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The bidomain equations

@ Mathematical model that describes the bio-electric activity in cardiac
tissue
@ Nonlinear system of PDEs that model the potential in the intracellular
and extracellular domain
@ Its numerical solution requires the solution of:
» a parabolic PDE
» a system of nonlinear ODEs
» an elliptic PDE
@ Challenging computational problem
» fine spatial and temporal discretization

e small space constant
o the upstroke of the action potential is very fast (less than 1 ms)

» realistic cellular models
e large number of state variables
o stiff ODEs
» micro-realistic geometries
® a lot of degrees of freedom: from 1/2 million up to 50 millions

» at each time step we have to solve all the problems



The bidomain equations

Bidomain formulation

V- (0iVV;) = Blm
AV (creVVe) = —ﬁlm - Iapp
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Im = Cmﬁ + Iion(vma 7/) — ltrans

V., is the transmembrane potential, which is defined as V; — V,
o; and o, are the conductivity tensors

Cy is the transmembrane capacitance

lion is the current through the membrane ionic channels, which
depends on the vector v and V,,

lapp is an extracellular applied stimulus

@ Itrans is an transmembrane stimulus delivered by an intracellular
electrode

@ (3 is the surface to volume ratio



Linear transformation of the bidomain equations
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Spatial discretization

@ Left ventricular wedge mesh

o By default we generate hybrid
meshes, that can also be splitted up
in a pure tetrahedra mesh (which
has 3-4% more nodes)

@ With the hybrid mesh approach we
believe that we can:
» Gain in accuracy
» Save memory
» Reduce numerical anisotropy
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FEM with Ansatz functions

@ The Ansatz functions are constructed using macroelements that are
subdivided into sub-elements

» quadrangle — triangles
» pyramid, hexahedra, prisms — tetrahedra
@ A virtual center point is created based on the number of nodes of this
element.
@ A quadrilateral given by the nodes pl, p2, p3 and p4 is divided in four
triangles where the center node is located at
p5 = (pl + p2 + p3 + p4)/4.
@ At the center node the value of the shape function is equal to 1/n
@ For 3D elements a virtual center node is created at the center of each
quadrilateral face to permit the construction of the macroelement
through the connections of sub-tetrahedra.



FEM with Ansatz functions

@ For 3D elements like hexahedra and prisms the centroid of the element
is also considered a virtual node and the value of the shape function at
this point is 1/n, where n is the number of vertices
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Numerical Experiments

Simulations in a 3D cable

@ Compare the use of hexahedra elements supported via Ansatz
functions against pure tetrahedra mesh

@ The conduction velocity was calculated in different 3D cables (and
also 2D cables) and the computed conduction velocity was compared
for each type of element




Numerical Experiments

Simulations in a 3D cable
@ Compare the use of hexahedra elements supported via Ansatz
functions against pure tetrahedra mesh

@ The conduction velocity was calculated in different 3D cables and the
result was compared for each case

UCLA-RAB
longitudinal transverse
©wm hexa tetra hexa tetra

10 0.599543  0.599614 | 0.199727 0.199753
25 0.599128 0.598831 | 0.197980 0.197600
50 0.596962 0.595754 | 0.191154 0.189978
100 0.587838 0.583539 | 0.170025 0.168555
200 0.554261 0.547810 | 0.116612 0.117440
250 0.533235 0.522232 | 0.091715 0.092460
500 0.402181 0.373794 X X
750 0.285397  0.282573 X X
1000 | 0.163610 X X X




Numerical Experiments

Simulations in a 3D cable

UCLA_RAB - Longitudinal conduction velocity UCLA_RAB - Transverse conduction velocity
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Numerical Experiments

Simulations in a 2D cable

@ quad-a: quadrangles with Ansatz functions

@ quad-b: bilinear isoparametric quadrangles

UCLA-RAB
longitudinal transverse
um quad-a quad-b tri quad-a quad-b tri
10 0.599426  0.599242 0.599629 | 0.199768 0.199726 0.199488
25 0.598977 0.598848 0.598823 | 0.197717 0.197637 0.197591
50 0.596958 0.596955 0.596055 | 0.191133 0.191130 0.189970
100 0.587838 0.587838 0.584927 | 0.170025 0.170025 0.168820
200 0.554253 0.554244 0.546362 | 0.116612 0.116612 0.115944
250 0.533235  0.533235 0.525656 | 0.091715 0.091715 0.094546
500 0.402181 0.402181 0.374780 X X X
750 0.285397 0.285397  0.242005 X X X
1000 | 0.166195 0.166195 X X X X




Numerical Experiments

Simulations in a 2D cable

UCLA_RAB - Longitudinal conduction velocity UCLA_RAB - Transverse conduction velocity
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Numerical Experiments

Memory usage

@ With the use of the Ansatz functions

we can save a lot of memory

@ The memory usage was measured in a

reentry wave simulation

@ We measured required memory to

number of bytes

store the stiffness matrix, the lumped
mass matrix and the element list data

structure

@ The size of the element list is smaller

with Ansatz functions

250000000

200,000,000

150,000,000

100,000,000

50,000,000

0

Memory usage for triangles and quadrangles

200um 100um

mesh resolution

Total memory usage in bytes
um tri quad
200 | 14 411 184 11 281 584
100 | 57 622384 | 45 123 184
50 | 230 444 784 | 180 486 384
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Numerical Experiments

Reentry wave

@ Reentry wave in a 6 cm x 4 cm
mesh with the UCLA-RAB ionic
model

d

@ Objective: compare the solution
with different finite element
formulation (with and without
Ansatz functions)




Numerical Experiments

Reentry wave

quad-tri at 50um - threshold 1 mv
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Discussion and future work

@ How to efficiently measure the difference in solutions due to the use of
different finite elements in a reentry wave simulation ?

e Memory usage measurements in a 3D realistic simulation
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Some references...

@ http://carp.meduni-graz.at
@ http://www.python.org

@ http://numpy.scipy.org
e http://www.scipy.org
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http://carp.meduni-graz.at
http://www.python.org
http://numpy.scipy.org
http://www.scipy.org

Finally...

Thanks for your attention!
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