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Problem Formulation

Goal

Reconstruction of image u and sensitivities σ1, . . . , σn from
modulated and subsampled images v1, . . . , vn

without center lines

But: Product of image and sensitivity measured ⇒ bilinear problem

⇒ Restrict admissible sensitivities to minimize common factors!

⇒ Here: Parametrize sensitivities



Parametrization

Biot-Savart law

• Describes magnetic field created by coils under current

• By reciprocity: Magnitude of field describes sensitivity

• Solution asymptotically has radially isotropic decay

Hence: sensitivities modelled by Lorentzian

σi (x , y) =
1

c2
i ,1 + c2

i ,2((x − ci ,3)2 + (y − ci ,4)2)
,

~c = (c1,1, . . . , c1,4, c2,1, . . . , cn,4) parameters to be identified

Image pixel-valued:

u(x , y) =
∑
i ,j

uijχi (x)χj(y), χi (x) =

{
1 if xi < x < xi+1

0 otherwise



Optimization Problem

Problem

min
u∈L2(Ω),~c∈R4n

J(u,~c),

J(u,~c) =
n∑

i=1

∫
Ω

(K (σiu)− vi )
2 dx + µTVh(u)

K subsampling operator, TVh discrete total variation: (ε > 0)

TVh(u) =
1

N2

√
(ui+1,j − ui−1,j)2 + (ui ,j+1 − ui ,j−1)2 + ε,

⇒ Fully discrete problem (discretize-then-optimize)



Optimization methods

Gradient descent

xn+1 = xn − a∇J(xn),

xn = (un,~cn), a from line search

• But: Bad scaling of gradient ∇J(xn) = (Ju, Jc)T

Jc := (Jc1,1 , Jc1,2 , . . . , Jcn,4)T

• Hence line search gives poor step length



Optimization methods

Newton method

xn+1 = xn − (∇2J(xn))−1∇J(xn),

• Properly scaled step length

• But: Hessian ∇2J(xn) not positive definite in general

• Hessian necessarily rank deficient:

J(u, σ1, . . . , σn) = J(pu, σ1/p, . . . , σn/p)

for any constant p 6= 0



Illustration of scaling issues

Components of descent direction p:

pu = −Ju(u,~c), pc = −Jc(u,~c)

Reduced functional

j(a, b) = J(un + apu,~cn + bpc)

Reduced gradient

ja(a, b) = p>u Ju(un + apu,~cn + bpc),

jb(a, b) = p>c Jc(un + apu,~cn + bpc).

Ratio of minimizer (a∗, b∗) indicates scaling of gradient



Illustration of scaling issues

Functional values along a minimizing sequence (un,~cn), µ = 0

J ‖∇J‖ a∗ b∗ j(a∗, b∗)

3.37 · 104 1.51 · 104 5.43 · 10−5 1.29 · 10−2 1.83 · 104

2.95 · 101 5.96 · 101 −8.54 · 10−6 6.68 · 10−2 2.82 · 101

1.13 · 101 5.96 · 100 1.54 · 10−5 3.66 · 10−3 1.13 · 101

5.10 · 100 3.68 · 100 8.48 · 10−6 4.84 · 10−3 5.09 · 100

7.64 · 10−2 1.20 · 100 8.75 · 10−6 1.23 · 10−2 7.57 · 10−2

7.60 · 10−2 7.16 · 10−1 1.21 · 10−5 1.58 · 10−2 7.54 · 10−2

5.81 · 10−5 3.27 · 10−1 2.96 · 10−6 9.47 · 10−3 5.55 · 10−5

5.72 · 10−5 7.90 · 10−2 4.19 · 10−6 9.33 · 10−3 5.51 · 10−5



Illustration of scaling issues

Functional values along a minimizing sequence (un,~cn), µ = 10−2

J ‖∇J‖ a∗ b∗ j(a∗, b∗)

3.37 · 104 1.51 · 104 5.43 · 10−5 1.29 · 10−2 1.83 · 104

3.47 · 101 2.84 · 101 −3.71 · 10−5 1.06 · 10−1 3.18 · 101

1.17 · 101 5.75 · 100 1.75 · 10−5 3.01 · 10−3 1.16 · 101

4.89 · 100 3.48 · 100 −3.84 · 10−6 8.95 · 10−3 4.87 · 100

7.34 · 10−2 1.40 · 100 4.76 · 10−6 1.08 · 10−2 7.12 · 10−2

7.31 · 10−2 8.44 · 10−1 9.92 · 10−6 1.34 · 10−2 7.11 · 10−2

1.45 · 10−3 3.33 · 10−1 3.99 · 10−6 9.92 · 10−3 4.65 · 10−5

1.40 · 10−3 7.54 · 10−2 4.08 · 10−6 9.59 · 10−3 3.73 · 10−5



Illustration of indefiniteness issues

Approximate Eigenvalues

Finite difference approximation of action of Hessian

∇2J(xn)ϕ =
∇J(xn + εϕ)−∇J(xn − εϕ)

2ε
+ O(ε2).

Calculate minimal, maximal eigenvalue using Krylov method
Smallest eigenvalue indicates definiteness



Illustration of definiteness issues

Extremal eigenvalues along minimizing sequence (un,~cn), µ = 0

J ‖∇J‖ λmin λmax

3.37 · 104 1.51 · 104 −7.82 · 103 7.74 · 103

2.95 · 101 5.96 · 101 −2.77 · 101 2.35 · 105

1.13 · 101 5.96 · 100 0 2.36 · 105

5.10 · 100 3.68 · 100 0 2.35 · 105

7.64 · 10−2 1.20 · 100 0 2.23 · 105

7.60 · 10−2 7.16 · 10−1 0 2.20 · 105

5.81 · 10−5 3.27 · 10−1 0 2.24 · 105

5.72 · 10−5 7.90 · 10−2 0 2.27 · 105



Illustration of definiteness issues

Extremal eigenvalues along minimizing sequence (un,~cn), µ = 10−2

J ‖∇J‖ λmin λmax

3.37 · 104 1.51 · 104 −7.82 · 103 7.74 · 103

3.47 · 101 2.84 · 101 0 2.34 · 105

1.17 · 101 5.75 · 100 −4.20 · 100 2.37 · 105

4.89 · 100 3.48 · 100 0 2.36 · 105

7.34 · 10−2 1.40 · 100 0 2.22 · 105

7.31 · 10−2 8.44 · 10−1 0 2.20 · 105

1.45 · 10−3 3.33 · 10−1 0 2.24 · 105

1.40 · 10−3 7.54 · 10−2 0 2.27 · 105



Optimization methods

BFGS method

sn = xn − xn−1,

yn = ∇J(xn)−∇J(xn−1),

Hn = Hn−1 +
yn ⊗ yn

yn · s
− (Hn−1sn)⊗ (Hn−1sn)

sn · Hn−1sn
,

xn+1 = xn − αH−1
n ∇J(xn).

(step length α from line search)

• Hn positive definite if H0 positive definite, yT
n sn > 0

• converges locally superlinearly



Implementation

Avoid local minima by

• Solving for BFGS update with CG, terminate if ‖∇J(xn)‖ < τ

• Limited Memory BFGS: Restart if yT
n sn > 0 or n/m ∈N, set

Hn = H0

• “Trust region approach”: Approximation of Hessian is
iteratively refined, i.e. restart with

mk = qmk−1, τk = q−1τk−1



Numerical results
exact image
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Numerical results
sum of squares of measured data (4 times sub-sampled, 12 coils)
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Numerical results

reconstruction (no noise, µ = 0)
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Numerical results

reconstruction (2% noise, µ = 10−2)
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Numerical results

reconstruction (3% noise, µ = 10−2)
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Numerical results

reconstruction (5% noise, µ = 10−2)
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Parallel MRI as a Bilinear Inverse Problem

joint work with Florian Knoll, Martin Uecker, Thorsten Hohage



Linearize-then-optimize

Formulation as operator equation

F : (u, σ1, . . . , σn) 7→ (K (u · c1), . . . ,K (u · cn)),

Set x = (u, σ1, . . . , σn), y = (v1, . . . , vn), solve

F (x) = y

with iteratively regularized Gauß-Newton

min
δx∈X

1

2

∥∥F ′(xk)δx + F (xk)− y
∥∥2

L2 +
αk

2

∥∥xk + δx − x0
∥∥2

X

xk+1 = xk + δx , αk+1 = qαk for 0 < q < 1

(Block, Hohage, Uecker, Frahms: MRM 2008)



Linearize-then-optimize

Penalty

‖x‖2
X = ‖Wx‖L2 = ‖u‖2

L2 +
n∑

i=1

‖WFσi‖2
L2

F Fourier transform, Wf = (1 + ‖x‖2)
l
2 f

Fréchet derivative

F ′(x)δx = (K (u · δc1) + K (c1 · δu, ), . . . ,K (u · δcN) + K (cN · δu))

(similar for adjoint F ′(x)∗)

⇒ solve normal equations with CG method:

(F ′(xk)∗F ′(xk) + αkW)δx = F ′(xk)∗(y − F (xk)) + αkW(x0 − xk)



Reformulation of Penalty

Careful: l large

Applying W in CG method ≈ high order differentiation, ill-posed!

⇒ Set x̂ =Wx , F̂ = FW−1, adapt derivative, adjoint

⇒ Inverting W−1 (smoothing operator) by CG method
⇒ Regularization of high order differentiation

stable even for l = 64



Here: Radial sampling
K is non-cartesian subsampling in Fourier space:
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Results for in vivo data
256x256, 32 spokes, 4 coils. Simple regridding u =

∑
i (K
∗vi )
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Results for in vivo data
256x256, 32 spokes, 4 coils. Gauß-Newton reconstruction
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Total Variation regularized Gauß-Newton

Penalty

‖x‖2
X =

∫
Ω
|∇u| dx +

n∑
i=1

‖WFσi‖2
L2

Rewrite functional

K̂δx =

(
F ′(xk)δx
Wx

)
, f̂ =

(
y − F (xk)
W(xk − x0)

)
,

min
δx∈X

1

2

∥∥∥K̂x − f̂
∥∥∥2

L2
+
αk

2

∫
Ω
|∇u| dx

⇒ K̂ linear operator, use predual formulation
(Hintermüller, Kunisch: 2004)



Predual formulation of TVGN

Predual problem


sup
δx∗
−1

2

∥∥∥(0,− div δu∗)T + K̂ ∗f̂
∥∥∥2

B
+
〈
δu∗,∇(u − u0)

〉
− 1

2

∥∥∥f̂ ∥∥∥2

s.t. |δu∗|`∞ ≤
αk

2
.

‖x‖B =
〈
B−1x , x

〉
, B = (F ′(xk)∗F ′(xk) + αkW)

Solve using semismooth Newton method (after regularization),
nested CG iterations



Results for phantom
64x64, 16 spokes, 8 coils, 1% noise. Gauß-Newton reconstruction
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Results for phantom
64x64, 16 spokes, 8 coils, 1% noise. TVGN reconstruction
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Results for phantom
exact phantom
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Current problems

• Slow, needs good preconditioner

• Many parameters to choose

• TV changes structure locally ⇒ interferes with dealiasing

TV good choice for penalty?
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