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Magnetic Induction Tomography

◮ Noninvasive and contactless imaging method

◮ Time varying magnetic field Bp generated by excitation coils

◮ Eddy currents are induced in conducting domain, which perturb the
primary field Bp

◮ Voltage induced in the receiver coil ⇒ information about conductivity
distribution κ(x) = σ(x) + iωε(x)
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Time Harmonic Maxwell Equations

∇× E(x) = −iωB(x)

∇× H(x) = ji (x) + j(x) + iωD(x)

∇ ·D(x) = ρ(x)

∇ ·B(x) = 0

Time Domain

F(t, x) = ℜ(F(x)e iωt), F = E,D,B,H, j, ji

Material Laws

j(x) = σ(x)E(x), D(x) = ε(x)E(x), B(x) = µ0H(x), ρ(x) = 0
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∇× H(x) = ji (x) + κ(x)E(x)

∇ · (ε(x)E(x)) = 0

µ0∇ ·H(x) = 0

Complex Conductivity
κ(x) = σ(x) + iωε(x)

Equation for E(x)

∇×
1

µ0
∇× E(x) + iωκ(x)E(x) = −iωji(x), x ∈ R

3

∇ · (ε(x)E(x)) = 0, x ∈ R
3
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Transmission Problem for MIT

Ω =

NΩ⋃

j=1

Ωj . . . conducting region, Ω0 = R
3 \ Ω . . . non-conducting region

κ(x) piecewise constant

κ(x) = κj = σj + iωεj , x ∈ Ωj , j = 0, . . . ,NΩ

Γ

tissue

air

Ω0

Ω1Ω2

Ω3
ε0

σ1, ε1

σ2, ε2

σ3, ε3
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Eddy Current Model

Neglect Displacement Currents in Ω0

∇×
1

µ0
∇× E(x) + iωκjE(x) = −iωji(x), x ∈ Ωj , j = 1, . . . ,NΩ

∇ · (εiE(x)) = 0, x ∈ Ωi , i = 1, . . . ,NΩ

∇×
1

µ0
∇× E(x) = −iωji(x), x ∈ Ω0

∇ · E(x) = 0, x ∈ Ω0 + R .C .
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Decomposition
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1
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Decomposition
E(x) = Ep(x) + Es(x), x ∈ R

3

∇×
1
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∇ · (εiEs(x)) = 0, x ∈ Ωi , i = 1, . . . ,NΩ

∇×
1

µ0
∇× Es(x) = 0, x ∈ Ω0

∇ · Es(x) = 0, x ∈ Ω0 + R .C .

S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008

8 / 27



Institut für Numerische Mathematik

Outline

Mathematical Model of the Forward Problem

Reduced Model for the Forward Problem

Boundary Element Method for the Reduced Model

Boundary Element Method for the Full Model

Summary & Outlook

S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008

9 / 27



Institut für Numerische Mathematik

A − φ-Formulation

Magnetic Vector Potential (∇ ·H = 0)

H(x) = ∇× A(x), ∇ · A(x) = 0, x ∈ R
3
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Additional Equation

∇ · (κ(x)∇φ(x) + iωAs(x)) = −iω∇ · (κ(x)Ap(x)), x ∈ Ω

J · n = 0 on Γ

κ(x)(iωAs(x) + ∇φ(x)) · n(x) = −iωκ(x)Ap(x) · n(x), x ∈ Γ
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Reduced Model

∇ · (κ(x)∇φ(x)) = −iω∇ · (κ(x)(Ap(x) + As(x))), x ∈ Ω
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Curl-Curl Equation

∇×∇× Ãs(x) = −µ0κ(x)(iωÃs(x) + iωAp(x) + ∇φ̃(x)), x ∈ Ω

Neglect Ãs

∇×∇× Ãs(x) = −µ0κ(x)(iωAp(x) + ∇φ̃(x)), x ∈ Ω

∇ · Ãs(x) = 0
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Reduced Model

Boundary Value Problem for φ̃

∇ · κ(x)∇φ̃(x) = −iω∇ · (κ(x)Ap(x)), x ∈ Ω

∇φ̃(x) · n(x) = −iωκ(x)Ap(x) · n(x), x ∈ Γ
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∇×∇× Ãs(x) = −µ0κ(x)(iωAp(x) + ∇φ̃(x)), x ∈ Ω

∇×∇× Ãs(x) = 0, x ∈ Ω0

∇ · Ãs(x) = 0, x ∈ R
3

Newton-Potential

Ãs(x) = −
µ0

4π

∫

Ω

κ(y)
(iωAp(y) + ∇φ̃(y))

|x − y |
dsy
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Comparison between Full and Reduced Model

Difference φδ = φ− φ̃

‖∇φδ‖L2(Ω) ≤
κmax

κmin
ω‖As‖L2(Ω)
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|Aδ(x)| ≤ µ0ωc

(
κmax, 1 +

κmax

κmin
, |Ω|

)
‖As‖L2(Ω)

Voltage in the receiver coil

ω|Bδ(x)| = ω|∇ × Aδ
s (x)|

Estimate

‖ωBδ‖L2(R3) ≤ µ0ω
2c

(
κmax, 1 +

κmax

κmin
, |Ω|

)
‖As‖L2(Ω)
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Neumann Problem

−∆φ(x) = 0, x ∈ Ω

∇φ(x) · n(x) = g(x), x ∈ Γ = ∂Ω

Representation Formula

φ(x) =
1

4π

∫

Γ

1

|x − y |

∂

∂ny

φ(y)dsy −
1

4π

∫

Γ

φ(y)
∂

∂ny

1

|x − y |
, x ∈ Ω
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∫

Γ

1

|x − y |

∂

∂ny

φ(y)dsy −
1

4π

∫

Γ

φ(y)
∂

∂ny

1

|x − y |
, x ∈ Ω

Boundary Integral Equation

−
1

4π

∂

∂nx

∫

Γ

∂

∂ny

1

|x − y |
φ(y)dsy

︸ ︷︷ ︸
(Dφ)(x)

=
1

2
g(x) −

1

4π

∫

Γ

1

|x − y |
g(y)dsy

︸ ︷︷ ︸
( 1

2 I−K ′)g(x)

, x ∈ Γ

Neumann to Dirichlet map

φ = D̃−1(
1

2
I − K ′)g = Tg
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Discretisation

Variational Formulation∫

Γ

(D̃φ)(x)ψ(x)dsx =

∫

Γ

(
1

2
g − K ′g)ψ(x)dsx , ∀ψ ∈ H1/2(Γ)

Boundary Element Mesh

Γ =

N⋃

i=1

τi , τi . . . triangles

Piecewise linear basis functions

φh(x) =

M∑

i=1

φiϕi (x), x ∈ Γ, M . . .# nodes

ϕi (x) =





1 x = xi

0 x = xj , j 6= i

linear otherwise
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Discretisation

Linear System of Equations

D̃h
~φ = (

1

2
MT

h − KT
h )~g

with

D̃h[i , j ] = −
1

4π

∫

Γ

∂

∂nx

∫

Γ

∂

∂ny

1

|x − y |
ϕj(y)dsyϕi (x)dsx+α

∫

Γ

ϕj(x)dsx

∫

Γ

ϕi (x)dsx

and

KT
h [i , j ] = −

1

4π

∫

Γ

∫

Γ

∂

∂ny

1

|x − y |
ψj(y)dsyϕi (x)dsx , MT

h [i , j ] =

∫

Γ

ψj(x)ϕi (x)dsx
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∫

Γ
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◮ D̃h ∈ RM×M , ( 1
2MT

h −KT
h ) ∈ RM×N , N . . .#elements and M . . .#nodes
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h −KT
h ) ∈ RM×N , N . . .#elements and M . . .#nodes

◮ D̃h, (
1
2MT

h − KT
h ) are dense matrices

◮ D̃h is symmetric and positive definite (solve iteratively with
Conjuate-Gradient Method)
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Neumann Boundary Value Problem for MIT

−∇ · κ(x)∇φ(x) = iω∇ · κ(x)Ap(x), x ∈ Ω

−∇φ(x) · n(x) = iωκ(x)Ap(x) · n(x), x ∈ Γ
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Neumann Boundary Value Problem for MIT

−∇ · κ(x)∇φ(x) = iω∇ · κ(x)Ap(x), x ∈ Ω

−∇φ(x) · n(x) = iωκ(x)Ap(x) · n(x), x ∈ Γ

Variational Formulation

−

∫

Ω

(∇ · κ(x)∇φ(x))ψ(x)dx = iω

∫

Ω

∇ · (κ(x)Ap(x))ψ(x)dx

∫

Ω

κ(x)∇φ(x) · ∇ψ(x)dx = −iω

∫

Ω

κ(x)Ap(x) · ∇ψ(x)dx
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Neumann Boundary Value Problem for MIT

−∇ · κ(x)∇φ(x) = iω∇ · κ(x)Ap(x), x ∈ Ω

−∇φ(x) · n(x) = iωκ(x)Ap(x) · n(x), x ∈ Γ

Variational Formulation

−

∫

Ω

(∇ · κ(x)∇φ(x))ψ(x)dx = iω

∫

Ω

∇ · (κ(x)Ap(x))ψ(x)dx

∫

Ω

κ(x)∇φ(x) · ∇ψ(x)dx = −iω

∫

Ω

κ(x)Ap(x) · ∇ψ(x)dx

Primary Field in Divergence-Free

∇ ·Ap(x) = 0, x ∈ R
3

Volume Integral

−iω

∫

Ω

κ(x)Ap(x) · ∇ψ(x)dx = iω
∑

i

κi

∫

Ωi

Ap(x) · ∇ψ(x)dx

= −iω
∑

i

κi

∫

Γi

Ap(x) · nψ(x)dx
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Domain Decomposition

∫

Ω

κ(x)∇φ(x) · ∇ψ(x)dx =
∑

i

κi

∫

Ωi

∇φ(x) · ∇ψ(x)

= −
∑

i

κi

∫

Γi

ψ(x)
∂

∂n
φ(x)dsx

Variational Formulation

−
∑

i

κi

∫

Γi

ψ(x)
∂

∂n
φ(x)dsx = −iω

∑

i

κi

∫

Γi

Ap(x) · nψ(x)dx

Dirichlet-to-Neumann Map (boundary integral operator)

Si : φ|Γi
→

∂

∂n
φ|Γi

Variational Problem
∑

i

∫

Γi

(Siφ)(x)ψ(x)dsx = iω
∑

i

κi

∫

Γi

Ap(x) · nψ(x)dx
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Evaluation of the Volume Potential

Evaluation of the Magnetic Vector Potential in the Reduced Formulation:

Ãs(x) = −
µ0

4π

∫

Ω

κ(y)
(iωAp(y) + ∇φ̃(y))

|x − y |
dsy

Magnetic Field:

B̃s(x) = ∇× Ãs(x)

=
1

4π

∫

Ω

κ(y)(iωAp(y) + ∇φ(y)) ×∇x

1

|x − y |
dy

= −
1

4π

∑

i

κi

∫

Ωi

(iωAp(y) + ∇φ(y)) ×∇y

1

|x − y |
dy

=
iω

4π

∑

i

κi

∫

Ωi

∇× Ap(y)

|x − y |
dy +

1

4π

∑

i

κi

∫

Γi

(iωAp(y) + ∇φ(y)) × n

|x − y |
dsy

Forward Mapping

F(κ) = −iω

(∫

C1

(B̃s(x) + Bp(x)) · da−

∫

C2

(B̃s(x) + Bp(x)) · da

)
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Numerical Example

S. Engleder MIT: Mathematical Model and Boundary Element Methods 7.11.2008

21 / 27



Institut für Numerische Mathematik

Numerical Example

κ = 0.1S/m

φ̃(x) |n × (E(x) × n)|
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Outline

Mathematical Model of the Forward Problem

Reduced Model for the Forward Problem

Boundary Element Method for the Reduced Model

Boundary Element Method for the Full Model

Summary & Outlook
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Boundary Element Method for the Full Model

Eddy Current Model

∇×
1

µ0
∇× E(x) + iωκjE(x) = −iωji(x), x ∈ Ωj , j = 1, . . . ,N

∇ · (εiE(x)) = 0, x ∈ Ωi , i = 1, . . . ,NΩ

∇×
1

µ0
∇× E(x) = −iωji(x), x ∈ Ω0

∇ · E(x) = 0, x ∈ Ω0 + R .C .

Trace Operators

γtE = n × (E|Γ × n), γNE = ∇× E|Γ × n, γnE = E|Γ · n
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Stratton-Chu Representation Formula

Conducting Domain Ω

E(x) = Ψκ
A(γ−N E)(x) + Ψκ

M(γ−t E)(x) + gradΨκ
V (γ−n E)(x), x ∈ Ω

Non-Conducting Domain Ω0

E(x) = −Ψ0
A(γ+

N E)(x) − Ψ0
M(γ+

t E)(x) − gradΨ0
V (γ+

n E)(x), x ∈ Ω0

Potential Operators

Ψκ
V (u)(x) =

1

4π

∫

Γ

e−κ|x−y|

|x − y |
u(y)dsy , x /∈ Γ

Ψκ
A(U)(x) =

1

4π

∫

Γ

e−κ|x−y|

|x − y |
U(y)dsy , x /∈ Γ

Ψκ
M(V)(x) = ∇×x Ψκ

A(V × n)(x), x /∈ Γ
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Boundary Integral Equations

Unknowns : u = γ−t E, λ = γ−N E

〈(Nκ + N0)u, v〉 + 〈(Bκ + B0)λ, v〉 = f (v)

〈µ, (Cκ + C 0)u〉 + 〈µ, (Aκ + A0)λ〉 = g(µ),

◮ Primary Field Ap → f (v), g(µ)

◮ Discretisation: dof’s of uh and λh are given by integrals over the
tangential and normal component along an edge

◮ Linear System:

(
Nκ

h + N0
h Bκ

h + B0
h

−(Bκ
h + B0

h )T Aκ
h + A0

h

) (
~u
~λ

)
=

(
~f
~g

)

◮ System Matrix C2e×2e , e . . .# Edges

◮ Needs Preconditioning
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Summary & Outlook

Summary

◮ Description of the mathematical model of the forward problem

◮ BEM for reduced model
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Summary & Outlook

Summary

◮ Description of the mathematical model of the forward problem

◮ BEM for reduced model

Further Work

◮ Full Maxwell with BEM

◮ Research report on mathematical model of the forward problem

◮ Inverse problem (Level set method)
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