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Proseminar Functionalanalysis
Problems 8 18.5.2005

Let M be a subset of a Hilbert space H, and let v, w € H. Suppose that (v, z) = (w, z) for
all x € M implies v = w. If this holds for all v, w € H, show that M is total (complete) in
H,iespanM = H.

Let z,,(t) = t", n € Ny. Show that {z,,: n € Ng} is complete in L?(—1,1).
Hint: Assume f € L?(—1,1) satisfies f1z,, n € Ng. Show Flxz,, n € Ny, where F(t) =
ffl f(s)ds. Approximate F' by a polynomial @ using the theorem of Weierstrafl and use

/_ P / F(F(®) - Q)

(justify) to argue F = 0, which implies f = 0.

On C? let the operator T: C? — C? be defined by Tx = (& +if2, & —ifs), where z = (&1, &2).
Find T”. Show that we have T'T = TT’ = 2id.

Let {yr: 1 < k < n} be linearly independent elements of a Hilbert space H and define
K={x¢€ H: (x,yr) = cx,1 <k <n}, where ¢, € R are fixed constants. Show that there
exists a unique element zy € X with minimum norm. Furthermore show that zq is given by

n
xo = By
i=1
where the coefficients §; are given by the solution of the system

(1, 91) 01 + (Y2, y1)B2 + -+ 4 (Yn, ¥1)Bn = 1
(Y1, 92)81 + (y2,92) B2 + -+ + (Yn, Y2) Bn = 2

(ylvyn)ﬁl + (yZayn)ﬁQ + -+ (yn;yn)/@n = Cn.

The shaft angular velocity of an d—c motor driven from a variable current source u is governed
by the following first order differential equation

O(t) + w(t) = ult).

The angular position # of the motor shaft is the time integral of w. Assume that the motor
is initially at rest 6(0) = w(0) = 0. Determine the field current « of minimum energy which
rotates the shaft within one second to the new rest position § = 1, w = 0. The energy is
measured by fol u?(t) dt.

Hint: Use problem 54



