1050 kg/m3 KC2 7.2470 × 10−11 kmol/m3

ρg 1 kg/m3 KHSO2
2.2028 × 105 Pa kg/mol

L 5.93 m3/s KHCO2
1.5233 × 10−7 Pa kg/mol

G 416.67 m3/s KHO2
1.3562 × 108 Pa kg/mol

vg 3 m/s kg,CO2 0.001 m/s
dl 0.002 m kl,O2 0.0003 m/s
m(Mg2+) 0.001 mol/kg m0

(H+)
10−5.8 mol/kg

m(CaCO3)(0) 0.02 mol/kg r0 2/3600 1/s
m(Ca2+)(0) 0.01 mol/kg
QC(0) 0.02 mol/kg c(SO2)(N + 1) 3.6118 × 10−5 kmol/m3

TS(0) 0 mol/kg c(CO2)(N + 1) 0.0051 kmol/m3

TO(0) 0 mol/kg c(O2)(N + 1) 0.0036 kmol/m3
U
N

C
O

R
R

E
C

T

s feasable on a conventional PC within a few seconds of compu-
ation time. In fact, in all our examples the iterations converged
nd the resulting concentrations satisfied the equilibrium system
p to small residual errors.

. Evaluation and application of the model

This section presents outcomes of the iterative procedure.
he procedure, henceforth called the up/down algorithm, pro-
uces 9N numbers c(SO2)(n), c(CO2)(n), c(O2)(n),m(CaCO3)(n),

(Ca2+)(n), QC(n), TS(n), TO(n),m(H+)(n), that approximately
olve the 9N equations (19)–(23),(14). Eq. (19) is valid for
= SO2,CO2,O2. Eq. (14) has to be solved for m(H+)(n) in

ach cell n, i.e. in (14)m(H+),m(Ca2+), QC, TS, TO are replaced
y m(H+)(n),m(Ca2+)(n), QC(n), TS(n), TO(n). Thus, there are
N coupled equations for 9N unknown variables.

For the computation of equilibrium states we need to specify
he model parameters in full detail. We consider a spray tower
f constant horizontal cross section q and tower height h and
se N cells of equal height so thatG(n), A(n), Vl(n),M(n) have
he same values for all n. In what follows, instead of mass flow

(in kg/s), volume flow L (in m3/s) will be used for the liquid
hase.

From the simplifying assumption, that the relative velocity
rel of the gas and the drops is the same throughout the tower,
e determine it by equating gravity and phase friction acting on

he drops,

4

3

(
dl

2

)3

πgρl = ψ
ρg

2

(
dl

2

)2

πv2
rel. (24)
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Table 2
Results for N = 10 cells

n 105 × c(SO2) 103 × c(CO2) 103 × c(O2) 106 ×m(H+) 102 ×m(Ca2+) 102 × QC 103 × TS 103 × TO

1 0.1799 4.5180 3.5626 0.0377 1.0000 2.3424 0.0553 0.1702
2 0.2626 4.5692 3.5651 0.1241 1.0001 2.6888 0.1361 0.2647
3 0.3682 4.6209 3.5665 0.2156 1.0002 3.0391 0.2494 0.3752
4 0.5067 4.6733 3.5682 0.3134 1.0004 3.3934 0.4053 0.5242
5 0.6884 4.7262 3.5704 0.4201 1.0005 3.7517 0.6171 0.7266
6 0.9260 4.7797 3.5734 0.5399 1.0007 4.1141 0.9020 0.9990
7 1.2349 4.8338 3.5775 0.6792 1.0009 4.4807 1.2820 1.3627
8 1.6341 4.8886 3.5829 0.8490 1.0011 4.8514 1.7847 1.8445
9 2.1458 4.9439 3.5901 1.0681 1.0014 5.2263 2.4449 2.4778

10 2.7958 4.9999 3.5996 1.3717 1.0016 5.6055 3.3051 3.2962

from 0 to 5 × 10−3 and CaCO3 from 0.1998 to 0.2. In each348

of the 6 plots the cell number grows along the horizontal axis349

from top (n = 1, left) to bottom (n = 100, right). Thus, with350

an SO2 inflow concentration of 3.6 × 10−5 for cell 100, the351

model predicts an SO2 outflow concentration of 1.01 × 10−6
352

in cell 1, which means an SO2 efficiency ηSO2 = 0.9719. The353

SO2 efficiency of the plant, 0 ≤ ηSO2 ≤ 1, is defined by the354

quotient of the difference of the in- and outflow concentration355

over the inflow concentration. In the model it is computed by356

ηSO2 = (c(SO2)(N + 1) − c(SO2)(1))/c(SO2)(N + 1).357

Looking at examples of equilibria for various parameter sets
reveals that the model and the up/down algorithm yield plausible
results. In order to get a more quantitative evaluation of our
model, we refer to a regression formula for ηSO2 that is given in
Eden, Heiting, & Luckas, (1997):

ηSO2 = 1 − exp

(
−5.8 × 10−4

(
L

G

)0.92

v0.19 exp(pH + 1.35

× 10−4Mg − 0.58 × 10−4SO2 + 1.45 × 10−5Cl)

)
.

(27)

Here SO2 is the inflow concentration SO2 in mg/m3, v in m/s is358

the gas velocity without spraying, L/G is given in liters per m3,359

M360

i361

m362

f363

(364

2365

3366

e367

(368

a369

y370

p371

S372

T373

T374

375

o376

w377

a378

and consider the effect on the results, e.g. on the SO2 efficiency 379

ηSO2 . With the exception L = 4.16 we use Table 1 for the nom- 380

inal values. As already mentioned above, one of the most im- 381

portant parameters for the efficiency is the mass transfer coef- 382

ficient for SO2. Since kg,SO2 decreases with the temperature, 383

so does ηSO2 . For example, when T is increased from 60 to 384

90 ◦C, ηSO2 decreases from 0.9114 to 0.7986. To test the im- 385

portance of limestone for the stabilization of the pH value in 386

the drops, one varies the inflow concentration m(CaCO3)(0) and, 387

accordingly,m(Ca2+)(0). It turns out that below a CaCO3 concen- 388

tration of 0.01 mol/kg there is a steep loss of efficiency and for 389

0.01 ≤ m(CaCO3)(0) ≤ 0.05 we get 0.85 ≤ ηSO2 ≤ 0.95. Even 390

higher limestone concentrations imply the danger of incrusta- 391

tions in the pumping system that is, of course, not modelled here. 392

Clearly, the smaller the diameter of the drops and/or the larger the 393

ratio L/G, the better the efficiency; but there are technical limi- 394

tations to the variation of dl andL/G. When increasing the SO2 395

inflow concentration up to c(SO2)(N + 1) < 6000 mg/m3, the ef- 396

ficiency decreases slowly; beyond that threshold value ηSO2 goes 397

down rapidly. Finally, when the model parameter h is increased, 398

the efficiency tends to ηSO2 = 1 as long as all other parameters 399

are held fixed. 400

However, when the tower height h increases, the pumping in 401

the spraying system costs more energy, for fixed L. In a more real- 402

istic variant, we need to consider the dependence of the pumping 403

rate L on the tower height h and the specific pumping work Y. 404

A formula that is derived from Bernoulli’s equation and is used 405

in engineering practice is 406

L(h, Y ) = α
√
Y − gh, for Y ≥ 0, 0 ≤ h ≤ Y

g
, 407

Table 3
Comparison of ηSO2

Up/down
algorithm

Empirical
formula pH 5.8

Empirical
formula pH 6.12

SO2

3000 0.9032 0.8205 0.9061
4000 0.8968 0.8022 0.8927
5000 0.8871 0.7833 0.8783

L/G

5 0.6784 0.5801 0.6973
7 0.7936 0.6935 0.8038
10.5 0.9032 0.8205 0.9061
15 0.9618 0.9078 0.9625
U
N

C
O

R
Rg and Cl are the concentrations in ppm of positive and negative

ons in the drops. We estimate the latter from the parameters for

(Mg2+) andm(Ca2+) in Lang (1995) to get Mg = Cl = 200. The
ormula (27) is based on experimental data Bechtel Corporation
1977) and, according to Eden et al. (1997), it is applicable for
≤ v ≤ 2.7, 11 ≤ h ≤ 15, pH ≥ 5.5 and SO2 ≥ 3000. Table
compares results for ηSO2 . From Eden et al. (1997) it is not

xactly clear which H+ concentration is to be used for pH in
27), and we make two choices: the low outflow value pH 5.8
nd, secondly, pH 6.12 which is the average from Fig. 3 and
ields a good quantitative congruence of (27) and our model with
arameters as above. In the table the upper three rows are used for
O2 = 3000–5000 with fixed L/G = 10.5 and v = vg = 2.5.
he lower four rows show varyingL/Gwith fixed SO2 = 3000.
he up/down algorithm was again applied with 100 cells.

In the following we briefly indicate some examples of using
ur model for the design of spray towers. The most straightfor-
ard applications are concerned with the variation of one (or
few) model parameter(s) while holding the other ones fixed,
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Fig. 3. Concentrations in cell 1–N = 100.

where g is the acceleration of gravity and α is a parameter of408

the pump. For fixed specific pumping work Y = Y0, this formula409

definesL as a function of h. The equilibrium system then defines410

the efficiencyηSO2 as a function of h. When h grows,L(h, Y0) de-411

creases, and so ηSO2 (h, Y0) has a maximum. We use the up/down 412

algorithm for the computation of ηSO2 (h, Y0) for Y0 = 500 J/kg, 413

α = 0.18 m2 andh = 1, 2, . . . , 51. The results are seen in Fig. 4. 414

When a minimal efficiency is preselected, ηSO2 = 0.85 say, the 415
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Fig. 4. Minimal and optimal tower height for Y0 = 500.

results can be used to determine the minimal height hmin = 11 m416

that is required to achieve this efficiency. Furthermore, it can be417

seen that the optimal efficiency, ηSO2 = 0.96, for the given pa-418

rameter set is obtained withh = hopt = 32 m, where ηSO2 (h, Y0)419

has its maximum.420

5. Conclusions421

Based on basic physical and chemical principles a mathemat-422

ical model for the equilibrium states of a spray tower plant was423

derived. According to a one-dimensional spatial discretization424

byN cells, the model consists of a system of 9N algebraic equa-425

tions for the chemical concentrations in the two phases, gas and426

water drops, in the tower. An efficient numerical algorithm for

solving this system was presented. It is based on the opposite 427

flow directions of the phases and converged in a wide range of 428

examples. The model was validated by a satisfactory comparison 429

with experimental data from the literature. Furthermore, the ap- 430

plicability of the model and the algorithm to spray tower design 431

such as optimization of plant parameters was demonstrated. Be- 432

cause the equilibrium system is derived from basic physical and 433

chemical principles, we believe that it is much more versatile 434

and flexible than empirical formulas. 435
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