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Problem Definition

Body Coil and Surface Coils Raw Measurements Density Images



Problem Definition

Body Coil & Fully Sampled Image Subsampling and Aliasing



Problem Definition

Surface Coils, Images Modulated and Aliased Measured Densities

Problem: Reconstruct uncorrupted image from
modulated and aliased measurements



Correction of Single Coil Images

Modulation Correction
ũ u σ
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2
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∫
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Correction of Single Coil Images

A Model Function

f(x, y) = 1
2(yx− z)2 + 1

2νy2 + µ|x|

−∇f −[∇2f ]−1∇f

f is not convex, minimizer is in a flat elongated region,
Newton’s Method is not suitable,

Minimizers are numerically non-unique,
Guided Nonlinear Gauss-Seidel is used.



Correction of Single Coil Images

Solve for one variable after the other: sensitivity

ν∆2σ + u2σ = uũ, ∂nnnσ = ∂nnσ = ∂nτσ = 0

Guidance: S(u)← u, σ ← σ/ max
u>0

(σ)

Barrier functions not necessary in practice:
max
u>0

(σ) > 0

Penalty
∫

Ω |∆σ|2dx has disturbing BCs

So do periodic boundary conditions from spectral formulation



Correction of Single Coil Images

Solve for one variable after the other: segmentation

S(u) =
M∑

i=1
ciχi

Minimize J(Ω1, . . . , ΩM) =
∫

Ω(S(u)− u)2dx. Topological derivative:

Tij(x) = lim
|B(x,r)|→0

J(Ω1, . . . , Ωi\B(x, r), . . . , Ωj ∪B(x, r), . . . , ΩM)− J(Ω1, . . . , ΩM)

|B(x, r)|
given explicitly by:

Ti,j(x) =







[cj − u(x)]2 − [ci − u(x)]2, |Ωj| 6= 0
−[ci − u(x)]2, |Ωj| = 0

Move x from Ωi to Ωj when:

Ti,j(x) < γ min
y∈Ωj

Ti,j(y)

Grey values (colors) given by:

ci =
1

|Ωi|
∫

Ωi
udx, |Ωi| 6= 0, ci = 0, |Ωi| = 0



Correction of Single Coil Images

Solve for one variable after the other: image

Define F : L2(Ω)→ R ∪ {∞} and G : L2(Ω)→ R ∪ {∞} so that J(u) = F(u) + G(u):

F(u) =
1

2

∫

Ω |σu− ũ|2dx +
κ

2

∫

Ω u2dx G(u) =
µ

2

∫

Ω φǫ(|∇u|2)dx

Convex conjugates F∗ : L2(Ω)→ R ∪ {∞} and G∗ : L2(Ω)→ R ∪ {∞},

F∗(v) =
1

2

∫

Ω

[

(κ + σ2)−1(v + σũ)2 − ũ2
]

dx G∗(v) = ISµ(v) +
ǫ

2µ

∫

Ω |∇(∆−1
N v)|2dx

Primal-Dual optimality system:







F(u) + F∗(v) =
∫

Ω uvdx

G(u) + G∗(−v) = −
∫

Ω uvdx
−→







(κ + σ2)u−∆Nw = σũ
−µ∇u + ⌊∇u⌋ǫ∇w = 0

where u ∈ L2(Ω), ∆Nw ∈ Sµ = {v ∈ L2(Ω) : |∇(∆−1
N v)| ≤ µ,

∫

Ωvdx = 0}






∆w = v, Ω
∂w/∂n = 0, ∂Ω

∫

Ω wdx =
∫

Ω vdx = 0

Solve by generlized Newton Method.



Correction of Single Coil Images

Modulation correction: computational results



Correction of Single Coil Images

Aliasing Correction

ũ −→ u

J(u) =
1

2

∫

Ω |Pu− ũ|2dx +
κ

2

∫

Ω u2dx + µ
∫

Ω φǫ(|∇u|2)dx

The projection P = F−1χF is defined in terms of:

Fu = ω, ω(k) =
∫

Ω u(x)e−2πık·xdx F−1ω = u, u(x) =
∞∑

k=−∞

ω(k)e2πık·x

In the present context, the characteristic function χ is so that P = Q + R where

(Qu)(x1, x2) =
1

Nf

Nf∑

n=1
u(x1, ⌈x2 + (n− 1)/Nf⌉1), ⌈x⌉1 = x− [x]

and:



Correction of Single Coil Images

Aliasing Correction

ũ −→ u

P = Q + R where

(Qu)(x1, x2) =
1

Nf

Nf∑

n=1
u(x1, ⌈x2 + (n− 1)/Nf⌉1), ⌈x⌉1 = x− [x]

(Ru)(x) = 2
Nr/2

∑

l=1

∫

Ω u(y) cos(2πkl · (x− y))dy

Primal-dual optimality system solved by generalized Newton method:







(κ + P )u−∆Nw = ũ
−µ∇u + ⌊∇u⌋ǫ∇w = 0

u ∈ L2(Ω), ∆Nw ∈ Sµ



Correction of Single Coil Images

Aliasing correction: computational results

−→

−→



Reconstruction from parallel coil measurements

−→

J(u, {σi}) =
1

2

Nc∑

i=1

∫

Ω |Pσiu− ũi|2dx +
ν

2

Nc∑

i=1

∫

Ω |∇2σi|2dx +
κ

2

∫

Ω u2dx + µ
∫

Ω φǫ(|∇u|2)dx



Reconstruction from parallel coil measurements

Solve for one variable after the other: sensitivity

[ν∆2 + uPu]σi = uũi, ∂nnnσi = ∂nnσi = ∂nτσi = 0

Guidance: S(u)← u, σi ← σi/ max
i,u>0

(σi)

Numerically, P = Q + R→ Ph = Qh + VhV
T
h

Qh =
1

Nf
KT

h Kh, Kh = (Ik, Ik, . . . , Ik
︸ ︷︷ ︸

Nf

), k = N 2/Nf

Vh = [V 1, . . . ,V Nr], V i · V j = δij

[ν∆2 + uPu]h is invertible with the Sherman-Morrison-Woodbury formula:

C = [νBh + D(U )QhD(U )], C + D(U )VhV
T
h D(U ) = C + XXT, X = D(U )Vh

(C + XXT)−1 = C−1 + C−1X(I + XTCX)−1XTC−1



Reconstruction from parallel coil measurements

Solve for one variable after the other: image

Define F : L2(Ω)→ R ∪ {∞} and G : L2(Ω)→ R ∪ {∞} so that J(u) = F(u) + G(u):

F(u) =
1

2

Nc∑

i=1

∫

Ω |Pσiu− ũi|2dx +
κ

2

∫

Ω u2dx G(u) =
µ

2

∫

Ω φǫ(|∇u|2)dx

Convex conjugates F∗ : L2(Ω)→ R ∪ {∞} and G∗ : L2(Ω)→ R ∪ {∞},

F∗(v) =
1

2

∫

Ω










v +

Nc∑

i=1
σiũi









κI +

Nc∑

i=1
σiPσi






−1 


v +

Nc∑

i=1
σiũi




−

Nc∑

i=1
ũ2

i







dx

Primal-Dual optimality system:







F(u) + F∗(v) =
∫

Ω uvdx

G(u) + G∗(−v) = −
∫

Ω uvdx
−→










κI +

Nc∑

i=1
σiPσi




 u−∆Nw =

Nc∑

i=1
σiũ

−µ∇u + ⌊∇u⌋ǫ∇w = 0

where u ∈ L2(Ω), ∆Nw ∈ Sµ = {v ∈ L2(Ω) : |∇(∆−1
N v)| ≤ µ,

∫

Ω vdx = 0}






∆w = v, Ω
∂w/∂n = 0, ∂Ω

∫

Ω wdx =
∫

Ω vdx = 0

Solve by generlized Newton Method. The SMW formula applies as well for the numerics.



Reconstruction from parallel coil measurements

Parallel reconstruction: computational results, Nr = 0

Nc = Nf = 2 Nc = Nf = 4 Nc = 8 > 4 = Nf



Reconstruction from parallel coil measurements

Parallel reconstruction: computational results, Nc = 8, Nf = 4, Nr = 42

noise=0%, µ = 10−4 noise=5%, µ = 3 · 10−4 noise=5%, µ = 0


