THE MONOID OF REGULAR ELEMENTS IN COMMUTATIVE
RINGS WITH ZERO DIVISORS
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ABSTRACT. Let R be a commutative ring with identity, R® be the multiplica-
tive monoid of regular elements in R, ¢t be the so-called t-operation on R or
R®. A Marot ring is a ring whose regular ideals are generated by their regu-
lar elements. Marot rings were introduced by J. Marot in 1969 and have been
playing a key role in the study of rings with zero divisors. The notion of Marot
rings can be extended to t-Marot rings such that Marot rings are t-Marot rings.
In this paper, we study some ideal-theoretic relationships between a t-Marot
ring R and the monoid R®. We first construct an example of a t-Marot ring
that is not Marot. This also serves as an example of a rank-one DVR of reg-
dimension > 2. Let R be a t-Marot ring, t-spec(R) (resp., t-spec(R®)) be the
set of regular prime t-ideals of R (resp., the set of non-empty prime t-ideals of
R*), and Ci(A) be the class group of A for A = R or R®*. Then, among other
things, we prove that the map ¢ : t-spec(R) — t-spec(R®) given by ¢(P) = P*®
is bijective; CI(R) = CI(R®); and R is a factorial ring if and only if R® is a
factorial monoid.

INTRODUCTION

All rings considered in this paper are commutative rings with identity. Through-
out, we denote by R a ring, by T(R) the total quotient ring of R, and by Z(R) the
set of zero divisors in R. An element which is not a zero divisor is said to be regular.
For a subset X C T(R), we let X* = X \ Z(T(R)) be the set of all regular elements
in X, and we say that X is regular if X*® # (). In particular, an ideal is called a
regular ideal if it contains a regular element. Clearly, R® is a monoid under the
multiplication of R. We say that R® is the monoid of regular elements of R, and
we let q(R*®) denote the quotient group of R*; so q(R*) = T(R)®. Other definitions
and notations will be reviewed in Section 1.

We say that R is Marot if each regular ideal of R is generated by its regular
elements. The notion of Marot rings was introduced by Marot [2I]. The Marot
property is very useful when we study the ideal-theoretic properties of rings with
zero divisors, and many ring-theoretic properties of integral domains can be gen-
eralized to Marot rings. Furthermore, many important classes of rings with zero
divisors (e.g., Noetherian rings, polynomial rings, overrings of a Marot ring) have
the Marot property [16]. It is well known that an integral domain R is a Krull do-
main if and only if R® is a Krull monoid [20 Proposition]. Halter-Koch formulated
these equivalent conditions on Marot rings (i.e., he proved that if R is a Marot ring,
then R is a Krull ring if and only if R® is a Krull monoid [I4, Theorem]). Then, in
[12, Theorem 3.5], the authors introduced the notion of v-Marot rings and showed
that a v-Marot ring R is a Krull ring if and only if R® is a Krull monoid.
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It is well known that I; = I, for every regular fractional ideal I of a Krull ring,
and the t-operation is a very useful tool for the study of ideal-theoretic characteri-
zations of integral domains. For example, by making use of the ¢-operation, we can
generalize Dedekind domains, principal ideal domains (PIDs), and Priifer domains
to Krull domains, UFDs, and PuvMDs, respectively, as follows: (i) D is a Krull
domain if and only if every nonzero ideal of D is t-invertible, (ii) D is a UFD if and
only if every t-ideal of D is principal, and (iii) D is a PvMD if and only if every
nonzero finitely generated ideal of D is t-invertible. Thus, it is natural to consider
the t-analog of the Marot property when we study commutative rings with zero
divisors. Recently, in [8], Elliott introduced the notion of t-Marot rings. In this
paper, we study the ideal-theoretic relationships between a t-Marot ring R and the
monoid R°®.

This paper consists of five sections including the introduction. Let t-spec(R)
(resp., t-spec(R*®)) be the set of regular prime t-ideals of R (resp., non-empty prime
t-ideals of R*®), and R be a t-Marot ring. In Section 1, we first review some defini-
tions and preliminary results for better understanding of the paper. In Section 2,
we study some basic properties of t-Marot rings. Among them, we first construct
a t-Marot ring that is not a Marot ring. This example also serves to show that
rank-one DVRs need not be of reg-dimension one. We show that if P € ¢-spec(R),
then P* € t-spec(R*®), and conversely, if I € t-spec(R®), then (IR); € t-spec(R),
and hence the map ¢ : t-spec(R) — t-spec(R®) given by ¢(P) = P*® is an order-
preserving bijection. In Section 3, we show that if I is an ideal of R®, then [ is
t-invertible if and only if I R is t-invertible. Hence, R is a PvMR if and only if R® is
a PuMM. We also show that CI(R) = CI(R®). Finally, in Section 4, we show that
R is a weakly Krull ring (resp., Krull ring, weakly factorial ring) if and only if R®
is a weakly Krull monoid (resp., Krull monoid, weakly factorial monoid).

1. DEFINITIONS AND PRELIMINARY RESULTS

Let R be a commutative ring with identity and T(R) be the total quotient ring
of R. An overring of R is a subring of T(R) containing R. A fractional ideal I of
R is an R-submodule of T(R) such that dI C R for some d € R®, and an (integral)
ideal I of R is a fractional ideal of R with I C R. Throughout this paper, by a
monoid, we always means a commutative cancellative monoid, so we can consider
the quotient group of a monoid. Let H be a monoid. Then a subset A of H is
an (semigroup) ideal if AH = {ah | a € A,h € H} = A. An ideal A is finitely
generated if A = FH for some finite subset E of A.

1.1. General definitions of rings. Let P be a regular prime ideal of R. The
regular-height of P is defined by reg-htP = sup{n | P, C --- C P, = P and each
P, is a regular prime ideal of R}. Then the regular-dimension of R is defined by
reg-dim(R) = sup{reg-htP | P is a regular prime ideal of R}.

Thus, reg-htP < ht P, reg-dim(R) < dim(R), and equalities hold if R is an integral
domain. Let X} (R) be the set of regular height-one prime ideals of R.

Let S be a multiplicative set of R. Then there are two types of localizations of
R with respect to S}

(1) Risy =1{% |a €R and be S}

(2) Ris)={z € T(R) | zs € R for some s € S}.
Clearly, R(sy and R[g] are overrings of R, R(sy C R[g], and if S C R®, then R(g) =
Rg. If P is a prime ideal of R, then we set R(py = R(r\p) and Rjp) = Rjp\p- It is
well known that if R is a Marot ring, then Rjg) = R(g) [16, Theorem 7.6]. Moreover,
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if I is an ideal of R, then [I|Rp) = {x € T(R) | za € I for some a € R\ P} is an
ideal of Rjp) such that IR;p) C [I]R(p.

1.2. The t-operation. Let F(R) be the set of R-submodules of T(R). For I €
F(R),let I™* = {x € T(R) | I C R}; then I~! € F(R). Hence, I, := (I71)~}
and I; := |J{J, | J is a finitely generated fractional subideal of I} are well-defined.
Let * = v or t. Then, for any a € T(R) and I, J € F(R);

(1) al. C (al)., and equality holds if a is regular.

(2) I CI;ICJimplies I, C J,.

(3) (L)« = L.

(4) (IJ)s = (1Jy)x.
A fractional ideal T of R is said to be regular if I N T(R)® # 0, so I is regular if
and only if dI is a regular ideal of R for some d € R®. Let F,.(R) be the set of
regular fractional ideals of R. We say that I € F,.(R) is a regular fractional x-ideal
if I, = I. Moreover, an ideal I of R is called an (integral) x-ideal if I, = I. A
x-ideal I of R is of finite type if I = J, for some finitely generated ideal J of R. A
mazimal t-ideal of R is a t-ideal that is maximal among proper integral t-ideals of
R. Tt is easy to see that each maximal t-ideal is a prime ideal, each regular integral
t-ideal is contained in a maximal t-ideal, a prime ideal minimal over an integral
t-ideal is a t-ideal, each regular principal fractional ideal is a v-ideal, each v-ideal
isatideal, I C I, C I, for all I € F.(R), and I; = I, if I is finitely generated.
We say that R is a Mori ring (or v-Noetherian ring) if R satisfies the ascending
chain condition on regular integral v-ideals of R, and in this case, I; = I, for all
I € F.(R).

Lemma 1.1. Let A be a reqular fractional ideal of a ring R and I be a fractional
ideal of R®.

1. Ay =U{Ju | J C A is a finitely generated regular fractional ideal of R}.

2. (IR):=U{(JR), | J C I is a finitely generated fractional ideal of R*}.

Proof. 1. Let B be a finitely generated fractional subideal of A and a € A°.
Then J := B + aR is a finitely generated regular fractional ideal of R such that
B, C J, C A;. Thus,

Ay = U {By | B C A is a finitely generated fractional ideal of R}

= U {Jy | J C A is a finitely generated regular fractional ideal of R}.

2. Let z1,...,2, € IR. Then there are some a; € I and r;; € R such that
xj = Y, a;ry;. Hence, if J is the fractional ideal of R® generated by {a;}, then J
is finitely generated and (x1,...,2,)R C JR; so ((z1,...,2n)R)y € (JR),. Thus,
the result follows. O

Let H be a monoid and q(H) be the quotient group of H. The v- and t-operations
on H can be defined as in commutative rings with identity. The reader can refer
to [111 [I5] for more on the v- and t-operation on H.

1.3. The class groups of R and R°®. An I € F,(R) is said to be t-invertible if
(IT71), = R. Let Tinv(R) be the set of t-invertible regular fractional t-ideals of
R. Then Tinv(R) is an abelian group under [ +; J = (IJ);. Let Prin(R) be its
subgroup of regular principal fractional ideals, and

Cl(R) = Tinv(R)/ Prin(R).

We say that CI(R) is the t-class group or the class group of R (see, for example,
[8, Definition 2.5.21]). Hence if R is a Krull ring, then CI(R) is the divisor class
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group of R. For I € Tinv(R), let [I] be the class in CI(R) containing I. Hence, if
1,J € Tinv(R), then [I] = [J] if and only if T = ¢J for some ¢ € q(R®). In a similar
way, we define Tinv(R®), Prin(R®), and the class group CI(R®) for the monoid R*
of regular elements of R (see, [15, Chapter 12]).

1.4. Rank-one DVRs and DVMs. Let Z be the additive group of integers.
Extend Z by the symbol co by defining n < 0o, n+ 00 = 0o+ 00 = oo for all n € Z,
and oo — oo undefined. Let T be a commutative ring with identity. A rank-one
discrete valuation on T is a mapping v from T onto Z U {oco} with the following
properties for all z,y € T}

(1) v(zy) = v(z) +v(y).

(2) v(z +y) = minfo(z), v(y)}.

(3) v(1) =0 and v(0) = occ.
If there is a rank-one discrete valuation v on T(R) such that

R={zeT(R)|v(x) >0} and P ={zeT(R)|v(z) >0},

then (R, P) is called a rank-one discrete valuation pair of T(R), and R is called a
rank-one discrete valuation ring (rank-one DVR). Clearly, if P is regular, then reg-
htP = 1. Moreover, if R is a Marot ring such that P is regular, then P is principal
and a unique regular maximal ideal of R, and thus reg-dim(R) = 1. However, this
is not true in general (see, for example, [3, Example 5.4] and Example [2.2)).

Let H be a monoid and H* be the group of units of H. Then H,.q = H/H* is
a monoid. Let N be the additive monoid of nonnegative integers. We say that H
is a rank-one discrete valuation monoid (rank-one DVM) if H..q = N as monoids.

1.5. Krull rings and monoids. We say that R is a Krull ring if there exists
a family {(V,,P,) | @ € A} of rank-one discrete valuation pairs of T(R) with
associated valuations {v, | @ € A} such that

(i) R={ValaecA},

(ii) for each a € T(R)®, vo(a) = 0 for almost all « € A and P, is a regular ideal

for all a € A.

It is known that the integral closure of a ring whose regular ideals are finitely
generated is a Krull ring [6], Theorem 13], and the polynomial ring R[X] is a Krull
ring if and only if R is a finite direct sum of Krull domains [16, Theorem 8.16]. It is
also known that R is a Krull ring if and only if R is a completely integrally closed
Mori ring ([19, Proposition 2.2] and [22, Theorem 5]), if and only if every regular
ideal of R is t-invertible [I8, Theorem 13].

Let H be a monoid with quotient group q(H). We say that H is a Krull monoid
if there exists a family {V, | « € I} of rank-one DVMs such that

() H={Va el

(ii) for each z € q(H), the set {V,, |a € I, z ¢ V. *} is finite.
Then H is a Krull monoid if and only if H is a completely integrally closed Mori
monoid, if and only if each non-empty ideal of H is t-invertible [15, Theorem 22.8].

It is known that if R is a Krull ring, then R® is a Krull monoid ([I4, Proof of
the Theorem (Part I)] or [3] Theorem 5.1(1)]). However, R® being a Krull monoid
does not imply that R is a Krull ring (see, for example, [3, Example 5.2]).

1.6. Idealization. Let M be a unitary R-module, and consider
R(+)M ={(r,m) |r € Rand m € M}.
For all elements (r,a) and (s,b) of R(4+)M, if we define
e (r,a) = (s,b) if and only if » = s and a = b,
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o (rya)+ (s,b) = (r+s,a+0), and

o (r.a)(5,b) = (rs,7b + sa),
then R(+)M, called the idealization of M in R, becomes a commutative ring with
identity. There exists a canonical map from R into R(+)M given by r — (r,0), and
hence R can be embedded into R(+)M. The set (0)(+)M is an ideal of R(+)M,

giving rise to the name idealization. For more on basic properties of idealizations,
see |16l Section 25] and [4].

The reader can refer to [16] for commutative rings with zero divisors and [IT, [15]
for monoids.

2. t-MAROT RINGS

Let R be a commutative ring with identity and 7' = T(R) be the total quotient
ring of R. A Marot ring is a ring in which every regular ideal is generated by a set
of regular elements. Hence, R is Marot if and only if I = I*R for all regular ideals
I of R. As the v-operation analog, in [I2], the authors called R a v-Marot ring if
I = (I°R), for all regular v-ideals I of R. They also showed that a Marot ring is
v-Marot (in fact, this is clear by definition), and R is a v-Marot ring if and only if

I, = (,cre 2R for every regular ideal I of R [12, Lemma 3.1 and Proposition 3.3].
zRDI
Anderson and Markanda first noted that there is a ring R with a regular ideal [

such that I, C [),cpe 2R [2, Example].
ZRDI

Definition 2.1. We will say that R is a t-Marot ring if I = (I*R); for all regular
t-ideals I of R.

The notion of ¢t-Marot rings was introduced by Elliott [8, Definition 2.7.21] in a
more general setting of semistar operations. Clearly, Marot rings are t-Marot rings,
and since every v-ideal is a t-ideal, t-Marot rings are v-Marot rings, i.e.,

Marot = t-Marot = wv-Marot.

We next give an example of a t-Marot ring that is not Marot. This example also
shows that rank-one DVRs need not be of reg-dimension one. However, we don’t
know an example of a v-Marot ring that is not t-Marot (cf. [8, Open Problem
2.7.24)).

Example 2.2. Let K be a field, X,Y be indeterminates over K, and D = K[X,Y]
be the polynomial ring over K. Let {M)}rca be the set of maximal ideals of D
not containing Y, M =), D/M) be the direct sum of D-modules {D/Mj}xea,
and R = D(+)M be the idealization of M in D. Then

1. R is a t-Marot ring that is not Marot.

2. R has a regular ideal A such that (A*R); C A C A;.
3. reg-dim(R) = dim(R) = 2.

4. R is a rank-one DVR.

Proof. 1. (i) Let Z(M) = {x € D | am = 0O for some 0 # m € M}. Then
Z(M) = Uyea M. Moreover, if p is a prime element of D with pD # Y D, then
P € Urep M-
(ii) R®* = {(aY™,m) | 0 # @ € K,n > 0 is an integer, and m € M}, and hence
{(Y™,0)R | n > 0} is the set of ideals of R generated by a set of regular elements.
(iii) Note that (X,Y)(+)M is a regular ideal of R but it is not generated by
a set of regular elements. Thus, R is not a Marot ring. (For a complete proof of

(i)-(iii), see [13]).
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(iv) Let S = D\ Z(M). Then T(R) = Dg(+)Ms [16] Corollary 25.5]. Let f € S,
and assume that p is a prime divisor of f in D. If pD # Y D, then p € [Jc, M2
by (i), and hence f € Z(M), a contradiction. Note that D is a UFD and Y is a
prime element of D; hence, f = aY™ for some 0 # a € K and an integer n > 0.
Note also that oYM = M. Thus, Mg = M and T(R) = Dg(+)M.

(v) Let A = ({(a1,m1),...,(ar,mg)}) be a finitely generated regular ideal of R
with (a1, m1) € R®, and let I be the ideal of D generated by {ai,...,ar}. Then
A = I(+)M [16, Theorem 25.1(1)] because a;M = M. Hence, A™' = I71(+)M
[16, Theorem 25.10], and thus A, = I,(+)M. Note that D is a UFD; so I, = gD
for some g € D, whence by (ii), 4, = (Y")(+)M = (Y™,0)R for some integer
n > 0. Therefore, if B is a regular ideal of R, then by Lemma [T.1]

B, = U {A, | A C B is a finitely generated regular ideal of R}
= (Y",0)R
for some integer n > 0 by the previous paragraph. Thus, R is a t-Marot ring.

2. Let A= (X,Y)(+)M. Then A°R = (Y)(+)M and A; = R. Thus, (A*R); =
(V)(+)M S AC A,

3. Note that (Y)(+)M C (X,Y)(+)M is a chain of regular prime ideals of R by
1.(ii) and [16, Theorem 25.1(3)]. Hence, 2 < reg-dim(R) < dim(R) = dim(D) = 2
[16, Theorem 25.1(3)]. Thus, reg-dim(R) = dim(R) = 2.

4. By 1.(ii), R® is a rank-one DVM. Thus, R is a rank-one DVR by 1.(v) and
Proposition 2.11] O
Example 2.3. Let R be a v-Marot ring such that R® is a Mori monoid. Then

R is a Mori ring by [12 Theorem 3.5]. Hence, if A is a regular t-ideal of R, then
A = A,, and since R is v-Marot, A = (A*R), = (A°R);. Thus, R is a t-Marot ring.

Given a t-Marot ring R, we can construct two types of ¢t-Marot overrings of R
for which we first need a lemma.

Lemma 2.4. (cf. [I7, Lemma 3.4] for integral domains) Let R be a ring, S C R®
be a multiplicative set, and A be an ideal of R.

1. If A is finitely generated, then (ARg)™' = A~ Rg.

2. (ARs): = (AtRs):.

Proof. 1. Clearly, A='Rg C (ARg)~!. For the reverse containment, let z €
(ARg)~!. Then 1A C xARs C Rg, and since A is finitely generated, there exists
s € S such that zsA C R. Hence, xs € A~!, and thus x € A"'Rg.

2. Let x € A;. Then x € I, for some finitely generated subideal I of A. Hence,
xI~! C R, and since I is finitely generated, x(IRg)~* = I 'Rs C Rg by 1. Hence
x € (IRs)y C (ARg)t, and thus A; C (ARg);. Therefore, (A;Rs): = (ARg);. O

Proposition 2.5. Let R be a t-Marot ring and D be an overring of R. Then D
is a t-Marot ring if D is one of the following rings:

1. D = Rg for some multiplicative set S of R with S C R®.

2. D is a regular fractional v-ideal of R.

Proof. 1. Let A be a regular t-ideal of Rg and I = AN R. Then A = IRg, and
hence A = Ay = (IRs); = (ItRs); by Lemma[2.4(2). Thus I = I;, and since R is
t-Marot, I = (I*R);, whence

A = (LRs): = ((I"R)/Rs), = ((I"R)Rs), = (I°Rs), = (A*Rs);.

Therefore, Rg is a t-Marot ring.
2. Let tp,vR,tp, and vp be the t- and v-operations on R and D, respectively.
Let A be a regular fractional t-ideal of D and J C A be a finitely generated regular
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fractional ideal of D. Since D is a regular fractional v-ideal of R, [I2] Lemma 2.1(6)]
implies that (D : J,,) = (D : J), whence J,, C (Jyp)uvp = Jup- Thus,

Ay, = U {Jop | J C A is a finitely generated regular fractional ideal of R}

C U {Jvp | J C A is a finitely generated regular fractional ideal of D}
= AtD = A
Note that D is a fractional ideal of R; so A is a regular fractional t-ideal of R.
Hence, (A*D);, € A = (A*R);, C (A*D);, C (A*D);,, and thus A = (A*D);,.
Thus, D is a t-Marot ring. O

We next study the relationship between the regular fractional ¢-ideals of R and
the fractional t-ideals of R® when R is a t-Marot ring.

Lemma 2.6. Let R be a v-Marot ring, and I be a fractional ideal of R®.
1. IR):NT(R)® = I;.
2. If I C R®, then (IR);:NR®* = I;.
3. (IR); = (ItR);.
Proof. 1. By Lemma |1.1]
(IR); = U {(JR), | J is a finitely generated fractional subideal of I} .

Thus, [12, Lemma 3.4] ensures that

(IR, NT(R)® = (U(JR)U) AT(R)® = U((JR)mT(Ry) - =1

2. (IR); C R by assumption, and so (IR); N R* = (IR);NT(R)* =I; by 1.
3. By 1., It Q (IR)t, and hence (ItR)t Q (IR)t r]:‘hllS7 (IR)t = (ItR)t [l

Let t-spec(R) be the set of regular prime t-ideals of a ring R and t-spec(H) be
the set of non-empty prime t-ideals of a monoid H.

Theorem 2.7. Let R be a t-Marot ring.

1. If P € t-spec(R), then P*® € t-spec(R®).

2. If I is a prime t-ideal of R®, then (IR); is a prime t-ideal of R.

3. Let ¢ : t-spec(R) — t-spec(R®) be a map defined by p(P) = P*. Then ¢ is

an order-preserving bijection.
Proof. 1. Clearly, P*® is a prime ideal of R®. Let I be a finitely generated non-
empty subideal of P®. Then IR is a finitely generated regular subideal of P, and
hence (IR), C P. Thus, by Lemma I, = (IR),NR* C PN R®* = P*, whence
(P*)y = P°.
2. Let I be a prime t-ideal of R®* and P = (IR);. If P = R, then by Lemma

R* = (IR);NR*=1,=1C R*, a contradiction. Thus, it remains to show that P
is a prime ideal of R. Let z,y € R be such that xy € P, and choose z € I. Then

Let E = (z,2),NR* and F = (y, z),NR®. Since R is t-Marot, then (ER); = (x, 2),
and (FR); = (y,2),, whence

EF < ((EF)R), = ((ER)(FR)),
= ((Qj,z),,(y,z)v)t = ((x,z)(y,z))t
c P

Thus, EF C PN R®* = I, and since [ is a prime ideal of R®, either E C I or F C I.
Therefore, z € P or y € P.
3. This follows from 1., 2., and Lemma [2.6 U
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Let R be a ring and p € R® be a nonunit. Clearly, if p is a prime element of
R, then p is a prime element of R®*. However, if p = ¢ in Example then p is a
prime element of R® but not a prime element of R.

Corollary 2.8. Let R be a t-Marot ring and p € R® be a nonunit. Then p is a
prime element of R if and only if p is a prime element of R®.

Proof. This is an immediate consequence of Theorem ). O

Let R (resp., H) be a ring (resp., monoid). We say that R (resp., H) is of finite
t-character if each regular element of R (resp., each element of H) is contained in
only finitely many maximal ¢-ideals of R (resp., H). For example, if R (resp., H)
is a Krull ring (resp., Krull monoid), then R (resp., H) is of finite ¢-character.

Corollary 2.9. Let R be a t-Marot ring. Then R is of finite t-character if and
only if R® is of finite t-character.

Proof. Let t-max(R) (resp., t-max(R*®)) be the set of regular maximal ¢-ideals of R
(resp., non-empty maximal t-ideals of R®). Then, by Theorem t-max(R®) =
{PNR*| P € t-max(R)}, and for P;, P, € t-max(R), we have that P, NR®* = P,NR*
if and only if P, = P,. Thus, R is of finite t-character if and only if R® is of finite
t-character. O

Let R be a Marot ring and P be a prime ideal of R. Then Rpj = R(p) and
[P]Rp) = PR(p) [16, Theorem 7.6]. The next result is a ¢--Marot ring analog.

Proposition 2.10. Let R be a t-Marot ring and P be a regular prime t-ideal of R.
2. [P|R;p) = PRp).

Proof. 1. Clearly, R(py C R[p). For the reverse containment, let x € Rpj. Then
there exists s € R\ P such that sz € R. Hence, if A = (R : x), then A is a regular
v-ideal of R and A ¢ P. Thus, A* ¢ P, because R is t-Marot, and hence there
exists a € A® \ P. Therefore, x € R(p).

2. Let x € [P]R;p). Then there exists a € R\ P such that axz € P. Note that
x € Ripj; 50 x € R(p) by 1., whence z = { for some c € Rand b € (R\ P)°. Hence,
ac € bP C P, and since a ¢ P, we have ¢ € P. Thus, x € PR(py. The reverse
containment is clear. O

Proposition 2.11. Let R be a t-Marot ring with T = T(R) such that R # T.
Then the following statements are equivalent.

(1) R is a rank-one DVR.

(2) R* is a rank-one DVM.

(3) R has a principal regular-height-one prime ideal which contains all nonunit
reqular elements of R.

(4) |t-spec(R)| = 1 and (R, P) is a rank-one discrete valuation pair of T for
P € t-spec(R).

Proof. (1) = (2) Let v be a rank-one discrete valuation on T" such that R = {x €
T |v(z) >0}, and set Q = {z € T | v(xz) > 0}. We first assert that 0 < v(a) < oo
for a nonunit @ € R®. Let a € R® be a nonunit. Since 0 = v(1) = v(aa™t) =
v(a) + v(a™1), we infer that v(a) < co. If v(a) = 0, then v(a~!) = 0, and thus
a~! € R, whence a is a unit in R, a contradiction. Consequently, 0 < v(d) < oo
for each nonunit regular element d € R, and it follows that Q°® is the set of nonunit
regular element of R. Since R # T, we can choose a nonunit regular element b € R.
Then 0 < v(b), and hence b € Q°. Thus we infer that @ is a regular prime ideal of
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R. Next we assert that reg-htQ) = 1. Suppose that Q' is a regular prime ideal of R
such that Q' C Q. Let z € Q and ¢ € Q' be a regular element with v(c) =n > 0.
Then v(z"c™1) = nv(z)—v(c) > 0, so that 2"c~! € R. Tt follows that 2" € cR C Q’,
and since ' is prime, we have that z € ’. Thus ' = Q, and this shows that Q is
a regular-height-one prime ideal of R. Consequently, Q)° is a height-one prime ideal
of R* by Theorem Now, let € Q® be such that v(z) < v(b) for all b € Q°.
Then @Q® = zR® which implies that R® is a rank-one DVM.

(2) = (3) Let R*® be a rank-one DVM with maximal ideal I. Then I = aR*
for some a € R°®. Moreover, I is the set of nonunit regular elements of R and I
is a height-one prime ideal of R®*. Let P = (IR);. Then I C P = aqR and P is a
regular-height-one prime ideal of R by Theorem [2.7]

(3) = (4) Let P be a principal regular-height-one prime ideal of R such that P
contains every nonunit regular element of R. Clearly, P is a regular prime t-ideal
of R. Let @ be a regular prime t-ideal of R. Then @° is contained in the set of
nonunit regular elements of R, and hence Q* C P. Thus Q = (Q*R); C P, and
since reg-htP = 1, we infer that ) = P. Note that (R\ P)° is the set of units of
R; hence Rjp) = R(py = R and [P|R|p) = P by Propositionm Thus (R, P) is a
rank-one discrete valuation pair of T' (see, [0l Theorem 1] or [7, Theorem 2.3]).

(4) = (1) This is obvious. O

Corollary 2.12. Let R be a t-Marot ring with T = T(R) and P be a regular prime
t-ideal of R. Then

1. R[p] NT* = Rp..

2. Rip is a rank-one DVR if and only if Ry. is a rank-one DVM.

Proof. 1. Clearly, R%e C RipyNT*. For the reverse containment, let z € RjpjN7T'*.
Note that Rjp) = R(py by Proposition Hence, there exists s € (R\ P)* such
that sz € R, whence s € R*\ P*® and xs € R*. Thus z € R}..

2. By Propositions 2.5(1) and Ryp) is a t-Marot ring. If b € P*, then b is
a nonunit regular element of R|p), and hence Rjp) # T. Thus the assertion follows
from 1. and Proposition 2.11] O

Remark 2.13. Let R be a t-Marot ring and P be a regular prime ideal of R.

1. If Ris Marot, then PR|p is a unique regular maximal ideal of Rpj. However,
note that if P = (Y)(4+)M in Example then reg-htP = 1, P is not
maximal, and Rjp] = R; hence PR|p) is not a regular maximal ideal of R[pj.

2. Assume that reg-htP = 1, and every nonunit regular element of R is con-
tained in P. Then Proposition [2.11] shows that R is a rank-one DVR if and
only if P is principal.

It is known that if R is a Mori ring, then R® is a Mori monoid, and if R is
v-Marot, then the converse holds [12, Theorem 5.3(3)]. By Example if R® is
a Mori monoid, then R is t-Marot if and only if R is v-Marot. Hence, the second
result of the next proposition recovers [12, Theorem 5.3(3)].

Proposition 2.14. Let R be a t-Marot ring and A be a regular t-ideal of R.

1. A is of finite type if and only if A® is a t-ideal of finite type.
2. R is a Mori ring if and only if R® is a Mori monoid.

Proof. 1. (=) Since A is of finite type, there is a finitely generated ideal J of R®
such that A = (JR); by Lemma Hence, by Lemma

(A*) = (A°R);NR* = ANR* = (JR);, N R* = Jj,
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and (A®); = A®. Thus, A® is a t-ideal of finite type. (<) Assume that A® = J; for
some finitely generated ideal J of R®. Then, by Lemma |2.6

A= (A*R), = (J,R), = (JR)..

Thus, A is of finite type.
2. This is an immediate consequence of 1. O

3. THE CLASS GROUPS OF A RING R AND R®

Let R be a t-Marot ring. In this section, we compare the t-invertibility of regular
ideals of R and that of ideals of R®, and we show that CI(R) = CI(R®).

Lemma 3.1. Let R be a v-Marot ring and I be a t-invertible fractional ideal of
R*. Then

1. IR is t-invertible,

2. (IR)™' = (I"'R);, and

3. IR)t = (IR)y = (IuR): = (It R):.

Proof. 1. Note that I, = J, and 1! = L, for some finitely generated fractional
ideals J and L of R® with J C I and L C I~ ! [I5, Theorem 12.1]. Hence, R® =
(ITY); = (JuLy); = (JL)i, JL C 1171, and ((JL)R), = ((JL)R)..

Let A= JL, T =T(R), and ¢ € (AR)"* NT*. Then gA C gAR C R, and since
q is regular, it follows that g4 C R®, whence ¢ € A~! = R* C R. Note that R
is a v-Marot ring and (AR)~! is a regular fractional v-ideal. Thus, (AR)~! = R,
whence (AR), = R. Therefore,

R 2 (II7)R), 2 (AR), = (AR), = R,

and hence ((II7')R), = R. Thus, (IR)(I"'R)), = ((II"")R), = R.

2. R= ((IR)(I*IR))t implies that (IR)™! = (I"'R);.

3. Since I is t-invertible, I~' is also t-invertible, and thus 2. ensures that
(IR)o = (IR)™) ' =(I'R))) ' = (I'R)~" = (ILR).. O

Proposition 3.2. Let R be a t-Marot ring and I be a fractional ideal of R®. Then
I is t-invertible if and only if IR is t-invertible.

Proof. (=) A t-Marot ring is a v-Marot ring, and thus the assertion follows from
Lemma (<) Assume that IR is t-invertible. Then (IR)™! is a t-invertible
regular fractional t-ideal of R. Hence, since R is a t-Marot ring, it follows that
(IR)~! = (JR), for some fractional ideal J of R®. Thus,

R = (IR)IR)™"), = (UR)(JR):), = (IR)(JR)), = (IJ)R),.
Therefore, (1J); = R® by Lemma [2.6] O

It is known that if R is a v-Marot ring, then R is a Krull ring if and only if R®
is a Krull monoid [I2] Theorem 3.5(4)]. Note that if R is a v-Marot ring and R*® is
a Krull monoid, then R is a t-Marot ring by Example 2.3] Hence, the next result
recovers the result of [I2, Theorem 3.5(4)].

Corollary 3.3. Let R be a t-Marot ring. Then R is a Krull ring if and only if
R*® is a Krull monoid.

Proof. Note that R is a Krull ring if and only if every regular ideal of R is t-invertible
[7, Theorem 3.5] and R® is Krull if and only if every non-empty ideal of R® is ¢-
invertible [I5, Theorem 22.8]. Thus, the result follows directly from Proposition
O



THE MONOID OF REGULAR ELEMENTS 11

We say that R is a Prifer v-multiplication ring (PvMR) if each finitely generated
regular ideal of R is t-invertible. Similarly, a monoid H is a Priifer v-multiplication
monoid (PvMM) if each non-empty finitely generated ideal of H is t-invertible. Tt
is clear that R (resp., H) is a PuMR (resp., PuUMM) if and only if each regular
t-ideal (resp., each non-empty t-ideal) of finite type is t-invertible.

Corollary 3.4. Let R be a t-Marot ring. Then R is a PUMR if and only if R® is
a PvMM.

Proof. (=) Let I be a non-empty finitely generated ideal of R®*. Then IR is a
finitely generated regular ideal of R, and since R is a PuMR, IR is t-invertible.
Thus, I is t-invertible by Proposition [3.2

(<) Let A be a finite type regular t-ideal of R, and let AN R* = I. Then
A = (IR)¢, and since A is of finite type, I is also of finite type by Proposition m
Hence, I is t-invertible, and thus A is t-invertible by Proposition O

Corollary 3.5. Let R be a t-Marot ring. Then R is a PuMR of finite t-character
if and only if R® is a PvMM of finite t-character.

Proof. This follows directly from Corollaries and O

In general, CI(R) 2 CI(R®). For example, if R is the Krull ring of Example
with n > 2, then CI(R) = Z,, # {0} = CI(R*).
Theorem 3.6. Let R be a v-Marot ring.
1. Cl(R*) — CI(R).
2. If R is t-Marot, then CI(R®) = CI(R).
Proof. 1. Let ¢ : Tinv(R®*) — Tinv(R) be a map defined by ¢(I;) = (IR);. Then,

by Lemma ¢ is well-defined. Moreover, if I,J are two t-invertible fractional
ideals of R®, then

oI J) = ¢((I)) = (IR), = (IR)(JR)),
o(11) -+ o(Jr),
whence ¢ is a group homomorphism. Clearly, <p( Pm’n(R‘)) = Prin(R), and thus
@ : CI(R*) — CI(R), given by ¢([I;]) = [(IR)¢], is a well-defined group homomor-
phism.

Next, let I,J be two t-invertible fractional ideals of R*® such that ¢([I;]) =

@([J4]). Then (IR); = q(JR); = (qJR), for some ¢ € T(R)®, and hence Lemma [2.6]
ensures that

I = (IR):NT(R)® = (¢JR):NT(R)® = qJ;.
So, [I}] = [Ji], and thus @ must be injective.
2. By 1., it suffices to show that ¢ is surjective. Let A be a t-invertible regular
fractional ¢-ideal of R and I = A®. Then A = (IR);, and since A is t-invertible, I
is t-invertible by Proposition Thus, I; € Tinv(R®) and ¢(I;) = A. O

We will say that R is a factorial ring if every nonunit regular element of R is a
product of finitely many regular prime elements of R. Then R is a factorial ring if
and only if R is a Krull ring with CI(R) = {0}, if and only if every regular prime
ideal of R contains a regular prime element |2, Theorem]. Clearly, if R is a factorial
ring, then R is a t-Marot ring and R® is a factorial monoid. However, R need not
be a factorial ring nor a Krull ring even though R® is a factorial monoid (see, for
example, [3, Example 5.2]).
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Corollary 3.7. [8, Proposition 2.9.22] Let R be a t-Marot ring. Then R is a
factorial ring if and only if R® is a factorial monoid.

Proof. 1t is clear that if R is factorial, then R® is a factorial monoid. Conversely,
assume that R® is a factorial monoid. Then R*® is a Krull monoid with CI(R*) = {0}
by [11, Corollary 2.3.13]. Hence, R is a Krull ring with CI(R) = {0} by Corollary
and Theorem [3.6] Thus, R is a factorial ring. (]

Corollary 3.8. The following statements are equivalent for a t-Marot ring R.
(1) R is a PuMR and CI(R) = {0}.
(2) R* is a PvMM and CI(R®) = {0}.
(3) R* is a GCD-monoid.

Proof. (1) < (2) This follows by Theorem [3.6] and Corollary 3.4} (2) < (3) [I5} p.
188]. O

Remark 3.9. Let R be a ring.

1. In [1, 2], Anderson and Markanda called R a factorial ring if R® is a factorial
monoid. In this case, a factorial ring need not be a Krull ring [3, Example
5.2]. This happens because a factorial ring R in [T}, 2] is defined by R® being
factorial, while a Krull ring R is not defined by R® being a Krull monoid.
The factorial rings of this paper are just Krull rings with trivial class group
(Elliott [8, Definition 2.5.27] called R an r-UFR if it is a Krull ring with
trivial class group), and fortunately, Corollary shows that there is no
difference between the two factorial rings in the case of a t-Marot ring.

2. In [8, Definition 2.5.27], Elliott called R an r-GCD ring if it is a PuMR
and CI(R) = {0}. Observe that R need not be an r-GCD ring if R® is a
GCD-monoid. If R is a Krull ring such that R® is a factorial monoid but
Cl(R) 2 Z, # {0} [3, Example 5.4], then R® is a GCD-monoid but R is
not an r-GCD ring. However, Corollary [3.§| (or [8, Corollary 2.8.20]) ensures
that an r-GCD ring R can be defined by R® being a GCD-monoid in the
t-Marot case.

4. KRULL RINGS AND MONOIDS

A monoid homomorphism ¢ : H — F' is said to be a divisor homomorphism if,
for a,b € H, p(a)|¢(b) implies that a|b, and a divisor theory if F is free abelian,
@ is a divisor homomorphism, and for all p € F', there exists a finite subset X C H
such that p = ged ((X)).

Theorem 4.1. Let H be a monoid and X'(H) be the set of height-one prime
ideals of H. Then the following statements are equivalent.

(1) H is a Krull monoid.

(2) i) H= |\ Hp, (ii) Hp is a rank-one DVM for all P € X'(H), and
PEX1(H)
(iii) each element of H is contained in only finitely many prime ideals in
XY(H).

(3) Ewvery proper principal ideal aH of H is a t-product of prime ideals; i.e.,
aH = (Py--- P,)¢ for some prime ideals Py, ..., P, of H.

(4) H has a divisor theory.

(5) There exists a divisor homomorphism from H to a free abelian monoid.

Proof. (1) < (2) [9, Theorem 3.4]. (1) < (3) [15, Theorem 22.8]. (1) < (4) < (5)
[11, Theorem 2.4.8]. O
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We next give an example of Krull rings which shows that the divisor homomor-
phism of Theorem [1.1|(5) is not unique.

Example 4.2. Let D be a Dedekind domain with maximal ideal P that is not
principal, but some power of P is principal. Let

A= {D/Q | Q # P is a maximal ideal of D},

and set R = D(+)A be the idealization of A in D and M = P(+)A. Then R is a
Krull ring with unique regular-height-one prime ideal M such that

e M is invertible,
e there exists the least integer n > 1 such that M™ = tR for some ¢t € R for
some t € R, and
e if ¢ € R®, then aR = tFR for some integer k > 0.
Hence, R is a Krull ring with CI(R) = Z,, and CI(R®*) = {0} [3, Example 5.4].
Moreover, R is not a t-Marot ring by Theorem [3.6] and we have two divisor homo-
morphisms from R® into free abelian monoids.

(1) Let F} be a free abelian monoid with basis { M}, and define
¢1:R* = Fi, by ¢i(a) = M,

where aR = MP for some integer k. Then ¢, is a divisor homomorphism, but
not a divisor theory. In this case, C(¢1) = q(F1)/q(¢1(R®)) = Z, = CI(R)
(see, [11, Definition 2.4.1]).

(2) Let Fy be a free abelian monoid with basis {t}, and define

Y2 : R* — Fg, by QOQ((J,) = tk,

where aR = t*R for some integer k > 1. Then ¢5 is a divisor theory and
Clp2) = q(F2)/a(p2(R®)) = CI(R®) = {0} (see, [IT, Theorem 2.4.7]).

A monoid H is said to be primary if H # H* and every ¢ € H \ H* is primary,
or equivalently, for a,b € H \ H*, there is an integer n > 1 such that a|b”. A
Krull monoid H is called an almost factorial monoid if CI(H) is torsion. Clearly, a
Krull monoid H is almost factorial if and only if for each a € H, there is an integer
m = m(a) > 1 such that ¢ can be written as a finite product of primary elements
(cf. |15, Exercise 4 on p. 258]).

Proposition 4.3. Let o : H — F be a divisor homomorphism of monoids.

1. If F is primary, then H is primary, and converse holds if ¢ is surjective.
2. If ¢ is a divisor theory, then F is a root extension of ¢(H) if and only if H
is an almost factorial monoid.

Proof. 1. Let a,b € H\ H*. Since ¢ is a divisor homomorphism, we have
e Y (F*) = H*, and hence p(a),p(b) € F\ F*. Since F is primary, there ex-
ists an integer n > 1 such that ¢(a)|p(d)™ = ¢(b™), which implies that a|b".
Thus H is primary. Suppose now that ¢ is surjective. If a,b € F \ F*, then there
exist x,y € H such that p(z) = a and p(y) = b. Since a,b ¢ F*, it follows that
x,y ¢ H*. Since H is primary, we may assume that x | 4™ for some n € N, and it
follows that a | b™. Therefore F' is primary.

2. Since ¢ is a divisor homomorphism, we have ¢(H) = q(p(H)) N F. Since ¢ is
a divisor theory, [I1, Proposition 2.4.6 and Corollary 2.4.3] ensures that F/¢(H)
{aq(e(H)) | a € F} = q(F)/a(¢(H)). Thus the assertion follows from CI(H) =
q(F)/a(p(H)).

We say that a ring R is a weakly Krull ringif R= (]  Rjp) and each regular

PeX1(R)

element of R is contained in only finitely many regular-height-one prime ideals of

[t

O
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R. For example, every Krull ring is a weakly Krull ring. As in [I5], a monoid

H is called a weakly Krull monoid if H = (| Hg and each element of H is
QEX(H)
contained in only finitely many height-one prime ideals of H.

Theorem 4.4. Let R be a t-Marot ring. Then R is a weakly Krull ring if and

only if R® is a weakly Krull monoid. In this case, X}(R) = {(PR); | P € X*(R®)}

and X1(R®*) ={P* | P € X}(R)}.

Proof. (=) By definition, R has the following two properties; (i) R= [ Rjp
PeX}!(R)

and (ii) each regular element of R is contained in only finitely many regular-height-

one prime ideals of R. Then

R*= (] (RpNTWR))= () R
PeX}!(R) PeX]!(R)

by Corollary [2.121) and X*(R®*) = {P* | P € X}(R)} by Theorem so each
element of R® is contained in only finitely many height-one prime ideals of R°.
Thus, R® is a weakly Krull monoid.

(«) Assume that R® is a weakly Krull monoid, so (i) R* = () Rg and (ii)

QEX(R*)
each element of R*® is contained in only finitely many height-one prime ideals of R®.
Then X}(R) = {(QR): | P € X'(R*)} by Theorem [2.7and each regular element of
R is contained in only finitely many prime ideals in {(QR); | Q € X'(R*)}. Hence,
it suffices to show that
R= (] Ry
)

QeX1(R*
Clearly, R C (  Rjr),]- For the reverse containment, let x € N Rior)
QEXT(R®) QeX(R®)
and let A = (R :g x). Then A is a regular v-ideal of R and A ¢ (QR), for all
Q € X'(R*®). Moreover, since R is t-Marot, A* ¢ (QR)! = Q for all Q € X*(R®).
Hence, A®* = R® (see, [I5] Theorem 22.5]), and thus A = (A*R); = R by Theorem
277 Therefore, x € R. O

We next give a new proof of Corollary [3.3] that a t-Marot ring R is a Krull ring
if and only if R® is a Krull monoid. The proof shows the exact relationship of the
t-ideal structures of R and R°®, which is why we prove it again.

Corollary 4.5. Let R be a t-Marot ring. Then R is a Krull ring if and only if
R*® is a Krull monoid.

Proof. Let R be a Krull ring. Then, for each P € X}(R), R(p) is a rank-one DVR
by [7, Theorem 3.5], and hence R}, is a rank-one DVM by Corollary 2). Thus,
by Theorems and R* is a Krull monoid.

Conversely, assume that R® is a Krull monoid and Q € X'(R®). Then Ry is a
rank-one DVM by Theorem (QR); € X}(R) by Theorem and (QR):NR®* =
Q by Lemma whence Rjgr),] is a rank-one DVR by Corollary 2). More-
over, [(QR):Rjqr), is a regular-height-one prime ideal of Rygg), (cf. Propo-
sition . Thus, by Proposition (Rior)» [(QR)¢]RyoR),]) is a rank-one
discrete valuation pair of T(R). Therefore, R is a Krull ring by Theorem and
[7, Theorem 3.5]. O

A nonunit regular element ¢ € R is said to be primary if ¢R is a primary ideal,
so ¢ is primary in R if and only if ¢|ab for a,b € R implies that either ¢la or ¢|b™
for some integer n > 1. Clearly, a regular prime element is primary. Moreover, if ¢
is primary, then \/qR is a maximal t-ideal of R. (Proof. Let Q be a prime ideal of
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R such that v/gR € Q. Choose z € Q \ v/qR, and let w € (¢,2)~!. Then quw € R,
z € V/qR, and (qw)z = q(wz) € ¢R, so qw € ¢R, and since ¢ is regular, w € R.
Hence, (¢,2)"! = R, and thus R = (¢,2), C Q¢ Thus, Q; = R.)

Lemma 4.6. Let R be a t-Marot ring and q € R® be a nonunit. Then q is a
primary element of R if and only if q is a primary element of R®.

Proof. (=) Let a,b € R® be such that ab € ¢R® and a ¢ qR®*. Then ab € ¢R and
a ¢ qR. Since q is primary, it follows that b™ € ¢R for some integer n > 1. Thus
b"™ = gc for some ¢ € R, and since b” € R®, we infer that ¢ € R®, whence b" € qR°.
Therefore, ¢ is a primary element of R®.

(<) Let g be a primary element of R® and a,b € R be such that ab € ¢R and
a ¢ qR. Set I = (a,q); and J = (b, q);. Observe that I and J are regular ¢-ideals
of R. Moreover, I*J®* C (I*J*R); = ((I'R)t(J’R)t)t = (IJ); = (ab,aq,bq,q*); C
qR and I* ¢ gR, for if I* C gR, then a € I = (I*R); C ¢R, a contradiction.
Consequently, there exists some y € I*® \ gR. Since yJ®* C I*J* C ¢RN R* = ¢R*
and ¢ is a primary element of R®, it follows that J* C {r € R* | ™ € ¢R*® for some
integer n > 1} C v/qR. Note that gR is a t-ideal of R, so that every minimal prime
ideal of ¢R is a t-ideal of R. Since \/qR is the intersection of all minimal prime ideals
of ¢R, it follows that \/qR is a t-ideal, and so b € J = (J°R); C (vqR); = VqR.
Thus, g is a primary element of R. (]

As in [B], we say that R is a weakly factorial ring if every nonunit regular element
of R is a product of finitely many regular primary elements of R. Since a regular
prime element is primary, a factorial ring is a weakly factorial ring. It is known
that a weakly factorial ring is a weakly Krull ring [5, Corollary 2.3]. A monoid H
is weakly factorial if and only if H is a weakly Krull monoid and CI(H) = {0} [15,
Exercise 5 on p. 258].

Proposition 4.7. The following statements are equivalent for a t-Marot ring R.

(1) R is a weakly factorial ring.

(2) R*® is a weakly factorial monoid.

(3) R* is a weakly Krull monoid and CI(R®) = {0}.
(4) R is a weakly Krull ring and CI(R) = {0}.

Proof. (1) < (2) This follows from Lemma
(2) < (3) 15, p. 258].
(3) & (4) This follows from Theorems and O

Now, let ¢ € R be a nonunit regular element of R. It is easy to see that if ¢ is
primary as an element of R, then ¢ is also primary as an element of R® (see the
proof of Lemma . But, the next example shows that (i) ¢ need not be primary
as an element of R even though ¢ is a prime element of R®, and (ii) R*® is a factorial
monoid but R is not a weakly factorial ring.

Example 4.8. Let A be a Dedekind domain with Pic(A4) = Z (see [10, Theorem
14.10] for such a Dedekind domain), {X7,X2,...} be a countably infinite set of
indeterminates over A, and B = A[{X1, Xs,...}] be the polynomial ring over A.
Then B is a Krull domain, CI(B) = Z, and every divisor class of B contains
a height-one prime ideal (cf. [I0, Theorem 14.3]). Let S be the multiplicative
set of B generated by all prime elements (cf. the proof of [0, Theorem 14.2]).
Then D := Bg is a Dedekind domain, Pic(D) = Z, and every divisor class of D
contains a maximal ideal. Then there are non-principal prime ideals P; and Ps,
so that Py P, = ¢D for some ¢ € D. Let A = @{D/M | M is a maximal ideal
of D and M # P;,P,} and R = D(+)A be the idealization of A in D. Then
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R* = {(uq",m) | w € D is a unit, n > 0 is an integer, and m € A}, whence R®
is a factorial monoid with a unique prime element (g,0) (up to associates). But,

(¢,0)R = (P1(+)A) N (P2(+)A), so v/(¢,0)R is not a prime ideal of R. Thus,
(¢,0) is not a primary element of R. Since ¢ is irreducible, (¢g,0) cannot be written
as a finite product of primary elements. Thus, R is not a weakly factorial ring.
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