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v

Time varying magnetic field B, generated by excitation coils
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Eddy currents are induced in conducting domain, which perturb the
primary field B,

v

Voltage induced in the receiver coil = information about conductivity
distribution k(x) = o(x) + iwe(x)
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Mathematical Model of the Forward Problem
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Time Harmonic Maxwell Equations

VxE(x) = —iwB(x)
VxH(x) = ji(x)+ij(x)+iwD(x)
V-D(x) = p(x)

V-B(x) = 0

Time Domain

F(t,x) = R(F(x)e'“?), F=E,D,B,H,j,j;

i(x) = o(x)E(x), D(x) =e(x)E(x), B(x)=poH(x), p(x)=0
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VxE(x) = —iwpoH(x)

VxHx) = ji(x)+ r(x)E(x)
V- (e(x)E(x)) = 0

V- -H(x) = 0

Complex Conductivity

Equation for E(x)

1
V x M—V x E(x) + iwk(x)E(x) = —iwji(x), xeR3
0

V-(e(x)E(x)) = 0, xeR3
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TY,
Transmission Problem for MIT
Ng
Q= U Q;...conducting region, Qg = R3\ Q... non-conducting region
Jj=1
k(x) piecewise constant
K(x)=kj=0j+iwej, x€Q; j=0,...,Ng
air
Qo
€0
. S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008

7/27



};ﬁ Institut fiir Numerische Mathematik ﬁIE’.

Eddy Current Model

Neglect Displacement Currents in Qg

1
V x —V x E(x) + iwkjE(x) = —iwji(x), x€Qj,j=1,...,Ng
Ho
V'(&,‘E(X)) = 0, xe€Q;,i=1,...,Ng
1
V x H_V x E(x) = —iwj(x), x € Qo
0
V- E(x) = 0,xeQ +R.C.
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Outline

Reduced Model for the Forward Problem
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A — ¢-Formulation

Magnetic Vector Potential (V- H = 0)
H(x) =V xA(x), V-A(x)=0, xcR3
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Reduced Model

V- (5()Ve(x)) = —iwV - (k(x)(Ap(x) + As(x))), x € Q
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Reduced Model

V- (5()Ve(x)) = —iwV - (k(x)(Ap(x) + As(x))), x € Q
Assumption: Ag(x) << Ap(x)

p(x
V- (K(x)Vo(x)) = —iwV - (k(x)Ap(x)), x € Q
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k(x)(iwVH(x)) - n(x) = —iwk(x)As(x) - n(x), x €T
Curl-Curl Equation
V x V x Ag(x) = —por(x) (iwBs(x) + iwh,(x) + Vé(x)), x € Q

Neglect Rs
VXV xA(x) = —por(x)(iwAy(x)+ Vé(x)), x € Q
V-A(x) = 0
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Reduced Model

Boundary Value Problem for ng)

V- k(x)Vo(x) = —iwV-(k(x)Ax(x)), x€Q
Vé(x) - n(x)

—iwk(x)Ap(x) - n(x), xeT
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Boundary Value Problem for gg

V- k(x)Vo(x) = —iwV-(k(x)Ax(x)), x€Q
Vo(x) - n(x) = —iwk(x)Ap(x)-n(x), xeTl

Curl-Curl equation for A,

VXV xA(x) = —pok(x)(iwhy(x) +Vo(x)), xeQ
VxVxﬂs(x) = 0, xe
V-As(x) = 0, xeR?

Newton-Potential

KS(X) — _f:_; A Ii(y) (lwAP(|i/<)_+y|V¢(y))

ds,
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Comparison between Full and Reduced Model
Difference ¢° = ¢ — gzNS

Iimax
[V || y0) < W AslL(0)

Kmin
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Representation of Al = A, — Rs

5y = Ho [y iwAs(y) + Y (y)
M) = 52 [ i) R
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Estimate

K/max
&) < e (e E22, 92 ) e

min

Voltage in the receiver coil

w|B’(x)| = w|V x A(x)]

Estimate
B’ < 1gw? 1+ 101) A
Hw ||L2(R3) < pow € | Kmax, L + 7| | ” SHLz(Q)
Kmin
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Outline

Boundary Element Method for the Reduced Model
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Neumann Problem

—A¢(x)
Vo (x) - n(x)

Representation Formula

1 1 0 1 0 1
9= 5 | 1o %~ | oW < <0

0, xeQ
g(x), xel =90
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Neumann Problem

~Ad(x) =
Vé(x) - n(x) =
Representation Formula
1 1
o(x) = 7 o(y)ds,

ar Jr Ix—ylon,

Boundary Integral Equation

4w 6nx / on, |x—y|

d(y)ds, =

)d
gX 47r/|><—y| sy,

0, xeQ
g(x), xel =90
1 0 1

xerl

(D#)(x)

Neumann to Dirichlet map

¢=D

(31-K"e(x)

1
71(5/ -Kg=Tg

Bl S Eleder
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7.11.2008
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Discretisation

Variational Formulation
[@ovtds. = [(Ga -~ Keyids, v e HAT)
r r

Boundary Element Mesh
N
M= U Ti, Ti...triangles
i=1

Piecewise linear basis functions

M
on(x) = qu,-ap;(x), xeTl, M...# nodes
i=1

1 x=x
wi(x) = 0 x=xj, j#Ii
linear otherwise
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Discretisation

Linear System of Equations

-~ 1 .

Bid = (M] — K7 )g
with
~ 1 0 0 1
Dhi,j:——/ /——ap-ydsgo;xdsx—i—a/(p-xdsx/go;xdsx

031= 3 | 3o | 3o ey P [ i), [ it

and

. 1 0 1 .
K0 = 5= | [ ey etds. MTT = [ w0eods
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Discretisation

Linear System of Equations

-~ . 1 B

Dy = (EMIT - Ky )g
with
~ . 1 0 0 1
Dh[laJ]—E/r8nx/l_%m@j(ﬂdsys@i(x)dsx-#a/r@j(X)dSX/rsﬂi(x)dsx
and

. 1 0 1 .
K0 = 5= | [ ey etds. MTT = [ w0eods

> Dy e RMM (IM] — KT) € RM*N, N ... #telements and M. ..#nodes
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and

. 1 0 1 .
K0 = 5= | [ ey etds. MTT = [ w0eods

> Dy e RMM (IM] — KT) € RM*N, N ... #telements and M. ..#nodes
> Dh, (AM] — K,T) are dense matrices

» Dy is symmetric and positive definite (solve iteratively with
Conjuate-Gradient Method)
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Neumann Boundary Value Problem for MIT

=V -k(x)Vo(x) = iwV-k(x)Ap(x), x€Q
—Vo(x)-n(x) = iwk(x)Ay(x)-n(x), xeTl
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Q Q
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Q

Q

Primary Field in Divergence-Free

V-A,(x)=0, xecR?
Volume Integral
—iw]e/f(x)Ap(x) -Vip(x)dx = iwz /1'/,'/ A, (x) - Vip(x)dx
Q ; Q

= —inf;;/r' A, (x) - mp(x)dx
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Domain Decomposition

/Q ()T 6(x) - Vii(x)dx Zm, /Q Vo) T0)

0
- T / V) 5,009
Variational Formulation
0
- Z Ki /r w(x)%gb(x)dsx = —iwz Ki /r A, (x) - mp(x)dx

Dirichlet-to-Neumann Map (boundary integral operator)

0
Si: ¢, — %Qﬂn

Variational Problem

> /r (SO = i /r () mi(x)

. S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008
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Evaluation of the Volume Potential

Evaluation of the Magnetic Vector Potential in the Reduced Formulation:

A _ﬂ / ﬁ(y)(iWAP()/) + V¢(y)) dSy

A =
=" Jo x—]
Magnetic Field:
Bs(x) = V x Ay(x)

1 . 1
= ), (y)(iwAp(y) + Vo(y)) x medy

_ _%Zm/'(iwAp(y)—i—Vﬂ)/)) X Vyﬁlﬂy

_w _ V x Ap( (iwAp(y) + Vo(y)) x
= EZK’ +—Z / dsy

o Ix—yl —yI IX—yI

Forward Mapping

#) =i | (B0 + By(x)-da— [ (Bu(x) + By(x)- aa )

. S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008
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Numerical Example
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Numerical Example

k=0.15/m

(x) > (E(x) x n)|
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Outline

Boundary Element Method for the Full Model
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Boundary Element Method for the Full Model

Eddy Current Model

1
V x %VXE( x) + iwkE(x)
V- (¢iE(x))
V x M—V x E(x) = —iwji(x), x € Qo
E(x)

= —iwji(x), x€Qj,j=1,...,N

= 0, x€Q;,i=1,...,Ng

= 0,xeQ +R.C.
Trace Operators

’ytE:nX(E|an), ’yNE:VXE|an, *y,,E:E|r-n

. S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008
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Stratton-Chu Representation Formula
Conducting Domain 2
E(x) = Va(wE)(x) + V(v E)(x) + gradV¥y (v, E)(x), x€Q
Non-Conducting Domain g
E(x) = —VA(WE)(x) = Vi (7 E)(x) — gradV}, (7 E)(x), x € Qo

Potential Operators

o—rlx—yl

Vi = g [ e, xgr
x|

ViU = o= [ SrU0ds. xeT

Un(V)(x) = Vx,VaVxn)(x), xé&T
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Boundary Integral Equations
Unknowns : u =, E, A =~yE

((N" 4+ N%)u,v) + ((B* + B)A,v)
(1, (C" + CO)u) + (i, (A" + AOA) = g(p),

|
)
—~~

<
~

v

Primary Field A, — f(v), g(x)

Discretisation: dof's of uy and A, are given by integrals over the
tangential and normal component along an edge

NE+ N B+ BY (u\ _[F
By + BT Ap+ AL \X) g
System Matrix C?¢%2¢ e...# Edges
Needs Preconditioning

v

v

Linear System:

v

v
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Outline

Summary & Outlook
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Summary & Outlook

Summary

» Description of the mathematical model of the forward problem

» BEM for reduced model
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Summary & Outlook

Summary

» Description of the mathematical model of the forward problem

» BEM for reduced model

Further Work
» Full Maxwell with BEM

» Research report on mathematical model of the forward problem

> Inverse problem (Level set method)
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