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1 Introduction

In this work we are dealing with estimation problems for a scalar parameter
in elliptic partial differential equations (PDEs).
In many applications, the parameter that has to be identified, typically
satisfies certain inequality constraints, for physical or technical reasons.
Therefore, this parameter identification problem can be formulated as an
optimal control problem for a partial differential equation with inequality
constraints.
This problem can be solved, for instance, by an augmented Lagrange tech-
nique, or by a semi-smooth Newton method, see, e.g., [38]. In our work we
concentrate on an augmented Lagrange algorithm, combined with a global-
ized SQP method, as investigated in [23], [28], and [40], for instance. For the
presentation of a numerically inexpensive globalization strategy let us refer
to [18]. SQP methods for parameter estimation problems are investigated,
e.g., in [16] and [22].
The inequality constraint in the corresponding optimal control problem is
handled by the augmented Lagrange function. At each level of the aug-
mented Lagrange method a globalized SQP algorithm is used to solve the
equality constrained problem.
Parameter estimation often requires repeated, reliable and real-time predic-
tion of the parameter. Thus, we apply a model reduction of the optimal
control problem in order to save computing time. Reduced-basis element
methods for parameter dependent elliptic systems are discussed in [5], [33],
and [34], for instance. In our work we apply a technique called proper
orthogonal decomposition (POD) to derive a reduced-order model of the
optimal control problem.
POD is a method for deriving low order models for linear and non-linear
systems of differential equations. It is based on projecting the system onto
subspaces consisting of basis elements that contain characteristics of the ex-
pected solution. In this work the POD basis is derived from solutions to the
underlying PDE for different parameter values (we call these solutions the
’snapshots’). Another application of POD is in the field of time-dependent
PDEs, where the snapshots are taken on a certain grid of time-instances.
Let us comment on further literature containing applications of POD. It
is successfully used in different fields including signal analysis and pattern
recognition (see, e.g., [15]), fluid dynamics and coherent structures (see, e.g.,
[21] and [41]) and more recently in control theory (see, e.g., [2], [4], [30], [31],



3

and [32]) and inverse problems (see [3], for instance).

The work is organized in the following manner: The setting of the optimal
control problem is introduced in Section 2. Here we also define the elliptic
partial differential equation and its weak formulation. For the spatial dis-
cretization we apply a POD Galerkin approximation which is investigated in
detail in Section 3. Some error estimates between the POD-based solution
and the exact solution to a given elliptic problem are given in Section 3.4
(see also [27] and [29]). Moreover, we show a few test examples in Section 3.5
which illustrate our theoretical results. We observe that the POD method
yields good approximation results for the solution to the partial differential
equation. In Section 4 we have a detailed introduction to the parameter es-
timation problem in infinite-dimensional functional spaces. Finally we show
how the augmented Lagrange algorithm (including the SQP-method) can
be discretized by a Galerkin ansatz, for instance by POD. In Section 4.5 we
show some applications of the algorithms introduced in Section 4.3 for con-
crete numerical examples. It turns out that the POD-discretization of our
proposed solving technique indeed gives us satisfactory results. Compared to
the FE-discretized problem, the estimated parameter as well as the optimal
state are very similar. Yet, computing times are much smaller than when
we are applying the FE method for discretizing the optimal control problem.

Some applications where a POD approximation appears to be useful, include
vibroacoustic problems. Another aspect that remains to be investigated is
the problem of parameters varying on subdomains.
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2 Functional analysis

Let us begin with a brief introduction to functional analysis. In Section 2.1
we will define some spaces that will be useful in this work. They belong
to the class of Sobolev spaces. For more details on Sobolev spaces we refer
the reader to [14]. In Section 2.2 a few properties of elliptic differential
equations are presented. Finally, in Section 2.3 we give a brief introduction
to the method of finite elements.
Throughout this work, we are regarding functions that map elements from
an open, bounded domain Ω ⊂ Rd, d ∈ {2, 3}, into R.

2.1 Sobolev spaces

Let us define the following function space:

Definition 2.1 The space C∞
c (Ω) ⊂ C∞(Ω) contains all smooth functions

φ with compact support, that means, for a compact subset A ⊂ Ω

φ(k)(x) = 0 for all x 6∈ A

holds for all k ∈ N.

We shall write A ⊂⊂ Ω provided the closure Ā of A satisfies Ā ⊂ Ω and Ā
is a compact subset of Rd.
Now we are able to give the definition of a weak partial derivative.

Definition 2.2 Suppose that

u, vi ∈ L1
loc(Ω) =

{
ϕ : Ω → R

∣∣∣∣
∫

V
|ϕ(x)|dx < ∞ for each V ⊂⊂ Ω

}

and 1 ≤ i ≤ d. For i ∈ {1, . . . , d} we call vi the weak partial derivative with
respect to the ith component of u if

∫

Ω
u

∂φ

∂xi
dx = −

∫

Ω
viφdx

for all test functions φ ∈ C∞
c (Ω).

The vector of all weak partial derivatives (v1, ..., vd)T is denoted by ∇u and
called the gradient of u.
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We will operate in the following function spaces which belong to the class
of Sobolev spaces:

Definition 2.3 The functional space L2(Ω) is the space of all measurable
functions u (see Definition A.11) which satisfy

∫

Ω
|u(x)|2dx < ∞.

Remark 2.4 Supplied with the inner product

〈u, v〉L2(Ω) =
∫

Ω
u(x)v(x)dx for u, v ∈ L2(Ω)

and its induced norm

‖u‖L2(Ω) =
√
〈u, u〉L2(Ω) for u ∈ L2(Ω)

L2(Ω) is a Hilbert space.

Let ϕi, φi ∈ L2(Ω) for i ∈ {1, ..., d}, and let ϕ = (ϕ1, ..., ϕd)T and φ =
(φ1, ..., φd)T be vectors of dimension d. Then the inner product of ϕ and φ
is given by the common product topology, i.e.,

〈ϕ, φ〉L2(Ω)d =
d∑

i=1

〈ϕi, φi〉L2(Ω).

We next introduce a subspace of L2(Ω) which contains smoother functions.

Definition 2.5 The functional space H1(Ω) is the space of all measurable
functions u which satisfy

∫

Ω

(
|u(x)|2 + ‖∇u(x)‖2

Rd

)
dx < ∞,

where ‖∇u(x)‖Rd stands for the Euclidean norm of the vector ∇u(x) ∈ Rd.

Remark 2.6 Supplied with the inner product

〈u, v〉H1(Ω) =
∫

Ω

(
u(x)v(x) +∇u(x) · ∇v(x)

)
dx

(
= 〈u, v〉L2(Ω) + 〈∇u,∇v〉L2(Ω)d

)
for u, v ∈ H1(Ω)
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and its induced norm

‖u‖H1(Ω) =
√
〈u, u〉H1(Ω) for u ∈ H1(Ω)

H1(Ω) is a Hilbert space.

Definition 2.7 (Dual space) The dual space of a Banach space V is the
set of all linear and continuous mappings from V into R. It is denoted by
V ′.

By 〈· , ·〉V ′,V we denote the dual pairing between V and its dual space.

2.2 Elliptic systems

The partial differential equations that we regard in this work are in the class
of elliptic equations. More precisely, we are dealing with systems of the form

−c∆u + β · ∇u + qu = f in Ω,(2.1a)

c
∂u

∂n
+ σu = g on Γ = ∂Ω,(2.1b)

where f ∈ L2(Ω) and g ∈ L2(Γ) are bounded inhomogeneities, c > 0, β ∈ Rd,
q > 0 and σ ∈ R hold, and the function u belongs to H1(Ω). Conditions
to the parameters c, q, β, and σ in order to ensure the existence of a unique
(weak) solution to (2.1) will be given in Proposition 2.10.
In the Robin boundary condition (2.1b), n denotes the outward normal vec-
tor.

We introduce the linear operator L : H1(Ω) → H1(Ω)′ by

〈Lu, ϕ〉H1(Ω)′,H1(Ω) = c

∫

Ω
∇u·∇ϕdx+σ

∫

Γ
uϕ ds+q

∫

Ω
uϕdx+

∫

Ω
β ·∇uϕdx

for u, ϕ ∈ H1(Ω). It follows directly from the proof of Proposition 2.10 that
L is also bounded and therefore continuous.
Moreover, let us introduce the linear mapping F : H1(Ω) → R by

(2.2) 〈F, ϕ〉H1(Ω)′,H1(Ω) =
∫

Ω
fϕdx +

∫

Γ
gϕds for ϕ ∈ H1(Ω).
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Since f ∈ L2(Ω) and g ∈ L2(Γ), F is also bounded and therefore, F ∈
H1(Ω)′.

Definition 2.8 The function u is called a weak solution to (2.1) if

(2.3) Lu = F in H1(Ω)′.

In other words,

(2.4) 〈Lu, ϕ〉H1(Ω)′,H1(Ω) = 〈F, ϕ〉H1(Ω)′,H1(Ω) for all ϕ ∈ H1(Ω).

An important tool in functional analysis is the Lax-Milgram lemma (see
[14]) which gives us conditions for the existence and the uniqueness of a
weak solution to (2.1).

Theorem 2.9 (Lax-Milgram lemma) Assume that V is a Hilbert space
and

B : V × V → R

is a bilinear mapping for which there exist constants α1, α2 > 0 such that
the continuity condition

|B(u, v)| ≤ α1‖u‖V ‖v‖V for all u, v ∈ V

and the coercivity condition

α2‖u‖2
V ≤ B(u, u) for all u ∈ V

hold. Finally, let F ∈ V ′.
Then there exists a unique element u ∈ V such that

B(u, v) = 〈F, v〉V ′,V for all v ∈ V.

Let 0 < ql ≤ qu be fixed and let V = H1(Ω). For every parameter q ∈ I =
[ql, qu] we introduce the (parametrized) bilinear form B(· , · ; q) : H1(Ω) ×
H1(Ω) → R that corresponds to our elliptic differential equation by

(2.5)
B(u, φ; q) =

∫

Ω
c∇u · ∇φ + quφ + β · ∇uφdx + σ

∫

Γ
uφds

= 〈Lu, φ〉H1(Ω)′,H1(Ω)

for u, φ ∈ H1(Ω) and the functional F ∈ H1(Ω)′ by (2.2).
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Proposition 2.10 Let q ∈ I. If

(2.6) α2 := min
{

c

2
, q − ‖β‖2

Rd

2c

}
+ min{0, σC2

Γ} > 0,

holds (with CΓ denoting the trace constant from Lemma A.14), then there
exists a unique weak solution u to (2.1).

Proof. We must check whether the continuity condition and the coercivity
condition of the Lax-Milgram lemma hold for the bilinear form B(· , · ; q) with
an arbitrary q ∈ I. Let us first regard the continuity condition. Applying
the Cauchy-Schwarz inequality (see Lemma A.13) several times and the trace
theorem (see Lemma A.14) twice we have

|B(u, v; q)| =
∣∣∣ c〈∇u,∇v〉L2(Ω)d + σ〈u, v〉L2(Γ) + q〈u, v〉L2(Ω)

+
∫

Ω
〈β,∇u(x)〉Rdv(x) dx

∣∣∣
≤ c‖∇u‖L2(Ω)d‖∇v‖L2(Ω)d + |σ| ‖u‖L2(Γ)‖v‖L2(Γ)

+ q‖u‖L2(Ω)‖v‖L2(Ω) +
∫

Ω
‖β‖Rd‖∇u(x)‖Rd |v(x)| dx

≤ c‖∇u‖L2(Ω)d‖∇v‖L2(Ω)d + |σ|C2
Γ‖u‖H1(Ω)‖v‖H1(Ω)

+ q‖u‖L2(Ω)‖v‖L2(Ω) + ‖β‖Rd

〈‖∇u‖Rd , |v|〉L2(Ω)

≤ c‖u‖H1(Ω)‖v‖H1(Ω) + |σ|C2
Γ‖u‖H1(Ω)‖v‖H1(Ω)

+ q‖u‖H1(Ω)‖v‖H1(Ω) + ‖β‖Rd‖∇u‖L2(Ω)d‖v‖L2(Ω)

≤ c‖u‖H1(Ω)‖v‖H1(Ω) + |σ|C2
Γ‖u‖H1(Ω)‖v‖H1(Ω)

+ q‖u‖H1(Ω)‖v‖H1(Ω) + ‖β‖Rd‖u‖H1(Ω)‖v‖H1(Ω)

=
(
c + |σ|C2

Γ + q + ‖β‖Rd

)‖u‖H1(Ω)‖v‖H1(Ω).

Thus, by setting α1 := c + |σ|C2
Γ + q + ‖β‖Rd > 0, the continuity condition

of the Lax-Milgram lemma is satisfied.
Next we aim to find conditions to the parameters in the elliptic equation
such that the coercivity condition is satisfied. Let u ∈ H1(Ω) and q ∈ I.
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By applying Young’s inequality (Lemma A.2), we find

B(u, u; q) =c‖∇u‖2
L2(Ω)d + σ‖u‖2

L2(Γ) + q‖u‖2
L2(Ω) +

∫

Ω
〈β,∇u(x)〉Rdu(x) dx

≥c‖∇u‖2
L2(Ω)d −

∫

Ω
‖β‖Rd‖∇u(x)‖Rd |u(x)| dx + q‖u‖2

L2(Ω)

+ σ‖u‖2
L2(Γ)

≥c‖∇u‖2
L2(Ω)d − ‖β‖Rd

〈‖∇u‖Rd , |u|〉L2(Ω)
+ q‖u‖2

L2(Ω)

+ σ‖u‖2
L2(Γ)

≥c‖∇u‖2
L2(Ω)d − ‖β‖Rd

(
c

2‖β‖Rd

‖∇u‖2
L2(Ω)d +

‖β‖Rd

2c
‖u‖2

L2(Ω)

)

+ q‖u‖2
L2(Ω) + σ‖u‖2

L2(Γ).

If σ ≥ 0 holds, then we have

〈F, u〉H1(Ω)′,H1(Ω) = B(u, u; q) ≥ c

2
‖∇u‖2

L2(Ω)d +
(

q − ‖β‖2
Rd

2c

)
‖u‖2

L2(Ω)

≥ min
{

c

2
, q − ‖β‖2

Rd

2c

}(
‖∇u‖2

L2(Ω)d + ‖u‖2
L2(Ω)

)

= min
{

c

2
, q − ‖β‖2

Rd

2c

}
‖u‖2

H1(Ω).

Because we presumed that c > 0, we only have to ensure that q− ‖β‖2Rd

2c > 0.
If σ < 0, however, we deduce from the trace theorem

σ‖u‖2
L2(Γ) ≥ σC2

Γ‖u‖2
H1(Ω)

and therefore

B(u, u; q) ≥ min
{

c

2
, q − ‖β‖2

Rd

2c

}(
‖∇u‖2

L2(Ω)d + ‖u‖2
L2(Ω)

)
+ σC2

Γ‖u‖2
H1(Ω)

=
(

min
{

c

2
, q − ‖β‖2

Rd

2c

}
+ σC2

Γ

)
‖u‖2

H1(Ω).

Thus, if we have parameters c > 0, q > 0, β ∈ Rd, σ ∈ R such that (2.6)
holds, the conditions of the Lax-Milgram lemma are satisfied and (2.1) has
a unique weak solution u.



10

Remark 2.11 It follows from the proof of Proposition 2.10 that for any
q ∈ I

B(u, u; q) ≥ α(q)‖u‖2
H1(Ω) for all u ∈ H1(Ω)

with

α(q) = min
{

c

2
, q − ‖β‖2

Rd

2c

}
+ min{0, σC2

Γ} > 0.

Corollary 2.12 Let all assumptions of Proposition 2.10 be satisfied. Then

‖u‖H1(Ω) ≤
1
α2
‖F‖H1(Ω)′

holds, where α2 is introduced in (2.6).

Proof. From the proof of Proposition 2.10 we find that

α2‖u‖2
H1(Ω) ≤ B(u, u; q) = 〈F, u〉H1(Ω)′,H1(Ω) ≤ ‖F‖H1(Ω)′‖u‖H1(Ω)

≤ 1
2α2

‖F‖2
H1(Ω)′ +

α2

2
‖u‖2

H1(Ω),

thus we obtain the a-priori estimate for u in the H1-norm as given in the
claim.

2.3 The finite element method

We want to give a brief introduction to the finite element (FE) method in
this section. The reader is referred to [10], [11], or [17], for instance, to find
a detailed description of the method.
Beside, e.g., the method of finite differences, the FE method is a widely-
spread and well-investigated procedure for solving boundary value problems,
in particular of the form (2.1).

If the boundary value problem is formulated as a variational equation, this
variational equation can, in turn, be discretized and then solved by FE
approximations.
We view a function u : Ω → R as a linear combination of a given finite
set of linearly independent ansatz functions, the so called ’finite elements’.
Therefore we make the Galerkin ansatz

(2.7) uh(x) =
nFE∑

i=1

uiϕi(x),
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where nFE is the number of finite elements, {ϕi}nFE
i=1 is the set of the finite

element ansatz functions, and {ui}nFE
i=1 is the set of the respective coeffi-

cients. These coefficients are the unknowns in the discretized variational
equation and have to be computed (numerically).

We define the set V h as the set of all functions which can be written in the
form (2.7), i.e., V h = span{ϕi}nFE

i=1 . Here we choose piecewise linear ansatz
functions {ϕi}nFE

i=1 , so that V h ⊂ H1(Ω) holds.
Of course, the number of finite elements should be chosen high enough to
approximate the exact solution sufficiently well. If we take only a few FE
ansatz functions, we often find unsatisfactory results for the approximation
uh. Another possibility to improve the FE approximation is to apply adap-
tive grids. This is not the focus of this research, though.

The linearly independent finite elements are characterized in the way that
each element is unequal zero only in an area around one grid point of the
domain Ω. Moreover, every point x in the domain is covered by exactly one
FE basis function that has a function value larger than zero at x.
The FE ansatz functions should be chosen as simple as possible in order to
prevent high computation times.

The discretization of the domain can be done in numerous ways. Some com-
monly used variants for two-dimensional problems apply a triangular or a
rectangular grid of the domain.

From the boundary value problem (2.1) we obtain the variational equation

B(u, v; q) = 〈F, v〉H1(Ω)′,H1(Ω) for all v ∈ H1(Ω) and q ∈ I.

Now we look at the discrete variational problem

(2.8) B(uh, vh; q) = 〈F, vh〉H1(Ω)′,H1(Ω) for all vh ∈ V h(Ω) and q ∈ I,

where uh is as in (2.7) and vh is an arbitrary linear combination of the finite
elements, i.e.,

vh(x) =
nFE∑

i=1

viϕi(x).

The existence of a unique solution uh to (2.8) follows again from the Lax-
Milgram lemma, where we require the same hypothesis for the constants c,
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q, σ, and β, because we operate in a closed subset of H1(Ω).

Of course, problem (2.8) is linear in vh and the finite elements themselves are
in the space of linear combinations of the ansatz functions {ϕi}nFE

i=1 . Thus,
(2.8) is equivalent to

B(uh, ϕj ; q) = 〈F, ϕj〉H1(Ω)′,H1(Ω), 1 ≤ j ≤ nFE .

Inserting (2.7) yields

B
( nFE∑

i=1

uiϕi(x), ϕj ; q
)

= 〈F, ϕj〉H1(Ω)′,H1(Ω), 1 ≤ j ≤ nFE .

Because B(·, ·; q) is a bilinear form for every q ∈ I we deduce

(2.9)
nFE∑

i=1

B(ϕi, ϕj ; q)ui = 〈F, ϕj〉H1(Ω)′,H1(Ω), 1 ≤ j ≤ nFE .

For a given bilinear form B(·, ·; q) and a given functional F we are able to
compute the terms

(2.10) Bij = B(ϕi, ϕj ; q) for 1 ≤ i, j ≤ nFE

and

(2.11) Fj = 〈F, ϕj〉H1(Ω)′,H1(Ω) for 1 ≤ j ≤ nFE

for the chosen FE functions {ϕk}nFE
k=1 . Therefore we obtain nFE equations

for the nFE unknowns u1, ..., unFE and we can solve the linear equation sys-
tem BT u = F uniquely, with B = ((Bij)) ∈ RnFE×nFE , u = (ui) ∈ RnFE ,
and F = (Fj) ∈ RnFE for u, provided B is regular. This follows from the
Lax-Milgram lemma.
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3 The POD method

The problem which we are facing in this work (see Section 4) is an infinite-
dimensional optimization problem. Discretizing the problem by, for in-
stance, the finite element or finite difference method, we usually obtain
a large-scale discretized problem. This might lead to troubles regarding
computational aspects such as storage limits or extremely high computing
times. Our goal is to approximate the high-dimensional model by a low-
dimensional model. Several model reduction methods are known so far.
Some of them are based on the singular value decomposition (SVD), like
balanced truncation, Hankel-norm approximation, singular perturbation, or
proper orthogonal decomposition (POD). Compared to balanced truncation,
POD can also be applied to nonlinear systems. Another prominent class of
model reduction methods uses ’Approximation by moment matching’, which
includes, for instance, the Lanczos algorithm, the Arnoldi algorithm, and the
cross grammian. SVD based methods usually show a globally better approx-
imation, while moment matching methods approximate the system locally
better. For a survey of many of these methods see [1].

In this section we focus on the method of POD. It is a powerful technique for
model reduction of linear and non-linear systems. It is based on a Galerkin
type discretization with basis elements created from the system itself. This
is in contrast to, e.g., finite element techniques, where the elements of the
subspaces are uncorrelated to the physical properties of the system that they
approximate.
The approach of the POD method is that we calculate some snapshots of spe-
cific solutions to our system. These might be solutions of a non-stationary
differential equation at certain time instances, or, as we have in this work,
solutions of our parameter-dependent elliptic problem for certain parameter
values. These snapshots are used to compute basis functions that approxi-
mate the system we want to solve in an efficient and reliable way. In many
cases we only need a small number of basis functions (relative to the pre-
cision of the posed problem) for computing POD solutions that are really
close to the corresponding FE solutions. The advantage is that the linear
and non-linear systems which arise when using POD are much smaller than
those when using only the FE method. Hence, computing times are often
significantly smaller in the POD method, which makes this method very
practicable in applications where equation systems have to be solved fast
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and repeatedly. Another positive aspect of the POD method is the saving
of memory.

In Section 3.1 we introduce the POD method in finite dimensional vec-
tor spaces. This is followed by an introduction to the POD method in
general Hilbert spaces in Section 3.2. Afterwards we will investigate the
POD method in discretized functional spaces, in particular we apply the FE
method for the discretization of the Hilbert space H1(Ω). In Section 3.4
some results concerning error estimates between the POD solution and the
exact solution are presented. Finally, some numerical examples that con-
firm our theoretical results are presented in Section 3.5, including a strategy
called the Experimental Order of Decay (EOD) – see [19].

3.1 POD in vector spaces

Let Y = [y1, ..., yn] ∈ Rm×n be a given matrix, where the vectors yi denote
the so called snapshots for i = 1, ..., n.
First we recall the singular value decomposition (SVD) of a matrix:

Theorem 3.1 (SVD) For a (real valued) matrix Y ∈ Rm×n with

r := rank(Y ) ≤ min{m,n}

there exist r positive singular values σ1 ≥ σ2 ≥ ... ≥ σr > 0 together with
orthogonal matrices U = [u1, ..., um] ∈ Rm×m and V = [v1, ..., vn] ∈ Rn×n,
which satisfy

UT Y V = Σ ∈ Rm×n.

The matrix Σ has the entries Σ(i, i) = σi for 1 ≤ i ≤ r, all other components
are zero. We define the matrix R by R = diag(σ1, ..., σr) ∈ Rr×r. Moreover,

Y vi = σiui and Y T ui = σivi hold for 1 ≤ i ≤ r.

For a proof of this theorem, let us refer to [13], for instance.

Because of
Y T Y vi = Y T σiui = σ2

i vi

and
Y Y T ui = Y σivi = σ2

i ui
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the singular vectors {vi}r
i=1 and {ui}r

i=1 are eigenvectors for Y T Y and Y Y T ,
respectively. Their associated eigenvalues satisfy λi = σ2

i .
We have Y = UΣV T , and equivalently Y = U rR(V r)T , where U r and V r

denote those matrices which consist of the first r columns of U and V , re-
spectively.

Moreover, we have U rR(V r)T = U rBr with Br = R(V r)T ∈ Rr×n. We now
express the column vector yj (j ∈ {1, ..., n}) as a linear combination of the
r vectors u1, ..., ur:

yj =
r∑

i=1

Br
ijui =

r∑

i=1

(R(V r)T )ijui =
r∑

i=1

((U r)T U rR(V r)T )ijui

=
r∑

i=1

((U r)T Y )ijui =
r∑

i=1

( m∑

k=1

U r
kiYkj

)
ui =

r∑

i=1

〈ui, yj〉Rmui.

It follows that Br
ij = 〈ui, yj〉Rm .

We will use this equality later when we aim to approximate the vectors yj

in an optimal manner by an orthonormal set of basis vectors that is of a
smaller size than r.

Next we fix ` ∈ {1, ..., r}. The POD basis of rank ` is given by the solution
to the maximization problem

(3.1) max
u1,...,u`

∑̀

i=1

n∑

j=1

|〈yj , ui〉Rm |2 subject to (s.t.) 〈ui, uj〉Rm = δij ,

i.e., we look for ` orthonormal vectors vectors u1, ..., u` which maximize the
projection of the columns {yi}n

i=1 in the mean. It turns out that SVD can
be used to solve (3.1).

First of all, let us consider the optimization problem for ` = 1, that means
we look for only one POD basis function:

(3.2) max
u

n∑

j=1

|〈yj , u〉Rm |2 s.t. ‖u‖2
Rm = 1.

We define the equality constraint e : Rm → R by

e(u) = 1− ‖u‖2
Rm .
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Lemma 3.2 Problem (3.2) admits a local solution u∗ ∈ Rm.

Proof. The set of feasible solutions is non-empty because there are vectors
that satisfy the equality condition ‖u‖2

Rm = 1 (for example, u = e1 =
(1, 0, ..., 0)T ∈ Rm). We deduce that there is a maximizing sequence {uk}k∈N
in Rm in the (bounded) set of feasible solutions with

lim
k→∞

n∑

j=1

|〈yj , u
k〉Rm |2 = sup

u∈Rm

{ n∑

j=1

|〈yj , u〉Rm |2
∣∣∣∣‖u‖2

Rm = 1
}

.

Due to the Bolzano-Weierstrass theorem every bounded real sequence con-
tains a convergent subsequence {uki}i∈N. Thus, there exists a u∗ ∈ Rm such
that

lim
i→∞

uki = u∗ in Rm,

which implies

lim
i→∞

〈yj , u
ki〉Rm = 〈yj , u

∗〉Rm for any j ∈ {1, ..., n}.

Therefore, the sum of the squared norms over all indices j also converges as
i →∞:

lim
i→∞

n∑

j=1

|〈yj , u
ki〉Rm |2 =

n∑

j=1

|〈yj , u
∗〉Rm |2.

Since ‖u∗‖2
Rm = 1 holds, we have proved that u∗ is a solution to the maxi-

mization problem (3.2).

Next we prove that a solution u∗ to (3.2) is a regular point – see Definition
A.18. Thus, we need to show that the gradient of the equality constraint
e(u∗) = 0 is surjective.

Lemma 3.3 The operator ∇e(u) is surjective.

Proof. We have ∇e(u∗) = −2u∗. Since any feasible solution satisfies
‖u∗‖Rm = 1, u∗ 6= 0 and therefore ∇e(u∗) = −2u∗ 6= 0. Obviously, ∇e(u∗)
is surjective.

It follows from Lemma 3.3 and Definition A.18 that any solution u∗ to (3.2)
is a regular point.
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The Lagrange function associated to (3.2) is given by

L(u, λ) =
n∑

j=1

|〈yj , u〉Rm |2 + λ(1− ‖u‖2
Rm)

for u ∈ Rm and λ ∈ R (see Theorem A.20). In order to obtain first-order
necessary optimality conditions we build the derivatives of the Lagrangian
with respect to an arbitrary component ui, i ∈ {1, ...,m}, of the vector u:

∇uiL(u, λ) =
∂L(u, λ)

∂ui
=

∂

∂ui

( n∑

j=1

|〈yj , u〉Rm |2 + λ

(
1− ‖u‖2

Rm

))

=
∂

∂ui

( n∑

j=1

∣∣∣
m∑

k=1

Ykjuk

∣∣∣
2
+ λ

(
1−

m∑

k=1

u2
k

))

= 2
n∑

j=1

( m∑

k=1

Ykjuk

)
Yij − 2λui = 2

( m∑

k=1

n∑

j=1

Yij(Y T )jkuk − λui

)

= 2
( m∑

k=1

(Y Y T )ikuk − λui

)
= 2((Y Y T u)i − λui).

Regarding these equations for i from 1 to m together, setting ∇uiL(u, λ) = 0
for each i from 1 to m, and finally multiplying the equations with one half
we obtain the eigenvalue problem:

(3.3) Y Y T u = λu.

We observe that the matrix Y Y T ∈ Rm×m is symmetric and positive semi-
definite because of

(Y Y T )T = (Y T )T Y T = Y Y T

and

xT (Y Y T )x = (Y T x)T (Y T x) = ‖Y T x‖2
Rn ≥ 0 for any x ∈ Rm.

The symmetry of Y Y T yields that all eigenvalues are real, and because of
the positive semi-definiteness we observe for any eigenvector v

0 ≤ vT Y Y T v = vT (λv) = λ‖v‖2
Rm ,

and therefore λ ≥ 0 holds for any eigenvalue λ.
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In fact, any eigenvector of Y Y T satisfies the first-order necessary optimality
condition (3.3) together with its corresponding eigenvalue as the Lagrange
multiplier. We can prove though that the eigenvector u1 corresponding to
the largest eigenvalue λ1 of the matrix Y Y T actually solves the maximization
problem (3.2).

Theorem 3.4 The eigenvector corresponding to the largest eigenvalue of
the matrix Y Y T is a global solution to (3.2).

Proof. We evaluate the cost function for the eigenvector u1 corresponding
to the largest eigenvalue of Y Y T :

(3.4)

n∑

j=1

|〈yj , u1〉Rm |2 =
n∑

j=1

〈yj , u1〉Rm〈yj , u1〉Rm

=
〈 n∑

j=1

〈yj , u1〉Rmyj , u1

〉

Rm

=
〈 n∑

j=1

m∑

k=1

Ykj(u1)kY·,j , u1

〉

Rm

=
〈 m∑

k=1

n∑

j=1

Y·,j(Y T )jk(u1)k, u1

〉

Rm

= 〈Y Y T u1, u1〉Rm

= 〈λ1u1, u1〉Rm = λ1〈u1, u1〉Rm = λ1 = σ2
1.

We extend u1 to an orthonormal basis {ui}m
i=1 in Rm. Then we can write

any vector as its Fourier sum utilizing the basis {u1, ..., um}. Let ũ be any
vector in Rm satisfying ‖ũ‖Rm = 1. From

ũ =
m∑

i=1

〈ũ, ui〉Rmui
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and (3.4) we infer

n∑

j=1

|〈yj , ũ〉Rm |2 =
n∑

j=1

∣∣∣∣
〈

yj ,
m∑

i=1

〈ũ, ui〉Rmui

〉

Rm

∣∣∣∣
2

=
n∑

j=1

〈
yj ,

m∑

i=1

〈ũ, ui〉Rmui

〉

Rm

〈
yj ,

m∑

k=1

〈ũ, uk〉Rmuk

〉

Rm

=
m∑

i=1

m∑

k=1

〈 n∑

j=1

〈yj , ui〉Rmyj , uk

〉

Rm

〈ũ, ui〉Rm〈ũ, uk〉Rm

=
m∑

i=1

m∑

k=1

〈Y Y T ui, uk〉Rm〈ũ, ui〉Rm〈ũ, uk〉Rm

=
m∑

i=1

m∑

k=1

〈λiui, uk〉Rm〈ũ, ui〉Rm〈ũ, uk〉Rm

=
m∑

i=1

m∑

k=1

λiδik〈ũ, ui〉Rm〈ũ, uk〉Rm =
m∑

i=1

λi|〈ũ, ui〉Rm |2

≤ λ1

m∑

i=1

|〈ũ, ui〉Rm |2 = λ1‖ũ‖2
Rm = λ1 =

n∑

j=1

|〈yj , u1〉Rm |2

and therefore u1 indeed solves (3.2).

Analogously we can derive the optimality conditions for the `-dimensional
maximization problem (3.1). The result is that the maximizing vectors are
the ` eigenvectors corresponding to the ` largest eigenvalues of the eigenvalue
problem Y Y T ui = λiui, i = 1, ..., `. For the proof we refer the reader to
[44]. Moreover, the optimal value of the cost function is

∑`
i=1 σ2

i . It can be
shown that this is indeed the optimal value. The proof is very similar to the
proof for the optimal value of the maximization problem (3.2).
Comparing this result with our singular value analysis above we see that the
vectors which are solving the problem (3.1) are the left-hand sided singular
vectors ui together with the singular values σi =

√
λi of the snapshot matrix

Y .

Furthermore, we use our knowledge of the SVD that the eigenvalues λ1, ..., λr

of the matrices Y Y T and Y T Y are the same and the eigenvectors ui of the
matrix Y Y T can be calculated from the eigenvectors vi of the matrix Y T Y
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by ui = 1
σi

Y vi, i = 1, ..., r.
In the specific problem on which we will concentrate in this work (see Sec-
tion 4) we are facing a matrix Y whose number of rows is much larger than
its number of columns (rank(Y ) = n). Therefore, it is easier to compute
the eigenvalues of the symmetric matrix Y T Y ∈ Rn×n instead of the larger
matrix Y Y T ∈ Rm×m. This property arises from the fact that we view the
matrix Y as a matrix of snapshots, this means that the columns of Y stand
for only a few (discretized) solutions to a differential equation for different
parameters. In our application the discretization of our domain yields more
degrees of freedom than the number of snapshots. If that assumption does
not hold we regard the symmetric positive definite matrix Y Y T which is
of a smaller size than Y T Y . More on the topic of discretization follows in
Section 3.3.

Let us now look at the POD basis from another point of view. We aim
to find orthonormal vectors u1, ..., u` ∈ Rm such that the snapshot vectors
yj are approximated best by the truncated Fourier sum

∑`
i=1〈yj , ui〉Rmui.

Recall that rank(Y ) = r. Thus,

yj =
r∑

i=1

〈yj , ui〉Rmui, j = 1, ..., n.

However, we might not want to use all those vectors as our POD basis
because r might still be a relatively large number.
When we take only `(≤ r) basis vectors, the equality in the above equation
does not hold anymore. Yet we aim to find for any ` ∈ {1, ..., r} basis vectors
u1, ..., u` such that the norms of the differences between yj and its `th partial
Fourier sum, j = 1, ..., n, are as small as possible. This leads to the following
minimization problem:

(3.5) min
u1,...,u`

n∑

j=1

∥∥∥yj −
∑̀

i=1

〈yj , ui〉Rmui

∥∥∥
2

Rm
s.t. 〈ui, uj〉Rm = δij .

It can be shown that the solution to our maximization problem (3.1), namely
the left-hand sided singular vectors u1, ..., u` corresponding to the ` largest
singular values of the matrix Y , also solve the minimization problem (3.5).
In order to prove this claim we make use of the following corollary.

Corollary 3.5 Let Y ∈ Rm×n be given with rank(Y ) = r ≤ min{m, n} and
let ` ∈ {1, .., r}. Moreover, let Y = UΣV T be the singular value decompo-
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sition of Y with U ∈ Rm×m and V ∈ Rn×n orthogonal. Let Br ∈ Rr×n

be the matrix with the entries Br
ij = 〈ui, yj〉Rm. Moreover, suppose that

Û r = [û1, ..., ûr] is an arbitrary orthogonal matrix and Y = Û rCr with
Cr

ij = 〈ui, yj〉Rm. Then,

(3.6) ‖Y − Û `C`‖2
F ≥ ‖Y − U `B`‖2

F

where U ` and Û ` denote the matrices consisting of the first ` columns of U
and Û r, respectively, and B` and C` denote the matrices consisting of the
first ` lines of Br and Cr, respectively.

Proof. We observe that

‖Y − Û `C`‖2
F = ‖Û rCr − Û `C`‖2

F = ‖Û r(Cr − ((C`)T , 0)T )‖2
F

= ‖(Cr − ((C`)T , 0)T )‖2
F =

r∑

i=`+1

n∑

j=1

|Cr
ij |2.

Analogously, we have

‖Y − U `B`‖2
F =

r∑

i=`+1

n∑

j=1

|Br
ij |2 =

r∑

i=`+1

n∑

j=1

|〈yj , ui〉Rm |2 =
r∑

i=`+1

σ2
i .

From

‖Y ‖2
F = ‖Û rCr‖2

F = ‖Cr‖2
F =

n∑

j=1

r∑

i=1

|Cr
ij |2

and

‖Y ‖2
F = ‖U rBr‖2

F = ‖Br‖2
F =

n∑

j=1

r∑

i=1

|Br
ij |2 =

r∑

i=1

n∑

j=1

〈yj , ui〉Rm |2 =
r∑

i=1

σ2
i

we deduce

‖Y − U `B`‖2
F =

r∑

i=`+1

σ2
i =

r∑

i=1

σ2
i −

∑̀

i=1

σ2
i = ‖Y ‖2

F −
∑̀

i=1

n∑

j=1

|〈yj , ui〉Rm |2

≤ ‖Y ‖2
F −

∑̀

i=1

n∑

j=1

|〈yj , ûi〉Rm |2 = ‖Y ‖2
F −

∑̀

i=1

n∑

j=1

|Cr
ij |2

=
r∑

i=1

n∑

j=1

|Cr
ij |2 −

∑̀

i=1

n∑

j=1

|Cr
ij |2 =

r∑

i=`+1

n∑

j=1

|Cr
ij |2

= ‖Y − Û `C`‖2
F ,



22

so that the claim follows.

Remark 3.6 Because of

n∑

j=1

∥∥∥yj −
∑̀

i=1

〈yj , ui〉Rmui

∥∥∥
2

Rm
=

n∑

j=1

m∑

k=1

∣∣∣Ykj −
∑̀

i=1

〈yj , ui〉RmU `
ki

∣∣∣
2

=
n∑

j=1

m∑

k=1

∣∣∣Ykj −
∑̀

i=1

U `
kiB

`
ij

∣∣∣
2

=
n∑

j=1

m∑

k=1

|Ykj − (U `B`)kj |2 = ‖Y − U `B`‖2
F

and similarly

n∑

j=1

∥∥∥yj −
∑̀

i=1

〈yj , ûi〉Rm ûi

∥∥∥
2

Rm
= ‖Y − Û `C`‖2

F ,

the inequality (3.6) can be written as

n∑

j=1

∥∥∥yj −
∑̀

i=1

〈yj , ûi〉Rm ûi

∥∥∥
2

Rm
≥

n∑

j=1

∥∥∥yj −
∑̀

i=1

〈yj , ui〉Rmui

∥∥∥
2

Rm
.

This result implies directly that the vectors u1, ..., u` are a solution to the
minimization problem (3.5).

3.2 POD in general Hilbert spaces

Next we consider the POD method in a real separable Hilbert space V . In
the problem on which we will lay our focus later in this work we use the
space L2(Ω) or the space H1(Ω) for an open and bounded domain Ω as our
particular Hilbert space V . Let us introduce the bounded linear operator
C : L2(I) → V with I = [µl, µu] for −∞ < µl ≤ µu < ∞ by

ϕ 7→ Cϕ =
∫

I
ϕ(µ)y(µ)dµ for ϕ ∈ L2(I),
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where y(µ) ∈ V denotes the snapshot (a solution to (2.1)) for each parameter
µ ∈ I. We define the space L2(I, V ) as the set of all functions y which satisfy

‖y‖L2(I,V ) :=
(∫

I
‖y(µ)‖2

V dµ
)1/2

< ∞.

Note that

‖Cϕ‖V ≤
(∫

I
|ϕ(µ)|2dµ

)1/2(∫

I
‖y(µ)‖2

V dµ
)1/2

= ‖ϕ‖L2(I)‖y‖L2(I,V )

for ϕ ∈ L2(I).

Lemma 3.7 The adjoint operator C∗ : V → L2(I) satisfying

〈Cϕ, z〉V = 〈ϕ, C∗z〉L2(I) for ϕ ∈ L2(I) and z ∈ V

is given by
(C∗z)(µ) = 〈z, y(µ)〉V ,

where y(µ) denotes the solution to (2.1) for the parameter µ ∈ I, again.
Since C is bounded, C∗ is also bounded.

Proof. We observe

〈ϕ, C∗z〉L2(I) =
∫

I
ϕ(µ)(C∗z)(µ)dµ =

∫

I
ϕ(µ)〈z, y(µ)〉V dµ

=
∫

I
〈z, ϕ(µ)y(µ)〉V dµ =

〈
z,

∫

I
ϕ(µ)y(µ)dµ

〉

V

=
〈 ∫

I
ϕ(µ)y(µ)dµ, z

〉

V

= 〈Cϕ, z〉V

for all ϕ ∈ L2(I), z ∈ V . This gives the claim.

We now define the linear operator R = CC∗ : V → V which is of the form

(3.7) Rz =
∫

I
〈z, y(µ)〉V y(µ)dµ for z ∈ V

and the linear operator K = C∗C : L2(I) → L2(I) which can be written as

(Kϕ)(µ̄) =
∫

I
〈y(µ), y(µ̄)〉V ϕ(µ)dµ for ϕ ∈ L2(I).
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Since C is bounded, R and K are bounded.
From [25] it follows that the mapping y : I → V, µ 7→ y(µ) is continuous.
Thus, ∫

I

∫

I
|〈y(µ), y(µ̄)〉V |2 dµ̄dµ < ∞.

Hence, the operator K = CC∗ is compact, and therefore, R = C∗C is compact
as well.
From the Hilbert-Schmidt theorem (see, e.g., [39]) it follows that there exists
a complete orthonormal basis {ψi}i∈N for V and a sequence {λi}i∈N of non-
negative real numbers so that the following eigenvalue equation holds:

Rψi = λiψi, λ1 ≥ λ2 ≥ . . . , and λi → 0 as i →∞.

Each non-zero eigenvalue of R has finite multiplicity and the only possible
accumulation point of the spectrum of R is 0 (see [24]). Let us note that

∫

I
‖y(µ)‖2

V dµ =
∞∑

i=1

λi.

Similar to Section 3.1, we introduce the cost functional J : V → R by

J(ψ) =
∫

I
‖y(µ)− 〈y(µ), ψ〉V ψ‖2

V dµ.

It can be proved – see [21], for instance – that the first-order optimality
condition to the optimization problem

(3.8) min
ψ∈V

J(ψ) s.t. ‖ψ‖2
V = 1

is equivalent to the infinite-dimensional eigenvalue problem

Rψ = λψ.

Analogously, the first-order conditions for the `-dimensional minimization
problem are given by

(3.9) Rψi = λiψi for i = 1, ..., `.

Lemma 3.8 The eigenvalues of K are the same as the eigenvalues of R
and the normalized eigenfunctions of K are given by

vi(µ) =
1√
λi

(C∗ψi)(µ) =
1√
λi
〈ψi, y(µ)〉V , 1 ≤ i ≤ `.
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Proof. We choose λ ∈ {λ1, ..., λ`} and denote its associated eigenfunction
by ψ. Then we have

λψ = Rψ = CC∗ψ.

By applying the operator C∗ on the left-hand side and on the right-hand
side of the equation and multiplying the resulting equation with 1√

λ
in order

to obtain the normalized eigenfunction we obtain

1√
λ
C∗λψ =

1√
λ
C∗CC∗ψ,

which can be written as

λ

(
1√
λ
C∗ψ

)
= C∗C

(
1√
λ
C∗ψ

)
= K

(
1√
λ
C∗ψ

)
.

This gives us the eigenvalue problem for the operator K with the eigenfunc-
tion v = 1√

λ
C∗ψ. The function v is normalized because

‖v‖2
L2(I) = 〈v, v〉L2(I) =

〈
1√
λ
C∗ψ,

1√
λ
C∗ψ

〉

L2(I)

=
1
λ
〈C∗ψ, C∗ψ〉L2(I)

=
1
λ
〈CC∗ψ,ψ〉V =

1
λ
〈λψ, ψ〉V = 〈ψ, ψ〉V = 1

and therefore ‖v‖L2(I) = 1.

Remark 3.9 (Method of snapshots) To obtain the eigenfunctions of (3.9)
we use a technique as presented in [41]. We compute the eigenvalues and
eigenfunctions from the problem

Kvi = λivi for i = 1, ..., `

and calculate the POD basis functions ψi afterwards by

(3.10) ψi =
1√
λi
Cvi for i = 1, ..., `.

Of course, (3.10) is based on SVD.



26

3.3 POD in discretized functional spaces

Suppose that the snapshots on a discrete grid of the interval I = [ql, qu] are
given by the FE solution to (2.1) in the form

(3.11) yh
j (x) =

nFE∑

l=1

Yljϕl(x), j = 1, ..., n,

where Y ∈ RnFE×n is the matrix containing the coefficients in the Galerkin
ansatz for each snapshot in each column Y· ,j = yj ∈ RnFE , j = 1, ..., n. The
functions {ϕl}nFE

l=1 denote the FE ansatz functions as introduced in Section
2.3.

The POD basis functions (which we are looking for) can be written as linear
combinations of the finite elements:

(3.12) ψh
i (x) =

nFE∑

k=1

Ukiϕk(x), i = 1..., `.

Then the continuous minimization problem (3.8) can be approximated by its
trapezoidal sum (with αj representing the trapezoidal weights, j = 1, ..., n):

(3.13) min
ψh

1 ,...,ψh
`

n∑

j=1

αj

∥∥∥yh
j −

∑̀

i=1

〈yh
j , ψh

i 〉L2(Ω)ψ
h
i

∥∥∥
2

L2(Ω)
.

The associated maximization problem (compare Section 3.1) can be written
as

(3.14) max
ψh

1 ,...,ψh
`

∑̀

i=1

n∑

j=1

αj |〈yh
j , ψh

i 〉L2(Ω)|2 s.t. 〈ψh
i , ψh

j 〉L2(Ω) = δij .

By Mij we denote the L2-inner product of the FE-basis functions ϕi and
ϕj , respectively. That means

(3.15) Mij =
∫

Ω
ϕi(x)ϕj(x) dx.

The matrix M = ((Mij)) ∈ RnFE×nFE is called mass matrix. If we choose
the H1-inner product instead of the L2-inner product in (3.14), we will come
across the so called stiffness matrix S = ((Sij)) ∈ RnFE×nFE with

(3.16) Sij =
∫

Ω

(
ϕi(x)ϕj(x) +∇ϕi(x) · ∇ϕj(x)

)
dx.
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Thus, we deduce

〈yh
j , ψh

i 〉L2(Ω) =
∫

Ω
yh

j (x)ψh
i (x) dx =

nFE∑

l=1

nFE∑

k=1

Ylj

∫

Ω
ϕl(x)ϕk(x) dx Uki

=
nFE∑

l=1

nFE∑

k=1

Y T
jl WlkUki = (Y·,j)T WU·,i

with W = M . If we choose the H1-inner product, we have again

〈yh
j , ψh

i 〉H1(Ω) = (Y·,j)T WU·,i,

but now with W = S.
As we can see, the L2-inner product of the two FE-based functions yh

j and ψh
i

can be computed by the vector-matrix-vector product (Y·,j)T MU·,i, where
Y·,j is the column vector whose entries are the coefficients to the FE-basis
functions of the snapshot yh

j , and U·,i is the vector of the coefficients to the
FE-basis functions of the POD-basis function ψh

i , which we aim to find as
a solution to the maximization problem (3.14).

Let us first consider the maximization problem in one variable, that means

(3.17) max
ψh∈span{ϕ1,...,ϕnFE

}

n∑

j=1

αj |〈yh
j , ψh〉L2(Ω)|2 s.t. ‖ψh‖L2(Ω) = 1.

Because the finite elements {ϕ1, ..., ϕnFE} are fixed, (3.17) can be replaced
by

(3.18) max
u1,...,unFE

n∑

j=1

αj

∣∣∣∣
〈

yh
j ,

nFE∑

i=1

uiϕi

〉

L2(Ω)

∣∣∣∣
2

s.t.
∥∥∥∥

nFE∑

i=1

uiϕi

∥∥∥∥
L2(Ω)

= 1

with ui = Ui1 in (3.12).
Setting u = (u1, ..., unFE )T , (3.18) leads to the Lagrange function L : RnFE×
R→ R given by

L(u, λ) =
n∑

j=1

αj

∣∣∣∣
〈

yh
j ,

nFE∑

i=1

uiϕi

〉

L2(Ω)

∣∣∣∣
2

+ λ

(
1−

∥∥∥∥
nFE∑

i=1

uiϕi

∥∥∥∥
2

L2(Ω)

)
.

It can be proved by analogous arguments as in Section 3.1 that there exists
a Lagrange multiplier λ together with a solution u to the problem (3.17)
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satisfying ∇L(u, λ) = 0.

In order to obtain an eigenvalue problem similar to (3.3) we calculate the
derivatives of L with respect to ui, for i = 1, ..., nFE .

∇uiL(u, λ) =
∂

∂ui

( n∑

j=1

αj

∣∣∣
nFE∑

k=1

nFE∑

l=1

(Yjl)T Wlkuk

∣∣∣
2

+ λ

(
1−

nFE∑

k=1

nFE∑

l=1

ulWlkuk

))

=2
n∑

j=1

αj

( nFE∑

k=1

nFE∑

l=1

(Yjl)T Wlkuk

) nFE∑

s=1

(Yjs)T Wsi

+ λ

(
−

nFE∑

k=1

Wikuk −
nFE∑

l=1

ulWli

)

=2
nFE∑

k=1

nFE∑

l=1

nFE∑

s=1

(
Wis

n∑

j=1

Ysjαj(Y T )jlWlkuk

)

+ λ

(
−

nFE∑

k=1

Wikuk −
nFE∑

l=1

Wilul

)

=2(WY DY T Wu)i − 2λ(Wu)i

with D = diag(α1, ...αn) and W = M . Of course, if we apply the H1-inner
product in (3.17) instead of the L2-inner product, we have W = S.
Hence, the condition ∇uL(u, λ) = 0 leads to the generalized eigenvalue
problem

2(WY DY T Wu− λWu) = 0, or equivalently, WY DY T Wu = λWu.

We set Ȳ = W 1/2Y D1/2 and ū = W 1/2u, where the matrices W 1/2 and D1/2

are defined as in Definition A.7 in the appendix, and obtain

WY DY T Wu = W 1/2W 1/2Y D1/2D1/2Y T W 1/2W 1/2u = W 1/2Ȳ Ȳ T ū

and
λWu = λW 1/2W 1/2u = λW 1/2ū.

Consequently, we have

W 1/2Ȳ Ȳ T ū = λW 1/2ū.
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By multiplying both sides of the above equation from the left-hand side with
W−1/2 we obtain the symmetric eigenvalue problem

Ȳ Ȳ T ū = λū.

Similarly as in Section 3.1 we can proceed for the problem in ` variables
ψh

1 , ..., ψh
` . This leads us to the following optimality conditions:

Ȳ Ȳ T ūi = λiūi for i = 1, ..., `

where Ȳ = W 1/2Y D1/2 and ūi = W 1/2U·,i.

Equivalently, we can calculate the eigenvectors from the eigenvalue problem
(method of snapshots – compare Remark 3.9)

(3.19) Ȳ T Ȳ v̄i = λiv̄i for i = 1, ..., `

and set

(3.20)
U· ,i = W−1/2ūi = W−1/2 1√

λi
Ȳ v̄i = W−1/2 1√

λi
W 1/2Y D1/2v̄i

= 1√
λi

Y D1/2v̄i

for i = 1, ..., `.
Because of the symmetry of W we find that Ȳ T Ȳ can be written as

Ȳ T Ȳ = D1/2Y T W 1/2W 1/2Y D1/2 = D1/2Y T WY D1/2.

Therefore, to solve (3.19) and compute U· ,i by (3.20) we do not require to
evaluate W 1/2.

When we want to compute the POD basis of rank ` numerically, we first
calculate the snapshots by the FE method. Alternatively, we could compute
the snapshots by the method of finite differences or by the method of finite
volumes. Throughout this work, the coefficients to the FE basis functions
for each snapshot form the vectors yj which are the columns of the snapshot
matrix Y .
After having built the matrix product Ȳ T Ȳ , we apply an (iterative) eigen-
value solver to that matrix that gives us only the first ` eigenvalues {λi}`

i=1

(that means the ` largest ones) together with their matching eigenvectors
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v̄i. Corresponding to (3.20) we calculate the vectors U· ,i, i = 1, ..., `.
The first ` POD basis functions ψh

1 , ...ψh
` are then computed by (3.12).

From Section 3.1 we know that the vectors U· ,1, ...,U· ,` (i.e., the functions
ψh

1 , ..., ψh
` with ψh

i =
∑nFE

k=1 Ukiϕk for i = 1, ..., `) solve the maximization
problem (3.14) as they are the eigenvectors corresponding to the largest
eigenvalues of the eigenvalue problem Ȳ Ȳ T u = λu and therefore yield the
maximal value for

∑̀

i=1

n∑

j=1

∣∣∣∣αj

〈
yj ,

nFE∑

k=1

Ukiϕk

〉

L2(Ω)

∣∣∣∣
2

among all other ` orthonormal functions {ψ̃h
i }`

i=1 represented by a matrix
Ũ ∈ RnFE×`.

3.4 POD error estimates

Let q ∈ I, B(·, ·; q) be given by (2.5) and F by (2.2). Moreover, {ψi}`
i=1 are

the POD basis functions computed as in Section 3.2. In this section we give
error estimates between the solution u = u(q) to

(3.21) B(u, φ; q) = 〈F, φ〉H1(Ω)′,H1(Ω) for all φ ∈ H1(Ω),

and the corresponding POD solution u` = u`(q) ∈ V ` = span{ψi}`
i=1 to the

variational equation

(3.22) B(u`, φ; q) = 〈F, φ〉H1(Ω)′,H1(Ω) for all φ ∈ V `.

First of all, let us introduce the following inner product on H1(Ω):

Definition 3.10 For u, v ∈ H1(Ω) we define the inner product 〈· , ·〉H1
Γ(Ω)

for c, σ > 0 by

〈u, v〉H1
Γ(Ω) = c

∫

Ω
∇u · ∇v dx + σ

∫

Γ
uv ds

and its induced norm ‖ · ‖H1
Γ(Ω) by

‖u‖H1
Γ(Ω) =

√
〈u, u〉H1

Γ(Ω)

for all u ∈ H1(Ω).
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It follows from [12] that ‖ · ‖H1
Γ(Ω) is an equivalent norm to ‖ · ‖H1(Ω) on

H1(Ω), thus there exists a constant cH1 > 0 such that

(3.23) ‖u‖H1(Ω) ≤ cH1‖u‖H1
Γ(Ω) for all u ∈ H1(Ω).

Since H1(Ω) is continuously (even compactly) injected in L2(Ω), there exists
also a constant cL2 > 0 such that

(3.24) ‖u‖L2(Ω) ≤ cL2‖u‖H1(Ω) for all u ∈ H1(Ω).

The inequalities (3.23) and (3.24) imply a Poincaré inequality

‖u‖L2(Ω) ≤ cV ‖u‖H1
Γ(Ω) for all u ∈ H1(Ω)

with cV = cL2cH1 > 0.
For simplicity, let us assume that in our elliptic system (2.1) the parameter
β is zero, i.e., there is no convection. Then the parametrized bilinear form
(2.5) can be written as

(3.25) B(u, φ; q) = 〈u, φ〉H1
Γ(Ω) + q〈u, φ〉L2(Ω)

for u, φ ∈ H1(Ω) and q ∈ I. It follows that the mapping q 7→ u(q) is
Lipschitz-continuous (compare Section 3.2). Thus, the operator R intro-
duced in (3.7) is compact, where V = H1(Ω).
Now let us refer to [25], where it is shown that for bilinear forms like the
one in (3.25) we are able to formulate error estimates between the solution
u = u(q) to (3.21) and the POD solution u`(q) to (3.22) for q ∈ I.

First we utilize a result from [25] for the case that the solution to (3.21) is
given for all q ∈ I (the continuous set of snapshots).

Proposition 3.11 The error between the solution u = u(q) to (3.21) and
the POD solution u`(q) to (3.22) for q ∈ I can be estimated by

∫

I
‖u(q)− u`(q)‖2

H1(Ω) dq ≤ Ccont

∞∑

i=`+1

λi,

where Ccont > 0 depends on the constants ql, qu, α2(ql), and cV , only.
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As we can see, the error between the solution u = u(q) to (3.21) and the
POD solution u`(q) to (3.22) for q ∈ I can be estimated in terms of the
eigenvalues corresponding to the not modeled eigenfunctions. If the eigen-
values {λi}∞i=1 decay rapidly, we deduce that u` is close to u for a small value
of `. This motivates the notion that (3.22) is a low-dimensional POD model
for (3.21).

Now we look at the (numerically more interesting) case, where the snapshots
are given only on a discrete grid {qi}n

i=1 ⊂ I. This case corresponds to
Section 3.3, where the number of columns of the snapshot matrix Y is n.
Suppose that for given 0 < ql < qu we define an equidistant grid on the
interval [ql, qu] with n > 1 grid points to the grid size δq by

(3.26) qi = ql + (i− 1)δq for i ∈ {1, ..., n}, and δq :=
qu − ql

n− 1
.

The eigenvalues to the problem (3.19) depend on the grid (3.26) and are now
denoted by λn

i for i = 1, ..., dn, where dn is the rank of the matrix Ȳ T Ȳ in
(3.19). The POD basis functions ψh

1 , ..., ψh
` are computed by (3.12), where

the vectors U· ,i are calculated for i = 1, ..., ` as in (3.19) and (3.20) (method
of snapshots).

Proposition 3.12 The error between the solution u = u(qi) to (3.21) and
the POD solution u`(qi) to (3.22) for qi taken from (3.26) can be estimated
by

n∑

j=1

αj‖u(qj)− u`(qj)‖2
H1(Ω) ≤ Cdisc

dn∑

i=`+1

λn
i ,

where Cdisc > 0 depends on the constants ql, qu, α2(ql), and cV , only. In
contrast to the case of a continuous snapshot set, the rank dn of the matrix
Ȳ T Ȳ and its eigenvalues λn

i , i = 1, ..., dn depend on the grid chosen in (3.26)
for the computation of the POD basis.

Again, the error between the solution u = u(qi) to (3.21) and the POD
solution u`(qi) to (3.22) for qi taken from (3.26) can be estimated in terms
of the eigenvalues corresponding to the not-modelled eigenfunctions.

Note that in Section 3.5.3 we will find that the eigenvalues λn
i of the matrix

Ȳ T Ȳ converge towards the eigenvalues λi for 1 ≤ i ≤ ` (with ` fixed).
Hence, both error estimates (the continuous and the discrete one) are closely
connected.
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Remark 3.13 In [25] a further result corresponding to Proposition 3.12 is
presented, where the error between the POD state and the exact state is
estimated as above, except that the grid ql ≤ q1 < ... < qn ≤ qu for the
snapshot set is not equal to the grid ql ≤ q̄1 < ... < q̄m ≤ qu on which we
calculate the error. Defining

∆q = max
{

max
2≤j≤n

(qj − qj−1), max
2≤j≤m

(q̄j − q̄j−1)
}

we can estimate the error by

m∑

k=1

βk‖u(q̄k)− u`(q̄k)‖2
H1(Ω) ≤ C

(
Cgrid

dn∑

i=`+1

λn
i + ∆q2

)
,

with a constant C > 0 depending on ql, qu, α2(ql), and cV , but independent
of the grids, and a constant Cgrid > 0 depending on the grids.

3.5 Numerical results concerning POD calculation

This section is devoted to present numerical test examples which shall con-
firm our theoretical results presented in Section 3 so far. All coding is done
in Matlab 6.1 using routines from the Femlab 2.2 package concerning
finite element implementation. The programs are executed on a standard
1.7 Ghz desktop PC.

3.5.1 POD solution for given differential equation

Our aim is to compare the POD solution to the elliptic equation (2.1) for
given parameters to the FE solution to (2.1). The FE solution is computed,
for instance, by using the Femlab routine fesolve.
In order to obtain the POD solution u` to (2.1) for fixed `, we need to com-
pute the first ` POD ansatz functions. Therefore we proceed as described
in Section 3.3. For a given domain Ω ⊂ Rd, d ∈ {2, 3}, and a given elliptic
differential equation we compute the snapshots by the method of finite ele-
ments for a discrete grid of parameters {qi}n

i=1 as in (3.26). In our numerical
tests we choose the trapezoidal weights

α1 = αn =
δq

2
and αi = δq for i = 2, ..., n− 1
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with δq taken as in (3.26). When we apply the method of snapshots as
introduced in Remark 3.9, we obtain the eigenvalue problem

(3.27) D1/2Y T WY D1/2v̄i = λiv̄i.

We compute the ` largest eigenvalues λ1, ..., λ` and their corresponding
eigenvectors v̄1, ..., v̄`, then compute the vector of coefficients U·,i of each
POD basis function ψi, i = 1, ...`, to the FE basis functions by

(3.28) U·,i =
1√
λi

Y v̄i.

The first ` POD ansatz functions are then given by

(3.29) ψi(x) =
nFE∑

j=1

Ujiϕj(x) for i = 1, ..., `.

The POD solution u` ∈ V ` = span{ψi}`
i=1 ⊂ H1(Ω) given by

(3.30) u`(x) =
∑̀

i=1

u`
iψi(x)

satisfies the variational equation

B(u`, v`; q) = 〈F, v`〉H1(Ω)′,H1(Ω) for all v` ∈ V ` and q ∈ I.

Especially,

(3.31) B(u`, ψj ; q) = 〈F, ψj〉H1(Ω)′,H1(Ω)

must hold for j = 1, ..., ` and any q ∈ I.
Analogously to the method of finite elements (see Section 2.3), we substitute
(3.30) into (3.31) and obtain a result similar to (2.9), namely

∑̀

i=1

B(ψi, ψj ; q)u`
i = 〈F, ψj〉H1(Ω)′,H1(Ω), 1 ≤ j ≤ `

which leads to the linear equation system

(3.32) (B`)T u` = F`
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with B`
ij = B(ψi, ψj ; q), B` = ((B`

ij)) ∈ R`×`, F`
j = 〈F, ψj〉H1(Ω)′,H1(Ω),

F` = (F`
j) ∈ R`, and u` = (u`

j) ∈ R`. This linear equation system can be
solved uniquely, provided B` is regular, and the POD solution u` is then
given by (3.30).

Remark 3.14 Note that

B`
ik = B(ψi, ψk; q) = B

( nFE∑

j=1

Ujiϕj ,

nFE∑

l=1

Ulkϕl; q
)

=
nFE∑

j=1

nFE∑

l=1

(UT )ijB(ϕj , ϕl; q)Ulk =
nFE∑

j=1

nFE∑

l=1

(UT )ijBjlUlk = (UT BU)ik

and

F`
k = 〈F, ψk〉H1(Ω)′,H1(Ω) = 〈F,

nFE∑

j=1

Ujkϕj〉H1(Ω)′,H1(Ω)

=
nFE∑

j=1

Ujk〈F,ϕj〉H1(Ω)′,H1(Ω) =
nFE∑

j=1

(UT )kjFj = (UT F)k

hold, thus B` = UT BU and F` = UT F, where B = ((Bij)) ∈ RnFE×nFE and
F = (Fj) ∈ RnFE are given in (2.10) and (2.11).

Run 3.1 Let the domain Ω be the unit square (0, 1) × (0, 1) ⊂ R2. We
choose c = 0.75, β = (1, 1)T , f(x) = x1, σ = 1.5, and g(x) = −1 in
(2.1). To compute the snapshots {yj}n

j=1 for the POD model we apply a
finite element discretization with a rectangular, equidistant mesh with mesh
size h = 1/50. Hence, our FE-discretization yields 2601 degrees of freedom.
As ansatz functions we utilize piecewise linear finite elements {ϕi}nFE

i=1 , with
nFE = 2601. Let ql = 0.5, qu = 50.5, and δq = 1 in (3.26), thus we obtain
51 snapshots yj = Y· ,j ∈ RnFE , j = 1, ..., 51, where Y ∈ RnFE×51 is the
coefficient matrix satisfying

uh(qj) =
nFE∑

i=1

Yijϕi

for the parameters {qj}51
j=1.Then we determine ` = 7 POD basis functions by

applying (3.27) with the mass matrix M as our weight matrix W , (3.28), and
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(3.29). The POD state is then given by (3.30), where the coefficient vector
u` is given by the unique solution to (3.32). The computation of the optimal
POD state takes 0.67 seconds, plus 39.66 seconds for the computation of the
51 snapshots.
The POD solutions taking ` = 7 POD ansatz functions for q = 25 (left plot)
and for q = 5 (right plot) are presented in Figure 3.1. In Figure 3.2 we have
the FE solution for q = 25 (left plot) and the difference between the POD
solution and the FE solution for q = 25 (right plot). It appears that these
two solutions almost coincide. In Figure 3.3 and Figure 3.4 the first four
POD ansatz functions which are denoted by ψ1, ψ2, ψ3, and ψ4, are plotted.
Now we compute POD solutions for different values for `. Our goal is to
show that the relative error between the POD solution and the FE solution
to a given elliptic equation decreases as the number of POD basis functions
increases.
In Figure 3.5 (right plot) the relative error for the difference of the POD

and FE solution is plotted for different values of q ∈ [−15.5, 65.5] and for
different numbers of POD basis functions 1 ≤ ` ≤ 5. Notice that the relative
L2(Ω) error decreases with increasing `. Moreover, we observe that the POD
basis is also suitable for parameter values (q ∈ (50.5, 65.5], i.e., q 6∈ I) that
are not contained in the snapshot computation in this example. For negative
q we observe that the quality of the POD approximation becomes worse. In
the left plot of Figure 3.5 we see the real and estimated decay (see Section
3.5.2) of the first 5 eigenvalues of Ȳ T Ȳ .

An alternative in the computation of the POD basis is the subtraction of
the mean vector ymean = 1

n

∑n
j=1 Y· ,j for each snapshot yj = Y· ,j ∈ RnFE ,

j = 1, ..., n. The resulting snapshot matrix is denoted by Ŷ ∈ RnFE×n,
consisting of the column vectors ŷj , j = 1, ..., n.
The subtraction of the mean vector need not be done in fact, yet we might
need more POD basis functions if we renounce the substraction of the mean
vector. In applications where we have turbulence or chaotic behavior, it
is essential to subtract the mean vector from the snapshots – see [21], for
instance. Let us refer to [36] for an application where this procedure appears
to be useful. We have tested this procedure in a numerical experiment in
the setting of Run 3.1.

Run 3.2 We proceed as in Run 3.1 except that for the snapshots we choose
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Figure 3.1: Run 3.1: POD solution with ` = 7 ansatz functions for q = 25 (left
plot) and POD solution for q = 5 (right plot).
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Figure 3.2: Run 3.1: FE solution for q = 25 (left plot) and difference between FE
and POD solution taking ` = 7 ansatz functions for q = 25 (right plot).
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Figure 3.3: Run 3.1: POD basis functions ψ1 (left plot) and ψ2 (right plot).
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Figure 3.4: Run 3.1: POD basis functions ψ3 (left plot) and ψ4 (right plot).
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Figure 3.5: Run 3.1: Decay of the first eigenvalues (left plot) and relative errors
(L2-norm) for several values for ell (right plot).

the vectors ŷj instead of yj, which suffice

ŷj = yj − ymean.

Using the resulting matrix Ŷ instead of Y in the computation of the POD
basis functions, we have to make the ansatz

u`(x) =
nFE∑

j=1

(ymean)jϕj(x) +
∑̀

i=1

u`
iψ

h
i (x).

We define by

EL2 =
‖uh − u`‖L2(Ω)

‖uh‖L2(Ω)

the relative error in the L2-norm, and by

EH1 =
‖uh − u`‖H1(Ω)

‖uh‖H1(Ω)

the relative error in the H1-norm.
The relative errors between uh and u` for ` = 5 and ` = 6 are compared in
Table 3.2 for the two different strategies – once with subtracting the mean
values, and once without subtracting them. As we can see, the relative error
is significantly smaller in the first case. The error estimates for the snapshot
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` = 5:
Snapshot set {ŷi}51i=1 {yi}51

i=1

EL2 1.2 · 10−6 1.1 · 10−5

EH1 1.9 · 10−6 2.9 · 10−5

` = 6:
Snapshot set {ŷi}51i=1 {yi}51

i=1

EL2 4.1 · 10−8 1.1 · 10−6

EH1 7.6 · 10−8 1.8 · 10−6

Table 3.1: Run 3.2: Relative errors in the L2-norm and in the H1-norm for ` = 5
and ` = 6 for different strategies in the computation of the POD basis.

set {ŷi}5
i=11 and ` = 5 are almost as small as for the snapshot set {yi}5

i=11
and ` = 6.

Run 3.3 Let our domain Ω be B(0; 1) \ B(0; 0.25) ⊂ R2, the circle with
radius 1 minus its concentric circle with radius 0.25. The FE-discretization
yields 3256 degrees of freedom. The snapshots are computed for the same
parameters {qi}51

i=1 as in Run 3.1. In the computation of the POD basis
functions, the stiffness matrix S is used as the weight matrix W . For the
parameters c = 1.5, β = (2, 1)T , f(x) = −x1, σ = 1, and g(x) = x1 in (2.1)
the POD solution taking ` = 5 POD basis functions is shown for q = 2 in
Figure 3.3 (left plot). In the right plot of Figure 3.3 we see the difference
between the POD solution and the corresponding FE solution for q = 2.
Again the difference is very small. We obtain the relative errors

‖uh − u`‖L2(Ω)

‖uh‖L2(Ω)
≈ 9.1 · 10−5 and

‖uh − u`‖H1(Ω)

‖uh‖H1(Ω)
≈ 3.9 · 10−4.

on the overall domain Ω.

Now we apply our algorithm on a 3-dimensional problem.

Run 3.4 Let our domain Ω be (0, 1) × (0, 1) × (0, 1) ⊂ R3, the cube with
side length 1. We apply a grid with 2424 degrees of freedom. The FE-
discretization of the domain is shown in Figure 3.4. The parameters in
(2.1) are c = 2, β = (1,−1, 2)T , f(x) = 1, σ = −0.5, and g(x) = 1. The
snapshots are computed for the same parameters {qi}51

i=1 as in Run 3.1. The
mass matrix M is used as the weight matrix W in the computation of the
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Figure 3.7: Run 3.4: FE-discretization of the 3-dimensional domain Ω.
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POD basis functions. The relative errors between the POD solution taking
` = 6 POD ansatz functions and the respective FE solution are

‖uh − u`‖L2(Ω)

‖uh‖L2(Ω)
≈ 9.5 · 10−9 and

‖uh − u`‖H1(Ω)

‖uh‖H1(Ω)
≈ 3.4 · 10−8.

3.5.2 Experimental Order of Decay

In order to estimate the decay of the eigenvalues of the weighted snapshot
matrix Ȳ T Ȳ = D1/2Y T WY D1/2 let us introduce a technique known as
the Experimental Order of Decay. Let us refer to [20] on error estimates
for general linear-quadratic optimal control problems and [25] where this
strategy is presented in the context of an elliptic problem. Let us assume
that the first L eigenvalues decay approximately in an exponential manner.
Thus, we write the eigenvalues in the following way:

(3.33) λi = λ1e
−α(i−1) , i = 1, ..., L,

where α is a parameter which is still to determine. This value can be deter-
mined numerically. We will show some numerical examples regarding our el-
liptic system later in this section. We choose a set of parameters I = [ql, qu],
where ql and qu are the lower and the upper bound of the set, respectively.
We define a grid in I as in (3.26). From Proposition 3.11 we infer that the
integral over the errors between the POD solution u` and the exact solution
u can be approximated by the sum of the eigenvalues corresponding to the
eigenfunctions which have not been used for the POD model, that means

(3.34) T (`) :=
∫

I
‖u(q)− u`(q)‖2

H1(Ω) dq ∼
∞∑

i=`+1

λi.

We approximate this integral by its trapezoidal approximation:

T δq(`) :=
δq

2

(
‖uh(ql)− u`(ql)‖2

H1(Ω) + ‖uh(qu)− u`(qu)‖2
H1(Ω)

)

+ δq
n−1∑

i=2

‖uh(qi)− u`(qi)‖2
H1(Ω).

In this formula uh(q) denotes the solution to the differential equation (2.8)
with parameter q by using the FE method. Instead of the norm ‖ · ‖H1(Ω)
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we could also use ‖ · ‖L2(Ω) in the above equation and in (3.34). Now, when
we look at the fraction

T δq(`)
T δq(` + 1)

and we use our knowledge that T δq(`) approximates T (`) for all `, we deduce

T δq(`)
T δq(` + 1)

∼ T (`)
T (` + 1)

∼
∑∞

i=`+1 λi∑∞
i=`+2 λi

=
∑∞

i=`+1 λ1 · e−α(i−1)

∑∞
i=`+2 λ1 · e−α(i−1)

=
∑∞

i=`+1 e−α(i−1)

∑∞
i=`+2 e−α(i−1)

=
e−α` + e−α(`+1) + ...

e−α(`+1) + e−α(`+2) + ...

=
eα`(e−α` + e−α(`+1) + ...)

eα`(e−α(`+1) + e−α(`+2) + ...)
=

1 + e−α + (e−α)2 + ...

e−α + (e−α)2 + ...

=
∑∞

i=0(e
−α)i

∑∞
i=1(e−α)i

=
∑∞

i=0(e
−α)i

∑∞
i=0(e−α)i − 1

=
1

1−e−α

1
1−e−α − 1

=
1

1−e−α

1
1−e−α − 1−e−α

1−e−α

=
1

e−α
= eα.

By taking the logarithm we obtain

Q(`) := ln
T δq(`)

T δq(` + 1)
∼ α.

If we compute Q(`) for ` = 1, ..., L and average over all these values, we
receive an estimation for α (the exponent by which the eigenvalues expo-
nentially decay) according to our assumption:

αEOD =
1
L

L∑

`=1

Q(`).

In the following numerical experiment we want to compare the real decay of
the first eigenvalues with the decay of the ’approximation of the first eigen-
values’ which we obtain by applying (3.33).

Run 3.5 We choose the parameters c = 2, β = (0, 1)T , f(x) = x1, σ = −1,
and g(x) = 2 in (2.1). As the weight matrix W in the computation of the
POD ansatz functions we choose the stiffness matrix S. In Figure 3.8 (left
plot) we show the real and estimated decay of the first 7 eigenvalues, where
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Figure 3.8: Run 3.5: Real and estimated decay of the first 7 eigenvalues (left plot)
and relative error in the L2-norm (right plot).

the estimated decay is computed as described above, using the H1-norm in
(3.34). Notice that we have normalized all eigenvalues so that

∑dn

i=1 λn
i = 1

holds. Apparently the experimental order of decay leads to a good estimate
for the decay of the first 7 eigenvalues. In the right plot of Figure 3.8 we
observe that the relative error for the difference between the POD and the
respective FE solution is already smaller than 10−3 for ` = 5.

3.5.3 Observed convergence of eigenvalues as the number of
snapshots increases

Let us remind the reader of the operator R : V → V (compare (3.7)) which
is defined as

Rψ =
∫

I
〈y(µ), ψ〉V y(µ)dµ for ψ ∈ V.

Now we define the discrete operator Rn : V h → V h by

Rnψh =
n∑

j=1

αj〈yh(µi), ψh〉V yh(µi) for ψh ∈ V h,
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where the functions yh(µi) ∈ V h, i = 1, ..., n, are the snapshots (in FE form)
on a grid on the interval I and αi, i = 1, ..., n, are the trapezoidal weights.
The operator Rn is the trapezoidal approximation for R, provided the map-
ping µ 7→ y(µ) ∈ V is continuous. Thus,

lim
n→∞ ‖R

n −R‖L(V ) := lim
n→∞ sup

‖z‖V =1
‖(Rn −R)z‖V = 0.

We have already shown in Section 3.2 and Section 3.3 that Rψi = λiψi and
Rnψn

i = λn
i ψn

i are the first-order optimality conditions to the continuous
(3.8) and the discretized optimization problem (3.13), respectively.
It is proved in [24] that

(3.35)
∞∑

i=1

λn
i →

∞∑

i=1

λi as n →∞.

Now we choose and fix ` such that λ` 6= λ`+1. Then, by the arguments
stated in [24], it follows that

λn
i → λi for 1 ≤ i ≤ ` as n →∞.

This hypothesis is tested in a numerical experiment. Of course, we cannot
determine the eigenvalues of the continuous snapshot set numerically, yet
we can calculate the eigenvalues for sufficiently fine grids in the interval I =
[ql, qu]. Our goal is to confirm the theoretical result in (3.35) by computing
the eigenvalues for several discrete grids – from a very coarse one to a very
fine one – and comparing the respective eigenvalues.

Run 3.6 In the setting of Run 3.4 let the weight matrix W be the stiffness
matrix S, that means that we consider the maximization problem

max
ψh

1 ,...,ψh
`

∑̀

i=1

n∑

j=1

αj |〈yh
j , ψh

i 〉H1(Ω)|2 s.t. 〈ψh
i , ψh

j 〉H1(Ω) = δij .

Moreover, we set ql = 0.5 and qu = 24.5 and fix the number of POD basis
functions by ` = 6. For different grid sizes δq we obtain the normalized
eigenvalues (that means, divided by

∑dn

i=1 λn
i ) of the matrix Ȳ T Ȳ (which

corresponds to the discretized operator Rn) stated in Table 3.2. Apparently
the eigenvalues indeed converge as the grid size δq decreases, i.e., as the
number of snapshots n increases.
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n = 7 n = 13 n = 25 n = 49 n = 97 n = 193
λn

1 0.8997 0.9099 0.9127 0.9127 0.9123 0.9121
λn

2 0.0997 0.0896 0.0869 0.0869 0.0872 0.0874
λn

3 5.8 · 10−4 5.1 · 10−4 4.6 · 10−4 4.5 · 10−4 4.5 · 10−4 4.6 · 10−4

λn
4 1.1 · 10−6 1.3 · 10−6 1.1 · 10−6 1.0 · 10−6 1.0 · 10−6 1.1 · 10−6

λn
5 1.8 · 10−10 2.5 · 10−10 2.2 · 10−10 2.1 · 10−10 2.0 · 10−10 2.1 · 10−10

λn
6 5.8 · 10−14 1.4 · 10−13 1.4 · 10−13 1.2 · 10−13 1.2 · 10−13 1.2 · 10−13

Table 3.2: Run 3.6: Eigenvalues {λn
i }6i=1 for different numbers of snapshots n (i.e.,

different grid sizes δq) in the set I = [0.5, 24.5].

4 Parameter estimation

In this section we apply a POD Galerkin discretization to a parameter esti-
mation problem for an elliptic differential equation. Our goal is to identify
a scalar parameter in the elliptic equation from boundary measurements of
the function u.
Recall the elliptic differential equation which we introduced in Section 2.2:

−c∆u + β · ∇u + qu = f in Ω,(4.1a)

c
∂u

∂n
+ σu = g on Γ = ∂Ω.(4.1b)

From now on we presume that we are considering the differential equation
(4.1) in which all parameters except for the scalar q are given, and that we
have measurements for u on the boundary of the domain Ω. We will observe
in our numerical tests (see Section 4.5) that we obtain good results for the
estimated parameter when we use the data given on the boundary Γ = ∂Ω.
Furthermore, we must take into consideration that the given data for the
solution of the differential equation might be corrupted due to measurement
noise. In Section 4.5.2 we will see that we find satisfactory results for little
perturbed data, too.

4.1 Formulation of the parameter estimation problem as an
optimal control problem

Writing (4.1) in abstract form we introduce the operator e : R ×H1(Ω) →
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H1(Ω)′ by

〈e(q, u), ϕ〉H1(Ω)′,H1(Ω) =
∫

Ω
c∇u · ∇ϕdx +

∫

Ω
β · ∇uϕ dx +

∫

Ω
quϕdx

−
∫

Ω
fϕdx +

∫

Γ
σuϕds−

∫

Γ
gϕ ds

for (q, u) ∈ R×H1(Ω), ϕ ∈ H1(Ω). Notice that

e(q, u) = B(u, ·; q)− F ∈ H1(Ω)′

with B as introduced in (2.5) and F from (2.2).
Moreover, let us define the quadratic cost functional J : R×H1(Ω) → R by

(4.2) J(q, u) =
α

2

∫

Γ
|u− uΓ|2ds +

κ

2
|q − qd|2.

The values α ≥ 0 and κ > 0 can be viewed as weights or regulization pa-
rameters that indicate how much weight we give to the respective quadratic
terms in the optimization problem.
The scalar qd is a possible a-priori estimate for the sought-after parameter
q. If we do not have an estimate at all, qd is set equal to zero.
The function uΓ ∈ L2(Γ) represents the given data for u on the boundary Γ.
These measurements, of course, can only be taken on a grid of Γ, in practice.

Remark 4.1 Of course it is also possible that one has measurements for
the function u in the whole domain Ω (not only on the boundary Γ) or even
measurements for the gradient of u in the domain Ω. More generally, our
cost function can be expanded to

Ĵ(q, u) =
α1

2

∫

Ω
|u− uΩ|2dx +

α2

2

∫

Ω
|∇u− vΩ|2dx +

α3

2

∫

Γ
|u− uΓ|2ds

+
κ

2
|q − qd|2

with uΩ ∈ L2(Ω), vΩ ∈ L2(Ω)d, α1 ≥ 0, α2 ≥ 0, α3 ≥ 0, and κ > 0. Here,
we focus on the case α1 = α2 = 0 and α3 =: α > 0.

Using the notation above we obtain the infinite-dimensional optimization
problem

(P) min J(q, u) s.t. e(q, u) = 0 in H1(Ω)′ and qa ≤ q.



48

The value qa stands for a lower bound of the parameter q, which we aim to
find as a solution to our minimization problem. The inequality constraint
in (P) is optional, yet in many practical problems it is necessary to demand
that q ≥ 0 holds. Moreover, an upper bound to q can also be added to the
optimization problem. This additional inequality constraint does not make
a serious difference in the optimization analysis, though, so we neglect it in
our study.

Theorem 4.2 If

α2(qa) = min
{

c

2
, qa −

‖β‖2
Rd

2c

}
+ min{0, σC2

Γ} > 0,

(P) admits a local solution x∗ = (q∗, u∗).

Proof. First we need to check wether the set of feasible points

F(P) = {(q, u) : e(q, u) = 0 and qa ≤ q}
is non-empty. Assume that the conditions from Proposition 2.10 are fulfilled
for all q ∈ Qad = {q ∈ R : q ≥ qa}. Then we choose q = qa and from
Proposition 2.10 we know that there exists a unique solution u = u(q)
associated with q, satisfying e(q, u) = 0.
It follows that there exists a minimizing sequence {qn, un}n∈N in F(P) and

(4.3) 0 ≤ inf
(q,u)∈F(P)

J(q, u) = lim
n→∞J(qn, un) < ∞.

Now we show that this minimizing sequence is bounded. This is done by a
proof by contradiction.
Let us assume that lim

n→∞ qn = ∞. Then J is radially unbounded in q and

lim
n→∞J(qn, un) = ∞. Since κ > 0, this is in the contradiction to (4.3).
Therefore we deduce that there exists a constant Cq independent from n such
that |qn| ≤ Cq for all n ∈ N. We use the theorem of Bolzano-Weierstrass
and conclude that there exists a subsequence {qnk}k∈N with qnk → q∗ as
k →∞ for a q∗ ∈ R. Since Qad is closed, q∗ ≥ qa holds, too.
Next we assume that lim

n→∞ ‖u
n‖H1(Ω) = ∞. Because (qn, un) ∈ F(P) for

every n ∈ N, the equality constraint e(qn, un) = 0 holds, i.e.,

−c∆un + β · ∇un + qnun = f in Ω,(4.4a)

c
∂un

∂n
+ σun = g on Γ = ∂Ω.(4.4b)
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By multiplying (4.4a) with un and building the integral over Ω we infer

(4.5)

∫

Ω
c‖∇un‖2

Rd dx +
∫

Ω
β · ∇un un dx +

∫

Ω
qn|un|2 dx +

∫

Γ
σ|un|2 ds

=
∫

Ω
f un dx +

∫

Γ
g un ds.

Let us remind of the parametrized bilinear form B(·, ·; q) : H1(Ω)×H1(Ω) →
R for fixed q ≥ qa which we introduced in Section 2.2:

B(u, φ; q) = c

∫

Ω
∇u · ∇φdx + σ

∫

Γ
uφds + q

∫

Ω
uφdx +

∫

Ω
β · ∇uφdx

for u, φ ∈ H1(Ω), q ∈ I. Obviously equation (4.5) can be written as

B(un, un; qn) =
∫

Ω
f un dx +

∫

Γ
g un ds.

Using Remark 2.11 we infer that
∫

Ω
f un dx +

∫

Γ
g un ds = B(un, un; qn) ≥ α2(qn)‖un‖2

H1(Ω)

holds, where

α2(qn) = min
{

c

2
, qn − ‖β‖2

Rd

2c

}
+ min{0, σC2

Γ}.

By applying Young’s inequality (see Lemma A.2) with ε = 1
α2(qn) twice, and

the trace theorem (see Lemma A.14) with CΓ denoting the trace constant,
we deduce

α2(qn)‖un‖2
H1(Ω) ≤‖f‖L2(Ω)‖un‖L2(Ω) + ‖g‖L2(Γ)‖un‖L2(Γ)

≤ 1
α2(qn)

‖f‖2
L2(Ω) +

α2(qn)
4

‖un‖2
L2(Ω) + CΓ‖g‖L2(Γ)‖un‖H1(Ω)

≤ 1
α2(qn)

‖f‖2
L2(Ω) +

α2(qn)
4

‖un‖2
H1(Ω) +

C2
Γ

α2(qn)
‖g‖2

L2(Γ)

+
α2(qn)

4
‖un‖2

H1(Ω).

Thus, we observe

α2(qn)
2

‖un‖2
H1(Ω) ≤

1
α2(qn)

‖f‖2
L2(Ω) +

C2
Γ

α2(qn)
‖g‖2

L2(Γ)
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and therefore

‖un‖2
H1(Ω) ≤

2
α2(qn)

(
1

α2(qn)
‖f‖2

L2(Ω) +
C2

Γ

α2(qn)
‖g‖2

L2(Γ)

)

=
2

α2(qn)2
(
‖f‖2

L2(Ω) + C2
Γ‖g‖2

L2(Γ)

)
≤ C

for a constant C > 0, provided α2(qn) > 0. Since qn ≥ qa for all n ∈ N,
it follows by assumption that α2(qn) ≥ α2(qa) > 0 holds for all n ∈ N.
Then, {un}n∈N is uniformly bounded in the Hilbert space H1(Ω), and thus
a subsequence converges weakly towards an element u∗ ∈ H1(Ω) (we write
unk ⇀ u∗), that means there exists a subsequence {unk}k∈N with

lim
k→∞

〈unk − u∗, ϕ〉H1(Ω) = 0 for all ϕ ∈ H1(Ω).

In particular,

(4.6) lim
k→∞

∫

Ω
(unk − u∗)ϕdx = 0 for all ϕ ∈ L2(Ω)

and

(4.7) lim
k→∞

∫

Ω
∇(unk − u∗) · ∇ϕdx = 0 for all ϕ ∈ H1(Ω)

hold. Equation (4.7) is equivalent to

(4.8)
∫

Ω
∇(unk − u∗) · ψ dx → 0 for all ψ ∈ L2(Ω)d.

Because the trace operator τΓ : H1(Ω) → L2(Γ) is linear and bounded, it
follows that

‖τΓunk‖L2(Γ) ≤ sup
‖ϕ‖H1(Ω)=1

‖τΓϕ‖L2(Γ)‖unk‖H1(Ω)

≤ max
‖ϕ‖H1(Ω)=1

CΓ‖ϕ‖H1(Ω)‖unk‖H1(Ω) = CΓ‖unk‖H1(Ω) ≤ C.

Since unk is bounded in H1(Ω), τΓunk is bounded in L2(Γ), and thus τΓunk ⇀
τΓu∗ follows. Hence,

(4.9) lim
k→∞

∫

Γ
(unk − u∗)ϕdx = 0 for all ϕ ∈ L2(Γ)
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is also a characterization of weak convergence.
Because (qnk , unk) ∈ F(P) for all k ∈ N,

∫

Ω
c∇unk · ∇ϕdx +

∫

Ω
β · ∇unk ϕdx +

∫

Ω
qnkunkϕdx−

∫

Ω
fϕ dx

+
∫

Γ
σunkϕds−

∫

Γ
gϕds = 0

holds for all k ∈ N and for all ϕ ∈ H1(Ω). We view every integral term
in the sum containing unk or qnk separately and check whether it converges
(weakly) towards the respective term with q∗ and u∗.
It is clear that

∫
Ω c∇unk ·∇ϕdx converges towards

∫
Ω c∇u∗ ·∇ϕdx because

∫

Ω
c∇unk · ∇ϕdx−

∫

Ω
c∇u∗ · ∇ϕdx =

∫

Ω
∇(unk − u∗) · ∇(cϕ) dx,

cϕ ∈ H1(Ω), and (4.7). Because of the weak convergence of {unk}k∈N the
claim follows.
The term

∫
Ω β · ∇unk ϕdx converges towards

∫
Ω β · ∇u∗ ϕdx because

∫

Ω
β · ∇unk ϕdx−

∫

Ω
β · ∇u∗ ϕdx =

∫

Ω
∇(unk − u∗) · (ϕβ) dx,

ϕβ ∈ L2(Ω)d, and (4.8).
Next we view the term

∫
Ω qnkunknϕdx. We observe

∣∣∣∣
∫

Ω
qnkunkϕdx−

∫

Ω
q∗u∗ϕ dx

∣∣∣∣ =
∣∣∣∣
∫

Ω
(qnkunk − q∗u∗)ϕdx

∣∣∣∣

=
∣∣∣∣
∫

Ω
(qnk − q∗)unkϕdx +

∫

Ω
q∗(unk − u∗)ϕdx

∣∣∣∣

≤|qnk − q∗|
∫

Ω
|unkϕ| dx

+
∣∣∣∣
∫

Ω
(unk − u∗)(q∗ϕ) dx

∣∣∣∣
≤|qnk − q∗| ‖unk‖L2(Ω)‖ϕ‖L2(Ω)

+
∣∣∣∣
∫

Ω
(unk − u∗)(q∗ϕ) dx

∣∣∣∣.

The second term in the right-hand side converges towards zero because q∗ϕ ∈
L2(Ω) and (4.6). For the first term, we infer ‖unk‖L2(Ω)‖ϕ‖L2(Ω) < ∞ for



52

all k ∈ N because ‖unk‖L2(Ω) is bounded independently of nk and ϕ is in
L2(Ω), and because qnk converges towards q∗, the whole term converges
towards zero.
Finally, we have to look at the term

∫
Γ σunkϕds. From

∫

Γ
σunkϕds−

∫

Γ
σu∗ϕds =

∫

Γ
(unk − u∗)(σϕ)ds,

σϕ ∈ L2(Ω), and (4.9) we conclude that e(qnk , unk) → e(q∗, u∗), and there-
fore e(q∗, u∗) = 0.
It is shown in [39] that any norm, such as the L2(Γ)-norm in (4.2), is weakly
lower semicontinuous. That means, if un ⇀ u∗, of course (un − uΓ) ⇀
(u∗−uΓ) holds as well, and due to the definition of weak lower semicontinuity
(see [39]) we obtain

‖u∗ − uΓ‖L2(Γ) ≤ lim
k→∞

‖unk − uΓ‖L2(Γ).

Therefore, we observe

inf
(q,u)∈F(P)

J(q, u) = lim
k→∞

J(qnk , unk) ≥ J(q∗, u∗),

so that (q∗, u∗) solves (P).

4.2 First-order necessary optimality conditions

The Lagrange function for (P) is given by

(4.10) L(q, u, p, λ) = J(q, u) + 〈e(q, u), p〉H1(Ω)′,H1(Ω) + λ(qa − q)

with the Lagrange multipliers p ∈ H1(Ω) and λ ∈ R.
To formulate first-order necessary optimality conditions for (P) in terms of
Lagrange multipliers we have to prove that J and e are Fréchet-differentiable
and that x∗ = (q∗, u∗) is a regular point.

Definition 4.3 Let B1 and B2 be Banach spaces and f : B1 → B2. If there
exists an operator A ∈ L(B1, B2) such that at some point x ∈ B1

lim
‖y‖B1

↘0

‖f(x + y)− f(x)−Ay‖B2

‖y‖B1

= 0,

then Ay is called the Fréchet-differential of f(x) at x – written δf(x; y).
The operator A is called the Fréchet-derivative of f(x) at x, and we write
A = f ′(x) and δf(x; y) = f ′(x)y.
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Remark 4.4 On the Hilbert space R×H1(Ω) we define the inner product

〈(q, u), (q̃, ũ)〉R×H1(Ω) = 〈q, q̃〉R + 〈u, ũ〉H1(Ω) = qq̃ + 〈u, ũ〉H1(Ω)

for (q, u), (q̃, ũ) ∈ R×H1(Ω) and its induced norm by

‖(q, u)‖2
R×H1(Ω) = |q|2 + ‖u‖2

H1(Ω).

Lemma 4.5 The operator J is Fréchet-differentiable.

Proof. First of all we compute the directional derivative for J in the di-
rection δu. Therefore we proceed

∇uJ(q, u)δu =
d

dt
J(q, u + t δu)|t=0 = lim

t↘0

J(q, u + t δu)− J(q, u)
t

= lim
t↘0

(
α
2

∫
Γ |u + t δu− uΓ|2ds + κ

2 |q − qd|2
t

−
α
2

∫
Γ |u− uΓ|2ds + κ

2 |q − qd|2
t

)

= lim
t↘0

α
2

∫
Γ(t2 δu2 + 2t δu(u− uΓ))ds

t

= lim
t↘0

α

2

∫

Γ
(t δu2 + 2 δu(u− uΓ))ds = α

∫

Γ
(u− uΓ)δu ds.

By Definition 4.3, J is Fréchet-differentiable if

lim
‖δu‖H1(Ω)↘0

|J(q, u + δu)− J(q, u)−∇uJ(q, u)δu|
‖δu‖H1(Ω)

= 0.

To prove that the directional derivative is also the Fréchet-derivative we
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proceed

|J(q, u + δu)− J(q, u)−∇uJ(q, u)δu|

=
∣∣∣∣
α

2

∫

Γ
|u + δu− uΓ|2ds +

κ

2
|q − qd|2 − α

2

∫

Γ
|u− uΓ|2ds− κ

2
|q − qd|2

− α

∫

Γ
(u− uΓ)δu ds

∣∣∣∣

=
∣∣∣∣
α

2

∫

Γ
(|u− uΓ|2 + |δu|2 + 2(u− uΓ)δu) ds− α

2

∫

Γ
|u− uΓ|2 ds

− α

∫

Γ
(u− uΓ)δu ds

∣∣∣∣

=
α

2

∫

Γ
|δu|2ds =

α

2
‖δu‖2

L2(Γ) ≤
αC2

Γ

2
‖δu‖2

H1(Ω)(= O(‖δu‖2
H1(Ω)))

and therefore

0 ≤ lim
‖δu‖H1(Ω)↘0

|J(q, u + δu)− J(q, u)−∇uJ(q, u)δu|
‖δu‖H1(Ω)

≤ lim
‖δu‖H1(Ω)↘0

αC2
Γ

2 ‖δu‖2
H1(Ω)

‖δu‖H1(Ω)
= lim
‖δu‖H1(Ω)↘0

αC2
Γ

2
‖δu‖H1(Ω) = 0.

It follows that

lim
‖δu‖H1(Ω)↘0

|J(q, u + δu)− J(q, u)−∇uJ(q, u)δu|
‖δu‖H1(Ω)

= 0,

thus J is Fréchet-differentiable with respect to u.
Since q is a scalar, by setting ∇qJ(q, u)δq = κ(q − qd)δq we obtain

|J(q + δq, u)− J(q, u)−∇qJ(q, u)δq| =
∣∣∣∣
α

2

∫

Γ
|u− uΓ|2ds +

κ

2
|q + δq − qd|2

− α

2

∫

Γ
|u− uΓ|2ds− κ

2
|q − qd|2 − κ(q − qd)δq

∣∣∣∣
=

∣∣∣κ
2
|q − qd|2 +

κ

2
|δq|2 + κ|q − qd| |δq| − κ

2
|q − qd|2 − κ(q − qd)δq

∣∣∣ =
κ

2
|δq|2

and therefore

lim
|δq|↘0

|J(q + δq, u)− J(q, u)−∇qJ(q, u)δq|
|δq|

= lim
|δq|↘0

κ
2 |δq|2
|δq| = lim

|δq|↘0

κ

2
|δq| = 0.



55

Thus, J is also Fréchet-differentiable with respect to q.

Lemma 4.6 The bilinear operator e is Fréchet-differentiable for all (q, u) ∈
R×H1(Ω).

Proof. The directional derivative ∇e(q, u) : R×H1(Ω) → H1(Ω)′ defined
by

∇e(q, u)(δq, δu) =
d

dt
e(q + tδq, u + tδu)

∣∣
t=0

is given by

〈∇e(q, u)(δq, δu), ϕ〉H1(Ω)′,H1(Ω) =
∫

Ω
c∇δu · ∇ϕdx +

∫

Ω
β · ∇δuϕ dx

+
∫

Ω
δquϕdx +

∫

Ω
qδuϕ dx +

∫

Γ
σδuϕ ds

for (q, u) ∈ R×H1(Ω), ϕ ∈ H1(Ω) and for the direction (δq, δu) ∈ R×H1(Ω).
We observe

‖e(q + δq, u + δu)− e(q, u)−∇e(q, u)(δq, δu)‖H1(Ω)′

= sup
‖ϕ‖H1(Ω)=1

〈e(q + δq, u + δu)− e(q, u)−∇e(q, u)(δq, δu), ϕ〉H1(Ω)′,H1(Ω)

= sup
‖ϕ‖H1(Ω)=1

(
〈e(q + δq, u + δu), ϕ〉H1(Ω)′,H1(Ω) − 〈e(q, u), ϕ〉H1(Ω)′,H1(Ω)

− 〈∇e(q, u)(δq, δu), ϕ〉H1(Ω)′,H1(Ω)

)

= sup
‖ϕ‖H1(Ω)=1

∫

Ω
δqδuϕ dx ≤ sup

‖ϕ‖H1(Ω)=1
|δq|‖δu‖L2(Ω)‖ϕ‖L2(Ω)

≤ sup
‖ϕ‖H1(Ω)=1

|δq|‖δu‖H1(Ω)‖ϕ‖H1(Ω) = |δq|‖δu‖H1(Ω)

≤1
2
(|δq|2 + ‖δu‖2

H1(Ω)

) ≤ 1
2
‖(δq, δu)‖2

R×H1(Ω),

thus,

lim
‖(δq,δu)‖R×H1(Ω)↘0

‖e(q + δq, u + δu)− e(q, u)−∇e(q, u)(δq, δu)‖H1(Ω)′

‖(δq, δu)‖R×H1(Ω)

≤ lim
‖(δq,δu)‖R×H1(Ω)↘0

1
2
‖(δq, δu)‖R×H1(Ω) = 0.

Therefore, ∇e(q, u)(δq, δu) is the Fréchet-derivative of e(q, u).
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Proposition 4.7 Let the assumptions from Proposition 2.10 hold. Then
the operator ∇e(q, u) is surjective for all (q, u) ∈ Qad ×H1(Ω).

Proof. For any F ∈ H1(Ω)′ we have to find (δq, δu) ∈ R × H1(Ω) such
that

(4.11) 〈∇e(q, u)(δq, δu), ϕ〉H1(Ω)′,H1(Ω) = 〈F,ϕ〉H1(Ω)′,H1(Ω)

for all ϕ ∈ H1(Ω).
We choose δq = 0. Then we obtain

〈∇e(q, u)(0, δu), ϕ〉H1(Ω)′,H1(Ω) =
∫

Ω
c∇δu · ∇ϕdx +

∫

Ω
β · ∇δuϕdx

+
∫

Ω
qδuϕ +

∫

Γ
σuϕds.

Using the same arguments as in the proof of Proposition 2.10 we deduce
that – provided that α2(qa) > 0 holds – there exists a unique element δu
such that (4.11) is fulfilled for all (q, u) ∈ Qad ×H1(Ω).

Remark 4.8 Note that from the proof of Proposition 4.7 it follows that
∇ue(q, u) : H1(Ω) → H1(Ω)′ is bijective.

Now we are able to determine the Fréchet-derivatives of the Lagrange func-
tion with respect to the arguments q, u, and p and therefore formulate the
first-order optimality conditions to the minimization problem (P):

Theorem 4.9 (Necessary first-order optimality conditions) Let x∗ =
(q∗, u∗) be a local solution to (P). Moreover, let the hypothesis of Propo-
sition 2.10 be satisfied. Then there exist associated Lagrange multipliers
p∗ ∈ H1(Ω) and λ∗ ≥ 0 such that the optimality condition

(4.12) κ(q∗ − qd)δq +
∫

Ω
u∗p∗δq dx− λ∗δq = 0

holds for all δq ∈ R, the dual/adjoint equation

(4.13)
α

∫

Γ
(u∗ − uΓ)δu ds +

∫

Ω
c∇p∗ · ∇δudx

+
∫

Ω
p∗β · ∇δudx +

∫

Ω
q∗p∗δudx +

∫

Γ
σp∗δu ds = 0
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holds for all δu ∈ H1(Ω), and the state equation

(4.14)

∫

Ω
c∇u∗ · ∇δp dx +

∫

Ω
β · ∇u∗δp dx +

∫

Ω
q∗u∗δp dx

−
∫

Ω
fδp dx +

∫

Γ
σu∗δp ds−

∫

Γ
gδpds = 0

holds for all δp ∈ H1(Ω). Equations (4.12)–(4.14) are called Karush-Kuhn-
Tucker (KKT) system for (P).

Proof. From Lemma 4.5 and Lemma 4.6 it follows that L is Fréchet-
differentiable. From Proposition 4.7 and [35] it follows that there exist
unique Lagrange multipliers p∗ ∈ H1(Ω) and λ∗ ≥ 0 such that

(4.15) ∇qL(q∗, u∗, p∗, λ∗)δq = 0 for all δq ∈ R,

(4.16) ∇uL(q∗, u∗, p∗, λ∗)δu = 0 for all δu ∈ H1(Ω),

and

(4.17) ∇pL(q∗, u∗, p∗, λ∗)δp = 0 for all δp ∈ H1(Ω)

hold. Let us build the derivative of L with respect to q first:

∇qL(q∗, u∗, p∗, λ∗)δq = κ(q∗ − qd)δq +
∫

Ω
u∗p∗δq dx− λ∗δq

for any δq ∈ R. Because of (4.15) we obtain (4.12).
Similarly, when we differentiate L with respect to u we derive

∇uL(q∗, u∗, p∗, λ∗)δu =α

∫

Γ
(u∗ − uΓ)δu ds +

∫

Ω
c∇p∗ · ∇δu dx

+
∫

Ω
p∗β · ∇δu dx +

∫

Ω
q∗p∗δu dx +

∫

Γ
σp∗δuds.

Due to (4.16), for the optimal point x∗ and the optimal Lagrange multipliers
p∗ and λ∗, this term must be equal to 0 for any direction δu ∈ H1(Ω), i.e.,
in the strong form we obtain the elliptic boundary value problem

−c∆p∗ − β · ∇p∗ + q∗p∗ = 0 in Ω,

c
∂p∗

∂n
+ (σ + β · n)p∗ = α(uΓ − u∗) on Γ.
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By differentiating L with respect to p, we obtain the weak formulation of
the equality constraint:

∇pL(q∗, u∗, p∗, λ∗)δp =
∫

Ω
c∇u∗ · ∇δp dx +

∫

Ω
β · ∇u∗δp dx +

∫

Ω
q∗u∗δp dx

−
∫

Ω
fδp dx +

∫

Γ
σu∗δp ds−

∫

Γ
gδp ds

for all δp ∈ H1(Ω). Together with (4.17), this leads to (4.14). Note that the
strong form of the state equation (4.14) is nothing else but (4.1).

Remark 4.10 From

∇uL(q∗, u∗, p∗, λ∗) = ∇uJ(q∗, u∗) +∇ue(q∗, u∗)∗p∗ = 0

we deduce
∇ue(q∗, u∗)∗p∗ = −∇uJ(q∗, u∗),

where ∇ue(q∗, u∗)∗ : H1(Ω) → H1(Ω)′ is the dual operator of ∇ue(q∗, u∗)
satisfying

〈∇ue(q∗, u∗)∗p, δu〉H1(Ω)′,H1(Ω) = 〈∇ue(q∗, u∗)δu, p〉H1(Ω)′,H1(Ω)

for all p, δu ∈ H1(Ω).
From Remark 4.8 we know that ∇ue(q∗, u∗) is bijective, that means that it
is also injective, thus p∗ is uniquely determined.

4.3 Augmentation of the inequality constraint

First of all we introduce the modified cost functional

(4.18) J%

λ̂
(q, u) = J(q, u) +

1
2%

max{0, λ̂ + %(qa − q)}2

for % > 0 and λ̂ > 0.

Lemma 4.11 The inequality condition

(4.19) qa − q∗ ≤ 0
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together with the non-negativity condition

(4.20) λ∗ ≥ 0

and the complementarity condition

(4.21) λ∗(qa − q∗) = 0

for optimal λ∗ and q∗ are equivalent to the equality

(4.22) λ∗ = max{0, λ∗ + %(qa − q∗)}.

Proof. Due to (4.21), at least one of the two inequality conditions (4.19)
and (4.20) obviously must be active, that means that the respective equality
holds true. To prove that (4.19), (4.20), and (4.21) imply (4.22), we consider
three cases.
Let λ∗ = 0 and qa − q∗ = 0 hold. Then, of course, (4.22) holds.
Let λ∗ > 0 and qa − q∗ = 0 hold. We find that max{0, λ∗ + %(qa − q∗)} =
max{0, λ∗ + 0} = λ∗, thus (4.22) holds.
Let λ∗ = 0 and qa − q∗ < 0 hold. We observe max{0, λ∗ + %(qa − q∗)} =
max{0, 0 + %(qa − q∗)} = 0, therefore (4.22) holds.
Now we presume that (4.22) holds. It is obvious that (4.20) holds. Assume
that qa − q∗ > 0 holds. Then we deduce for any % > 0 that

λ∗ = max{0, λ∗ + %(qa − q∗)} = λ∗ + %(qa − q∗) > λ∗

By contradiction we find that qa − q∗ > 0 cannot hold, thus (4.19) holds.

Now let λ∗ > 0. By assuming that qa−q∗ < 0 holds, we set % =
−λ∗

qa − q∗
> 0

and obtain

λ∗ = max{0, λ∗ + %(qa − q∗)} = max
{

0, λ∗ − λ∗

qa − q∗
(qa − q∗)

}
= 0,

this is in the contradiction to the assumption that λ∗ > 0. Thus, qa−q∗ = 0
and therefore (4.21) holds.
Next we investigate the case where qa− q∗ < 0 holds. Assuming that λ∗ > 0

and setting % =
−λ∗

qa − q∗
> 0 again, we deduce

λ∗ = max{0, λ∗ + %(qa − q∗)} = max
{

0, λ∗ − λ∗

qa − q∗
(qa − q∗)

}
= 0.
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This is a contradiction again, thus λ∗ > 0 cannot hold. Therefore, (4.21)
must hold.

With our new cost functional J%

λ̂
we have already integrated the inequality

constraint by the penalization term 1
2% max{0, λ̂ + %(qa − q)}2. Thus, we

obtain the following optimal control problem

(P%

λ̂
) minJ%

λ̂
(q, u) s.t. (q, u) ∈ R×H1(Ω) satisfies (2.1).

It follows as in the proof of Theorem 4.2 that (P%

λ̂
) has a local solution.

Of course, this new minimization problem changes our KKT system, if
λ̂ + %(qa − q) > 0.

The optimization problem (P%

λ̂
) itself is solved by a globalized SQP method.

This method is discussed in Section 4.3.1.
A solution to (P%

λ̂
) is also a solution to the original minimization problem

(P) for sufficiently large %, i.e. there exists a % > 0 such that a solution to
(P%

λ̂
) is a solution to (P) for % ≥ %. A proof to this claim can be found in

[9], for instance.
Summarizing these ideas we introduce the following algorithm:

Algorithm 4.1 (Augmented Lagrangian method) (1) Choose λ0 ≥
0, %0 > 0, and the augmentation factor β% > 1. Set k = 0. Choose an
appropriate stopping criterion.

(2) Determine a solution xk+1 = (qk+1, uk+1) of (P%

λ̂
) with % = %k and λ̂ =

λk and its associated Lagrange multiplier pk+1 by applying Algorithm
4.2 (globalized SQP method).

(3) Update the Lagrange multiplier by λk+1 = max
{
0, λk + %k(qa − qk)

}
.

(4) Unless the chosen stopping rule is satisfied, set %k+1 = β%%k, k = k+1,
and continue with step (2).
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The augmented Lagrange function is of the form

L%

λ̂
(q, u, p) =J%

λ̂
(q, u) +

〈
e(q, u), p

〉
H1(Ω)′,H1(Ω)

=
α

2

∫

Γ
|u− uΓ|2ds +

κ

2
|q − qd|2 +

1
2%

max{0, λ̂ + %(qa − q)}2

+
∫

Ω
c∇u · ∇pdx +

∫

Ω
β · ∇updx +

∫

Ω
qup dx−

∫

Ω
fp dx

+
∫

Γ
σupds−

∫

Γ
gpds.

We observe that∇qL%

λ̂
(q, u, p)δq is the only partial derivative that is different

compared to the partial derivatives of L(q, u, p, λ). We obtain

∇qL%

λ̂
(q, u, p)δq = κ(q − qd)δq +

∫

Ω
upδq dx−max{0, λ̂ + %(qa − q)}δq.

In the Hessian of L%

λ̂
(q, u, p) the only entry that might differ from its corre-

sponding entry in∇2L(q, u, p, λ) is the one where we calculate∇2
(q,q)L%

λ̂
(q, u, p).

Obviously this entry remains unchanged only if λ + %(qa − q) ≤ 0 holds. If
λ + %(qa − q) > 0 holds, we obtain ∇2

(q,q)L%

λ̂
(q, u, p) = κ + %.

4.3.1 SQP method for (P%

λ̂
)

We solve the minimization problem (P%

λ̂
) in each (outer) iteration by the

method of sequential quadratic programming (SQP) – see, e.g., [37] for a
detailed analysis of this method. Applied to our optimization problem this
yields the following algorithm:

Algorithm 4.2 (Globalized SQP method) (1) Set q0 = qk, u0 = uk

and p0 = pk. Set i = 0. Choose an appropriate stopping criterion. Set
% = %k and λ̂ = λk.

(2) For qi, ui, pi calculate the Hessian ∇2L%

λ̂
(qi, ui, pi) and the Fréchet-

derivative ∇L%

λ̂
(qi, ui, pi) with λ̂ = λk +%(qa−qi) for each SQP iterate

xi = (qi, ui).

(3) Compute the solution of the linear equation system∇2L%

λ̂
(qi, ui, pi)∆x̂ =

−∇L%

λ̂
(qi, ui, pi) where ∆x̂ = (∆q,∆u,∆p)T .
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(4) If ∇2
xxL%

λ̂
(qi, ui, pi) is not coercive, modify the Hessian (see Section

4.3.2) and go back to step (3).

(5) Perform a L1-line search in the direction ∆x̂ (see Section 4.3.3) to
obtain the step size s.

(6) Unless the chosen stopping rule is satisfied, set qi+1 = qi+s∆q, ui+1 =
ui + s∆u, pi+1 = pi + s∆p, set i = i + 1, and continue with step (2).
If the stopping criterion is satisfied, set qk+1 = qi, uk+1 = ui, and
pk+1 = pi and continue with step (3) in Algorithm 4.1.

Since the SQP method is a second-order method, we require to compute
the Hessian of the Lagrangian. Therefore we formulate second-order opti-
mality conditions. Second-order conditions for finite-dimensional problems
are given in Theorem A.20 and Theorem A.21. For equivalent results in
infinite-dimensional problems we refer the reader to [35].

In order to formulate second-order optimality conditions, of course it is nec-
essary that the cost function J and the bilinear operator e are twice Fréchet-
differentiable. The proof that these functions are indeed twice Fréchet-
differentiable is straightforward and very similar to the proofs of Theorems
4.5 and 4.6.
Moreover, we have already shown in Proposition 4.7 that the operator
∇e(q, u) is surjective.

For numerical purposes (see Section 4.5) we will investigate sufficient second-
order optimality conditions for the generalized Lagrange function which is
given by

L%,γ

λ̂
(q, u, p) =J%

λ̂
(q, u) +

〈
eγ(q, u), p

〉
H1(Ω)′,H1(Ω)

=
α

2

∫

Γ
|u− uΓ|2ds +

κ

2
|q − qd|2 +

1
2%

max{0, λ̂ + %(qa − q)}2

+
∫

Ω
c∇u · ∇pdx +

∫

Ω
β · ∇updx +

∫

Ω
γqupdx−

∫

Ω
fp dx

+
∫

Γ
σup ds−

∫

Γ
gp ds.

Note that for γ = 1 we have L%,γ

λ̂
≡ L%

λ̂
.
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In order to ensure the sufficient second-order optimality condition we make
use of the following two lemmas.

Lemma 4.12 Let x∗ = (q∗, u∗) solve (P) and let (δq, δu) ∈ Ker(∇e(q∗, u∗)).
Then

‖δu‖H1(Ω) ≤ Cu|δq|

holds with Cu :=
‖u∗‖L2(Γ)

α2(qa)
.

Proof. Due to the definition of Ker(∇e(q∗, u∗)) we have∇e(q∗, u∗)(δq, δu) =
0. Therefore

(4.23)
〈∇e(q∗, u∗)(δq, δu), ϕ〉H1(Ω)′,H1(Ω) =

∫

Ω
c∇δu · ∇ϕ dx

+
∫

Ω
β · ∇δuϕdx +

∫

Ω
δqu∗ϕdx +

∫

Ω
q∗δuϕdx +

∫

Γ
σδuϕds = 0

holds for all ϕ ∈ H1(Ω). We find that (4.23) is the variational equation of
the elliptic differential equation

−c∆δu + β · ∇δu + q∗ δu = −δq u∗ in Ω,(4.24a)

c
∂δu

∂n
+ σδu = 0 on Γ.(4.24b)

This differential equation corresponds to the state equation of the equality
constraint e(q∗, δu) = 0, with f = −δq u∗ and g = 0. Thus, the functional
F ∈ H1(Ω)′ as introduced in (2.2) is given by

〈F, ϕ〉H1(Ω)′,H1(Ω) =
∫

Ω
(−δqu∗)ϕdx.

From Remark 2.11 it follows that for any q ≥ qa we have

α2(q) ≥ α2(qa) = min
{

c

2
, qa −

‖β‖2
Rd

2c

}
+ min{0, σC2

Γ} > 0.

Hence, the inequality

B(δu, δu; q) ≥ α2(qa)‖δu‖2
H1(Ω)

holds true for any q ≥ qa. Due to Proposition 2.10 there exists a unique
solution δu ∈ H1(Ω) to (4.24) satisfying

B(δu, φ; q) = 〈F, φ〉H1(Ω)′,H1(Ω) for all φ ∈ H1(Ω),
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thus
〈F, δu〉H1(Ω)′,H1(Ω) = B(δu, δu; q) ≥ α2(qa)‖δu‖2

H1(Ω)

holds. By defining the norm of a functional F ∈ H1(Ω)′ as

‖F‖H1(Ω)′ := sup
‖ϕ‖H1(Ω)=1

〈F, ϕ〉H1(Ω)′,H1(Ω)

we deduce

‖δu‖2
H1(Ω) ≤

1
α2(qa)

〈F, δu〉H1(Ω)′,H1(Ω) ≤
1

α2(qa)
‖F‖H1(Ω)′‖δu‖H1(Ω),

therefore

‖δu‖H1(Ω) ≤
1

α2(qa)
sup

‖ϕ‖H1(Ω)=1
〈F, ϕ〉H1(Ω)′,H1(Ω)

=
1

α2(qa)
sup

‖ϕ‖H1(Ω)=1

(
−

∫

Ω
δq u∗ ϕdx

)

≤ 1
α2(qa)

sup
‖ϕ‖H1(Ω)=1

(
|δq| 〈|u∗|, |ϕ|〉

L2(Ω)

)

≤ 1
α2(qa)

sup
‖ϕ‖H1(Ω)=1

(
|δq| ‖u∗‖L2(Ω)‖ϕ‖L2(Ω)

)

≤ 1
α2(qa)

sup
‖ϕ‖H1(Ω)=1

(
|δq| ‖u∗‖L2(Ω)‖ϕ‖H1(Ω)

)

=
1

α2(qa)
|δq| ‖u∗‖L2(Ω) = Cu|δq|,

which gives the claim.

Remark 4.13 For the optimization problem (P%

λ̂
) the optimality condition

(4.12) is replaced by

(4.25) κ(q∗ − qd)δq +
∫

Ω
upδq dx−max{0, λ̂ + %(qa − q∗)}δq = 0.

The other two optimality conditions, namely (4.13) and (4.14), remain un-
changed.
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Lemma 4.14 Let (q∗, u∗, p∗) be a solution of the first-order necessary opti-
mality conditions (4.25), (4.13), and (4.14). Then

‖p∗‖H1(Ω) ≤
CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ)

holds with α̂2(qa) = min
{

c
2 , q − ‖β‖2Rd

2c

}
+ min{0, (σ + β · n)C2

Γ} > 0.

Proof. The strong form of the adjoint equation (4.13) is given by

−c∆p∗ − β · ∇p∗ + q∗p∗ = 0 in Ω,

c
∂p∗

∂n
+ (σ + β · n)p∗ = α(uΓ − u∗) on Γ.

We define the bilinear operator B̂(· , · ; q) for any fixed q ≥ qa by

B̂(p∗, φ; q) =
∫

Ω
c∇p∗ · ∇φ dx +

∫

Ω
p∗β · ∇φdx +

∫

Ω
q∗p∗φ dx +

∫

Γ
σp∗φ ds.

Analogous to the proof of Proposition 2.10 we infer that for α̂2(qa) =

min
{

c
2 , qa −

‖β‖2Rd

2c

}
+ min{0, (σ + β · n)C2

Γ} > 0 and F̂ ∈ H1(Ω)′ given

by

〈F̂ , ϕ〉H1(Ω)′,H1(Ω) =
∫

Γ
α(uΓ − u∗)ϕ ds for ϕ ∈ H1(Ω)

the inequality
B̂(p∗, p∗; q) ≥ α̂2(qa)‖p∗‖2

H1(Ω)

holds. Moreover, we have

B̂(p∗, φ; q) = 〈F̂ , φ〉H1(Ω)′,H1(Ω) for all φ ∈ H1(Ω).

We deduce

α̂2(qa)‖p∗‖2
H1(Ω) ≤ B̂(p∗, p∗; q) = 〈F̂ , p∗〉H1(Ω)′,H1(Ω) ≤ ‖F̂‖H1(Ω)′‖p∗‖H1(Ω),



66

thus we find

‖p∗‖H1(Ω) ≤
1

α̂2(qa)
‖F̂‖H1(Ω)′ =

1
α̂2(qa)

sup
‖ϕ‖H1(Ω)=1

〈F̂ , ϕ〉H1(Ω)′,H1(Ω)

=
1

α̂2(qa)
sup

‖ϕ‖H1(Ω)=1

∫

Γ
α(uΓ − u∗)ϕds

≤ 1
α̂2(qa)

sup
‖ϕ‖H1(Ω)=1

(‖α(uΓ − u∗)‖L2(Γ)‖ϕ‖L2(Γ)

)

≤ 1
α̂2(qa)

sup
‖ϕ‖H1(Ω)=1

(‖α(uΓ − u∗)‖L2(Γ)CΓ‖ϕ‖H1(Ω)

)

=
CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ),

which gives the claim.

In [35] the following sufficient second-order optimality condition for infinite-
dimensional problems is proved.

Theorem 4.15 Let (q∗, u∗, p∗) be a solution to the first order optimality
conditions (4.25), (4.13), and (4.14). If ∇2

xxL%,γ

λ̂
(q∗, u∗, p∗) is coercive on

Ker(∇e(q∗, u∗)), then (q∗, u∗, p∗) solves (P%

λ̂
).

The next theorem gives a sufficient condition that the assumption of Theo-
rem 4.15 is satisfied for (P%

λ̂
).

Theorem 4.16 Let (q∗, u∗, p∗) be a solution to the first order optimality
conditions (4.25), (4.13), and (4.14). If

(4.26) γ <

α̂2(qa)min
{

κ

2
,

κ

2C2
u

}

CΓ‖α(uΓ − u∗)‖L2(Γ)

holds, then ∇2
xxL%,γ

λ̂
(q∗, u∗, p∗) is coercive on Ker(∇e(q∗, u∗)), thus (q∗, u∗, p∗)

solves (P%

λ̂
).

Proof. We have

∇2
xxL%,γ

λ̂
(q∗, u∗, p∗)

(
(δq, δu), (δq, δu)

)
= κ|δq|2 +2γδq

∫

Γ
p δuds+α‖δu‖2

L2(Γ)
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for (δq, δu) ∈ R×H1(Ω) and need to show that for (4.26) the coercivity of
∇2

xxL%,γ

λ̂
(q∗, u∗, p∗) on Ker(∇e(q∗, u∗)) is guaranteed, i.e., that

(4.27) ∇2
xxL%,γ

λ̂
(q∗, u∗, p∗)

(
(δq, δu), (δq, δu)

) ≥ η‖(δq, δu)‖2
R×H1(Ω)

holds for (δq, δu) ∈ Ker(∇e(q∗, u∗)) and a constant η > 0.
Let us first consider the case where γ = 0 holds. Clearly (4.26) holds.
Because of Lemma 4.12 we obtain

∇2
xxL%,0

λ̂
(q∗, u∗, p∗)

(
(δq, δu), (δq, δu)

)
=κ|δq|2 + α‖δu‖2

L2(Γ)

=
κ

2
|δq|2 +

κ

2
|δq|2 + α‖δu‖2

L2(Γ)

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω)

≥min
{

κ

2
,

κ

2C2
u

}
‖(δq, δu)‖2

R×H1(Ω).

Thus, (4.27) is satisfied with η := min
{

κ

2
,

κ

2C2
u

}
> 0.

Now suppose that γ > 0. Using Lemma 4.14 we deduce

∇2
xxL%,γ

λ̂
(q∗, u∗, p∗)

(
(δq, δu), (δq, δu)

)

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω) − 2γ

∫

Ω
|δq| |p∗| |δu| dx

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω) − 2γ|δq| ‖p∗‖L2(Ω) ‖δu‖L2(Ω)

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω) − 2γ|δq| ‖p∗‖H1(Ω) ‖δu‖H1(Ω)

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω) − 2γ

CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ)|δq| ‖δu‖H1(Ω)

≥κ

2
|δq|2 +

κ

2C2
u

‖δu‖2
H1(Ω) − 2γ

CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ)

1
2
(|δq|2 + ‖δu‖2

H1(Ω)

)

≥
(

min
{

κ

2
,

κ

2C2
u

}
− γ

CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ)

)
‖(δq, δu)‖2

R×H1(Ω).

Thus, if (4.26) holds, the constant

η̂ := min
{

κ

2
,

κ

2C2
u

}
− γ

CΓ

α̂2(qa)
‖α(uΓ − u∗)‖L2(Γ)

is larger than zero, and (4.27) holds for η = η̂.
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Remark 4.17 Due to Theorem 4.16, coercivity of ∇2
xxL%,γ

λ̂
(q∗, u∗, p∗) is

guaranteed if

γ‖α(uΓ − u∗)‖L2(Γ) <
α̂2(qa)

CΓ
min

{
κ

2
,

κ

2C2
u

}

holds, i.e., the term γ‖α(uΓ − u∗)‖L2(Γ) must be sufficiently small. Thus,
if u∗ is sufficiently close to the measurements uΓ on the boundary Γ in the
L2-norm, the damping parameter γ (compare Section 4.3.2) apparently can
be set equal to one.

The next theorem ensures local convergence of the SQP method with a
convergence rate 2.

Theorem 4.18 (Convergence theorem) Let (q∗, u∗) be a solution to (P%

λ̂
).

Moreover, let ∇e(q∗, u∗) be surjective, and let ∇2
xxL%

λ̂
(q∗, u∗, p∗) be coercive

on Ker(∇e(q∗, u∗)). Then, since the SQP method is locally equivalent with
the Newton method applied to first-order optimality conditions, the conver-
gence of the SQP method we apply in our problem is local quadratic, i.e.,
there exists a ρ > 0 and a C > 0 such that

‖(qi+1, ui+1, pi+1)− (q∗, u∗, p∗)‖R×H1(Ω)×H1(Ω)

≤C‖(qi, ui, pi)− (q∗, u∗, p∗)‖2
R×H1(Ω)×H1(Ω) for all i ∈ N,

if for the starting iterate ‖(q0, u0, p0)− (q∗, u∗, p∗)‖R×H1(Ω)×H1(Ω) < ρ holds.

Remark 4.19 The indefinite and symmetric linear equation system in step
(3) of Algorithm 4.2 can be solved, e.g., by means of the LU decomposition
or by an iterative method like GMRES. For the GMRES algorithm it is
useful to apply preconditioners to ∇2L%

λ̂
(qi, ui, pi) – see [6],[7], and [8] for a

detailed review and analysis of preconditioners.

4.3.2 Damping of the Hessian

With ∇2
xxL%

λ̂
(q, u, p) we denote the Hessian consisting of the second partial

derivatives with respect to the variables x = (q, u), only. That means that
∇2

xxL%

λ̂
(q, u, p) is of the form

∇2
xxL%

λ̂
(q, u, p) =

(
κ + % p

p α

)
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if λ + %(qa − q) > 0 holds, and of the form

∇2
xxL%

λ̂
(q, u, p) =

(
κ p
p α

)

if λ + %(qa − q) ≤ 0 holds. Recall that the operator ∇2
xxL%

λ̂
(q, u, p) needs to

be coercive on Ker∇e(q, u) in order to obtain a descent direction (see, e.g.,
[37]). This condition is not necessarily fulfilled for all iterates x̂ = (q, u, p). In
order to evade this problem we aim to damp the entries of∇2

xxL%

λ̂
(q, u, p) that

possibly cause the non-coercivity of the Hessian. These entries are the partial
derivatives ∇2

(q,u)L%

λ̂
(q, u, p) and ∇2

(u,q)L%

λ̂
(q, u, p). We modify the operator

∇2
xxL%

λ̂
(q, u, p) a little and obtain the damped Hessian ∇2

xxL%,γ

λ̂
(q, u, p):

∇2
xxL%,γ

λ̂
(q, u, p) =

(
κ(+%) γp

γp α

)
,

see [18].
Numerically, we require

(4.28) ∇2
xxL%,γ

λ̂
(q∗, u∗, p∗)

(
(∆q,∆u), (∆q, ∆u)

) ≥ η
(|∆q|2 + ‖∆u‖2

H1(Ω)

)

for the direction (∆q, ∆u) as computed in step (3) of Algorithm 4.3.1, where
η is a fixed value larger than zero. In any iteration i we have

∇2
xxL%,γ

λ̂
(qi, ui, pi)

(
(∆qi, ∆ui), (∆qi, ∆ui)

)
=κ|∆qi|2 + 2γ∆qi

∫

Γ
pi ∆ui ds

+ α‖∆ui‖2
L2(Γ).

For γ = 0, we obtain a positive definite operator ∇2
xxL%,0

λ̂
(qi, ui, pi) because

of the positiveness of α and the positiveness of κ. Yet, we aim to approximate
∇2

xxL%

λ̂
(qi, ui, pi) sufficiently well. Therefore, we try to find a value for γ

between 0 and 1 that ensures (4.28). Note that for

γ ≤ Cγ :=
η
(|∆qi|2 + ‖∆ui‖2

H1(Ω)

)− κ|∆qi|2 − α‖∆ui‖2
H1(Ω)

2∆qi

∫

Γ
pi∆ui ds

we obviously obtain (4.28). Thus, one possibility is to set

γi := max
{
0,min{ξCγ , 1}}
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in each SQP-iteration i, with ξ = 0.9, for instance.

4.3.3 Line search

The globalized augmented Lagrange SQP method still does not necessarily
need to converge, even if the iteration sequence appears to yield positive
definite Hessian matrices without exception. Therefore we try to overcome
this unpleasant state by applying an appropriate line search.
One possible line search technique is the Armijo-rule (see, e.g., [18]) which
demands that for the step size s the following inequality holds:

(4.29) ϕi(s)− ϕi(0) ≤ εs(ϕ̄i(1)− ϕ̄i(0))

for a fixed constant ε ∈ [10−4, 10−3], where in each iteration i the function
ϕi is defined for xi = (qi, ui) by

ϕi(s) = J(xi + s∆xi) + µ‖e(xi + s∆xi)‖H1(Ω) for s ∈ [0, 1]

and its linearization ϕ̄i is defined by

ϕ̄i(s) = J(xi) + s∇J(xi)∆xi + µ‖e(xi) + s∇e(xi)∆xi‖H1(Ω) for s ∈ [0, 1]

for a penalty parameter µ ≥ 0.
Note that ∇e(xi)∆xi = −e(xi) holds (because of the third row of the KKT
system), and therefore we have

ϕ̄i(s) = J(xi) + s∇J(xi)∆xi + µ‖e(xi)‖H1(Ω)(1− s) for s ∈ [0, 1]

The penalty term µ‖e(xi)‖H1(Ω) in the so-called merit function (’exact penalty
function’, see [42]) can be motivated by the fact that we want to trade off
the descent of the cost functional J and the measuring of the violation of
the equality constraint e(xi) = 0. For a sufficiently large parameter µ the
descent of the function ϕi is guaranteed.
Numerically, one has to augment the parameter µ until the condition

ϕ̄i(1)− ϕ̄i(0) < 0

holds. This value for µ is inserted into the functions ϕi and ϕ̄i. Now we can
start the actual Armijo-type line search. That is, we decrease the step size
s – for instance by one half – until (4.29) is fulfilled.
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4.4 Galerkin approximation of the SQP algorithm

In our numerical experiments we approximate the state u by a linear com-
bination of finite elements (see Section 2.3) or by a linear combination of
POD basis functions which we compute as described in Section 3.3.
Throughout this work, we will denote the FE based solution by uh and the
POD based solution by u`. The coefficients to the respective basis functions
(the FE basis functions are denoted by ϕi for i = 1, ..., nFE and the POD
basis functions by ψi for i = 1, ..., `) are denoted by uh

i and u`
i , that means

uh(x) =
nFE∑

i=1

uh
i ϕi(x)

and

u`(x) =
∑̀

i=1

u`
iψi(x).

The same can be done with the Lagrange multiplier p ∈ H1(Ω), thus we
define the FE-based approximation of p by

ph(x) =
nFE∑

i=1

ph
i ϕi(x)

and the POD-based approximation by

p`(x) =
∑̀

i=1

p`
iψi(x),

where ph
i and p`

i are the coefficients to the respective Galerkin ansatz func-
tions.

We want to discretize the continuous optimality conditions (4.12)–(4.14) for
the problem (P) by a finite-dimensional nonlinear system.
Let us take a look at the L2-inner product of the functions uh and ph first:

∫

Ω
uh(x)ph(x) dx =

∫

Ω

nFE∑

i=1

uh
i ϕi(x)

nFE∑

j=1

ph
j ϕj(x) dx

=
nFE∑

i=1

nFE∑

j=1

uh
i

∫

Ω
ϕi(x)ϕj(x) dxph

j =
nFE∑

i=1

nFE∑

j=1

uh
i Mh

ij ph
j .
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By Mh we define the symmetric and positive semidefinite FE-based mass
matrix whose entries Mh

ij are the L2-inner products of the FE basis functions
ϕi and ϕj for 1 ≤ i, j ≤ nFE (compare (3.15) in Section 3.3). Thus, the
FE-discretization of the first optimality condition (4.12) leads to

(4.30) κ(q − qd) + (uh)T Mhph − λ = 0,

where uh and ph are the vectors containing the coefficients {uh
i }nFE

i=1 and
{ph

i }nFE
i=1 in the FE approximations, respectively.

Let us introduce the symmetric and positive semidefinite matrix BDh ∈
RnFE×nFE by

BDh
ij =

∫

Γ
ϕi(x)ϕj(x) ds for 1 ≤ i, j ≤ nFE .

Note that BDh
ij = 〈ϕi(x), ϕj(x)〉L2(Γ) holds for 1 ≤ i, j ≤ nFE . Hence, we

can write the term α

∫

Γ
(uh − uh

Γ)δuh ds as

α

∫

Γ
(uh − uh

Γ)δuh ds = α

∫

Γ

nFE∑

i=1

(uh
i − (uh

Γ)i)ϕi(x)
nFE∑

j=1

δuh
j ϕj(x) ds

= α

nFE∑

i=1

nFE∑

j=1

(uh
i − (uh

Γ)i)
∫

Γ
ϕi(x)ϕj(x) ds δuh

j

= α(uh − uh
Γ)T BDhδuh,

where δuh is the vector containing the coefficients {δuh
i }nFE

i=1 of the FE basis
functions, again.
Furthermore, we define the symmetric matrix and positive semidefinite ma-
trix Ŝh ∈ RnFE×nFE by

Ŝh
ij =

∫

Ω

∫

Ω
∇ϕi(x) · ∇ϕj(x) dx for 1 ≤ i, j ≤ nFE .

Note that Ŝh = Sh −Mh holds, where Sh stands for the stiffness matrix as
introduced in (3.16).
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Then we obtain
∫

Ω
c∇ph · ∇δuh dx = c

∫

Ω
∇

( nFE∑

i=1

ph
i ϕi(x)

)
· ∇

( nFE∑

j=1

δuh
j ϕj(x)

)
dx

=
nFE∑

i=1

nFE∑

j=1

cph
i

∫

Ω
∇ϕi(x) · ∇ϕj(x) dx δuh

j = (ph)T c Ŝhδuh.

Defining the non-symmetric matrix BEh ∈ RnFE×nFE by

BEh
ij =

∫

Ω
ϕi(x)β · ∇ϕj(x) dx for 1 ≤ i, j ≤ nFE

we obtain
∫

Ω
phβ · ∇δuh dx =

∫

Ω

nFE∑

i=1

ph
i ϕi(x)β · ∇

( nFE∑

j=1

δuh
j ϕj(x)

)
dx

=
nFE∑

i=1

nFE∑

j=1

ph
i

∫

Ω
ϕi(x)β · ∇ϕj(x) dx δuh

j = (ph)T BEhδuh.

Furthermore, we observe

∫

Ω
qphδuh dx =

∫

Ω
q

nFE∑

i=1

ph
i ϕi(x)

nFE∑

j=1

δuh
j ϕj(x)

= q

nFE∑

i=1

nFE∑

j=1

ph
i

∫

Ω
ϕi(x)ϕj(x) dx δuh

j = q(ph)T Mhδuh

and
∫

Γ
σphδuh ds =

∫

Γ
σ

nFE∑

i=1

ph
i ϕi(x)

nFE∑

j=1

δuh
j ϕj(x) ds

= σ

nFE∑

i=1

nFE∑

j=1

ph
i

∫

Γ
ϕi(x)ϕj(x) ds δuh

j = σ(ph)T BDhδuh.

The FE-discretization of the optimality condition (4.13) is thus given by

(4.31) αBDh(uh − uh
Γ) + (c Ŝh + (BEh)T + qMh + σBDh)ph = 0.
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We define the vectors fh ∈ RnFE and gh ∈ RnFE by

fhi =
∫

Ω
f(x)ϕi(x) dx for 1 ≤ i ≤ nFE

and
gh

i =
∫

Γ
g(x)ϕi(x) dx for 1 ≤ i ≤ nFE .

Similar to (4.30) and (4.31), we apply the FE-discretization to the optimality
condition (4.14) and obtain

(4.32) (cŜh + BEh + qMh + σBDh)uh − fh − gh = 0.

Next we turn to the POD Galerkin approximation of the optimality system
(4.12)–(4.14).
The POD basis functions {ψh

i }`
i=1 themselves can be written as linear com-

binations of the finite elements {ϕi}nFE
i=1 , i.e., for i ∈ {1, ...`} :

ψh
i (x) =

nFE∑

l=1

Uliϕl(x).

The resulting matrix containing the FE coefficients of the POD basis func-
tions is denoted by U = ((Uij)) ∈ RnFE×`.

When we look at the L2-inner product of the POD-based functions u` and
p` we obtain

∫

Ω
u`(x)p`(x) dx =

∫

Ω

∑̀

i=1

u`
iψi(x)

∑̀

j=1

p`
jψj(x) dx

=
∑̀

i=1

∑̀

j=1

u`
i

∫

Ω
ψi(x)ψj(x) dxp`

j .

Setting

M`
ij =

∫

Ω
ψi(x)ψj(x) dx =

∫

Ω

nFE∑

l=1

nFE∑

k=1

Uliϕl(x)Ukjϕk(x) dx

=
nFE∑

l=1

nFE∑

k=1

UliUkj

∫

Ω
ϕl(x)ϕk(x) dx =

nFE∑

l=1

nFE∑

k=1

UliUkjMh
lk = (UT MhU)ij ,
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we observe that
M` = UT MhU ∈ R`×`

holds. Analogously, we compute the matrices

BD` = UT BDhU ∈ R`×`,

Ŝ` = UT ŜhU ∈ R`×`,

BE` = UT BEhU ∈ R`×`,

as well as the vectors
f` = UT fh ∈ R`

and
g` = UT gh ∈ R`.

Then, the POD-discretization of the optimality conditions (4.12)–(4.14)
leads to

(4.33) κ(q − qd) + (u`)T M`p` − λ = 0,

(4.34) αBD`(u` − u`
Ω) + (c Ŝ` + (BE`)T + qM` + σBD`)p` = 0,

and

(4.35) (cŜ` + BE` + qM` + σBD`)u` − f` − g` = 0.

Note that these optimality conditions are generally of a smaller dimension
(` ¿ nFE) than those in (4.30)–(4.32).

Remark 4.20 The symmetric matrices Mh, Ŝh, BDh, and the generally
non-symmetric matrix BEh can be computed with a software package like
Femlab. The corresponding POD matrices M`, Ŝ`, BD`, and BE` can be
derived as described above. The same holds for the vectors fh, gh, as well as
f`, g`.

The discretization of the Hessian is done analogously as for the first-order
optimality conditions. Eventually we obtain the Hessian




κ pT M uT M
MT p αBD (cŜ + BE + qM + σBD)T

MT u cŜ + BE + qM + σBD 0


 ,
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where the matrices M, Ŝ, BD, and BE and the vectors u and p stand for
those matrices and vectors that arise in the discretization either regarding
the FE basis or the POD basis. They should be replaced by Mh, Ŝh, BDh,
BEh, uh, and ph if we worked with the finite element basis, and by M`, Ŝ`,
BD`, BE`, u`, and p` if we settled for the POD basis.

4.5 Numerical results in parameter estimation

We apply Algorithm 4.1 introduced in Section 4.3 in order to solve the pa-
rameter estimation problem. The FE-discretized problem is implemented
numerically in Matlab 6.1, again, using routines from Femlab 2.2. In
the programming code we can choose if we want to make use of the POD
method for calculating the solution or to settle for the FE method as intro-
duced in Section 2.3. We will show that the usage of the POD method is
indeed reasonable in the problem we investigate in this work.

Because in our specific problem we usually do not have any given a-priori
estimation for q∗ (the parameter to be estimated) we should use a rather
small value for κ. What we really care about is that the solution u∗ is really
close to the data uΓ on the boundary, so we should give a relatively large
value to the weight α.

The linear system in step (3) of Algorithm 4.3.1 can be solved by a LU-
factorization for the POD-discretized problem, if ` is sufficiently small. Since
the eigenvalues decay quite rapidly in the problems we investigated in this
work, a small value for ` already guarantees a good approximation of the
state u (compare Section 3.4). For the FE-discretized problem, we need to
apply the GMRES method because the linear system is of a much bigger
dimension and the LU-factorization alone would take much computing time.
As preconditioners for the Hessian we use an incomplete LU-factorization.

4.5.1 Parameter estimation with the POD method and the FE
method

Run 4.1 Let the setting be as in Run 3.1. Our aim is to estimate the ideal
coefficient qideal = 25 from a measurement ud that is given by the boundary
values of the FE solution uh

ideal = uh(qideal) to (3.21), i.e., uΓ = ud =
uh

ideal

∣∣
Γ
.
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Figure 4.1: Run 4.1: Solution u∗ to our augmented SQP algorithm (left plot) and
error between the solution and the exact data (right plot).

Let qa = 1 be the lower bound, i.e., Qad = {q ∈ R : q ≥ 1}, and the
regularization parameters be κ = 0.001 and α = 10000 in (4.2). Moreover,
we choose qd = qa as our initial guess, since we presume that we do not have
any a-priori knowledge of the optimal parameter qideal.
We initialize Algorithm 4.1 with q0 = qd and u0 = ud.
The resulting optimal POD state u` := u∗, which is given by the solution of
Algorithm 4.1 when we are using the POD approximation, is presented in
Figure 4.1 (left plot). In the right plot of Figure 4.1 we see that u` is close
to the exact data uh

ideal. Numerically, we observe

‖uh
ideal − u`‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0014 and
‖uh

ideal − u`‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 4.82 · 10−4.

Moreover, we obtain q∗ = 24.9493 as the solution to our parameter identifi-
cation problem. Thus, we calculate a relative error of

|q∗ − qideal|
|qideal| ≈ 0.002 = 0.2%.

The performance of Algorithm 4.1 using Algorithm 4.2 as the inner iteration
method is shown in Table 4.1. In the first outer iteration we need 6 SQP-
iterations – in the first SQP-iteration the step size is decreased to s = 1/16,
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and in the second SQP-iteration coercivity does not hold, so the damping
parameter γ is reduced to 0.3677. The needed computing time of the SQP

Outer iteration SQP method qk

k = 1 6 iterations 24.9489971
k = 2 3 iterations 24.9492551
k = 3 2 iterations 24.9492513

Table 4.1: Run 4.1: Performance of Algorithm 4.1 with Algorithm 4.2 as the inner
iteration method for the POD-discretized problem.

solver is only 1.27 seconds.

Next we apply the FE approximation of Algorithm 4.1 to the same problem.
The performance of the algorithm is shown in Table 4.2. Since the discrete

Outer iteration SQP method qk

k = 1 7 iterations 24.9497474
k = 2 2 iterations 24.9497847

Table 4.2: Run 4.1: Performance of Algorithm 4.1 with Algorithm 4.2 as the inner
iteration method for the FE-discretized problem.

optimal control problem is of a much higher dimension than in the previous
case with POD approximations, the computation of the solution now takes
151.65 seconds. We obtain a solution of q∗ = 24.9498, thus we observe the
following relative errors (by setting uh := u∗):

‖uh
ideal − uh‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0014,
‖uh

ideal − uh‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 4.77 · 10−4

and |q∗ − qideal|
|qideal| ≈ 0.002 = 0.2%.

We test the algorithm on another example, based on the setting of Run 3.3
in Section 3.5.1.
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Figure 4.2: Run 4.2: Solution u∗ to our augmented SQP algorithm (left plot) and
error between the solution and the exact data (right plot).

Run 4.2 Again we aim to estimate the ideal coefficient, which is now given
by qideal = 2, from a measurement ud that is given by the boundary values
of the FE solution uh

ideal = uh(qideal).
Let qa = 1 be the lower bound and the regularization parameters be κ = 0.001
and α = 10000 in (4.2), as in the previous run. Moreover, we choose qd = qa

as our initial guess and initialize Algorithm 4.1 with q0 = qd and u0 = ud.

The optimal POD state and the difference between the POD state and exact
data are shown in Figure 4.2.
The relative errors are

‖uh
ideal − u`‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 1.93 · 10−4,
‖uh

ideal − u`‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 4.15 · 10−4,

and |q∗ − qideal|
|qideal| ≈ 2.49 · 10−4.

The performance of Algorithm 4.1 is shown in Table 4.3. The computation
of the solution takes 1.81 seconds.
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Outer iteration SQP method qk

k = 1 11 iterations 2.0005028
k = 2 3 iterations 2.0004985
k = 3 3 iterations 2.0004981

Table 4.3: Run 4.2: Performance of Algorithm 4.1 with Algorithm 4.2 as the inner
iteration method for the POD-discretized problem.

Again we apply the FE-discretized SQP solver to the same problem and ob-
tain – after a computation time of 240.16 seconds and only one augmented
Lagrange iteration (with 14 SQP iterations) – a solution of q∗ = 2.00001.
Thus, the relative error is only

|q∗ − qideal|
|qideal| ≈ 5.1 · 10−6.

Moreover, we observe

‖uh
ideal − uh‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 1.38 · 10−6 and
‖uh

ideal − uh‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 5.93 · 10−6.

4.5.2 Parameter estimation for noisy data with the POD
method and the FE method

As we mentioned in the beginning of Section 4, in many practical applica-
tions one gets measurements which are corrupted due to measurement noise.
In this section we investigate the case where we do not have an exact rep-
resentation for the data, but (little) perturbed measurements. In this work
we admit random noise in the size of 5% to the exact data uh

ideal.

Run 4.3 The setting is the same as in Run 4.1, except that the noisy data
is given by uΓ = ud = (1+0.05ε)uh

ideal

∣∣
Γ
, where ε : Ω → [−1, 1] is a mapping

with random function values. Nevertheless, we obtain a solution for q∗ that
is close to qideal for any random variable. For one possible random noise
vector we present our results here. The relative errors are

‖uh
ideal − u`‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0036,
‖uh

ideal − u`‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 0.0012,
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‖ud − u`‖L2(Ω)

‖ud‖L2(Ω)
≈ 0.0207,

‖ud − u`‖H1(Ω)

‖ud‖H1(Ω)
≈ 0.5117,

and |q∗ − qideal|
|qideal| ≈ 0.0051 = 0.51%.

Note that the function u`, which is part of the solution to our optimization
problem, is in fact closer to uh

ideal than our initial (noisy) data ud, which
has a relative error to uh

ideal of 0.0204 in the L2-norm.
The relative error between the solution and the noisy data in the H1-norm
is large, of course, due to measurement noise. The performance of the al-
gorithm, which takes only 0.42 seconds of computing time, is presented in
Table 4.4.

Outer iteration SQP method qk

k = 1 6 iterations 24.8723549
k = 2 3 iterations 24.8725878
k = 3 2 iterations 24.8725841

Table 4.4: Run 4.3: Performance of Algorithm 4.1 with Algorithm 4.2 as the inner
iteration method for the POD-discretized problem.

In order to possibly improve the results in our parameter identification prob-
lem, one option is to use the a-priori solution q∗ from above and restart
Algorithm 4.1 with qd = q∗ and q0 = q∗. Moreover, we reduce the regular-
ization κ to 0.0001. We hope to find a solution q∗∗ in the second cycle that
is closer to qideal.
Setting q0 = 24.8726 and rerunning the algorithm, we obtain an optimal
parameter q∗∗ = 24.9227. Thus, the new error of the estimated parameter is
only

|q∗ − qideal|
|qideal| ≈ 0.0031 = 0.31%.

The relative errors of the new optimal state u` := u∗∗ are now

‖uh
ideal − u`‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0022,
‖uh

ideal − u`‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 7.3345 · 10−4,

and
‖ud − u`‖L2(Ω)

‖ud‖L2(Ω)
≈ 0.0205,

‖ud − u`‖H1(Ω)

‖ud‖H1(Ω)
≈ 0.5117.
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If we repeat this procedure and set qd = q∗∗ and q0 = q∗∗, the results become
hardly better. For instance, we obtain q∗∗∗ = 24.9228 and, for u` := u∗∗∗,

‖uh
ideal − u`‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 7.3335 · 10−4,

in the third cycle.

Again, the FE-discretization of Algorithm 4.1 is tested for the same problem
with noisy data. After a computing time of 170.8 seconds we obtain q∗ =
24.8516, thus

|q∗ − qideal|
|qideal| ≈ 0.0059 = 0.59%.

Moreover, setting uh := u∗, we observe

‖uh
ideal − uh‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0042,
‖uh

ideal − uh‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 0.0014,

and
‖ud − uh‖L2(Ω)

‖ud‖L2(Ω)
≈ 0.0208,

‖ud − uh‖H1(Ω)

‖ud‖H1(Ω)
≈ 0.5117.

When we are restarting Algorithm 4.1 with qd = q∗ and q0 = q∗, we obtain
q∗∗ = 24.901 after 93.24 seconds of computing time, and for uh := u∗∗ we
observe

‖uh
ideal − uh‖L2(Ω)

‖uh
ideal‖L2(Ω)

≈ 0.0028,
‖uh

ideal − uh‖H1(Ω)

‖uh
ideal‖H1(Ω)

≈ 9.3737 · 10−4,

‖ud − uh‖L2(Ω)

‖ud‖L2(Ω)
≈ 0.0206,

‖ud − uh‖H1(Ω)

‖ud‖H1(Ω)
≈ 0.5117,

and |q∗∗ − qideal|
|qideal| ≈ 0.004 = 0.4%.

As in the POD discretized algorithm, in a third cycle we hardly observe
better results.
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A Appendix

A.1 Basic linear algebra

Definition A.1 We define the Euclidian scalar product 〈·, ·〉Rm by

〈x, y〉Rm =
m∑

i=1

xiyi

and the respective induced norm ‖ · ‖Rm by

‖x‖Rm =
√
〈x, x〉Rm =

√√√√
m∑

i=1

x2
i .

We often write simply x · y instead of 〈x, y〉Rm when it is clear that x and y
are vectors of the dimension m, for any m ∈ R.

Lemma A.2 (Young’s inequality) For all a, b ∈ R and every ε > 0

ab ≤ εa2 +
b2

4ε

holds.

Definition A.3 (Frobenius norm) The so called Frobenius norm ‖ · ‖F

of a matrix A ∈ Rm×n is defined by

‖A‖F =

√√√√
m∑

i=1

n∑

j=1

|Aij |2.

Lemma A.4 Let us introduce the trace of a matrix M ∈ Rn×n by trace(M) =∑n
j=1 Mjj. Then the equality

(A.1) ‖A‖F =
√

trace(AT A)

holds for any A ∈ Rm×n.
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Proof. We have

trace(AT A) =
n∑

j=1

(AT A)jj =
n∑

j=1

m∑

i=1

(AT )jiAij =
n∑

j=1

m∑

i=1

AijAij =
n∑

j=1

m∑

i=1

A2
ij ,

and therefore

√
trace(AT A) =

√√√√
n∑

j=1

m∑

i=1

A2
ij =

√√√√
m∑

i=1

n∑

j=1

A2
ij = ‖A‖F

holds.

Corollary A.5 Let U ∈ Rm×m be an orthonormal matrix, that means that
UT U = I holds, where I denotes the identity matrix. Then ‖A‖F = ‖UA‖F

holds for all matrices A ∈ Rm×n.

Proof. By applying (A.1) twice we have

‖UA‖2
F = trace((UA)T (UA)) = trace(AT UT UA) = trace(AT A) = ‖A‖2

F ,

thus the assertion holds.

Lemma A.6 For a symmetric positive definite matrix M ∈ Rm×m we have
the eigenvalue decomposition

M = QDQT ,

where D = diag(η1, ..., ηm) ∈ Rm×m with ηi > 0 for all i ∈ {1, ..., m}.
Moreover, Q ∈ Rm×m is orthogonal.

Definition A.7 For any α ∈ R we define

Mα = Qdiag(ηα
1 , ..., ηα

m)QT ,

where the matrix Q ∈ Rm×m as well as the positive values ηi, i = 1, ..., m,
are introduced in Lemma A.6.

Lemma A.8 The following properties hold:

(Mα)−1 = M−α,

Mα+β = MαMβ for all α, β ∈ R,

(Mα)T = Mα.
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Setting α = 1
2 , we have

M
1
2 = Qdiag(

√
η1, ...,

√
ηm)QT .

Definition A.9 The Kronecker symbol δik is defined by δik = 1 if i = k
and δik = 0 if i 6= k.

A.2 Basic functional analysis

Definition A.10 A collection M of subsets of Rd is called a σ-algebra if

∅,Rd ∈M,

A ∈M implies (Rd −A) ∈M, and

if {Ak}∞k=1 ⊂M, then
∞⋃

k=1

Ak,
∞⋂

k=1

Ak ∈M.

Definition A.11 Let f : Rd → R. We say f is a measurable function if

f−1(U) ∈M

for each open subset U ⊂ R.

Definition A.12 The adjoint operator A∗ : H → V to a given linear and
bounded operator A : V → H is defined as

〈Au, v〉H = 〈u,A∗v〉V
for any u ∈ V and v ∈ H.

Lemma A.13 (Cauchy-Schwarz inequality) Let V be a Hilbert space.
Then

〈u, v〉V ≤ ‖u‖V ‖v‖V

holds for all u, v ∈ V .

Lemma A.14 (Trace theorem) Assume that Ω is bounded and Γ = ∂Ω
is C1. Then there exists a bounded linear operator

τΓ : H1(Ω) → L2(Γ)
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such that
τΓu = u|Γ

and
‖τΓu‖L2(Γ) ≤ CΓ‖u‖H1(Ω)

for each u ∈ H1(Ω), with a constant CΓ > 0, named the trace constant,
depending on Ω.

A.3 Optimization theory

Consider a finite-dimensional optimization problem of the form

(A.2) minJ(x) for x ∈ Rn s.t. e(x) = 0 ∈ Rm.

A solution to (A.2) is called an optimal solution to the optimization problem.
Definition A.15 (Feasible points) The set of feasible points is given by

F = {x ∈ Rn : e(x) = 0}.

Definition A.16 (Partial derivative) Let x ∈ Xn and y ∈ Y m with
n,m ∈ N. The term ∇xJ(x, y) denotes the vector containing the entries
∂J(x,y)

∂xi
for 1 ≤ i ≤ n, only.

Definition A.17 (Hessian matrix) The matrix of the second partial deriva-
tives of a function J : Xn → R containing the entries ∂2J(x)

∂xi∂xj
at (∇2J(x))ij

for 1 ≤ i, j ≤ n, is called the Hessian matrix and denoted by ∇2J(x).

Again, if x ∈ Xn and y ∈ Y m with n,m ∈ N, the matrix ∇2
xxJ(x, y) contains

the entries ∂2J(x,y)
∂xi∂xj

for 1 ≤ i, j ≤ n, only.

Definition A.18 (Regular points) The point x∗ ∈ F is a regular point
if the (weak) gradients ∇e1(x∗), ...,∇em(x∗) are linearly independent.

Thus, x∗ is regular if the matrix

∇e(x∗) =




∇e1(x∗)T

...
∇em(x∗)T




is surjective.
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Definition A.19 (Local solution) The point x∗ ∈ F is a (strict) local
solution to (A.2) if and only if

J(x) ≥ J(x∗) (J(x) > J(x∗)) for all x ∈ (U ∩ F)\{x∗},

where U is a neighborhood of x∗.

Theorem A.20 (First-order necessary optimality condition) Suppose
that x∗ ∈ Rn is a local solution to (A.2) and let x∗ be regular. Then there
exists a unique vector of so called Lagrange-multipliers λ∗ = (λ∗1, . . . , λ

∗
m)T

satisfying the first-order necessary optimality conditions (KKT conditions)

∇J(x∗) +∇e(x∗)T λ∗ = 0 ∈ Rn

and
e(x∗) = 0 ∈ Rm.

Introducing the Lagrange function L : Rn × Rm → R by

L(x, λ) = J(x) + e(x)T λ = J(x) + 〈e(x), λ〉Rm for (x, λ) ∈ Rn × Rm,

we observe that the first-order necessary optimality conditions for (A.2) can
be written as

∇xL(x∗, λ∗) = 0 and ∇λL(x∗, λ∗) = 0.

Theorem A.21 (Second-order sufficient optimality condition) Suppose
that x∗ ∈ F is a regular point and let x∗ together with λ∗ ∈ Rm satisfy

∇J(x∗) +∇e(x∗)T λ∗ = 0 ∈ Rn

and
e(x∗) = 0 ∈ Rm.

Moreover, let the matrix

∇xxL(x∗, λ∗) = ∇xxJ(x∗, λ∗)+∇xxe(x∗)T λ∗ = ∇xxJ(x∗, λ∗)+
m∑

i=1

λ∗i∇xxei(x∗)

be positive definite on Ker(∇e(x∗)), i.e., vT∇xxL(x∗, λ∗)v > 0 for all v ∈ Rn

which satisfy ∇e(x∗)v = 0. Then x∗ is a strict local solution to (A.2).
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