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HIGHLIGHTS

o We model the flow of a fluid in a horizontal pipe connected to a vertical tank.
o We deal with a singular second order ODE with periodic boundary conditions.
e Stable periodic solutions are obtained for some values of the physical parameters.
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We provide sufficient conditions for the existence and the asymptotic stability of periodic positive
solutions for a pipe/tank flow configuration. The model is a nonlinear ordinary second order differential
equation with a singularity containing the second power of the derivative of the unknown function and
with a linear term representing friction. In this way we complement previous results obtained by G. Propst
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1. Introduction

A periodically forced differential system is called a pump if it has
an asymptotically stable periodic solution with a non-equilibrium
mean. A precise general definition of a pump may be found in [1]
(see Definition 1). In the special case, when the system is governed
by a second order scalar differential equation and we require
the existence of a T-periodic solution, this definition reads as
follows.

Notation 1.1. For a given continuous function h : [0, T] — R, we
denote

h

r
%/ h(s) ds, h, = min{h(t) : t € [0, T]} and
0

h* = max{h(t) : t € [0, T]}.

* Corresponding author. Tel.: +34 988387221.
E-mail addresses: angelcid@uvigo.es (J.A. Cid), georg.propst@uni-graz.at
(G. Propst), tvrdy@math.cas.cz (M. Tvrdy).

http://dx.doi.org/10.1016/j.physd.2014.01.010
0167-2789/© 2014 Elsevier B.V. All rights reserved.

Definition 1.2. LetT > 0,g : R> — Randlete : R — Rbea
nonconstant T-periodic function, then we say that the equation

X' =g x, e)) (1.1)

is a periodically forced pump if it has a T-periodic solution x such
that

g(x,0,e) #0,
i.e. the mean value x of x is not an equilibrium of

X'=gkx x,e).

Recently, G. Propst [ 1] presented an explanation of the pumping
effect for flow configurations of 1-3 rigid tanks that are connected
by rigid pipes. Moreover, he proved the existence of periodic
solutions to the corresponding differential equations for systems
of 2 or 3 tanks, while for the apparently simplest configuration
consisting of 1 pipe and 1 tank, he guaranteed the existence of a
positive periodic solution only in some particular cases.

Remark 1.3. The flow configurations considered by G. Propstin[1]
are special cases of valveless systems of a moving fluid. The term
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Fig. 1. 1 pipe-1 tank configuration.

valveless pumping refers to the conveyance of liquid fluids in
mechanical systems that have no valves to ensure the preferential
direction of flow. Such phenomena appear e.g. in the models
of blood circulation in the cardiovascular system, in some other
models from microfluidics, or, at large scales, in oceanic currents.
Valveless pumping is also referred to as Liebau phenomenon, after
the pioneering works by G. Liebau starting in 1954; see [2-4].

In the configuration of 1 pipe and 1 tank (see Fig. 1), a horizontal
pipe is connected to a vertical tank, both contain a fluid of density
p, up to the level height h in the tank. In the pipe, at distance £ from
the tank, the pressure outside the mass- and frictionless moveable
piston is forced T-periodically in time t, while the environmental
pressure above the fluid in the open tank is set to zero. The time
derivative of the momentum of the mass of the fluid in the pipe
between the piston and the tank equals the sum of the forces act-
ing on it. These forces are due to the pressure p and the hydrostatic
pressure p - g -h at the bottom of the tank, where g is the accel-
eration of gravity. The friction is modeled by Poiseuille’s law with
friction coefficient ry. Furthermore, since the cross section Ap of the
pipe is assumed to be small in comparison to the cross section Ay
of the tank, the fluid in the tank is modeled to be at rest. Finally,
by Bernoulli’s equation, the pressure loss is due to the difference
of the fluid velocity in the pipe and zero velocity in the tank, i.e., is
given by ;g w?, where ¢ > 1is the junction coefficient depending
on the particular geometry and smoothness of the junction of the
tank and the pipe and w = —¢'is the fluid velocity in the pipe (ori-
ented in the direction from the piston to the tank). Therefore, the
fluid motion in the pipe is described by the momentum equation

p () w(t)) = p(t) —ro £(t) w(t)

—pgh(®) + £ 5 WO (12)
The level height h is coupled to ¢ by the relation
Ap £(t) + Ar h(t) = Vo, (1.3)

where the total volume Vj of the fluid in the system is supposed to
be constant. Inserting w = —£" and (1.3) into (1.2), we get

e0 =0+ s (- (145) wor
P 2

£(t)
s p0) o .
Ar P Ar

From the physical point of view we are interested in the search
of positive solutions of problem (1.4). The right-hand side of the
differential equation in (1.4) is singular for £ = 0 and, moreover,
the singular term

L8 2
an( O+2>““”)

involves also the second power of the derivative £’ of £. As there is
lack of general existence results for such problems, this makes the
analysis of the given model rather difficult. To our knowledge, only

Hakl, Torres and Zamora considered in [5,6] remotely resembling
problems for equations of the form

u' +fu' +g(t,u) = h(t, u),

where both f and g can have a singularity at the origin. Our aim is
to fill the gap providing existence and stability results for the quite
general periodic forcing p.

For the sake of clarity, let us denote

a:rﬁ, b:]—i—E, C:&’
P 2 Ar
v o (1.5)
e(t)=‘ﬁ—p—, and u=~¢.

Ar P

Then the given problem can be reformulated as the periodic
boundary value problem

v +au = % (e() —bW)?) —c, (1.6)

u(0) = u(T), u'(0) = u'(T). (1.7)

According to the physical meaning of the involved parameters, we
may assume

a>0, b>1, c>0, and

. . .. (1.8)
e is continuous and T-periodic on R.
Remark 1.4. The case a = 0 means that there is no Poiseuille

friction, which might be considered an idealization but not
meaningless from the modeling point of view. However, for the
application of the theory presented in Section 2 we need to have
a positive coefficient at the linear first order term of the second
order boundary value problem, thatisa > 0.

Assuming that u is a positive solution to (1.6), (1.7), multiplying
(1.6) by u(t) and integrating over the interval [0, T], we get that
the relation

e—cu=(b—-1W)? (1.9)
must hold. This yields immediately the following necessary
condition for the existence of a positive solution to (1.6), (1.7).
Theorem 1.5. Let (1.8) hold and let problem (1.6), (1.7) have a
positive solution. Then

&> 0. (1.10)

Remark 1.6. By (1.5), condition (1.10) is satisfied if and only if
Vo

Ar’
This means that, if At and V; are fixed and the periodic forcing p has

a positive mean value p, then problem (1.6), (1.7) has no solution
whenever the fluid density p is small enough.

p<pg (1.11)

Furthermore, put
1
g(x.y,z2)=—ay+ - (z — by’) — ¢ for x€ (0,00), y,z € R.
X

Then Eq. (1.6) takes the form (1.1). Let u be an arbitrary positive
nonconstant solution of (1.6), (1.7). By (1.8) and (1.9) we have

o1 1
gw,0,8)=—-(—cu)==-(b-DW)? >0,
u u

i.e.x = uis not a zero of g(x, 0, e). Therefore, the following simple
observation is true, as well.
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Theorem 1.7. Let (1.8) hold and let problem (1.6), (1.7) have a
nonconstant positive solution. Then Eq. (1.6) is a T-periodically forced
pump.

The main results of this paper concerning the existence and
stability of positive periodic solutions for Eq. (1.6) are the following
Theorems 1.8 and 1.10.

Theorem 1.8. Assume (1.8) and let a > 0 and e, > 0. Then
problem (1.6), (1.7) has a positive solution provided that the following
inequality holds:

2 2
GEDe () Z (112)

4e, ?

Remark 1.9. In particular, whenever e, > 0, problem (1.6), (1.7)
has a positive solution if a is large enough or T is small enough.
Notice that e, > 0 if and only if

p* <pgﬁ
Ar’

which means that the forcing pressure is not too large in
comparison with the hydrostatic pressure at the bottom of the tank
and with the mass of the fluid in the system. So it is a natural
requirement preventing the emptying of the pipe.

Theorem 1.10. Assume (1.8) and let a > 0 and e, > 0. Then
problem (1.6), (1.7) has at least one asymptotically stable positive
solution provided that the following inequalities hold:

bE)?—(b-1)()?) (m\2

e, (e¥)? = (?) + 4 (1.13)
and
(b—1)e* <be,. (1.14)

Remark 1.11. If e(t) is a positive constant, that is e* = e, > 0,
then condition (1.14) is always satisfied. Moreover, if in addition
1 < b < 3, then condition (1.12) is satisfied whenever (1.13)
holds, while if b > 3, then condition (1.13) is satisfied whenever
(1.12) holds. The size of b = 1 4 % is related to the strength of the
nonlinearity in the model (1.2), and in (1.15) below.

The rest of the paper is devoted to the proof of the previous two
theorems: in Section 2 we present some lemmata needed in order
to prove Theorem 1.8 in Section 3 and Theorem 1.10 in Section 4.
Our main tool will be the use of lower and upper functions.

The change of variables u = x*, where u = bJ%l transforms the
singular problem (1.6), (1.7) to the regular problem

X'() +ax' () +st)xf —r(t)x* =0, (1.15)
x(0) = x(T), X' (0) = X' (T), (1.16)
where
r(t) = @, s(t) = 5, a=1-2pu,

" J (1.17)
B=1—p.

In particular, we have the following result.

Lemma 1.12. The functionu : [0, T] — R is a positive solution to
problem (1.6), (1.7) if and only if x(t) = u(t)/* is a positive solution
to problem (1.15), (1.16).

Remark 1.13. Since b > 1by (1.8), we have 0 < u < 1/2 and,
hence, 0 < o < B < 1.In particular, this means that problem
(1.15),(1.16) is regular.

2. Some auxiliary results

Assume
a>0, and f :[0,T] x R — Ris continuous (2.1)
and consider the auxiliary problem
X'(t) +ax'(t) +f(t,x) =0,
X' (0) = X(T).

x(0) = x(T), (22)

The proofs of our main results rely on the method of lower
and upper functions; see e.g. [7]. For our purposes the following
definitions are satisfactory.

Definition 2.1. A T-periodic function o; with a second order
derivative continuous on [0, T] is a lower function for (2.2) if

oy (t) +aoq(t) +f(t,01(t)) =0 for t € [0, T],

while an upper function is defined analogously, but with reversed
inequality.

If a lower function or an upper function is not a solution to (2.2),
it is called a strict lower function or a strict upper function of (2.2),
respectively.

The following two auxiliary results will be useful for the proof
of Theorem 1.8. The former is a special case of [8, Theorem 2.4] and
is due to D. Bonheure and C. de Coster.

Lemma 2.2. Let o and o, be lower and upper functions of (2.2),
respectively, such that o, < o7 on [0, T]. Assume that f : [0, T] x
R — R s continuous and there is a function p continuous on [0, T]
such that

F(t, %) -
X

2
limsupf(t,x) <p(t) and limsup < % (2.3)

X——00 X—> 00
uniformlyint € [0, T].

Then problem (2.2) possesses a solution x such that o,(t;) <
x(t1) < oq(ty) forsomet; € [0, T].

Remark 2.3. Let us note that the proof of [8, Theorem 2.4] as given
in [8] should be supplied by a proper a priori estimate of the
derivatives of the possible solutions to (2.2). With respect to the
first two parts of the proof in [8], this estimate can be, of course,
obtained using some of the standard Nagumo type theorems (see
e.g. [7, Proposition 4.3]).

The latter lemma relies on the antimaximum principle by
P.Omari and M. Trombetta.

Lemma 2.4 (]9, Proposition 2.2]). Let a, .. € R be such that

2

TN\2 a
O<A§<?) +5 (2.4)

and let h be continuous on [0, T].
Then any solution u of the linear periodic boundary value problem

u” +au + Au = h(t), u(0) = w(T), u'(T) =u'(T) (2.5)

is nonnegative on [0, T] whenever h is nonnegative on [0, T].

In order to get stability of the periodic solution the following
result will be useful.
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Lemma 2.5 ([10, Theorem 1.2 and Remark 3.2]). Assume a > 0 and
let o1 be a strict lower and o, a strict upper function of (1.15), (1.7)
such that o < o7 on [0, T]. Furthermore, let

T\ 2 2

%f(t,x) < (;) —|—az forae.t € [0,T]

and every x € [o2(t), o1(1)]

(2.6)

there is a continuous function y : [0, T] — [0, 00)
such that y > 0 and

3y X =@ fort €[0,T], x € [o3(6), o1 (D).
(27)

Then problem (2.2) has at least one asymptotically stable T-periodic
solution x fulfilling

on [0, T].

and assume

0y <X <01 (2.8)

3. Proof of Theorem 1.8

Assume that the assumptions of Theorem 1.8 are satisfied. We
are going to prove that then problem (1.6), (1.7) has a positive
solution. Put

x*—(”)2+az
AT 4’

With respect to Lemma 1.12 it suffices to show that problem (1.15),
(1.16) has at least one positive solution provided the relations a >
0,1, >0, >0,0=1—2u, B=1—pand

(s*)?
4r,

are true. (Notice that, by Notation 1.1 and definitions (1.17),
conditions (3.2) and (1.12) are equivalent.)

STEP 1. We have

(3.1)

< A*

(3.2)

0<r,.<r"*<oo and 0<s, <s* < o0. (3.3)
Put
flt,x) =st)x’ —r(t)x* fort € [0,T] andx € R. (3.4)
Then
f(t, %) >x¥ (5.2 =1") >0
fort € [0,T] andx > (r*/s*)l/(ﬂw), and
ft,x) <x**x*-r) <0 (33)
fort € [0,T] andx € (O, (r*/s*)]/(ﬂ_a)).
Therefore, for arbitrary
p1 € ((r*/s)VP™% 00) and p, € (0, (r,/s)V ™),
the constant functions
o1(t) =p1 and o03(t) = 2 (3.6)

are, respectively, a strict lower and a strict upper function of
problem (1.15), (1.7). (As p, < p1, we have a reversely ordered pair
of strict lower and upper functions.)

STEP 2. Let p; € ((r*/s,)V#=® oo)and p; € (0, (r,/s*)/F~9)
be fixed and o1 and o, be given by (3.6). Let

*\ 2
Ao = (iri . (37)
We will prove that thereisa §y € (0, p,) such that
A(x—68)—f(t,x) >0 fort € [0,T], § € (0, dp),
A>Ao, t € [0,T]andx € [§, 00). (3.8)

First, recall that by (3.5) and (1.17) we respectively have
—f(t,x) >0 fort € [0,T]andx € (0, xp),

e\ 1/(B—a) (3.9)
where Xy = (—)
S*
and
B—a=1-B=u, 1l—-a=2p and
e\ /0 (3.10)
X0 = (*) .
S*
Furthermore, for x > 0 and A > 0 denote
VX, A) = Ax —s*x1H o x1 720
and
@ (X, A) = AxH — s Xt £,
Then
Yo =x"e(A) and Ax—f(6,0 =Y M] (54
fort € [0,T], x>0andX >0 ’
and (cf. (3.9))
¥(S,A) > Ad ifandonlyif & € [0, xo]. (3.12)

In particular, A x — f(t, x) > 0 whenever ¢ (x, A) > 0. Moreover, if
A > Ao, (3.13)

then ¢ (x, A) > 0 and, hence, also L x — f(t,x) > 0 holds for all
t € [0,T]and x > 0. Furthermore,

d
T YA =x (X —s (1= +r.(1-2p) (3.14)
and it is easy to check that

a *2-1_ 2
—Y(x,A) >0 forx>0 and A>2%y:= M
ox 4r, (1 —=2p)

(Notice that A; = X % > Ag.) Therefore, for any A > A,
the function v/ (-, ) is nondecreasing on [0, c0). So, with respect
to (3.11) and (3.12), we can see that

A(x—368)—f(t,x) >0 holdsfor A > Aq, 3.15)
5 € (0,x), X € [5,00)andt € [0, T]. .
Next, assume that
A € (Ao, X1). (3.16)
Since0 < u < % (cf. Remark 1.13), it follows that
(2 —2p) <4ra(1—2p) < (9?1 —ud). (3.17)
In particular,
A=621—-w?—4rr,(1—=2p) >0 (3.18)
and
ad . .
% Y (x,A) =0 ifand only if
X
1
s —pw)—VA "
Xx=§& = Y or (3.19)
1/n
s*(1—p) + /A &
x=& = —— .
2

It is easy to see that

%W(x, A) >0 for x € (0,&) U (&,00) and

iw(x, M) <0 for x € (§1,%),
0x
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i.e. x = & is the point of the local maximum of ¢ on (0, co)
and x = &, is the point of the local minimum of i on (0, c0). In
particular,

v, A) = Y@,2) =18

for § € (0,x)) andx € (6, &] (3.20)
Yx,A) = Y6, 2) for x € (&, 00).
By (3.14) and (3.19), we have
AE =S (1= W&+ (1-2p) =0. (321)

Furthermore, the left-hand inequality in (3.17) can be rewritten as
(n—1* () —4nr, (1-2p) < p? (552,

wherefrom the inequality

(3.22)
follows (cf. (3.18)). Now, using (3.21) and (3.22), we get

0 (E,0) = 28" —s 8 +r.— 08"
+55(1—wé —r.(1—-2p)
= puQ@r.—s"&) >0,
i.e. ¥ (&, A) > 0. In particular, the assertion

Y(x,A) > A8 holdsfor § € (0, &),

A € (Ao, A1) and x € [§, 00) (3.23)

is true with §; = min{xo, %}.
Now, (3.15) and (3.23) complete the proof of (3.8).

STEP 3. Let Ag and &g be given by the previous step and let an
arbitrary § € (0, 8p) be given. Let A* be given by (3.1) and assume
that A* > Aq (i.e. a is large enough or T is small enough). Define

7 _ e dH+r"x—9)
f(tv X) - {f(t,X)

and consider the auxiliary problem

forx < §,
forx > §

X'(t) + ax'(t) + f(t,x) =0,
X' (0) = X(T).

Since § € (0, &g) and 8y was chosen in Step2 so that0 < &g < po,
the functions oy and o, are respectively a lower and an upper
function of problem (3.24) and the function f evidently satisfies
the assumptions of Lemma 2.2 for f. Consequently, (3.24) has a
solution x such that p, < x(t;) < p; forsomet; € [0, T].

x(0) = x(T), (324)

STEP 4. Finally, we will show that, under the assumptions of STEP
3, the inequality x > § on [0, T] holds for any solution x of (3.24).
This, of course, will imply that x is a positive solution of the given
problems (1.15), (1.16).

Let x be an arbitrary solution to (3.24). Put u(t) = x(t) — § for
t € [0, T]. Then u clearly satisfies the periodic conditions (1.7)
and, in addition,

W) +au (£) + A ult) = A* (x(t) — 8) — f(t, x(t))
for t € [0,T]andx € R.

By STEP 2, the right-hand side h(t) := A* (x(t) — ) — f(t, x(t)) is
nonnegative for all t € [0, T]. Consequently, by Lemma 2.4, u is
nonnegativeon [0, T],ie.x >§on[0,T]. O

Remark 3.1. By an analogous reasoning we could show that if
condition (1.17) is replaced by

_ e(t) c

r(t) = —, s@)=—, 0<a<pB<l, (3.25)
w w

then problem (2.2), with f given by (3.4), has at least one positive
solution whenever a is large enough or T is small enough. However,
to establish an explicit bound for X like that provided by (3.7), we
would need a (small as possible) upper estimate for the roots of the
algebraic equation

Axl® —s*ﬁxﬂ_“ +r.a=0.

4. Proof of Theorem 1.10

Assume that assumptions of Theorem 1.10 are satisfied. We
are going to prove that then problem (1.6), (1.7) has at least one
asymptotically stable positive solution.

With respect to Lemma 1.12 it suffices to show that problem
(1.15), (1.16) has at least one asymptotically stable positive solu-
tion provided the relationsa > 0,r, > 0,5, > 0,0 <a < f < 1
and

g* =p)/(B—a) Sy (1—-a)/(B—a) T\2 a
Bs* | — —ar, (—) < (—) + —, (41)
Ty r* 4
and
r* T,
2Lk (4.2)
B S« s*
are satisfied. (Notice that, by Notation 1.1 and definitions (1.17),
conditions (1.13), (1.14) and (4.1), (4.2) are equivalent.)

STEP 1. Recall (see Step 1 in Section 3) that problem (1.15), (1.16)
possesses a reversely ordered pair of lower and upper functions.
Furthermore, put

- r* 1/(B—a) - Ty 1/(B—a)
o1 = <*> and o) = (*) . (43)
Sy s*

Then, for each » > 0, we can choose a constant strict lower
function oy of (1.15), (1.16) and a constant strict upper function
o, of (1.15), (1.16) in such a way that

0<32—77<02<5"2531<(7]<8"]+7’]. (44)

STEP 2. Due to (4.2), we can choose > 0 and o5 in such a way that
the relations (4.4) and

art oo - (45)
—— <——n=0—-n<o .
Bs. s n 2—n 2
are satisfied. On the other hand, we have

a
—ft,%) > Bs,xP N —artx!

ax

forall x > 0andall t € [0, T].

This means that %f(t, x) > 0 holds for all t € [0, T] whenever

art 1/(B—a)
X > (ﬂs* ) . In other words,

0
—f(t,x) >0 forall x > 0.
0x

In particular, with such a choice of oy, 0,, condition (2.7) of
Lemma 2.5 is satisfied.

STEP 3. For each ¢ > 0 we can find n > 0 such that the relations
(4.4), (4.5) and

Bs @ —nf T —ar @+ < BT —anF Tt

are satisfied.
Foreacht € [0, T],x € [02,01] and n > 0 we have

d _
S0 = BsOX T —arOx " < psto) —ar.of

<Bs* G- —ar. G+
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Thanks to the continuity of the functions x~! and x*~ on (0, 00),
it follows easily by (4.1) and (4.3) that we can choose o, o3 in such
a way that also condition (2.6) of Lemma 2.5 is satisfied.

STEP 4. To summarize, problem (1.15), (1.16) has at least one
asymptotically stable positive solution by Lemma 2.5. O

5. Discussion

A singular second order equation which models the flow in
a horizontal pipe connected to a vertical tank is derived from
physical principles. A crafty change of variables transforms this
singular equation into a regular one, making reachable its analysis.
We obtain a necessary condition for the existence of positive
periodic solutions and sufficient conditions for the existence
and stability of positive periodic solutions, which involve some
relationships between the physical parameters. Moreover, we also
show that the former singular equation is a periodically forced pump
in the sense introduced by G. Propst in 2006.
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