Higher Order Regularization for
Model Based Data
Decompression

Dissertation

zur Erlangung des akademischen Grades eines Doktor der
Naturwissenschaften an der Karl-Franzens-Universitat Graz

vorgelegt von

Mag. Martin Holler

am Institut fir Mathematik und wissenschaftliches Rechnen

Erstbegutachter:

O.Univ.-Prof. Karl Kunisch
Zweitbegutachter:

Univ.-Prof. Antonin Chambolle, A.Univ.-Prof. Andreas Neubauer

2013






Gewidmet August Holler






Abstract

This thesis deals with the development, analysis and application of a mathemat-
ical model for image reconstruction. The model is realized by minimizing the
sum of two convex functionals, one ensuring data fidelity and the other being
a regularization term. The novelty of the considered approach lies both in the
general definition of the data term as well as the application of the non-standard
Total Generalized Variation (TGV) functional for regularization in this context.
The main part of the work is the extension of theory for the TGV functional,
the definition and analysis of the general reconstruction model and its appli-
cation to imaging tasks. In particular, existence of a solution and optimality
conditions for the resulting minimization problem are obtained for a setting that
covers diverse applications: Suitable problem formulations for JPEG and JPEG
2000 decompression as well as wavelet based zooming are defined in function
space setting and numerical solution schemes for the discretized problems are
developed.

Zusammenfassung

Diese Doktorarbeit befasst sich mit der Entwicklung, Analyse und Anwendung
eines mathematischen Modells zur Bildrekonstruktion. Das Modell wird durch
die Minimierung der Summe zweier konvexer Funktionale realisiert. Eines dieser
Funktionale stellt die Datentreue sicher wahrend das andere zur Regularisierung
dient. Neu an dem hier vorgestellten Zugang ist sowohl die allgemeine For-
mulierung des Datenterms als auch die Anwendung des Total Generalized Vari-
ation (TGV) Funktionals in diesem Kontext. Der Fokus der Arbeit liegt in
der Erweiterung der Theorie tiber das TGV Funktional, der Definition und
Analyse des allgemeinen Modells zur Bildrekonstruktion und dessen Anwen-
dung fiir Problemstellungen der Bildverarbeitung. Im Speziellen kann fiir das
aus dem Modell resultierende Minimierungsproblem die Existenz von Losungen
sichergestellt- und Optimalitdtsbedingungen hergeleitet werden. Dies wird in
einer allgemeinen Formulierung erreicht, die unterschiedliche Anwendungen er-
laubt: Es werden geeignete Problemstellungen sowohl fir JPEG und JPEG
2000 Dekomprimierung als auch Wavelet-basierte Bildvergroferung im Funk-
tionenraum formuliert und numerische Losungsverfahren fiir die resultierenden,
diskretisierten Probleme werden entwickelt.
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Introduction

The present work is concerned with mathematical image processing. A main
part is the development and analysis of a particular type of image reconstruction
model in its full generality. While great interest is put on a sound mathematical
analysis and a broad applicability of this model, we point out that also successful
real life applications are possible and have been fully developed within this work.
In particular, a framework for the improved reconstruction of JPEG (Joint
Photographic Experts Group) and JPEG 2000 compressed images is presented.

In the past 20 years, research on digital image processing has increasingly
gained the interest of the mathematical community [6, 18]. Originally being an
engineering topic image processing has become an independent and important
field of applied mathematics. Defining an image as a function on a continuous
domain allows the application of the full spectrum of applied mathematics to
imaging problems. Mathematical image processing utilizes methods from opti-
mal control, inverse problems, partial differential equations, functional analysis,
numerical analysis and geometric measure theory [6, 3, 18]. Not only do these
fields provide tools for mathematical image processing, but they themselves
benefit from new ideas developed in imaging.

Typical image processing tasks can be divided into two areas: Image re-
construction and image analysis. While the first is mostly concerned with the
reconstruction of image data for visualization purposes, the latter aims to get
some structural information about an image for further processing. Of course,
this separation is not strict. A good reconstruction of an image should display
structural information that may be further processed by humans, for example
neurologists that evaluate an MRI scan. But also for efficient image analysis,
the reduction of noise, a generic image reconstruction problem, is necessary.

Following this rough classification, the present work is situated in the area
of image reconstruction. In particular the applications we present later on aim
to improve visual image quality.

While data modeling for image reconstruction methods depends heavily on
the considered application, a typical commonality is the usage of a regularization
functional. When faced with incomplete or noisy image data, some image model
is used to correct or complete this data. The minimization of a regularization
functional, subject to data constraints, realizes such an image model. Obviously
the choice of a regularization term heavily influences visual reconstruction qual-
ity. Consequently, a lot of research has been carried out in this direction. A
classical choice is certainly the Total Variation (TV) [60] functional, having the
advantage of being a convex functional that allows jump discontinuities. While
its non-differentiability was initially compensated by using a smooth modifica-
tion [1], in particular duality based algorithms [24, 26] nowadays allow the direct
solution of TV regularized, convex problems. In our problem setting, we use
the non-standard, convex Total Generalized Variation (TGV) [16] functional as
regularization. For an introduction about the functional and a comparison to
other regularization terms we ask for the readers patience until section 3.

Since differentiability of a data term is very convenient for a numerical re-
alization, the generic image reconstruction problem was the L? regularized de-
noising problem [44, 22, 25, 1]. Also L! regularization has become increasingly
popular [45, 35, 29], having the advantage of allowing outliers. In the present
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work we use a non-differentiable L type constraint for data fidelity. This is
motivated by the application to image decompression, where, besides a linear
transform, also a quantization step is involved.

Even with growing storage capacities, due to the rise of high resolution digital
cameras, efficient compression of digital images remains to be of importance.
In the April edition of the National Geographic magazine, it is reported that
in 2011, Americans have taken about 80 billion digital photos. This number is
expected to grow to 105 billion photos in 2015. Being able to reduce the memory
requirement of digital images significantly, the JPEG compression standard [68]
for digital images is still an important tool to handle this huge amount of digital
image data. More than 10 years after the introduction of its successor, the JPEG
2000 standard [64], still most digital cameras capture JPEG compressed images.

JPEG compression is lossy, which means that typically most of the compres-
sion is obtained by a loss of data and the original image cannot be obtained from
the compressed JPEG file. Even though this may not be noticeable at low com-
pression rates, it becomes clearly visible when using higher compression rates
or zooming closer to image details. In particular, blocking and ringing effects,
as can also be observed in figure 1, image A, are typical JPEG compression
artifacts.

Given such a JPEG compressed image file, the initial motivation for this
work was to apply methods of mathematical image processing to reduce or even
remove these artifacts in order to get a reconstruction very close to the original
image. Doing so would allow not only to get better reconstructions form already
compressed JPEG files, but also to obtain a higher compression rate without
loss of image quality. For previous attempt in this direction we refer to [2, 13]
and the overview of subsection 5.2.

Starting from this motivation, we develop and analyze a general image recon-
struction model that not only allows the improvement of JPEG and also JPEG
2000 compressed images, but also applications besides image decompression, for
example image zooming.

This reconstruction model is based on an optimization problem of specific
structure:

rrhinR(u) + Zp(Au), (1)

where
0 ifveD,
Ip(v) = {

oo else.

With R being a regularization functional, the problem setting can be seen as
Tikhonov regularized inverse problem. Two features are important for this kind
of setting:

e First of all, the conditions on the data term Zp o A, which reflect the
type of imaging problems captured with this framework. We will define
A: H — (2 to be a basis transformation operator with respect to a Riesz
basis and D C £? to be a convex, closed set. The general concept of Riesz
basis will allow to apply this setting for any continuous, linear operator
A: H — (? with closed range.

e Secondly, the choice of a suitable regularization term, which heavily in-
fluences the obtained reconstruction quality. We use the total generalized
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variation functional [16] of arbitrary order. While this functional yields a
very good visual image quality, in particular avoids first order staircasing
effects, some of its analytic properties still had to be developed partly
within this work.

The core of the present work are certainly the results of section 4. After non-
trivial preparations in section 3, there we will proof existence of a solution,
as well as optimality conditions for the minimization problem related to TGV
based image reconstruction in a general setting. For that purpose, besides a
characterization of the subdifferential of the TGV functional, careful considera-
tions of sufficient assumptions for existence of a solution as well as the derivation
of non standard subdifferential calculus rules are necessary.

In section 5 we then show the applicability of the results of section 4 to
image reconstruction problems, in particular the improved decompression of
transform coded images as well as wavelet based image zooming. We refer to
figure 1 for a visualization of results obtained in this context. It will be seen
in these applications that the generality of the problem setting of section 4 was
indeed necessary.

Let us now discuss the two terms of the minimization problem (1), the data
and the regularization term, in more detail.

Data term As already mentioned, the motivation for the specific type of
data fidelity term comes from the basis transform and quantization operation
in transform based lossy image coding, in particular JPEG compression. This
motivation, as well as the concrete problem setting for JPEG decompression,
will be elaborated in more detail in the subsections 4.1 and 5.2. We also refer to
subsections 5.2 and 5.3 for a literature overview of models with a similar data
term structure. At this point we give just a formal introduction: It is an empir-
ical obervation that the human visual system is less sensitive to high frequency
brightness variations than to low frequency variations. Motivated by this fact, a
basis transformation of a given uncompressed image u with respect to a block-
cosine orthonormal basis is performed within the JPEG compression standard.
We denote this transformation by BDCT. The result is an equivalent represen-
tation of the image as linear combination of different frequencies, expressed by
the non integer coefficients (BDCT(u)),, for indices n. These coefficients are
then quantized and rounded to integer, where stronger quantization is applied
to coefficients reflecting high frequency variations. Finally, the integer data and
the quantization values are saved lossless to disk as compressed JPEG file. Now
reading such a JPEG file, we can determine the set of all possible source im-
ages of the compression process as Up = {u | (BDCT(u)),, € J,, for all n}, with
(Jn)n closed, nonempty intervals resulting from the quantization and rounding.
Clearly this set Up can become very large. Thus when aiming to get a good
reconstruction 4 € Up it is helpful to apply regularization. This yields the
problem setting

min R(u) + Zy, (u), Up = {u| (BDCT(u)),, € J, for all n}.
Note that for JPEG decompression, the assumptions on Up are relatively easy:

The basis transformation operator is orthonormal and all intervals (J,), are
closed and bounded with length greater than one. This will not be the case for
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[

Figure 1: Applications of the TGV based image reconstruction model. A: Stan-
dard decompression of JPEG compressed image. B: TGV based reconstruction
of the same JPEG compressed image. C: Standard decompression of JPEG
2000 compressed image. D: TGV based reconstruction of the same JPEG 2000
compressed image. E: Original, small image with stripe structure together with
4 times magnification by box filtering. F: TGV - wavelet based 4 times magni-
fication of same image.
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other applications, such as JPEG 2000 decompression and image zooming. To
get a broad applicability of our model, we generalize the basis transformation
operator BDCT to be a basis transformation operator related to a Riezs basis,
allow finitely many J,, to be point intervals and all of them, except for very few,
to be unbounded. For an exact definition of the generic problem assumption we
refer to subsection 4.1.

Regularization term As regularization term we use the total generalized
variation functional of arbitrary order k& € N. It has been introduced in [16], for
we LL . (Q), QCRY a e RE, as

loc

TGVE (u) = sup { /udivk vdz |v e Ck (9, Sym”(R?)),
Q

| div’ v]|oo gal,zzo,...,k—1}, (2)

with Sym”(R?) the space of symmetric tensors of order k (see section 2). For a
detailed motivation for the usage of this functional, as well as a comparison to
different regularization functionals, we ask for the readers patience until section
3. As brief motivation however, let us mention that the TGV functional can be
seen as generalization of the well known total variation functional in the sense
that it is a scalar multiple of the TV functional in the case k = 1. But, for k > 2,
it incorporates information about higher order smoothness and does not suffer
from first order staircasing effects [17]. It has been shown in [20] that the space
of all L! functions having finite second order TGV? functional is topologically
equivalent to the well studied space BV(Q) [3]. Also, a Poincaré type inequality
and an equivalent minimum representation for TGV2 have been obtained for
k = 2. These results are very convenient for the usage of the TGV? functional
as regularization term. In the present work, in particular in section 3, we obtain
that similar results also hold for the case of arbitrary order k. This allows us
to obtain a characterization of the subdifferential of the TGVX functional and,
consequently, the derivation of an optimality condition for our problem setting.

We now conclude the introduction to the thesis by a short description of the
contents of each section. Note that also at the beginning of each section, a short
overview of its contents can be found.

e Section 1: Preliminaries. As the name suggests, this section repeats basic
preliminaries. Only the remark on the connection between vector valued-
and component wise Riesz bases, even if simple, is specific for our problem
setting and should also be noted also by the advanced reader.

e Section 2: Tensor calculus. At first, this subsection repeats basic tensor
calculus and fixes notation. Then, non standard results on functions of
bounded deformation are presented, mainly taken from [10]. These func-
tions will play an important role in the derivation of analytical properties
of the TGV functional later on. Afterwards, the obtained results are gen-

eralized to product tensor spaces and, in the last subsection, the space
We(div®; Q, Sym” (R%)™) is introduced.
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e Section 3: Regularization theory. After giving an overview on regulariza-
tion functionals, the total generalized variation functional is introduced.
First, some properties of the TGV functional, that have already been
shown in [16, 20], are stated. Afterwards, new results for the TGV func-
tional of arbitrary order k are presented. The derivation of these results
relies on [10, 11] and can also be found in [11]. At last, the generaliza-
tion of the TGV functional to vector valued data as well as the notion of
TGVE-strict convergence is introduced.

e Section 4. The general reconstruction model. This is one of the two main
sections. Here, the generic problem setting for the TGV regularized im-
age reconstruction model is stated and existence of a solution as well as
optimality conditions are obtained. In particular, the derivation of the
optimality condition includes a characterization of the subdifferential of
the TGV functional of arbitrary order.

e Section 5. Application to data reconstruction. This is the second main
section. After discussing the applicability of the reconstruction model of
section 4 to a general class of problems, specific applications are consid-
ered. These applications are the decompression of JPEG and JPEG 2000
compressed images and a wavelet based zooming method. For those three
particular problem settings, we define resulting minimization problems
in function space and show that the results of section 4 are applicable.
We also introduce a discretization and solve the discrete minimization
problems by variants of a primal dual algorithm presented in [26]. Addi-
tionally, a theoretically justified stopping criterion is presented. For the
application to JPEG decompression we present computation times of an
optimized implementation adapted to multicore processors and graphic
processing units. While the numerical solution of the JPEG decompres-
sion problem by the primal dual algorithm is relatively straightforward,
for the JPEG 2000 decompression and wavelet zooming setting some work
has to be done to get an efficient implementation for which convergence
can be assured.

16



Part 1
Functional analytic background

1 Preliminaries

The aim of this section is to introduce mathematical concepts that are of par-
ticular relevance for this work.

1.1 Basic function spaces and definitions

Throughout this subsection, we will fix d € N, Q C R? to be a domain and m a
natural number, typically the dimension of an image space. At times it will be
necessary to further specify € to be, for example, a bounded Lipschitz domain.

Definition 1.1. Let B(Q)) be the Borel o-algebra of sets in Q. A mapping
B(2) = R™ is called a R™ valued finite Radon measure on Q if it is o-additive

and p(@) = 0. We denote the variation of R™ valued finite Radon measures p
by |u] : B(X) — R™, defined as

|| (E) = sup {Z |(E)| | (E;)i>o in B(Q) pairwise disjoint, E = U El} ,
=0

i=0
and by M(Q,R™) the space of all finite R™ valued Radon measures on ).
The following classical result can be found in [3, Theorem 1.54].

Proposition 1.1. The space M(Q,R™) equipped with ||p||am := |p] is a Banach
space. Further it can be considered as the dual of Co(2,R™) with the duality

pairing
m
(.6 = [oDui=3" [ Dy,
Q =g
fOT n = (Mlv" 7Nm) € M(Q7Rm); (,b = (¢17"'a¢m) € CO(Q’Rm)7 where the
norm || - ||m is the dual norm.

Note that by (-, -) we always denote a duality pairing. As a consequence of
the Radon-Nikodym theorem ([43, Theorem 31.B]), the following proposition
holds.

Proposition 1.2. Let u be a finite Radon measure on §2. Then there exists a
unique function o, € L'(Q,R™;|u|), the density of u with respect to |u|, such
that |o,| = 1, |u|- almost everywhere, and

u(E) = [ 2,D .

E

For the sake of completeness we also introduce functions of bounded variation
(see [3]).
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Definition 1.2. Form € N and u = (uy,...,un) € LL (Q,R™) we define the

loc

Total Variation functional TV : L (Q,R™) — R U {oco} as

TV (u) = sup Z/ui divgi [¢ = (¢1...,dm)" € CHOR™ ), [[dloc <1 ¢,
=19
where ||¢|loo = SUP,eq Z;nzl |¢;(z)|? and | - | denotes the Euclidean norm on
R?. We further define the space of functions of bounded variation
BV(Q,R™) = {u € L*(Q,R™)| TV(u) < oo}
and
lullBv = llullzr + TV (w).

Remark 1.1. Functions of bounded variation are well known, in particular in
the field of mathematical image processing, and have been extensively studied in
the literature. We repeat just some properties of functions of bounded variation
that are the closest related to our work and refer to [3, 38, 75] for proofs and
further information.

Proposition 1.3. A functionu = (u1,...,uy) € L' (2, R™) belongs to BV (Q, R™)
if and only if there exist finite Radon measures Duj = (Dquj,...,Dgu;) €
M(Q,R™), 1 < j <m, such that

/ujdivqbdx:/¢dDuj Vo € C(Q,RY).
Q

Q

Proposition 1.4. The functional TV is proper, convexr and lower semi contin-
uous (with respect to morm topology) in L' (2, R™). Purther TV (u) = 0 if and
only if there exist constants cy,...cp such that u= (c1,...,¢m).

Proposition 1.5. Let Q) be a bounded Lipschitz domain. Then the embedding
i:BV(Q,R™) —» LP(Q,R™)
uri(u) =u
is continuous for 1 < p < % and compact for 1 < p < %.

Proposition 1.6. Let u € LY(Q,R™). Then u € BV(Q) if and only if there
exists a sequence (Up)nen i C(Q,R™) such that

lun —ull, =0 and TV(u,)— TV(u).

1.2 The notion of Riesz basis

The following concept extents the classical notion of an orthonormal basis.

Definition 1.3 (Riesz Basis). Let H be a Hilbert space. We say that a sequence
(¥n)nen with ¥, € H for alln € N is a Riesz Basis of H if span({¢,|n € N})
is dense in H and there exist 0 < A < B such that, for any ¢ = (¢;)ien € 02,

we have )
A e <D enthally < B Y e 3)

neN neN neN
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If (¢n)nen is an orthonormal basis, equation (3) holds with A = B = 1.
Thus orthonormal bases are indeed Riesz bases.

As the following proposition states, for any Riesz basis (1, )nen We can find
a dual sequence (¢, )nen that again is a Riesz basis.

Proposition 1.7. Let (Yn)nen be a Riesz basis of a Hilbert space H. Then
there ewists a sequence (1/Jn)neN such that also (wn)neN is a Riesz basis of H
and

1 ifi=j
0 else.

(i, o)) = 6ij = {

Proof. See [72, Theorem 1.9]. O

The following proposition summarizes the relation between Riesz bases and
transformation operators

Proposition 1.8. Let (¢, )nen and (lz’n)neN be two dual Riesz basis. Then, the
operators

T:H —(? T:H — 02
= (U ¥n) H)nen w = (U, %n) i )nen
are both continuous and possess continuous inverses with
T =T T =1
Their adjoints are given by

T* n neN Z Anwn T* >\n nEN Z)\nwn

neN neN

Proof. Tt follows from [72, Theorem 1.9] that both T, T are well defined. Equa-
tion (3) immediately implies that the operators T and T* are also well defined
and, as ease consequence, are adjoint to T" and f’ respectively. Injectivity also
follows and, together with density of (¢n)nen, (d’n)neN» implies bijectivity of
T*,T*. Biorthogonality finally yieds T* = 7=, T* = T~ and thus all claimed
assertions hold. O

As can be shown, the notion of Riesz basis is the most general basis concept
that ensures a sequence to be complete and the resulting basis transformation
to be continuous and continuously invertible. As we will see later on, this fits
perfectly to our data modeling in the general image reconstruction setting of
part II.

There, we will mainly deal with component wise bases, e.g. m different Riesz
bases of L?(2). The following remark emphasizes the connection to Riesz bases
in L?(Q2,R™). In particular, also interval restrictions on the component wise
bases naturally transfer to a related vector valued basis.

Remark 1.2. For m € N, 1 < i < m, let (a’)nen be Riesz bases of L?(2).
Then, (Gn)nen defined by

i ar fori=j+1withn—1=km+j, k,j € Ny,
0 else,
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is a Riesz basis of L*(Q,R™). Further, given anyu = (u1, ..., uy) € L?(Q,R™),

and intervals (J&)1<i<m,
neN

(al,u')p2 € J, foralll1<i<m,neN

s equivalent to B
(@n,u) € J,, foralln €N,

where each J,, coincides with exactly one Ji.

2 Tensor calculus

Essential for the usage of the total generalized variation functional, that will
serve as regularization term in our models, is the notion of tensors and tensor
fields. In the following we will therefore state the main definitions and results
in this context.

In the first subsection, we will introduce functions mapping to tensor spaces,
and in its succeeding subsection state a straightforward generalization to func-
tions mapping to products of tensor spaces. This generalization is necessary to
apply the regularization theory also for vector-valued functions, which corre-
spond to color images. Throughout this section, we denote by Q@ C R? a domain
with d € N its dimension. Again € will be further specified to be a bounded
Lipschitz domain, if necessary. Further £ and m will always be natural num-
bers, typically used to denote the order of tensors and again the dimension of
an image space, respectively.

2.1 Tensor spaces and related mappings

This subsection is devoted to repeat basic tensor- and tensor field theory for the
purpose of defining the total generalized variation for scalar valued functions.
We will mainly follow the introduction given in [16, Section 2]. For more infor-
mation we refer to [7, 61]. At first, remember the definition of a k-tensor space
and a symmetric k-tensor space

THRY) = {g (R S R[E: k- 1inear}, (4)
Sym"(R?) := {§ : (Rd)k — R|&: k- linear and symmetric} , (5)
with the scalar product
E-n=trfEon = Z E(epyy--rep)N(€prs--slpy)s (6)
pe{l,...d}k

for £,n € T*(R?), and the induced norm

1€l = V& €. (7)

Here, e; denotes the ith standard basis element of R?, i.e.,

1 ifi=j,
(e:); = {

0 else,
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and ZPE{17-~»,d}’“ means to take the sum over all possible p = (p1,...,px) with
pie{l,...,d} 1<i<k.
Further, for £ € T*(RY), n € T'(R?), we define

ay, ..., ar) = E(ag, ..., a1),

¢eneTHRY), ¢@nlay,... anp) =E(ar, .. an)n(arst, - ., Q)
and

d

tr(€) € TF2(RY), tr(&)(ar,....ak—2) = ¥ _&(es,an,. .., ax_2,€;).

i=1

A tensor § € T is called symmetric if {(ay,...,ax) = §(ar), ..., apix)) for all
permutations 7 : {1,...,k} = {1,...,k}.

With these definitions, Sym”(R¢) is a finite dimensional vector space (see
[16, Section 2| for a representation of its basis elements) equipped with an inner
product.

Next we define the space of symmetric k-tensor fields as mappings £ : 2 —
Sym”(R?) and the associated Lebesgue spaces as

LP(Q, Sym”®(R?)) = { £ : Q — Sym”(R?) measureable, identified a.e. | ||£]|, < oo},
P
(8)

where

p

lell, = / )P da | L for1 < p< oo [ = esssuple(o)]
TE
Q

We will need symmetric k-tensor fields that are differentiable. At first, for
a given, sufficiently smooth, k-tensor field &, its Ith derivative can be identified
with a (non-symmetric) (k 4 1) tensor field, defined by

(V'@ &)(@) a1, ars) = (D' €@ ar, . a)) (@, i),

where D' ¢ : Q — £! (Rd, Sym” (Rd)) denotes the [th Fréchet derivative of & and
LY(X,Y) the space of [-linear and continuous mappings from X' to Y. Further
we define a symmetrized derivative of a smooth tensor field & : Q — Sym* (R9)
that can be identified with a symmetric tensor field:

') = IV @ &) = (III(Ve))', (9)

where the last identity is shown in [16, Section 2]. Here ||| denotes the sym-
metrization of a given tensor n € T*(R?) defined by

1
(H|77)(a17~-~,ak) = y Z n(aﬂ(l)7"~aﬂ(k))a
TESE

where S is the set of all permutations of {1,...,k}. Note that, as can be
verified by direct calculation, ||| is an orthogonal projection from 7%(R%) to
Sym"(R%).
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We now define the space of continuously differentiable symmetric k-tensor
fields as

CY(Q, Sym* (R?)) = {g : Q0 — Sym* (R?)
|V* ® & continuous on Q, i =1, .. .,l}. (10)

In case  is bounded, this becomes a Banach space when equipped with the
norm

€]

Loo = max [[V™ @ ¢l
m=0,...,0

where [|{||cc = max|&(x)|. We will also need continuously differentiable k-tensor
€Q

fields which are compactly supported in €:
CL(Q, Sym*(RY) = {¢ € C'(@, Sym* (R)) | supp¢ cC 0,

C2° (9, Sym* (R%)) = (1) CL(Q, Sym"* (RY)).

1>0

The space of distributions on €2 is further defined as
D($2, Sym" (R?)) = C2°(2, Sym*(RY))".

Moreover, we use the notion of I-divergence of a sufficiently smooth (k+1) tensor
field:
divl n = tr'(V! @ 1)

for n € T*+(R?). Note that by definition of the trace operator, the divergence
of 7 is symmetric if 5 € Sym* ™ (R?).

Based on that, we can define the distributional derivative and symmetrized
derivative as follows:

Definition 2.1. For £ € D(Q, T*(R?)),
e 1 € D(Q, TEHYRY) is called the weak derivative of & if
(n,¢) = —=(§,div ()
for all ¢ € CH(Q, T*L(RY)). In this case we denote D(&) = 7.
e 1 € D(Q, Sym T (RY)) is called the weak symmetrized derivative of € if
(n, Q) = = (&, div )
for all ¢ € CH(, Sym™ 1 (R?)). In this case we denote E(&) = 1.

At last in this subsection, we introduce symmetric k tensor fields of bounded
deformation. We refer to [65, Chapter II] as a classical reference on this topic
for the case k = 1 and to [10] for the nontrivial generalization to arbitrary k.
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Definition 2.2. The total deformation of a function & € Li (2, Symk(Rd)) is
defined as

n € Co(Q,Sym™ (RY), [Inflec <15.  (11)

TD(§) = sup /f ~divy dz
Q

The space
BD(, Sym*(R?)) = {¢ € L'(Q, Sym"(R%))| TD(¢) < oo}

equipped with
I€llBp = [1€]lx + TD(€)

is called the space of symmetric k tensor fields of bounded deformation.

The following proposition summarizes essential properties of BD(£, Sym”* (R%))
and the weak symmetrized derivative.

Proposition 2.1. Let Q be a bounded Lipschitz domain. Then the following
holds:

1. The weak symmetrized gradient, as mapping from BD(£2, Sym*(R?)) c
M(Q, Sym”(R%)) to M(Q, Sym" 1 (RY)), is closed with respect to weak*
topology.

2. The space BD(Q, Sym"*(R%)) equipped with || - ||sp is a Banach space.

3. € € BD(Q, Sym*(R%)) if and only if € € L*(€, Sym”(R%)) and possesses a
weak symmetrized derivative £(&) € M(SQ, Sym" ™ (R?)).

4. The embedding BD(Q, Sym”(R?%)) < LP(, Sym*(R%)) is continuous for
1<p<d/(d—1) and compact for 1 <p < d/(d—1).

5. The kernel of € in D(Q,Sym"”(R%)) is a subset of the finite dimensional
space of Sym" (RY) valued polynomials of mazimal degree k.

6. For R : LY (Q, Sym*(RY)) — ker(£) a linear, continuous onto pro-
jection, there exists a C > 0 such that, for all u € BD(Q, Sym”(R%)),

|lu — Rullg/a-1) < CllEul|m-

Proof. The first and second assertion can be found [10, Proposition 4.2] and [10,
Proposition 4.4], respectively. The equivalence of the third assertion follows in
one direction from Cp(€2, Sym*(R%))* = M(Q, Sym*(R?)) by standard argu-
ments and in the other direction from the definition of the weak symmetrized
derivative and the fact that TD(£) = |£(£)](2) < oo. The fourth assertion can
be found in [10, Theorems 4.16, 4.17], the fifth in [10, Proposition 3.3] and the
last one follows trivially from [10, Theorems 4.16, 4.19]. O

The third assertion of the previous proposition can be strengthened: It is
known [65, Theorem 2.3] that a distribution u € D(2,R%) can be represented
by a function of bounded deformation if Eu € M(, Sym?(R%)). In [11] this has
been shown for the general setting:

Proposition 2.2. Let Q be a bounded Lipschitz domain. If foru € D(2, Sym"* (R%))
we have Eu € M(Q, Sym* T (R?)), then u € BD(Q, Sym* (R%)).
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2.2 Products of tensor spaces and related mappings

Now we deal with functions mapping to products of tensor spaces, with the aim
of defining the total generalized variation functional for vector valued data later
on.

A straightforward generalization of Symk(Rd) to a space containing m-tuples
of symmetric tensors, is the following;:

Sym*(RY)™ = {€ = (1. ,&n) | & € Sym* (RY), i€ {1,...,m}}  (12)

with the norm
|'£| = |(|§1|av|gm|)|v (13)

where for the moment | - |, denotes an arbitrary vector norm on the space R™.
With that, also the generalization of integrable and differentiable tensor fields
is straightforward:

LP(Q, Sym* (RY)™) = {5 : Q — Sym”*(R?)™ measureable, identified a.e. ’ €], < oo} ,
(14)
where

1
P

€11, = /I&(ﬂc)l” do | forl <p< oo, [[flec = esssuplé(x).
S
Q

Note that, by equivalence of norms in R™, the choice of a particular norm |- |,
n (13) does not influence definition (14). Similarly we generalize

cY(Q, Sym* (RH)™) = {g = (&1,...,&m) : Q — Sym*(RH)™
|Vj RE=(V@&,...,VI®E,) is continuous on Q, j =0, .. .1, }, (15)

with a corresponding norm

I€llt,00 = max [[V™ @ ¢,

1.
m=0

.....

and compactly supported differentiable tensor fields
cL(2, Sym* (RY)™) = {¢ € ¢ (@, Sym* (RY)™) | supp¢ cc 0},

C(Q, Sym® (RY)™) = (1) CL(, Sym* (RY)™).
>0

The space of distributions on 2 is accordingly defined as
D(Q, Sym* (RY)™) = €2°(Q, Sym* (RY)™)*.

We extend the notion of lth order divergence for a sufficiently smooth (k + 1)
product tensor field £ as:

divi € = (divl &, ..., divi &p).

Again this yields a symmetric product tensor field in case £ is symmetric.
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Remark 2.1. In principle, one can choose an arbitrary norm |-|, on R™ in the
definition of Symk(Rd)m. However, if the norm does not result from an inner
product, we can no longer, as in the previous section, identify (Sym"(R®)™)*
with Sym”* (RH)™  which has to be taken into account also for the dual spaces of
the corresponding product tensor field spaces. Also, as mentioned in [9, Remark
2], a useful generalization would amount to allow an arbitrary norm on the whole
SymlC (RHY™ | not only its vector components. This would result in a discussion
about an improved color distance, rather than the Euclidean, that is beyond the
scope of our current work and for which we refer to [41] and [18, Section 6.3].

Motivated by the previous remark, we will in the following always assume
| o = | - louk1, i-e. the Euclidean norm, and hence identify (Sym*(R%)™)* with
(Sym”(R%)™). With that choice, the norms on 7*(R%)™ and Sym"(R%)™ are
again induced by the inner product

En=> & n
i=1

for ¢ = (&1,...,&m) and n = (11,...,Mm) contained either in T*(R4)™ or
Sym"(R4)™.

Also the generalization of the notion of distributional derivative is straight-
forward.

Definition 2.3. For ¢ € D(Q, TH(RY)™),
e € D(Q, TFL(RY)™) is called the weak derivative of & if

(n,¢) = —(§,div ()
for all ¢ € CH(Q, TFHL(RY™). In this case we denote D(&) = 7.

e € D0, Symk"'l(Rd)m) is called the weak symmetrized derivative of & if

<777 <> = _<§a div C)
for all ¢ € CH(, Sym™  (RH™). In this case we denote E(E) = 1.

Again we need the space of functions of bounded deformation, but for prod-
uct tensor valued mappings:

Definition 2.4. The total deformation of a function ¢ € L*(Q, Sym*(R%)™) is
defined as

TD(§) = sup /5 -divndxin € C’cl(Q,Sym’“‘l(Rd)m)7 e <1p. (16)
Q

The space
BD(, Sym*(RH)™) = {¢ € L(Q, Sym*(RY)™)| TD(€) < oo}

equipped with the norm
[€lsp = [[€]ln + TD()

is called the space of symmetric k tensor fields of bounded deformation.
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Note that we abuse notation by using the same notation for the total defor-
mation functional also in the product tensor case. Equivalence of norms in the
space R™ implies that all results for proposition 2.1 hold also in the product
tensor case:

Proposition 2.3. Let Q be a bounded Lipschitz domain. The following holds:

1. The weak symmetrized gradient, as mapping from BD(, Sym” (R4)™)
M(Q, Sym*(R™) — M(Q, Sym* T (RH)™), is closed with respect to weak*
convergence.

2. The space BD(Q, Sym* (R4)™) equipped with || - |sp is a Banach space.

3. € € BD(Q, Sym*(RN)™) if and only if & € LY(Q, Sym*(R)™) and pos-
sesses a weak symmetrized derivative £(€) € M(Q, Sym* T (R4)™).

4. The embedding BD(Q, Sym*(RY)™) < LP(Q,Sym”(R4)™) is continuous
for1 <p<d/(d—1) and compact for 1 <p < d/(d—1).

5. The kernel of € in D(Q, Sym* (R))™) is a subset of the finite dimensional
space of Symk(Rd)m valued polynomials of maximal degree k.

6. For R : L%@=1(Q Sym*(R%)™) — ker(€) a linear, continuous, onto
projection, there exists a C > 0 such that, for all u € BD(Q, Sym* (R%)™),

|u = Rulla/a—1) < CllEul|m-

Proof. The first assertion follows immediately from equivalence of norms in
R™ and the first assertion from proposition 2.1. The description of ker(&) C
D(£2, Sym”®(R%)™) as in the fifth assertion can also be deduced from propo-
sition 2.1 as follows: Given any u € D(€, Sym”(R%)™) we can define v’ €
D(Q, Sym"(R?)) by

(', ) = (u,( 0,...,0 ,¢, 0...,0 )
N—— N——

(i—1) times  (m—i) times
for ¢ € C°(Q, Sym*(R%)). Thus if u € ker(€) it follows that u’ € ker(€) C
D(Q, Sym* (R?%)), 1 < i < m. Thus, by proposition 2.1 (u',...,u™) is contained
in a subset of the space of Sym* (RY)™ valued polynomials of maximal degree k
and it further coincides with u in D(Q, Sym”(R%)™), thus u is also contained in

that set.
Again by equivalence of norms, there exist constants ¢, C' > 0 such that

e lInillee < Inllse < € llmilloo
i=1 i=1

for any = (11, ...,7m) € Sym*(R?)™. Using this, it is easy to show that

m m

¢)_TD(&) < TD(§) < C ) TD(&),

=1

for constants C,c > 0 and all £ = (&1,...,&m) € Symk(Rd)m. From that, the
remaining assertions follows by straightforward argumentation. O
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Again we have the stronger result that a distribution is represented by an L'
function if its symmetrized gradient can be represented by a Radon measure.

Proposition 2.4. Let Q be a bounded Lipschitz domain. If foru € D(, Sym* (R4)™)
we have Eu € M(Q, Sym" T (R?)™), then u € BD(Q, Sym"* (R4)™).

Proof. This can be deduced from the Symk(Rd) valued case and equivalence
of norms by applying proposition 2.2 to distributions u; € D(, Sym*(R%)) as
defined in the proof of proposition 2.3.

O

2.3 The space W(div*; Q, Sym"(R%)™)

The purpose of this section is to introduce the space W4(div¥; €, Sym* (R%)™),
that will be needed for the description of the subdifferential of TGVY as well
as the optimality condition of our general minimization problem for image re-
construction. Note that this space is a generalization of the space H(div; (), as
described for example in [40, Chapter 1], and also many properties can easily
be generalized.

Definition 2.5 (The space W’I(divk;Q,Symk(Rd)m)). Let 1 < g < o0, g €
L(Q, Sym”(RH™). We say that divg € L1(Q,Sym” 1 (R)™) if there exists
w € LI(Q, Sym" H(RH™) such that for all ¢ € C°(€, Sym* 1 (R%)™)

!w-gz—Q/qb-w.

Furthermore we define

Wq(divk; Q, Symk(Rd)m) = {g € L1, Symk(Rd)m) |

divt g € L9(Q, Sym‘ (RY)™) for all 1 <1 < k}

. k .
with the norm HgH(‘]/V(div’“) => 0l lelquLq-

Remark 2.2. Density of C2°(Q, Sym* ™1 (R)™) in LI(Q, Sym* 1 (R)™) im-
plies that, if there exists w € L1(, Sym” 1 (RY)™) as above, it is unique. Hence
it makes sense to write divg = w. By completeness of Lq(Q,Syml (RHY™), for
0 <1 < kit follows that Wi(div¥; Q, Sym”(R%)™) is a Banach space when
equipped with || - [|ya(giv)-

Definition 2.6. We define, again for 1 < q < oo,

H'qu(divk)

W{(div"; Q, Sym* (RY)™) = €20 (£, Sym”* (Rd)m)

3 Regularization theory

The main purpose of this section is give a quick overview of well known reg-
ularization functionals and to introduce the total generalized variation (TGV)
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functional in a general form, which will be used as regularization term through-
out this work. After giving the said overview, we will first define the TGV
functional for scalar valued data and state essential properties for arbitrary or-
der k € N. Then we will introduce its generalization to vector-valued data, show
that all desirable properties also generalize, and state some additional results.
Again, throughout this subsection, Q C R? with d € N will be a domain, if
necessary further specified to be a bounded Lipschitz domain.

3.1 An overview

On an abstract level, the problem of recovering an image from compressed or
subsampled data can be posed as inversion of a forward operator F, i.e., given
some data d, to find uw such that F(u) = d. This problem of inverse type
appears in many areas of applied mathematics. Typically the problem is ill
posed, meaning that either no direct inversion is possible or solutions do not
depend continuously on the given data. To overcome this, a standard approach
is to introduce a regularization function R and perform the inversion by solving

min R(u) + G(u,d),

where G enforces F(u) = d. Crucial for the quality of a resulting reconstruc-
tion is the choice of the regularization term, that reflects expected structure of
solutions. If one is interested in reconstructing natural images from corrupted
data, as it is usually the case in image processing, the term R should thus reflect
typical properties of such images. From the computational point of view also
certain analytical properties, such as convexity, continuity or even differentia-
bility would be helpful.

The task of finding such a regularization term is an active research topic in
mathematical image processing, of which we give a brief overview in the follow-
ing lines. In contrast to a generic test setting such as the denoising problem,
ie. G(u,d) = |ju— d||3., the application we have in mind requires G to be
non-smooth, more specifically to be the indicator function of a convex set, i.e.

s d) = Ty () = {0 if u € D(d),

oo else.
Thus good analytical properties of the regularization term are of even greater
importance for numerical solvability of the resulting minimization problem.

As a result, in the subsequent discussion we focus on regularization terms
providing a good balance between analytical properties and reconstruction qual-
ity, in particular we only discuss convex functionals. We will also assume at least
piecewise regularity for images and thus avoid a discussion on how to handle
image structures on small scales, usually referred to as texture. In this respect,
we refer to [19, 74, 28] and the references therein for interesting approaches in
other directions, in particular non-convex curvature based regularization terms.

A classical choice of a regularization term for image processing is the to-
tal variation functional [60], defined as the L' norm of the first derivative of a
function. The underlying space of functions having finite TV value, or equiv-
alently admitting a finite Radon measure as distributional derivative, allows
jump discontinuities, a feature that is now widely accepted to be necessary for
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a realistic image model. Additionally, a simple, convex structure makes a nu-
merical solution of TV regularized problems, without further smoothing of the
objective functional, numerically feasible [24]. However, the nature of the TV
functional favors piecewise constant reconstructions, a drawback that is well
known as the staircasing effect [23, 52, 59]. This effect can also be observed in
figure 2, image C, where we applied TV regularization for the solution of the
JPEG decompression problem of subsection 5.2.

One possible approach to avoid this is to take the L' norm of higher order
derivatives [58], in particular the L! norm of a Hessian, as regularization func-
tional. Natural this avoids a staircasing effect in homogeneous regions, as can
be observed in figure 2, image D, but imposes additional regularity assumptions
on the images, in particular, jump discontinuities are no longer possible. In
practice, this leads to smoothing of edges.

An alternative is to use an infimal-convolution based term [25], defined as

Rw)=  min /|Vu1|+/|V(Vu2)|
Q

¢ (17)

nlltizn/|Vu—Vuz\ +/|V(V(u2))|.
Q

Q

This yields again a convex functional and, as can be observed in figure 2, image
E, reduces staircasing effects while edges are kept sharp.

Recently, the total generalized variation functional has been introduced.
Also incorporating higher order derivatives, evaluation of the TGV functional
can bee seen as an optimal balancing between derivatives up to a certain order.
While we refer to subsection 3.2 and the original work [16] for a rigorous def-
inition and derivation of important analytical properties, let us point that the
TGV functional is convex and, equivalently to its pre-dual definition[16], can
be written as

Rw = min | [lol+ [ 190
Q

Q

min /|Vu—v2|—|—/|va|
Vo
Q Q

Since, in contrast to (17), not w itself but the gradient of u is decomposed for
the optimal balancing, vs in the second line of (18) is not restricted to gradient
fields. This increases the kernel of the functional and, as can be observed in
figure 2, image F, leads to a good visual reconstruction quality, in particular not
suffering from staircasing phenomenas and maintaining edges sharp. Motivated
by that, we will use the TGV functional as regularization term in our image
reconstruction setting.

3.2 The total generalized variation functional (TGV)

In this subsection we introduce the total generalized variation functional (TGV).
It will serve as regularization term for the image reconstruction problem setting
in this work. At first, we consider a version for scalar valued input functions as
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Figure 2: Test of different regularization functionals for JPEG decompression.
A: Original image. B: Standard decompression. C: TV based reconstruction.
D: Second-order-TV based reconstruction. E: Infimal-Convolution based recon-
struction. F: TGV based reconstruction.
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originally defined in [16]. We will show how some useful results, obtained in [20]
for the second order TGV functional, can be extended to the case of arbitrary
order k. This extension is far from being trivial and strongly relies on results
presented in [10].

Afterwards, we extend the definition of the TGV functional to vector valued
input functions, as done in [9], with the aim of applying this regularization to
multichannel images. We also show how the results for the scalar valued case
naturally transfer to this setting. At last we provide a density result for a notion
of strict convergence with respect to TGV.

3.2.1 The case of scalar valued data

The Total Generalized Variation (TGV) functional of order k € N is, for u €
Li (), defined as

loc

TGVE (u) = sup { /udivk vdz |v € C*(Q, Sym* (R?)),
Q

(| div’ v]|oo §al,l0,...,k1}, (19)

and the corresponding space of function of bounded generalized variation as

BGVg(Q) = {u € L'(Q)| TGV (u) < oo}, [ullsays = [lulli + TGV (u).
(20)
At first we summarize some basic properties of the TGVX functional that
can be found in [16].

Proposition 3.1. For any k € N, a € R’;O, the TGVX functional enjoys the
following properties

1. TGVE is a semi-norm on the normed space BGV® (Q),
2. TGVE and TGVY are equivalent for & € RE,
3. BGVX,(Q) is a Banach space,

4. TGVX is proper, convez, lower semi-continuous on each LP(2), 1 < p <

o0,

5. Foru e L _(Q), TGVE(u) = 0 if and only if u is a polynomial of degree
less that k,

6. TGVE is rotationally invariant.

7. TGVE (u) < ¢ TV(u) for any u € Li ().

loc

Equivalence of the TGV functional for different parameters implies also
equivalence of the corresponding spaces of bounded generalized variation, thus
we will in the following omit the parameter a and simply write BGV¥(Q). Fur-
ther we will from now on omit the introduction of a € R as parameter for
the TGVX functional.

In [20], some useful properties of the TGV? functional were derived:
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Proposition 3.2. Let Q be a bounded Lipschitz domain. The TGV? functional
enjoys the following properties

1. TGV2(u) = uerél[i)r(ln)a1||Du —w||pm + ol|E(w) ||, for allu € LY(Q),

2. clullpy < |Julli + TGVZ(u) < Cllullgy, for all u € LY(Q),
3. ||lull, < CTGV2(u) forallu€ker P, C LP(Q), 1 <p < 4,

for ¢,C,C € Rsg, where Py : LP(Q) — P1(Q) a linear, continuous, onto projec-
tion to the space of affine functions P1(£2).

The above results facilitate and motivate the usage of the TGV? functional
as regularization term for inverse problems: In particular convexity and lower
semi continuity, together with the Poincaré type inequality, allow a convex prob-
lem setting and, provided the data term possesses suitable coercivity, to obtain
existence of a solution.

The norm equivalence of BGV?(Q) to BV(Q) allows the study of BGV?(Q)
functions in a well known function space setting, e.g. continuous and compact
embedding results transfer immediately from BV(Q) to BGV?(Q). Further,
rotational invariance and the minimum representation of TGV? as in the first
point of proposition 3.2 support the usage of TGV? as regularization parameter
for imaging problems.

Motivated by that, our aim is now to extend the results of proposition 3.2
to the TGV functional of arbitrary order k € N. The techniques to obtain this
are also presented in [11].

Minimum representation At first, we extend the minimum representation
of proposition 3.2. To this aim, we define a generalization of the TGVX func-
tional for symmetric tensor fields:

Definition 3.1. Forl € Ny, k € N we define, for v € Li (£, Syml(Rd)),

TGVE!(v) = sup { /vdivk vdz v e CF(Q, Sym'T*(RY)),
Q

| div’ ]| oo gai,i(),...,kl}. (21)

The resulting space of functions of bounded generalized variation is then
defined is

BGV*(Q, Sym'(RY)) = {u € L*(Q, Sym'(R?)) | TGV (u) < o0},
lullgave = llull + TGVE! (u).

Note that, similar as in [16, Proposition 3.3], it can easily be seen that, for fixed
I € Ny, TGV®! and TGV’;’l are equivalent for any o, @ € R¥ ;. Thus indeed the

space BGV¥(Q, Sym'(R%)) can be written independently of o. We further need
the following basic result on BGV*(Q, Sym'(R?)).

Proposition 3.3. For k € N, [ € Ny it holds that
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1. TGV’;’Z is proper, conver and lower semi-continuous in L*(S, Syml(Rd)),

2. TGVF! is a continuous semi norm on BGV¥(Q,Sym'(R%)) with finite-
dimensional kernel ker(EF),

3. the space BGVF(Q, Sym'(R?)) is a Banach space.

Proof. Obviously, TGV’;’l is proper. Now note that, for each v € C*(€, Sym**! (R%)),
the map u — [, u-div¥ v dz is a continuous, affine functional on L*(£2, Sym' (R%)).
Since TGV’;’I is just the pointwise supremum of a family of such functionals, it
follows by [37, Proposition I.3.1] that it is convex and lower semi-continuous in
LY(Q, Sym' (R)).

Positive homogeneity of TGVQ’Z is immediate, hence TGV’;’Z is a semi-norm
and thus BGV*(Q, Sym'(R%)) a normed space. Since

|TGV§’l(u1) - TGVZ’l(u2)| < TGfot’l(u1 —u?) < ||lut — v?||Bav

for each u!,u? € BGV*(Q,Sym'(R%)), it is also continuous. Finally, for each
v € CFQ, Sym* T (R?), one can find a A > 0 such that || div'(\v)|jee < ; for
i=0,...,k—1. Hence, TGV®!(u) = 0 if and only if

/ w-divFodz =0  for each v € C*(Q, Sym* ' (R?))
)

which is equivalent to u € ker £F in the weak sense. As ker& considered on
D(9, SymHi(Rd)) is finite-dimensional for each ¢ = 0, ...,k — 1, see proposition
2.1, the latter has to be finite-dimensional.

By standard arguments it can finally be concluded from lower semi continuity
of the semi-norm TGV®! in L'(Q,Sym!'(R?%)) that BGV*(2, Sym'(R%)) is a
Banach space when equipped with || - ey = || - [z + TGVEL(-). O

Also the following assertion will be helpful:

Lemma 3.1. Letk € N anduy,_; € Ci~1(Q, Sym " (R))*, uy, € CF(Q, Sym* (R%))*
be distributions of order k — 1 and k, respectively. Then

[Euk—1—ukllam = sup {(ur—1, divog)+(u, vg) [vx € CE(Q, Sym™(RY)), [|vg [0 < 1}
(22)

with, the right-hand side being finite if and only if Eug_1 —ug, € M(Q, Sym* (R%))

in the distributional sense.

Proof. Note that in the distributional sense, (ur — Eug—1,v) = (ug—1 divog) +
(up,vg) for all v, € C2(Q,Sym"(R%)). Since C°(Q, Sym*(R%)) is dense in
Co(92, Sym* (R?)), the distribution u, — Eup_1 can be extended to an element
in Co(Q, Sym* (R%))* = M(Q, Sym* (R%)) if and only if the supremum in (22) is
finite. In case of finiteness, it coincides with the Radon norm by definition. [

With that, similar to assertion 1 in proposition 3.2, we can now derive a
minimum representation of TGVF!:

Theorem 3.1. Let Q be a bounded Lipschitz domain. For TGV defined ac-
cording to Definition 3.1, k € N, 1 € Ny, we have, for eachu € Ll _(Q, Sym'(R%)),

loc
k

TGVE (u) = min g ap—t]|Ewi—1 — wil| m (23)
w; €BD(Q,Sym' T (R?)), 1=
i=0,....k, =
wo=u, wr=0
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with the minimum being finite if and only if u € BD(, Sym! (R%)) and attained
for some (wo, . .., wy) with w; € BD(, Sym' ™ (RY)), 1 < i < k, wo = u and
wy, = 0 in case of u € BD(Q, Sym'(R%)).

Proof. First, take u € L& (€, Sym'(R%)) such that TGVF!(u) < co. We will
employ Fenchel-Rockafellar duality. For this purpose, we introduce the Banach
spaces

X = C4(Q, Sym' ™ (RY))
Y = C}(Q, Sym' ™ (RY))

X ... x CE(Q,SymF T (RY)),
X ... X CETH(Q, Sym* T (RY)),
the linear operator

—v1 — div vy
AeLX)Y), Av= ,
—Vp—1 — divvk

and the proper, convex and lower semi-continuous functionals

k
F:X— ]—O0,00], F(U) = ZI{H'”ooSak—l}(rUl) - /u - div vy,
=1
G:Y —]-o0,00], G(w) = I,...0)} (w)
such that

TGVR! (u) = sup —F(v) — G(Av).
veX

In order to show the representation of TGV¥!(u) as in (23) we want to obtain

TGVH! (u) = min F*(—A*w) + G* (w). (24)
wey*

This follows from [4, Corollary 2.3] provided we can show that

Y = | J AM(dom G + Adom F).
A>0

For that purpose, choose w = (wy,...,wk_1) € Y arbitrary. Setting vy =0 €
CE(Q, Sym'™(RY)) and v; = w; — dive;y € CH(, Sym ™ (R)) for i = k —
1,...,1, we get that v = (v1,...,v;) € X and —Av = w. Choosing A > 0 large
enough such that |A\~tv;|| < ag_s, i = 1,...,k, it follows that A\~'v € dom(F')
and, since 0 € dom(G) we can write w as w = A(0 — AX"1v).

Thus, Equation (24) is satisfied and the minimum is obtained in Y*. Now
Y™ can be written as

Y* = CH(Q, Sym T (R x ... x CE7H(Q, Sym T (RY)) ",

with elements w = (wy, ..., we_1), w; € CH(Q, Sym T (RH))*, 1 < i < k—1.
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Therefore, with wg = uw and wy, = 0, we get

F*(—Aw) + G*(w) = sup ( —A*w,v) ZI{H lloo <cur_i} (v) + <u,divv1>)

veX

k—1
= sup (Z (wi, div vi11) + (w;, v;) + (u, div v1>)
=1

veX,
[lvi oo <ot —1,
I=1,....k
k
= E Af—q v Supv <wi_1, le’U7> + <’LU1,’U7>>
i=1 v, €CH(Q,Sym T (RY)),

llvilloo <1

From Lemma 3.1 we know that each supremum is finite and coincides with
|Ew;—1 —w;|| am if and only if Ew;_y —w; € M(Q, Sym*(RY)) for i = 1,..., k.
As wy = 0, according to proposition 2.2, finiteness of the minimum already
yields wy,_; € BD(Q, Sym* ™ ~1(R%)), in particular wy,_; € M(Q, Sym*T~1(R%)).
Proceeding inductively, we see that w; € BD(Q,Sym""*(R%)) for each i =
1,...,k. Hence, it suffices to take the minimum in (24) over all BD-tensor
fields which gives (23).

In addition, the minimum in (23) is finite if u € BD(£, Sym’(R%)). Con-
versely, if TD(u) = 0o, also ||Eu — w: || = oo for all w; € BD(Q, Sym' ™ (R%)).
Hence, the minimum in (23) has to be co. O

Remark 3.1. An important step in the proof of proposition 3.1 relies on the
fact that, given any u € D(Q, Sym*(R%)), we have

Eu e M(Q, Sym* 1 (R?) = u e BD(Q, Sym*(RY)).

As already mentioned this is a non-trivial generalization of a classical result for

k=1 (see e.g. [65, Theorem II.2.3]) and has originally been shown in [11].
In particular, proposition 3.1 now implies the following:

Remark 3.2. Let Q be a bounded Lipschitz domain. For all k € N and all
uw € L _(Q) it holds that

k

TGVE (u) = min Zak IEwi—1 — wil| m (25)
w; EBD(Q,Sym® (R%)), =
i=0,...,k,
wo=u, wr=0

Topological equivalence Our next aim is to get a topological equivalence
result for BGV*(Q, Sym'(R%)) similar as in assertion 2 of proposition 3.2. For
that, we need the following preparatory lemma:

Lemma 3.2. Let Q be a bounded Lipschitz domain, k € N,I € Ny. There
exists a constant C1 > 0, only depending on QU k and I, such that, for each
v € BD(Q, Sym'(RY)) and @ € ker(TGV®!T1) ¢ L1(Q, Sym' T (RY)),

1€@)[[am < CrllE(v) = @ + [[o]]1-
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Proof. If this is not true, then there exist (v)nen and (Wy)neny with v, €
BD(Q, Sym'(R%)) and @, € ker(TGVE'*1) such that

1 _
1€@a)llp =1 and  — = [Joalls + [[€(vn) = Wnllar.

This implies that (W, )nen is bounded in terms of ||-|| o in the finite dimensional
space ker TGV]Z;’I+1 = ker E¥ (see Proposition 3.3). Consequently, there exists
a subsequence, again denoted by (W, )nen and W € ker(TGVF!!) such that

w, — w with respect to || - ||:. Hence, £(v,) — wW. Further we have that
vp, — 0 and thus, by closedness of the weak symmetrized gradient, £(v,) — 0,
which contradicts to ||€(v)||m = 1. O

With that, we can show the main result to obtain topological equivalence:

Proposition 3.4. Let Q2 be a bounded Lipschitz domain, k € N,I € Ngy. and
Ry : LY4=D(Q, Sym! (R?)) — ker £F

be a linear, continuous and onto projection. Then, there exists a constant C' > 0,
only depending on k,l, a, Q) and R such that

(IEullpm < C(Hu||1—|-TGVZ’l(u)) as well as lu—Rullq/qg—1) < CTGVF! (1)
(26)
for all w € LY@ (Q, Sym'(R%)).

Proof. We prove the result by induction. In the case k = 1, the first inequality
is immediate while the second one is equivalent to the Sobolev-Korn inequality
in BD(Q, Sym'(R%)) (see proposition 2.1).

Now assume both inequalities hold for a fixed k£ and perform an induction
step with respect to k, i.e., we fix | € Ny, (o, ..., ax) with a; > 0, Q and Ry 41
a linear, continuous onto projection from L% (4= (Q, Sym'(R%)) to ker 5+ for
which we need to show that (26) holds.

Further we assume that assertion (26) holds for («g,...,ax—1), 2, as well
as any I’ € N and Ry, projecting on ker E¥.

We will first show the uniform estimate for ||Eul/a¢ for which it suffices
to consider u € BD(Q, Syml(Rd)), as otherwise, according to Theorem 3.1,
TGV T (4) = co. Hence, choose u € BD(£2, Sym'(R%)) and denote by Ry 1 :
LA(@=1(Q, Sym'™ (R%)) — kerEF a linear, continuous and onto projection.
Recall that such a projection always exists as ker £¥ is finite-dimensional. Then,
with the help of Lemma 3.2, the continuous embeddings

BD(Q, Sym' ! (R?)) — LY @=D(Q, Sym' ™ (RY)) — L' (€, Sym'! (R?))
and the induction hypothesis, we can estimate for arbitrary w € BD(Q, Sym' ™ (R%)),

[Eullm < Crll€u — Rig pw|lm + [lull1)
< Ci(llEu — wlm + lw = Rigrpwllaya—1y + llull1)
< Co(|Eu — wl|a + TGVET (w) + [|ull1)
< Cs(ap)|Eu— wlpm + TGVEF (w) + |lull1)
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for Cy, Cy, C3 > 0 suitable. Taking the minimum over all such w € BD(£2, Sym' ! (R9)
then yields
1€ullar < Cs([lull + TGVET ()
by virtue of the minimum respresentation (23).
In order to show the coercivity estimate, assume that the inequality does
not hold true. Then, there is a sequence (u"),en in L% (@~ (Q, Sym'(R?)) such
that

1
||Un — Rl)]g_t,_l’u,an/(dfl) =1 and ﬁ > TGVZ—FLZ(UTL).

Note that ker TGV’;H’Z = ker E¥1 = Rg Ry 141 (confer proposition 3.3), hence
TGVE (u — Ry pyqu™) = TGVETH(y™) for each n. Thus, since we already
know the first estimate in (26) to hold,

€™ — Rypru™) | m < C3(TGVETM (u™) + |[u™ — Rypsru™|1), (27)

(
implying, by continuous embedding, that (4™ — R p+1u™)nen is bounded in
(

BD(Q, Sym'(R%)). By compact embedding (see proposition 2.1) we may there-
fore conclude that u™ — Ry . ju™ — u* in L(Q, Sym'(R%)) for some subsequence
(not relabeled). Moreover, as Ry p+1(u™ — Ry g+1u™) = 0 for all n, the limit has
to satisfy Rjpt+1u* = 0. On the other hand, by lower semi-continuity (see
Proposition 3.3)
0 < TGVEFLL(y*) < lim inf TGVEFLE ™) =0,

hence u* € kerEF1 = Rg Ry k+1. Consequently, lim, o v — Ry pt1u” =
u* = Ry p1u® = 0. From (27) it follows that also E(u"™ — Ry p41u™) — 0 in
M(Q,Sym' ™ (R?), so u™ — Ry py1u™ — 0 in BD(Q,Sym'(R?)) and by con-
tinuous embedding also in L% (@=1(Q, Sym'(R%)). However, this contradicts

lu™ — Ry gr1u™|laj@a—1) = 1 for all n, and thus the claimed coercivity has to
hold. O

From proposition 3.4 we immediately get the following corollary, stating, in
particular, topological equivalence of BGV*(2) to BV(2) when equipped with
the topologies induced by || - ||ggyv+ and || - ||Bv, respectively.

Corollary 3.1. Let ) be a bounded Lipschitz domain. For all k € N there exists
A > 0 such that, for all u € BV(Q),

TV (u) < A(l[ull + TGVE(w)).
In particular, there exist C,c > 0 such that, for all u € BV(Q),
c([lulls + TGVE(w)) < [lulls + TV(u) < C(||ulls + TGV (w)).

Also an embedding result follows immediately from the embedding of BV(£2)
to L4/ (4=1(Q) :

Corollary 3.2. Let Q be a bounded Lipschitz domain. For allk € N, 1 <p <
—4- the space BGV*(Q) is continuously embedded into LP(). If, moreover,

1<p< ﬁ, the embedding is compact.

Remark 3.3. Given that, by corollary 3.1, BGV* ~ BV(Q), we will henceforth
only use the terminology of BV(2) to denote L'() functions having bounded
total generalized variation.
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3.2.2 The case of vector valued data

Now we generalize the definition of the TGV functional of the previous sec-
tion to allow vector-valued input functions. As already mentioned, this can be
motivated by the future application of this functional as regularization term
in the context of multichannel image reconstruction. We will see that the re-
sults we obtained in the previous subsection transfer easily to the vector valued
data case. We make frequent use of definitions and results obtained for product
tensor space valued mappings as stated in subsection 2.2.

Definition 3.2. Form € N, we define the vector-input TGV functional of order
k€N, foru € LL (Q,R™), as

loc

TGVE (u) = sup { /u -div® € dz | € € CF(Q, Sym"(RN)™),
Q

|| div' €| oo §al,l—0,...,k—1}. (28)

Note that we abuse notation by using the same notation as for classical TGV
functional.

Remark 3.4. As already mentioned in subsection 2.2 we restrict ourselves to
using only the Euclidean norm on R™ for the product space. Note, however,
that a different norm would influence the evact value of TGVX (u), but not the
set of functions for which it is finite. This can be shown easily by equivalence
of norms in R™.

Similar to the scalar case, we define the space BGV*(Q,R™) as the set of
all L'(Q,R™) functions such that the total generalized variation functional is
finite.

Definition 3.3. Let k,m € N. We define

BGV*(Q,R™) = {u e LY(Q,R™)| TGV () < oo} 29)
[ullgave = [ully + TGV (u)

As will be shown in the following proposition, basic properties of the TGVX
functional and the space BGVX(€2), as derived in proposition 3.1, can easily be
transfered to the vector-input TGVY functional and the space BGV¥(Q,R™).
In particular, equivalence of TGVY and TGV for different a,a € RE , again
justifies the notion of BGV* (€2, R™) independently of a.

Proposition 3.5. Let k € N. The following statements hold:
1. TGVE is a semi-norm on the normed space BGV*(Q, R™),
2. TGVE and TGVIO% are equivalent for & € RI;O,
3. BGVk(Q,Rm) 18 a Banach space,
4. TGVE is proper, convex, lower semi-continuous on each LP(,R™), 1 <

p < o0,
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5. TGVE(u) =0, for u € LL (2, R™), if and only if each u;, i € {1,...,m},

loc
s a polynomial of degree less that k.

Proof. Equivalence of TGVQ and TGV(]; is again immediate. The assertions 1
and 3 follow as in the proof of proposition 3.3. Also assertion 4 can be deduced
as in proposition 3.3 and from the continuous embedding of LP(2,R™) into
LY(Q,R™), 1 < p < co. To obtain assertion 5, again similar as the proof of
proposition 3.3, one can show that TGVX (u) = 0 for u = (uy,...,uy) if and
only if

Z/ul divFv; dz =0 for each v = (vq,...,vm,) € CF¥(Q, Sym*TH(RY)™).
=19,

In particular, this is true if and only if V*u; = 0 for 1 < i < m, from which
assertion 5 follows.
O

Our next aim is to generalize the minimum representation and the topologi-
cal equivalence of remark 3.2 and corollary 3.1, respectively, to the vector case.
Since norm equivalence can be deduced from corollary 3.1 without a separate
proof, there is no need to generalize the vector-input TGV functional to sym-
metric k-tensor product input. We can thus show the minimum representation
directly for the original functional.

Proposition 3.6. Let 2 be a bounded Lipschitz domain. For k,m € N and any
u € LY(Q,R™) we have

k
k .
TGVE (u) = min IV = vrllm + Y onill€(wio1) = vil e (30)
v, €EBD(Q,Sym* (R*)™), i—2
i=1...k,
’l)k:O

Proof. The proof is very similar to the scalar data case: Defining
X = (€, Sym! (RH)™) x ... x CE(Q, Sym” (RH)™),
Y = C(, Sym! (RH)™) x ... x CF~1(Q, Sym" 1 (R)™),

and suitable functions F' : X —] — o0,00] and G : X —] — 00,00, and A €
L(X,Y), we can again apply [4, Corollary 2.3] to obtain

TGV’;(u) = min F*(—A"w") + G*(w").

wr*eyY*

Rewriting the right term and using that also for the vector valued case (see
proposition 2.4)

Ew € M(Q,Sym" T (RH™) = w € BD(Q, Sym"(RH)™),0 < i < k,

the assertion follows.
O

The generalization of the topological equivalence follows basically by equiv-
alence of norms.
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Proposition 3.7. Let Q2 be a bounded Lipschitz domain. For k,m € N, let R :
LYE@=D(Q R™) — kerE ¢ LYW= (Q,R™) be a linear, continuous and onto
projection. Then, there exists a constant C > 0, only depending on k,m, a, )
and R such that

[Eulla < O(JJulli+TGVE(w))  as well as  |Ju—Rullqja—1y < C TGVE (u)
(31)
for allu € LY =1 (Q R™).

Proof. Given that there exist ¢,C > 0 such that, for any u = (u1,...,un,) €
LY(Q,R™),

c Zm: TGVE (u;) < TGVE(u) < C Zm: TGV (u;), (32)

i=1 i=1

as has been shown in [9, Proposition 2], the result follows by equivalence of
norms in R™. O

Again norm equivalence and an embedding result follow trivially.

Corollary 3.3. Let Q be a bounded Lipschitz domain. For all k;m € N there
exists a A > 0 such that, for all u € BV(Q2,R™),

TV(u) < A(JJulls + TGV (u)).
In particular, there exist C,c > 0 such that, for all u € BV(Q,R™),
c(|[ully + TGV (w)) < [lully + TV (u) < C(||ull + TGV (u)).

Corollary 3.4. Let Q be a bounded Lipschitz domain. For all k,m € N, 1 <
p < d%‘ll the space BGV* (2, R™) is continuously embedded into LP(2,R™). If,

_d_

moreover, 1 <p < 7%,

the embedding is compact.

Thus, since by corollary 3.3 BV(2,R™) ~ BGV(2,R™) as normed vector
spaces, we will in the following only use the notion BV(§2,R™).

At last in this subsection, we aim to show that any function u € BV (2, R™)
can be approximated by a sequences of function in C*° (2, R™) with respect to
TGVE-strict convergence in BV(Q, R™), as defined in the following :

Definition 3.4. Let k,m € N, w,(un)nen be a function and a sequence of
functions, respectively, in BV(Q,R™). We say that (u,)nen converges to u
strictly with respect to TGVX, or equivalently converges TGVX -strictly to u, if
and only if

|tn —ullLr — 0 and TGVE (u,) — TGVE(u) as n — .

Note that this is a straightforward generalization of the well known concept
of strict convergence in BV (2). Many results about functions of bounded vari-
ation rely on a smooth approximation of any u € BV(Q2,R™) with respect to
TV-strict convergence. Thus a similar density result for TGVX-strict conver-
gence will be very useful.

Given that the norm topology induced by the || - |ggy+ is equivalent to the
one induced by || - ||pv, one may hope that this is also the case for a topology
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induced by strict convergence. This would make an additional density proof for
TGVX-strict convergence superfluous. The following examples, however, show
that such an equivalence does not hold. Even worse, neither does TV-strict
convergence imply TGVX- strict convergence nor does TGVX-strict convergence
imply TV-strict convergence.

In order to characterize the subdifferential of the L' norm in the following
example, we first need to define a set valued sign operator [17, Definition 3.4].

Definition 3.5. Let yn € M(Q). Then we define

Sgn(p) := {v € L(Q) N L= ul) H[vlloo <1, f[olloo,ju < 1,

v =0y, || — almost everywhere}

where 7, is the unique density function of p with respect to |u| and [|v||s,|ul
denotes the |p| essential supremum of |v|.

Lemma 3.3. Set Q = (0,1) and o = (ag, 1) with a; > 0. Then, there exists a
sequence (U )nen and u in L'(Q) such that (u,)nen converges strictly to u with
respect to TGV?, i.e.

ltun — ully — 0 and TGV (u,) — TCVZ(u) as n — oo,

and (un)nen does not converge strictly to u with respect to TV, in particular
there is a 6 > 0 and ng € N such that

TV (u,) — TV (uw)| > 6 for all n > ny.

Proof. Without loss of generality we can assume « = (1,3). At first we con-
sider the approximating sequence: For any Lipschitz continuous function u €
C%1(]0,1]) we can define

1 (NI 1 1+1
up(x) = n+u(n) if ze (n’ n ]0(0,1) (33)
See figure 3 (red line) for a visualization of w, in the case n = 16 and a fixed
u € C%1(]0,1]). It follows then by pointwise convergence of (uy)nen to u and
Lebesgue’s dominated convergence theorem that |u, — ulls — 0 as n — oc.
Further, defining wg(z) = 1 the constant function with value one, the weak
derivative of u,, is given by

u;=wo—§6; (v -uH - 1), (39

where the measure d,,()) is a delta peak at xg with height A\. Thus, its Radon
norm can be given by

[FAIVESSEDY

I
.
+

™

g
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where

n—1
1 2 -1
Z . TIX(z )

Since u is Lipschitz- and thus absolutely continuous, |f,| converges to |u’ — wy|,
pointwise almost everywhere. Further the f, are bounded uniformly, thus again
by Lebesgue’s dominated convergence theorem we get

3

1 1
VG = st = 1+ [ 1)l dz =14 [ |u/(@) — wn(a)| da
0 0
as n — o0o. Since the delta peaks of u], as in (34) cannot be canceled out by an
w € BD((0,1)), we further get
TGV (un) = Blluy, — wol a = Bllu’ = wol

as n — oo. Now for k € N even, sufficiently large such that % < f, define
u € LY(Q) such that

20— 2 ifxe (21 2i41) k
_ k ) .
u(z) = {21';2 fre (21+1 211«:2)7 0<i< 9

Again we refer to figure 3 (blue line) for a visualization of w in the case k = 4.
We want to show that, for the constant function wg(xz) = 1 we have

T 2 — : I ! _ I )
GVa(w) = min (' = wly +Blw/llw) = B’ —woll

According to [17, Section 4.1] this is the case if there exists a v € H}(Q) such

that
—v" € Sgn(u' — wo)

v € BSgn(wp) = B{v|[|lv]e < 1}.
The condition —v’ € Sgn(u’ — wy) is satisfied for

—z ifw e (3,2, .k
= O < .
v(z) {x if o (2641 2042y St<y

Further we have that [|v||oc < 1 < 8, thus wy is a minimizer.
If follows that

TGV (u) = fllu’ — woll1 = Jim TGV (un),

thus (un)nen converges strictly with respect to TGVi to u. But, as an easy
calculation shows, TV (u) =1 and thus

TV (un) — TV(u)| = [Ju' — woll1 >0 as n — oo.
Hence, for § := ||u’ — wp||1/2 > 0 there exists ng € N such that, for all n > ny,
TV (up) — TV (u)| > 6

and the assertion follows. O
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(0,1)

(0,0) (1,0)

Figure 3: Tllustration of the function u (blue line) for & = 4 and its approxima-
tion uy, (red line) for n = 16.

Lemma 3.4. Set Q = (0,1) and o = («p, 1) with o; > 0. Then, there exists a
sequence (up)nen and u in LY(Q) such that (up)nen converges strictly to u with
respect to TV, i.e.

llun, — ully = 0 and TV (u,) = TV(u) as n — oo,

2

'’

and (un)nen does not converge strictly to u with respect to TGV
there is a 6 > 0 and ng € N such that

in particular

’TGVi(un) - TGVi(u)| > 0 for all n > ng.

Proof. The construction of a counterexample is similar as in the proof of lemma
3.3: At first we again define, for any Lipschitz continuous u € C%1((0,1)), an
approximation sequence similar to (33) as

un(@) = u(Ly it xe(i,i+1]ﬂ(0,1). (35)

n n’ n
Clearly
[t — ully = 0

as n — 0. Now as in the proof of lemma 3.3 we get that

i i i—
AN (v -u=h), (36)
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and, consequently,

n—1

[FAIVEDY

i=1

n711
:Z;ﬁ

| =
~.
|
—_

u(

u(y) —u(*5)
1/n

— /|u’(x)\ dz = TV(u)
0

as n — 0o. Again, since delta peaks cannot be canceled out, we also get

1
TGV (uy) — / ' (2)] d
0

as n — 0o. But choosing now
u(x) = for z € (0,1)

we get
1

TGV =07 [ /()] .
0

implying that TGV? (u,) does not converge to TGV?(u), hence the assertion
follows. O

Thus an additional density result is necessary if we want to rely on a smooth
approximation of BV(€, R™) functions with respect to TGVX-strict convergence
for further results. To show this, we remember the following prerequisites:

Definition 3.6. Let & € M(R%, Sym*(RY)™) and p € C*(RY) a standard mol-
lifier. We define the convolution of & and p., denoted by & * p., component wise
by

§*pe(z) = /pe(w —y) dé(y)
Rd

Note that the convolution is a again a function from R¢ to Sym”(R%)™. We
will need the following identity:

Lemma 3.5. Let k,m € N, ¢ € Ll _(RY), ¢ € M(Q, Sym”(RY)™) and p €
C>*(R?Y) be a standard mollifier. Defining Q. := {x € Q|dist(z,0) > €}, we
assume that both the support of ¢ and & are contained in Q. (see [3, Definition
1.64] for the definition of the support of a measure). Then the following identity

holds
/ (pe * 6)(x) de(x) = / (€% pe) (@)(z) da

Q Q
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Proof. Applying Fubini’s theorem it follows

Joro@ e = [ [ oo dyaeta)
Q Q

Q

= o) [ pte - doray (37)
Q Q

/ (€% p)W)(y) dy.

Q

Also an estimation on the convolution of a measure will be useful:

Lemma 3.6. Let again be k,m € N, £ € M(Q, Sym”(RY)™) and p € C(RY)
be a standard mollifier. Further suppose that supp(§) C Qe with Q¢ as in lemma
3.5. Then

/|£*p5| dz < [€]().
Q

Proof. The proof can again similar to [3, Thereom 2.2] be obtained by applying
Fubini’s theorem. O

Now we can show a result implying the desired smooth approximation.

Proposition 3.8. Let Q) be a bounded Lipschitz domain, k € N, a € R’;O be
fizred and take u € L*(Q,R™). Then u € BV(Q,R™) if and only if there exists a
sequence (Up)nen in C®° (8, R™) such that (un)nen converges strictly to u with
respect to TGVK.

Proof. Let k € N and a € R’;O be fixed. The proof uses techniques from the
proofs of [38, Theorem 5.2.2] and [3, Theorem 3.9].

At first suppose that u € L'(Q,R™) can be approximated by (up)nen in
BV(Q,R™) with respect to strict-TGVX convergence. Using the inequality

22 + TV (n) < C ([[unllz: + TGV (un))

from corollary 3.3, with suitable C' > 0, we get that the sequence of measures
(D Uy, ) nen is bounded in M(Q, R™*4), thus possess a subsequence weakly* con-
verging to some p € M(Q, R™*4). As in [3, Theorem 3.9] this implies, by using
the classical integration by parts formula and passing to the limit as n — oo,
that also Du = p € M(Q,R™*%) thus u € BV(Q,R™).

Conversely, we show that, for any v € BV(Q,R™), § > 0, there exists
u® € C*(Q,R™) such that

u® —ul|zr < 6 and TGVE(u®) < TGV (u) + 4.

Lower semi-continuity of TGVX with respect to || - |11 then implies the result.
Take u € BV(2,R™), 6 > 0 fixed.
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Then, according to proposition 3.6, we can take ws,...,wg—1, With w; €
BD(€, Sym*(R%)), 1 < i < k, such that
k—1
TGVE(u) = a1 ]| Du— willm + > an_il|Ewimy — wil|ag + ol Ewp—1]la.
1=2
Now define a countable number of sets (p)nen such that Q = [, ey Qns

Q, cC Q for all h € N and any point of € belongs to at most four sets €2,
(cf. [3, Theorem 3.9] for a construction of such sets). Next we choose (¢p)nen
a partition of unity relative to (Qp)nen, i.e. ¢p >0, ¢y € C°(Qy,) for all h € N

and ),y 0 = 1.

Then, with p € C2°(R%) being a standard mollifier, for any h € N, we can
find €, > 0 such that supp((un) * pe,) C Qn, supp((widn) * pe,) C Qn, for
1<i<k,

/I(U¢h) % e, — ugp|dz < 2774,
Q

as well as
/ (4 ® Vén) * pe, — u® V| dz < 27(8/ag_1), (38)
Q

and
/ (w; @ Vb # pey — w3 ® V| dar < 27" (8 /a1, (39)
Q

for 1 <4 < k. The functions u® = 3", . (udp) * pe, and wd = 3=, o (widp) = pe,,
are smooth because the sums are locally finite. Moreover,

/|u5—u| dz < Z/|(uq§h)*p6h —ugy| dz < 4.
Q

heN

Now applying lemma 3.5 we get, for ¢ € C°(£, (R?)™) with [|¢| < 1,

/ué-diw = Z/((th) * ey - divg

Q hENQ
= up, - div(pe, * ©)
%Q/ h Pep * @
= [[ w-div(gn(p*xpe,)) — [ u® VYV @p - (pe, * )
};\19/ n(p*p Q/ h (Pep * @
- Z[/fmu)~¢h<wpeh>f/«(u@wh)*peh,)fu®v¢h>-so1.
heN ) o

Multiplying by -1, subtracting fQ w{ - ¢ on both sides and using the estimate of
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lemma 3.6 we get

/_u‘s-divnp—w‘f'@: Z[/((D(u)qﬁh*peh)—(w1¢h*Peh))'¢

a heN g,

+/<<<u®v¢h>*peh>—u®v¢h>]-go

Q

IN

S / (D (u)én — widn) * po|

heN

+/|<<<u®wh>*peh)—u@wh)n
Q

(D(w) = wi| +27"(8/ag—1)]

I
]
—
s

IN

/ D) — wy| + (§/ax—1),
Q

where we used equation (38). Similar, using equation (39), it follows for ¢ €
O (92, Sym ™ (RY)™) with [|e]le < 1,

/*w? divg —wiy - < /|5’wi = Wit |+ (0/ak-1-),
Q Q

for 1 <i < k—1, and, for ¢ € C2°(Q, Sym*(R%)™) with |¢|le < 1,

/w,‘L1 ~divep < /|5wk,1| + (8/ o).
Q Q

Taking the supremum over all such ¢ we get
IDu’ —wffla < [Du—willag+ (8/ci-1),

1Ew! — wd 4[| m < lEws — wir |l + (8/ok—1-4),
for 1 <i< k-1, and

1Ewh_1llm < [[Ewk—1llam + (/).
Thus we have shown that, for u?, wf, ... ,wg_l suitable,
[u® —ullpr <6

and
TGVE(u’) < a1 Du’ — wf|m

k-2
+ Z ap—1-i|EW?) —wl iy lam + aoll€(wh_q) || m
=1
< 0+ ap—1]|Du—wi||m
k—2
+ Z ap—1-i||E(wi) — wiy1l|m + aoll€(wr—1)||m
im1
= TGVE(u) + 6
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From that, the assertion follows. O]

Remark 3.5. Note that, given u € BV(Q), the above construction yields an
approzimating sequence (up)nen for fized k € N, o € Rio. Since the elements
of this sequence depend on the minimizers wy, ..., wg_1, we cannot assure that
(un)nen also converges strictly to u with respect to any other choice of k or «

(except for the trivial case where & = A with A € Rsq, i.e. if the minimizers
remain the same).
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Part 11
A TGV regularized image
reconstruction model

The main part of this work deals with the theory and application of a general,
regularization based model for image reconstruction. Characteristic about this
model is data fidelity, which is realized via the indicator function of a convex
set that is described by a basis transformation operator.

The original motivation for this work was the application to artifact-free
JPEG decompression. However, due to a very general problem statement, our
framework will be applicable to a broad class of problems in mathematical
imaging. We will start with a brief motivation followed by a definition and
analysis of our model in function space setting. Note that we will, without
further comment, make frequent use of the notation introduced in part I.

4 The general reconstruction model

4.1 Problem statement

Before we state the main minimization problem and the generic assumption, we
want to briefly sketch the original motivation for our problem setting; a model
for artifact free JPEG decompression [2, 13]. For a detailed introduction to this
topic we ask for the readers patience until subsection 5.2.

Given any image u, the main step of JPEG compression is a transformation
by a blockwise cosine transformation operator (to be defined in (63) later on)
followed by quantization to integer. As a result, in the compressed JPEG file,
the image u is described by quantized integers of its coefficients for a basis
representation with respect to a blockwise cosine basis. Due to quantization, this
data does not provide enough information to determine a unique source image of
the compression process. But it is possible to define a set of basis coefficient data,
whose quantization would coincide with the compressed image data. Denoting
this set of basis coefficient data D and the blockwise cosine transformation
operator BDCT, we can formally define the (convex) set of possible source
images for any given compressed JPEG file by

Up = {u| BDCT(u) € D}.

Thus, reconstructing an image from a given compressed JPEG file requires to
choose one element of Up as reconstruction. This choice can be motivated
by a predefined image model, which is in our case realized by using the TGV
functional as regularization term.

Keeping this application in mind, we now consider the following minimiza-
tion problem

i TGVE T 40
el o(w) + Zu, (u), (40)
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where we mainly use the assumptions

2 Cc R? is a bounded Lipschitz domain,

Up = {u € L*(Q,R™)| Au € D}

A LX(QR™) = 2, (Au), = (u,a,) 12,

(an)nen C L*(Q,R™) is a Riesz basis,

(@n)nen, the dual basis of (a,)nen, is contained in BV (2, R™),
D:{z€€2|zn€JnVn€N},

(Jn)nen = ([ln, 0n])nen is a sequence of non-empty, closed intervals,
Ust # 0 with Upy := {u € L2, R™) | (Au), € J, ¥n € N\ W},
W C N a finite index set,

k,m € N and a = (g, ...,a5—1) € RE.

By 7y, we denote the convex indicator function of Up, i.e.,

0 if u € Up,
Tup () = {oo else

Thus, solving the minimization problem (40) amounts to finding a function in
Up minimizing TGVE.

Thinking again of JPEG decompression, the operator A in assumption (A)
will be the BDCT operator, while (ay)neny will be an orthonormal blockwise
cosine basis. The dimension of the image space, m € N, reflects the number of
image components, typically m = 3 for color and m = 1 for grayscale images.

The assumption that Ujye has nonempty interior can be seen as a general-
ization of the assumption that the data set Up has nonempty interior, which
is satisfied in the application to JPEG decompression, and will be needed for
the analysis of the model. The more general assumption is motivated by the
application of the model to zooming problems, where typically finitely many of
the intervals (J,)nen will consist only of a single point.

At last let us emphasize that in particular the assumption of (a,)n,en being a
Riesz basis results in a broad applicability of our framework, as will be discussed
in more detail in subsection 5.1. Note also that assumption (A) allows to choose
m different scalar valued Riesz bases for L?(Q2) and apply all results within
assumption (A) to a corresponding Riesz basis of L?(Q, R™) as in remark 1.2.

4.2 Existence of a solution

As the name suggests, the purpose of this subsection is to show existence of a

solution to the minimization problem (40) under assumption (A). For this pur-

pose, we will need one additional assumption, which is necessary to get a bound

on the kernel of the regularization functional TGVX. Note that throughout this

subsection, we will always assume €2 C R? to be a bounded Lipschitz domain.
We start with a technical Lemma.

Lemma 4.1. Let (a,)nen be a Riesz basis of L*(Q,R™), m € N. Then, for any
k € N, and any sequence of linear independent functions (z;)1<i<r C L*(2,R™)
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there exist an,, ..., an, such that the matriz By, defined by

k
By = (<Zk7j’ank—i)Lz)Ogi,jgk—l S Mka7 (41)

s invertible.

Proof. We prove the assertion by induction:
k =1: Since 0 # 2; € L*(Q,R™) , there exists a,, such that (z1,a,,) # 0.
k — k+1: Given k + 1 linear independent functions, (2;)1<i<k+1, Suppose
that the matrix By, generated with (z;)1<i<k and suitable (an;)1<i<k, has full
rank and that there does not exist ay,,,, such that det(By41) # 0. Denoting
by By, the matrix generated from By by using a, and zj1 for the additional
elements, from Laplace expansion we conclude, for all n € N,

0 = det(By,1) = (Zkt1,an) 12 det(By) + Z ci(zi, an) 2
1<i<k

with ¢; € R independent of n. But since det(By) # 0 this implies

(2k+1,an) L2 = Z Ci(zi, an)r2

1<i<k

for all n € N, with ¢; € R, and thus, using the dual Riesz basis (a,)nen as in
proposition 1.7,

Dot = D (2hi1,Gn)2Gn = Y G D (%0, an) 2 = Y Gz

neN 1<i<k neN 1<i<k
which contradicts to linear independence of zj1. O
Now for fixed k € N, define (p;)i<i<, with r = @ to be a basis

for the real valued polynomials over Q of order less than k, e.g. p;(z,y) =
Wiyt with w;,q; € No, w; + ¢; < k suitable. Defining then (2;)1<i<mr =
(24, 2"))1<i<mr € L2(Q,R™) by

¥4

j_ {pi(jl)r if (j —Dr+1<idi<jr, (42)

‘ 0 else,

to be a component wise basis for the R™ valued polynomials over €2, which
yields a linear independent sequence in L?(Q, R™), we immediately obtain the
following corollary, which will be useful to conclude boundedness of a minimizing
sequence to the minimization problem (40).

Corollary 4.1. Take k,m € N, (an)nen to be a Riesz basis of L?(Q,R™)
and define (2;)1<i<mr with r = @ to be a component wise basis for the
polynomials of order less than k as in (42). Then there exist ni,...,Nymr € N
such that the matriz

(Zmrs @nyy )iz oo (21,00, )02

(Zmr,al)l; (Zl,al)L2

has full rank.
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For (a,)nen C L*(Q,R™) a Riesz basis, n1, ..., nm,, denote by B((a,,)™;)
the matrix generated with (ay,, )" and a basis of the polynomials as in corollary
4.1. This allows us now to make the following assumption, which is crucial to
obtain existence of a solution:

(EXx) Let (A) be satisfied. For 1 < ¢ < m and r = k(k;l), choose ni,..., Ny
according to corollary 4.1 such that B((ay,)";) has full rank and suppose
that Jy,,...,Jn,,. are bounded.

Remark 4.1. Note that, given the k € N the order of the TGVX functional
and m € N the number of image components, (EXy) assumes m@ suitable
intervals to be bounded. Since this is exactly the dimension of the space of R™-
valued polynomials of degree less or equal to k — 1, denoted by Pr_1(2,R™),
we cannot get a bound on a minimizing sequence in general by just requiring a
smaller number of interval to be bounded. This can be seen as follows:

First note that, clearly, any linear map from Pr_1(,R™) to R with | €
N, I < mk(kTH), must have a nontrivial kernel. Also, TGVX (u+p) = TGVE (u)
for any u € L2(2,R™), p € Pr_1(2,R™).

If we assume now that all intervals as in assumption (A), except for I of
them, are the whole reals, a modification of the basis transformation operator
A to a mapping from Pr_1(Q,R™) to R™, by using only the components of A
related to the | bounded intervals as image components, must have a nontrivial
kernel. Choosing an unbounded sequence in this kernel, we can always add this
sequence to any minimizing sequence and, by not affecting the value of TGV,

obtain an unbounded minimizing sequence as claimed.

We can now use the previous results to proof existence of a solution under
weak assumptions:

Proposition 4.1. Let (A) and (EXy) be satisfied. Then there exists a solution
to the minimization problem
in TGV Ty, (u). 43
we L2 (QRm) alu) + Zup (v) (43)
Proof. First we show that F(u) := TGVX (u) + Ty, (u) is proper, i.e., F takes

nowhere the value —co and is finite in at least one point. It is clear that F'(u) >
0, so it remains to find an element u € L*(Q, R™) such that F(u) < co. This

can be constructed as follows: Using that Uj,; # 0, by density of C2°(Q,R™) in
L?(Q,R™) there exists ug € BV(Q2, R™) N Ujyt.

Now since (@n)n>0 C BV(Q,R™), for uy we can find constants s,, € R such
that, with

u(z,y) :=wuo(z,y) + Z Snbn(x,y),
new

it follows that v € BV(Q,R™) N Up.

In order to find a minimizing element, we take a minimizing sequence (un)n>0,

ie., lim F(u,) = inf  F(u), for which without loss of generality we can
n—00 u€L2(Q,R™)

assume that (u,),>0 C BV(Q,R™)NUp. To show boundedness of (uy,),>0 with
respect to || - ||L2 we estimate

”un”L2 < ||un - Pkrflun”L2 + Hpkflun”L2 < CTGVI;(UH) + HPkflunHL2
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with P,_1 a linear, continuous onto projection on the R™-valued polynomials of
order less than k, denoted by Pr_1(€2,R™), and the last estimation holds, with
C > 0, by proposition 3.7. Using this estimation it suffices to show boundedness
of || Py_1up||z2. Since € is connected, it follows from V*Py_ju,, = 0 that

1 _ 7 w, q
un(wvy) - E Cn,w,qx Yy
w—qg<k

i

with ¢ € R, 1 <i < m. Hence it is sufficient to show boundedness of Crow.g

n,w,q
with respect to n. Denoting by ¢, € R", r = k(k;l), the vector containing

all ¢! and by ¢, the vector obtained by padding all ¢, together, choosing

n,w,q

B((an,)7) € MF*F as in (EXy), u, € Up yields

BprCn = 2

with z, = (2™",...,z}) and 2! bounded for 1 < i < mr by (EXy) and bound-
edness of ||u, — Py—1up|| 2. Finally invertibility of B,,, implies boundedness of
Py_qu, in L?(Q,R™).

Hence there exists @ € L?(2, R™) and a subsequence of (u,),>0, denoted by
(tn, )1>0, weakly converging to @ in L?(Q, R™). At last, convexity and closedness
of Up in L?(2,R™) imply weak closedness (see [37, Section 1.1.2]) and thus,
from lower semi continuity of TGVX with respect to the weak L? topology (see

proposition 3.5), it follows that

F(a) = TGVE(a) < lim TGVE(uy,,) = lim F(u,,) =  inf  F(u)
=00 l—o00 u€L?(Q,R™)
which implies that @ is a solution to (43). O

Remark 4.2. Note that, even though we used that U, # (0 in the proof of
proposition 4.1 to obtain that TGVX +Zy, is proper, it would have been suffi-
cient to assume that Up N BV(Q,R™) # () instead, to obtain properness and

[e]
hence the same existence result. The even stronger assumption U, # 0 will
play a role when showing additivity of the subdifferential for the derivation of
the optimality condition.

4.3 Optimality condition

Having obtained existence of a solution to (40) we now draw our attention to
the derivation of an optimality condition. For this purpose, we will make use of
the following obvious identity: Given a function F’,

u* =argmin Fu) < 0€9F(u").

u

The derivation of an optimality condition will thus be preceded by three main
steps:

e Describe 9 TGVE, the subdifferential of TGVX.
e Describe 0Zy,, the subdifferential of Z;,.

e Show additivity of the subdifferential operator under assumption (A).
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4.3.1 Subdifferential of the TGV functional

Since a description of the subdifferential of the TGV functional is of interest
not only for our specific problem setting, we will for a moment leave the context
of assumption (A) and, in this subsection, always use the following assumptions:

Q c R? is a bounded Lipschitz-domain with d € N, d > 2
peERwith1 <p< 7% and m € N.

Further, we will denote the conjugate exponent of p by p’ := p%' Note that
the restriction on p is to maintain a continuous embedding of BV(Q2,R™) to
LP(Q,R™) (see proposition 1.5).

Also, for this subsection, we always assume TGVX to be a functional defined
on LP(Q,R™):

Definition 4.1. We define
TGVE : LP(Q,R™) — R
u + TGVE(u).

At first, we describe the convex conjugate (or polar) of the TGVX functional,
which will be useful for the subdifferential characterization later on.

Proposition 4.2. The conver conjugate of TGVX, denoted by
TGVE™ . L (Q,R™) — R,
has the form

* O NS Ck
TGVE =T—(v) = Za
o (V) ) {oo v ¢ Ck

where
Ch = {divh¢ ‘g € CH@, Sym* (RY)™), || div! €]loc < o, 1 =0,k — 1},

(44)
and the closure is taken with respect to the L* norm.

Proof. This follows easily from convexity and lower semi continuity of TGVX
and Zzx since

TGVE (u) = Tz, (u)
and thus (see [37, Propositions 3.2 and 4.1]),
TGV (v) = I (v) = Tgre(v).

A more detailed description of TGVE™ follows from a study of C*:
Proposition 4.3. With C* as in Proposition 4.2, we have
Ck = {aivt g |g € WY (div¥; 2, Sym* (RY)™),
[ divt glloe < o, 1= 0, ..., k — 1} = K*, (45)

r

where the closure is taken with respect to the L* norm.
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Proof. In order to show that Cig C KF it is sufficient to show that K* is closed
with respect to || - || 7. Define

W (divh) == {g € WE (divF; Q, Sym* (RY)™) : || div gl < a1, 1= 0,..., k=1}.

Take now h € K. Hence there exists a sequence (g, )n>0 C ng’a (div") such

that lim,_,c div® g, = h. If we can show that there exists g € ng’a(divk)
such that div® g = h, closedness of K* with respect to || - ||;,» follows. By

boundedness of || div! g, |lss, 0 < I < k, there exist h' € LP' (€, Sym*~! (R%)™)
and a set of increasing indices (n;);en in N such that

divlgni — Rt asi— oo, forall 0 <[ < k.
Le’

It follows that, for 0 <1 < k — 1 and ¢ € C°(Q, Sym* 1 =H(Q)™),

/hl Ep = hm /le gn; " EP = hm /dlvlJrl n; 0= (— )/hlJrl 0]
Q

which implies g := h° € WP (divF™; Q, Sym*(R%)™) and divlg = b/, 0 <1 <
k — 1. Further we have, for any ¢ € C2°(Q,R™), that

/h’H Ep=lim [ divFTlg,, -Ep= lim ( —1)/divkgm¢: (—1)/h¢>
1—> 00
Q Q

n— 00
Q Q

and thus g € W?' (div"®; Q, Sym”"(R%)™) and div* g = h.
In order to prove that g € W¥ **(div*) we note that the set

{(z,divz, L divk )]z € WP (divk; Q, SymF (RY)™), || divt 2|z < ap, 0< 1 < k}

is a convex and closed — and therefore weakly closed — subset of
Q HSym LRE)™).

Since the sequence
(gni’ div gni’ M) divk gn7)
is contained in this set and converges weakly to

(g,divg,... ,divF g)

it follows that g € Wg’l’a(divk).
K% < CF : Tt suffices to show that, for g € WZ **(div*) arbitrary, we have

/udivkg <TGVE(u) Yu e BV(Q,R™),
Q

since this implies that TGVE ™ (div® ¢) = 0 and hence div* g € Ck. By a straight-
forward generalization of the result in [16, Remark 3.8] to the vector valued case,
it follows that for sufficiently smooth ¢ one can describe TGVE (¢) as

k-1
TGVE inf a
(d)) Vkp= ¢0+5(¢1) o ER L (P )Z lH(blHLl

55



where ¢; € C*°(£2, Symkil(Rd)m). Now take any ¢ € C*°(Q,R™) and ¢, ...k -1
such that V¥¢ = ¢g + E(¢1) + ... + EF 1 (pr_1). We then have

k—1 k—1
[e@-a<y [lolla's <Y alal.
o 1=0

1=0 ¢,

k—1
Jodivtg = (-1
Q

1=

Taking the infimum over all such decompositions of V*¢ leads to

/ P divh g < TGVE(9).
Q

By approximation of u € BV(2,R™) by a sequence in C*° (€, R™) with respect
to TGVE-strict convergence (see proposition 3.8) the assertion follows.
O

k*

« )

Having a sufficient description of TGV |, we can now characterize its sub-

differential. The relation
u* € 9TGVE (u) & TGVE (u) + TGVE™ (u*) = (u, u*).

(see [37], Proposition 1.5.1) together with the description of TGVX™ immediately
implies the following result:

Theorem 4.1. (Characterization of the subdifferential of TGVX ) Let u € LP(Q,R™),
u* € LP (Q,R™). Then u* € d TGV (u) if and only if

u € BV(Q,R™) and there exists g € Wé’/ (div"; Q, Sym* (R)™) such
that || divlg||OO <o, 1=0,...k—1,u =divF g and

TGVE (u) = /udivkg.
Q

4.3.2 Iy subdifferential

In order to describe 0Zy,, first note that we can decompose Zy, = Zp o A.
Since 0 Zp can be described quite easily, our aim is to use a chain rule to imply
0Zy, = 0(ZpoA) = A*OIp o A. To ensure this, well known results rely on
either orthogonality of A or existence of a point v € L?(Q, R™) such that Zp is
continuous in Au. But none of these assumptions is satisfied in general in within
our setting. However, as the following proposition shows, a general result given
in [4] can be used to argue that a chain rule holds even if A is only assumed to
be a continuous, bijective, linear operator.

Proposition 4.4. Let Hy, Hy be two Hilbert spaces, A : H — Hy a con-
tinuous, bijective, linear operator and F : Hy — R a proper, convex, lower
semi-continuous function. Then

O(FoA)=A"0FoA.
Proof. First we define H : Hy x H, — R as

H(u,v) = Loy (Au — v) + F(v).
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It then follows easily that, given any v € Ha,
pE€I(FoA)(u) & (p,0) € 0 H(u,v),

thus we want to describe & H. Defining G : Hy x Hy — R as G(u,v) = Zyo (Au—
v) it follows that

G*(p7 q) = SuII{) (pa u)H1 + (quu)Hz - I{O} (p + A*q)
ucHy

and with that, again by [37], Proposition 1.5.1,
(p,q) € G(u,v) & Au=v and p= —Aq.

Setting I : Hy x Hy — R to F(u,v) = F(v), it follows easily that (p,q) €
O F(u,v) & p=0and ¢ € dF(v). Now to describe 8 H(u,v) = d(G(u,v) +
F(u,v)), we need to establish additivity of d in this case. Following [4, Corollary
2.1], for that it suffices to show

dom(G) — dom(F) = Hy x Hs.

Taking (u,v) € Hy x Hy arbitrary, we can write, with w € dom(F),

(u) _ (A—1<v + w)) - (A‘1<v )= “) & dom(G) — dom(F).

v v+ w

Thus 0 H = 0 G+0 F and with that, (p,q) € 9 H(u,v) is equivalent to existence
of r € 9(F(v)) such that (p,q —r) € 0 G(u,v), which is again equivalent to

r € O(F(Au)) and p = —A*(q — 7).
In total we get, for any p,u € H; and v € Hy arbitrary,
p€I(FoA)(u) < (p,0) € 0H(u,v) & p=A"r with r € 9 F(Au),
which implies the desired chain rule. O

Remark 4.3. We want to point out that the result of proposition 4.4 is, inde-
pendent of our problem formulation, interesting by its own since it provides a
chain rule for the subdifferential in a very general setting.

We will now use this result in order to show a characterization of the subd-
ifferential of the convex indicator function Zy,:

Theorem 4.2. Let (A) be satisfied. Writing J,, = [l,,, 0n] we have that
u* € 0Ty, (u) ©uelUp andu™ = A"\

with A = (Ap)nen € 2(N

~—

such that, for everyn € N,

An 20 of (Au)n =on #ln
A <0 if (Au)p =1, # o,
M=0 if (Au)n €

An €R Zf (Au)n =, =on



Proof. At first we can apply proposition 4.4 to conclude
u* € 0Ty, (u) & u* = A*A
for some A € 0Zp(Au). By a standard result in convex analysis we have
A€ 0Ip(Au) < Au = Pp(Au+ N).

where, by a straightforward contradiction argument, Pp can be reduced to a
component wise projection;

Au = Pp(Au+ \) & (Au), = Py, ((Au)p + An) ¥n €N,

From that, the assertion follows by an easy case study. O

4.3.3 Additivity of the subdifferential
At last, we need to show that O(TGVE (u) + Ty, (v)) =  TGVE (u) + 0 Ly, (u).

For that, we first decompose Zy,, = Zu,,, + Zu,,, Where, based on assumption
(A),

Uine = {u € L*(Q,R™) | (Au), € J,Vn € N\ W}
and

Upoint = {u € L*(Q,R™) | (Au),, € J,¥n € W}

for a finite index set W C N such that Uiy # 0.
Theorem 4.3. Let (A) be satisfied. Then, for all u € L*(2,R™),

O (TGVE(u) + Iy, (u)) = OTGVE(u)+ 0Ty, (u).

Proof. Let u € L?(Q,R™). It is sufficient to show 0 (TGVE(u) + Iy, (u)) C
OTGVE (u) + 0Ty, (u), since the other inclusion is always satisfied. Continuity
of Zy,,, in at least one point u € BV (2, R™)NUp allows to apply [37, Proposition
1.5.6], and assure that

TGV (W) + LU0 (1) + Tus,, (1) € A(TGV (u) + T, (u) + (T, (w)

Similar as in the proof of Theorem 4.2 we now want to use [4, Corollary 2.1] to
establish

TGV (w) + T, (0) € TGV (1)) + O(Zu,gs,, (1),

for which it is sufficient to show that dom(TGVY) 4+ dom(Zy,,..) = L*(Q,R™).
But this is true since, for any w € L?(Q,R™) by taking j, € J, for n € W, we
can write
W= w1 — W2
where
wi =Y ((an,w)r2 = jn) din € dom(TGVE (u))
neWw
and

wy = — Z (an,w)p2a, — Z Jnln € dom(Zy,,,,, )-
neEN\W new

Again, since
AL o (1)) + (LU (1)) C (T 10 (1) + T (w) = 0T (u)

is always satisfied, the assertion is proven. O
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4.3.4 Optimality system

The previous results finally allow to derive an optimality system:

Theorem 4.4. Let (A) and (EXy) be satisfied. Then there exists a solution of

- k
uELgr&r}Rm) (TGVE (u) + Ly, (u))

and the following are equivalent

1. 4= argmin (TGVE(u) + Ty, (u)) = argmin TGVE (u),
uw€L?(QR™) uelp

2. BV(Q,R™) NUp and there exist g € WE(div¥; Q, Sym”*(R2)™) and

(An)nen € 2 satisfying

I m

U

A
(a) || div glloe < oy, 1=0,....k—1
(b) TGVE(a) = — [, adivi g

(¢) divF g = Y nen Anln, where

if (A = 00 # Ly

0
0 if (Atd)n =l # 0n Vn € N
0 if (Ad), € Jp

IN IV

An
An
An

(note that, if J, = {jn}, there is no additional condition on \),

3. 4 e BV(Q,R™)NUp and there exists g € WE(divF; Q, Sym”*(R?)™) satis-
fying

(a) || divt gllee < 0y, 1 =0,....k—1
(b) TGVI; (4) = *fgﬁdivkg

(div® g,dn) 2 >0 if (Al)y = 0n # Iy
(c) { (divFg,an)re <0 if(At)p =1n #0n  V¥neN
(div® g,dn) 2 = 0 if (Ad), € J,.

Proof. Existence of a solution follows from Proposition 4.1. Equivalence of (2)
and (3) follows from biorthogonality of (an)nen and (@n)nen (see proposition
1.7), so it is left to show equivalence of (1) and (2):

(1) = (2) : Let
@ = argmin (TGVE (u) + Zyr,, (u)) -

ueX
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Thus 0 € & (TGVE (@) 4+ Zy, (@) and by additivity of the subdifferential for this
setting (see Theorem 4.3) we have 0 € 8 (TGV.(a)) + 0 (Zy, ()). Hence there
exist elements z; € § (TGVE(a)) and 22 € 0 (Zy, (@) such that 0 = 21 + 2.
Now by Theorem 4.1, & € BV(Q, R™) and there exists g € W2 (div"; €, Sym* (R2?)™)
satisfying (2)-(a) such that z; = —div® g and TGV (a) = — Jo @divF g. Hence
we have

div® g = 2s.
By Theorem 4.2 there exists A = (A, )nen € £2, satisfying the the element wise
conditions in (2)-(a), such that divF g = A*\. Finally the characterization of
A* (see proposition 1.8) implies divg = > .y Anan.

(2) = (1) : Conditions (a) and (b) together with & € BV(Q2, R™) imply that
—divhged (TGVE(@)) (Theorem 4.1), while (c) and (d) together with @ € Up
imply that div¥g € 9 (Zy, (@) (Theorem 4.2). Hence 0 € 9 (TGVE(a)) +
9 (Zup (@) C 0 (TGVE(a) + Ty, (@) and 4 is a minimum.

O

Remark 4.4. If an optimal solution @ would be k times continuously differen-
tiable and also wy, ..., wr_1 such that

k—2
TGVA(@) = | Du —wila+ Y 1€ (wn) = wipall s + [Ewp—1] aa (46)
=1

would be sufficiently smooth, conditions (2)-(b) and (3)-(b) of theorem 4.4 would
be equivalent to

o divF ' g = 10Dy,

o divF—17! 9= Qr1-10cw,—wy,, forl=1,... k=2,
® 9= Q00D wg_1;

where oy = % whenever ¢ is not equal to zero and |og(x)| <1 for all x € 2.

Proof. By iteratively applying a Gauss-Green theorem for g € W (div; Q, Sym* (R%)™)
and adding and subtracting w; one arrives at

k—2
/udivkg = /(Du—wl)divk_lg+Z/(€wl—le)divk_l_lg—l—/é'wk,lg.
=19

Q Q Q

Using the representation of TGVX as in equation (46) as well as the fact that
| div! glloe <z, 0 <1<k —1, the claimed equivalence to (2)-(b) and (3)-(b) of
theorem 4.4 follows. O

Remark 4.5. Note that the equivalent condition given in remark 4.4 suggests
that also for the TGVX functional, a point-wise characterization of its subdif-
ferential as obtained in [12] for the TV functional may be possible.
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5 Application to data reconstruction

The purpose of this section is to show how various models related to mathemati-
cal imaging problems, formulated both in discrete and in function space setting,
are covered by the framework as derived in section 4. In the first subsection,
we give some remarks about the general class of problems to which the theory
of section 4 can be applied. Then, in the succeeding subsections, we will study
the specific application to decompression and zooming problems in detail.

5.1 A general class of problems

The aim of this subsection is to describe a class of inverse problems, whose
TGV regularization fits into the general framework of section 4: We will show
that, under weak additional assumptions, any inverse problem, with the data
described by interval restrictions on the coefficients of a operator with close
range B : L?(Q,R™) — (2, can be reformulated to fit in our general framework.
The basis is the following proposition. We will assume that Q C R? is a bounded
Lipschitz domain throughout this subsection.

Proposition 5.1. Let B : L?>(Q,R™) — ¢? have closed range and, with D C ¢*
a non-empty, closed, convex set, define

Up := {u € L*(Q,R™)| Bu € D}.

Then there exist non-empty, closed intervals J,, n € N, and a Riesz basis
(an)nen of L2(2,R™) such that, with A : L?(Q,R™) — (2 the basis transforma-
tion operator corresponding to (an)nen, we have

Up = {u € L*(Q,R™) | (Au); € J,¥n € N}.

Proof. Choose (e;);cn, with N C N an index set, to be an orthonormal basis of
Rg(B). Further choose (z;);en\n an orthonormal basis of ker(B). With that,
we define the sequences (ay)nen, (@n)nen in L2(, R™) by

L _ | Be ifieN,
N % ifi € N\ N,

and

- Bilei ifi € N,
a; =
‘ 2 if i € N\ N,

where B~! : Rg(B) — ker(B)! denotes the continuous inverse of B : ker(B)* —
Rg(B). We want to show that (a;);ey and (a;);en are biorthogonal Riesz bases.
For this purpose, according to [72, Theorem 1.9], it suffices to show that (a;);en
and (@;);ey are both dense, biorthogonal and that, for any f € L?(Q,R™),

S lfan) P <00, D |(fran)rel? < oo

neN neN

Concerning density, suppose that, for wy, ws € L?(Q, R™) arbitrary, (a,,w;) > =
0 and (@, wz)r> = 0 for all n € N. Given that (2;);en\ n is a basis for ker(B),
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this immediately implies wy,ws € ker(B)t. But 0 = (an,w1)rz = (en, Bwi)ge
for all n € N implies that Bw; = 0, thus wy € ker(B) and wq = 0. Simi-
lar, 0 = (@n,w2)r2 = (B7te,,we)pe for all n € N implies, by surjectivity of

1 : Rg(B) — ker(B)*, that also wy = 0. Thus both sequences are dense.
Take now ¢,j € N. Then

(B*e;,B'e;): ifie N,jeN

B* ifie N,j N
(ai;aj)L2: ( €l7ZJ)L2 1 Ze 7.76N\ :5’LJ?

(zi, B7te;) 2 ifieN\N,jeN ’

(2, 25) L2 ifie N\N,j e N\ N

where we used that BB~ 'e; = ¢;, Bz; = 0, B~'e; € ker(B)! and the fact that
(€i)ien, (2i)ien N are orthonormal bases. To show the remaining assertion, take
any f € L2(2,R™) and M € N. Then

M
Dolfean) el < Y (Bfrea)el? + Y (forza)iel® < IBfI7 + | foll2e

neN neN neN\N

and similar

Z\ (fran)2l” < DB fren)e P+ D [(f2r2) 2 < 1B fllr2 4 fall 2

neN neN neN\N

with f = f1 + f2 € ker(B)* ® ker(B). Thus also the limit M — oo remains
bounded and with that, (a,)nen, (Gn)nen are biorthogonal Riesz bases.
At last we have to show existence of closed intervals J,,, n € N, such that,
defining
Up = {u € L*(Q,R™)|(Au); € J;, i € N},

provides the identity Up = Up. Defining D = A(Up) and Up = {u €
L*(Q,R™) | Au € D} it follows by injectivity of A that

welUpe Aue De FvwelUp: Au= Av < u e Up.

Since Up is nonempty, closed and convex, also Dis a nonempty, closed and
convex subset of £2, thus can be described by intervals as claimed. With that,
the assertion is proven.

O

Proposition 5.1 now allows us, under mild assumptions, to reformulate any
minimization problem of the form

inf TGVX 7
weidlim TEVal) + 0o (1)
where
Up = {u € L*(Q,R™)|Bu € D},

with B a continuous, linear operator with closed range and D C 2 a suitable
data set, in a way that it fits to assumption (A). Further, given the operator
B, we can directly construct the biorthogonal Riesz basis and this gives the
basis transformation operator A. What is left to assure are the assumptions
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on the data set D and that the dual basis of the resulting Riezs-basis indeed is
contained in BV(Q2, R™).

Since, as already mentioned, we are mainly interested in cases where the
Riesz basis and the corresponding transformation operator are defined compo-
nent wise as in remark 1.2, let us simplify notation as follows:

Given any linear operator B : L?(€2,R™) — ¢? and operators B; : L?(Q) —
¢?,1 < j < m, such that, for u = (uy,...,uy) € L*(Q,R™), and any n € N

(Bu),, = (Bju;)s for suitable i, 7 depending on n,

we can always reorder and assume that B is given as B : L2(Q,R™) — (£?)™
with (Bu)!, = (Bju;)y,. In particular, any basis transformation operator A as in
remark 1.2 can be assumed to map from L?(Q,R™) to (¢£2)™, and be defined by
(Au)), = (ad,,uj)r2, with (af)nen, 1 < j < m the component wise Riesz bases.

Considering this, together with proposition 5.1, the following corollary shows
the construction of such a Riesz basis transformation operator from an operator
with closed range in a special case.

Corollary 5.1. Suppose that, in the setting of proposition 5.1, the operator B
is given by B : L*(Q,R™) — (£2)™,
(Bu)g, = (Bjuj)n

with By = C;M;, where
Cj : L2(Qj) — EQ

are a basis transformation operators related to a orthonormal bases (c)ien of
L3(8;), Q; are bounded Lipschitz domains and

M; : L*(Q) — L*(;)

are a surjective, continuous linear operators. Then the B; are also surjective,
in particluar have closed range, and the Riesz bases (ai)nen, (@) )nen as in
Proposition 5.1 can be given by

j M;‘C{L n € N7,
al, =19 . 4
2 n e N\ N,
and A
i M;te) ne NI,
4 n €N\ N/,
with N7 C N suitable index sets and (Z%)neN\Nj arbitrary orthonormal bases of
ker(M;).
The data set Up, originally defined by
Up :={uec L*(Q,R™)|(Bu), € J. V1<j<m,necN}

can then be described as

Up ={ue L*(QR™) [ (M;c,uj)p2 € J, V1<j<m,neN} (47)
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with
" R else,
1<j<m.
If further Mj*1 = A\ M?, with \; € R, then the (a},)nen, (@), )nen are orthog-
onal for all 1 < j <m.

Proof. Given that all B; are surjective, we can choose (eﬁ;i)iem, with N7 count-

able index sets, to be the standard bases of £2, i.e. (ef)l = 4;,1, and immediately
obtain the bases (a;)ien, (@;)ien as claimed. The representation of Up as in (47)
follows from ‘

(Bu); = (Bjug, el )ez = (uj, Mjc) )re,
with 7 : N — N a suitable, surjective map, for all 1 < j < m, ¢ € N. Orthogo-
nality in the case that M ;1 = A\j M} is immediate. O

The particular case described at the end of corollary 5.1 will later be relevant
in the application to JPEG decompression, where the transformation operator
is a subsampling operator decomposed with a blockwise cosine transformation.

The following lemma shows that, for this special case, a projection onto the
data set can be as easily performed as a projection to a data set solely described
by an orthonormal basis transformation operator. This will be very convenient
for the numerical solution of the application to JPEG decompression later on.

Lemma 5.1. Let Hq, Hy be two Hilbert spaces and M : Hy — Hs a linear
operator such that, for allv € Hy, MM*v = cv withc € Rsg. With A : Hy — (2
a basis transformation operator and I C ¢? a given data set, define

Us={ue H |AMu € I}

and
Us={ve Hy|Avel}.

Then we get that for all 4 € Hy,
Py, (4) =0+ %M* (Py,(Mu) — M)
with Pg the projection operator on a given set S.
Proof. Take t € Hy. Define D := %M* Then obviously
AM (4 + D(Py,(Ma) — Ma) = A(Py,(Ma)) € 1,
and thus it is left to show that
(t—u—D(Py,(Mta) — Ma),u—0—D(Py,(Ma) — Ma)y, <0
for all u € Uy. Note that we have

(Mt — Py,(Ma),v— Py, (M@))p, <0 forall ve Uy.
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Figure 4: JPEG image with typical blocking and ringing artifacts.

Using this, for all u € Uy, we get

—~

@—t— D (Py, (Ma) — Ma),u—i— D (Py, (M) — Ma))y

1

1 N . . . R N
= E(M (M4 — Py, (Mu)) ,u—4— D (Py,(Mt) — M4)) g,
1 . N N
= E(Mu—PUA(Mu),Mu—PUA(Mu))H2SO,
since Mu € Uy for u € Uy. O

Having discussed the general applicability of our model and already given
some useful remarks, we now turn to the concrete application to problems in
mathematical imaging.

5.2 Color JPEG decompression

As first application, let us consider the problem of artifact-free decompression
of JPEG compressed color images. This problem has already been addressed in
various publications, of which the TV-based models of [13, 2] are most related.
Also, a discrete version of the problem using TGV regularization has already
been published in [14]. We further refer to [13, 53, 63, 62] for a short overview
of current standard techniques.

We start with a brief explanation of the basic steps of the JPEG compression
standard. For further information about our modeling we refer to [13, 14] and
for a more detailed explanation of the JPEG compression procedure to [68].

The process of JPEG compression is lossy, which means that typically most
of the compression is obtained by loss of data. As a consequence, the original
image cannot be restored completely from the compressed object, which causes
ringing and blocking artifacts in the reconstructed images, as can be seen for
example in figure 4. Figure 5 gives an overview of the basic steps of JPEG com-
pression for color images that are important for our reconstruction framework.
In particular, a further lossless coding of integer data is omitted here, since this
procedure can be inverted without loss of data.

A color JPEG image is typically processed in the YCbCr color space, where
the first (luminance) component essentially contains the brightness information
and the second two (chroma) components the color information of the image.
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This color space is equivalent to the standard RGB color space and images
can be transformed from one to another without significant loss of data. The
advantage of using the YCbCr color space is the following: Knowing that the
human visual system is less sensitive to color than to brightness oscillations, as
first step of JPEG compression, data reduction can be achieved by subsampling
the two chroma components.

Next, each component undergoes a discrete cosine transformation on each
block of 8 x 8 pixels, resulting in a local representation of the components as
linear combination of different frequencies (see also figure 6). Again, empirical
information suggests that the human visual system is less sensitive to high
frequency variations than to low frequency variations. Consequently, the image
is quantized by pointwise division of each 8 x 8 pixel block by a predefined
quantization matrix reflecting this empirical observation. The resulting data is
then rounded to integer and, after further lossless compression, stored in the
compressed JPEG object.

In order to reconstruct an image from the compressed file, standard decom-
pression algorithms now simply revert the compression process by dequantiza-
tion, application of the inverse blockwise cosine transform and color upsampling.
It is thereby not taken into account that the data is incomplete, i.e. that it is a
result of a rounding procedure, and thus does not uniquely determine a source
image, but a set of possible source images. Indeed, since, besides the quantized
coefficient data d = (d ;), also the quantization matrix @ = (Qf ;) can be ob-
tained from the compressed file, it is even possible to define a maximal-error
interval

(& C 1
5)’ ii(di; + 5)} (48)

for each quantized coefficient, and with that a convex set of possible source data

Jiy = Q5 ,d5, —

D ={(2];) |z, € Jifor alli, j, c}. (49)
With that, D is the set of all coefficients that would, after the quantization and
rounding procedure, result in the same data as given by the JPEG compressed
file. Note that here, i and j define the vertical and horizontal pixel number,
respectively, while ¢ € {1,2,3} defines the color component.

Coupling the subsampling S and the cosine transformation operator C, as
in figure 5, we will see that with this the set of all possible source images of the
compressed JPEG object can be described by D and an (even orthogonal) basis
transformation operator. Thus it fits in our image reconstruction framework,
where we want to choose one of all possible source images that minimizes the
TGVE functional.

5.2.1 Modeling

We consider color images as functions in L?(2,R?), where Q = (0, 8k) x (0, 81),
k,l € N is a rectangle domain, in particular a Lipschitz domain.

Subsampled image components are considered as functions in LQ(QJ)7 where
Q; = (0,8k;) x (0,8l;) are domains smaller than Q, i.e. k; <k, [; <. With
that, the subsampling process can be described color component wise via the
operators S; : L2(Q) — L*(Q;), j € {1,2,3}, given by

Siju(xy, x2) = u(s;x1,tjz2),
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Figure 5: Scheme of JPEG compression procedure. Here, S denotes a subsam-
pling operation, C a blockwise discrete cosine transformation and Q a quanti-
zation to integer, i.e. a blockwise devision through a predefined quantization
matrix followed by rounding to integer.

where s; = kﬁj, t; = % the subsampling factors.

Remark 5.1. Note by defining a subsampling operator also for the luminance
component we simplify the notation, but also implicitly generalize the model to
allow a simple form of image zooming by considering a subsampling factor large
than one for the luminance-, and accordingly an increased factor for the chroma
components.

In order to define the blockwise cosine transform, we first need the following
definition, which can also be found in [13]:

Definition 5.1 (Blockwise cosine system). For t,r € N, set G = (0,8t) x
(0,87) C R2. Fori,j € Ng, 0<i<t, 0<j<r we define the squares

E; ;= ([8i,8i+8) X [8j,8j+8)) NG
and
Xi,j = XE;

their characteristic functions. Furthermore, let the standard cosine orthonormal
system (bn.m)n.m>0 C L?((0,1)?) be defined as

bn.m (T, y) = ApAm cos(nam) cos(myr), (50)
for (x,y) € R?, where
N = 1 if s=0,
TlV2 ifs#o0.

With that, we define the blockwise cosine system il € L*(G) as

o 1 r—8 y—28j

for (z,y) € G.
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Figure 6: Illustration of the finite dimensional blockwise cosine orthonormal
basis used for JPEG decompression. As indicated, the basis function agg cor-
responds to the (0,0) (upper left) 8 x 8-pixel block of the image and the (0,0)
frequency, while the basis function a?yg corresponds to the (3,9) pixel block of
the image and the (7,6) frequency.

)

Remark 5.2. [t follows by reduction to the cosine-orthonormal system
(bn,m)n,m>o0 that {c o In,meNy, 0<i<k0<j<l}isa complete orthonor-
mal system in L? (G) Further, one can immediately see that {ci?, |n,m €
Ny, 0<i<k,0<j<lI} CBV(G).

To illustrate the correspondence of the blockwise cosine system to a linear
combination of the image by different frequencies, the finite dimensional equiv-
alent of the system as in definition 5.1 is shown in figure 6.

Denoting, for j € {1,2,3}, by (¢}, ,,)n,m>0 a blockwise cosine orthonormal
systems of L?(£2;) as described in definition 5.1 (note that we use a different
index notation), the operators C; : L*();) — ¢? are defined to be their corre-
sponding basis transformation operators, i.e.

(ij)n7m = (ng,ma v)L2 )

for v € L?(Q;).

With these preliminaries, we define the operator modeling the color JPEG
compression procedure as A = (A, Az, A3) where A; : L?(2) — % is defined as
A; = C;S;. Given a data set (J} . )nm>0, where each JJ . = [l7 ., 0, ]is a

Closed mterval reflecting the p0551ble range of the corresponding coefficient (see
equation (48)), the set of possible source images can now be described as

Up = {u€ L*(Q,R®) | (Au)l,, € JI  for n,m € Ng,j € {1,2,3}}. (52)
Clearly, the range of the A; is closed and since the S; are bijective with S}~ 1=

541757, according to corollary 5.1, A is a basis transformation operator related
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to basis elements (a,,), that can be given as

. . 1 .
@l (1,2) = S5l (01,22) = —— (T, 7). (53)

and are orthogonal and contained in BV (Q, R?) (see [13, Remark 2]). With that,
the continuous minimization problem corresponding to color JPEG decompres-
sion is given by

ueLgl(iaRs) TGV (v) + Zu, (u), (54)
with Up defined in equation (52) and A = (A;, Az, A3) the basis transformation
operator corresponding the the orthogonal basis as in (53).

For this setting, assumption (A) and (EXj) are clearly satisfied since, due
to the rounding procedure in JPEG compression, all JJ  are bounded with
length greater or equal to one. Thus, existence of a solution and validity of the
optimality condition as in theorem 4.4 follows.

5.2.2 Discrete framework

Given the minimization problem (54) for artifact free JPEG decompression,
defined in function space setting, the purpose of this subsection is to introduce
its discrete equivalent and show how a solution can be obtained numerically.

Some discrete formulations for this problem have already been presented in
[14], however, a more extensive treatment of this setting is presented in the
following. Since for the rest of this subsection, all formulations are solely in
the discrete setting, we abuse notation by using the same notation as for the
continuous model.

As a good compromise between computational complexity and obtained im-
age quality, we will now restrict ourselves to the second order TGVX functional,
denoted by TGV?2, knowing that the generalization to arbitrary order is possible
within the same framework.

We define U := R8*8x3 L 1 € N, to be the space of discrete images and
V := U?%, W := U? the spaces for first and second order gradient information.
Denoting the elements u € U by

ul
c 2

u = (ui7j)0§i,j<8k,81 = U )
ce{1,2,3} u3

437 0<i,j<8k,8l

a norm on their entries is defined by

ul 2
u2 — (ul)Q + (u2)2 + (u3)2
u3 U

With that, a norm on U, resulting from an inner product (-,-)y, is given by

lllf = (wwo = Y7 Juigli (55)

0<i,j<8k,8l
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Similarly, elements v € V and w € W are denoted by

ol 21
_ (p\sC _ 1,2 2,2
v = (v )o<ijesks = | [0 v
Ae{1,2} b3 23 )
ce{1,2,3} 4,3/ 0<i,j<8k,8l
and
whl w2l 3l
A _ 1,2 2,2 3,2
w = (wi,j )o<i,j<sk,8l = w w w ,
xe{1,2,3} wid w23 w33/
ce{1,2,3} 4.5/ 0<i,j<8k,8l
and norms on their entries by
2
ol 21
,0172 1)2’2 — E : (U)\,c)2
plb3 23 Ae{1,2}
ce{1,2,3}

and
1,1 21 31 2

whl w
w1,2 w2,2 ,w3,2 — § (w/\,C)Q 492 § : (w3,C)2.
whw? w3 ) ez ce{1,2,3}

ce{1,2,3}

The norms on V and W, also resulting from inner products (-,-)y and (-, )w,
are then given by

o5 = o)y = D fuigly and Jwlfy = (w,w)w = Y |wil
0<i,j<8k,8l 0<14,j<8k,8l
(56)
Based on its equivalent formulation as in proposition 3.6, we define the
discrete total generalized variation functional of second order as

TGV, (u) = inf au|[V(u) = vlli + aollE(V)]l1, (57)

where V : U — V denotes a discrete, color component wise gradient operator
using forward differences and € : V' — W denotes a discrete, color component
wise symmetric gradient operator using backward differences, i.e.,

(5a:+u;)z‘,j (6y+u;)i,j
(Vu)ij = | Oeru®)ij  (Oyru)ij |, (58)
(6ogt®)ij  (Oysud)ij

forueU, 0<i<8k0<j <8Il with

. 8k %8l 8k x 8l
51+,5y+ : R — R N

S (Zi-i-l,j - Zi)j) if 0<i<8k-—1,
(O+2)is = { 0 it Q= sk 1, 0
(5 Z) L (Zi’j+1_2i’j) if O§j<8l—1,
y+=/ig 0 if j=81-1,

70



and
1,1 2,1

Oy_v Op_v
(00" )iy (By—v*1)i (W)i,j
(E)ij = | (bpv??)i; (5,_v22);,; (L=ttde—vir)y . (60)

2
S 1,3 S 2,3
(0rv"®)i (0y-®%)iy (B2

forveV,0<i<8k0<j<8l, with

6937, 6y7 . RSkXSl N ]R8k><817

—Zi—1,5 if =8k — 1,
(535_2)1',]' = (Zi’j — Ziflyj) if 0<i<8k— 1,
Zi,j if i=0,
o (61)
—Zij—1 if ] = 8l — 1,
(53/_2)1"3' = (Zl'yj — Ziyjfl) if 0< 7 < 8l — 1,

Note that usage of forward and backward differences for the gradient V and the
symmetrized gradient £, respectively, results in second order central differences
for £o V. Further, in £(v), the off-diagonal entries need to be stored only once,
thus £(v) € W = U3. The norms || - ||; in (57) are discrete L' norms and,
depending on their input, defined as

vy = loislv llwlh =Y Jwijlv,
i i

forv e V, w € W. At this point, as discussed in remark 2.1, again other choices
than the Frobenius-type norms | - |y and | - |y for the entries v; ; € R3*? and
w; ; € R3*3 are possible, maybe leading to better image quality. But again, as
good balance between image quality and computational effort, we will only use
this norm in our experiments and refer to [9, Remark 2] and [41] for a discussion
on color space norms.

In order to avoid extensive indexing, we will give just a local, component
wise definition of the discrete versions of the operators S and C, necessary to
describe the discrete data set Up similar to (52). For subsampling factors f1, fa
of the horizontal and vertical directions of one component, the subsampling
operator S is defined component wise, locally for (z; j)o<i j<fi,f.> 88

1 fi—1,f2—1
Sz=—— Zmon, 62
fifz m;O o (62)

reducing the resolution of the component by factors fi; and f5 in the vertical
and horizontal direction, respectively. If the resolution of one component is not
reduced, as typically for the brightness component, S is the identity for this
component. The discrete cosine transformation operator is defined, for each
color component, on each disjoint 8 x 8 block (z; ;)o<i,j<7, as

7
(C2)pq = cpcq Z Zn,m COS <7r(2n12—1)p> cos <7r(2rri;—1)q) , (63)

n,m=0
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for 0 < p,q <7 and
if s=0,
if1<s<7.

CS:{

Having this, the discrete data set Up can now be defined by

‘ ‘
=
%

Up ={ueU|CSu € D}, (64)

where the coefficient data set D depends on the quantization process and can
be obtained from the compressed JPEG file as in (49) (see also [13, Section 5]).

With these prerequisites, the finite dimensional optimization problem for
artifact-free JPEG decompression reads as

mei[r]l TGV (u) + Ty, (u), (65)

where

oo else.

0 if u € Up,
IUD<u>={ b

Discrete Existence and optimality

This subsection is devoted to argue existence of a solution also for the discrete
problem and formulate an equivalent saddle point problem. We define X and
Y as

X =UxV, Y:=VxW,

equipped with the norms

1 )% = Mully + 1ol w05 = lully + vl

This leads to inner product spaces X and Y, which will be of relevance in the
numerical solution later on.

As first step, the following proposition states existence for the discrete setting
and a straightforward equivalence.

Proposition 5.2. The discrete minimization problem (65) related to artifact
free JPEG decompression possesses a solution and is equivalent to

min F(K(u,v)) + Zy, (u), (66)
(u,w)eEX
where K : X =Y,
v -1
k=[0 o

is a gradient-type operator, F': Y — R,
F(v,w) = aa[[o]ly + aollw][1, (68)

a discrete L*-norm and I : V — V the identity map.

72



Proof of proposition 5.2. Clearly the objective functional of (65) is proper, thus
we can pick a minimizing sequence, contained in Up.

Denote @y, = u,, — P1(uy), where P is the projection onto discrete functions
u such that £(Vu)) = 0, i.e. the space of component wise discrete polynomials
of order less than 2. At first we bound ||4,|[; by showing that there exists a
constant C' > 0 such that

|w|; < CTGVZ(w) for all w € ker(P).

Assume that this is not the case, then there exists sequence (wy, )nen in ker(Py)
with [|wy |1 = 1 such that 1 > n TGV?2(w,). Boundedness of (w,)nen together
with continuity of TGV? thus yields an element w € ker(P,), ||w||; = 1 such
that TGVZ(w) = 0. But this implies £(Vw) = 0 and thus w = 0, which
contradicts that ||wl||; = 1. Thus @, is bounded and it is left to bound Pj(uy,).
This expression can be written component wise as

Py(un)i ;= A0+ Ay©i+ A2,

Thus it suffices to bound (A%¢, AL¢ A\2) for each ¢ € {1,2,3}. Applying the
subsampling operator S on Pj(u,) again yields a component wise affine linear
function given by

S(Pr(un))iy = P+ O+ AT + X+ A0

= AN+ A+ AT,

with v¢ € R independent of n. Further applying the blockwise cosine transfor-
mation operator on S(P(uy)), by trigonometric identities we get

CS(Pi(un))fo = HEAR +ANC) + u5A%",

c cyl,c c cy2,c 06{1’2’3}’

CS(Pr(un))i o= n5A.%  CS(Pr(un))g1 = 15A, S,
with p§, 4§, p§ not equal to zero, independent of n. Boundedness of D together
with boundedness of (@) in particular implies that the sequences

(CS(Pl(Un))S,o)neNa (CS(Pl(Un))i,o)new (CS(P~y (un))al)neN

and thus the ~
()\QL,C)’N,EI\U ()‘#C)TLENa ()\%C)nENa ce {17273}

are bounded. Consequently also A\%¢ and with that Pj(u,) is bounded. Exis-
tence of a - not relabeled - subsequence (u,)nen converging to u € Up follows.
Continuity of TGV? finally implies that « is a minimizer. Equivalence to (66)
follows immediately. O

Next we show equivalence of the problem (66), that we will call the primal
problem, to a dual and a saddle point problem. This will be the basis for the
numerical solution of the discrete minimization problem. For that purpose, we
introduce G : X — R as G(u,v) = Ty, (u).

Proposition 5.3. There exists a solution to the dual problem of (66), charac-
terized by

max —G*(=K"y) — F*(y), (69)
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as well as to the saddle point problem, given by

min max(Kz,y)y — F*(y) + G(a). (70)
Further, ,9 are solutions to the primal and dual problem, respectively, if and
only if (Z,4) solves the saddle point problem.

Proof. Given that F' is continuous, existence of a solution to the dual prob-
lem as well as equality of the primal and the dual problem at optimal points
follow immediately from [37, Theorem II1.4.1]. From this, together with propo-
sition 5.2, equivalence of the saddle point problem follows from [37, Proposition
I11.3.1]. O

Note that, as can be easily shown, G* and F'* are given by

G*(u*,v*) = sug) (u*,u)y + Loy (v"),

ueUp
where
e -{0, ="
and
F*(p,q) = I <00 (P) + T} a0 (9),
where

0 if[Jpllec < au,

oo else,

0 if flgllee < ao,

oo else,

I o< (P) = { T <0 (@) = {

and

[pllec = sup{[pijlv}, llalloo = sup{lgi;lw}-
1,) 1,7

Further, the operator K* denotes the adjoint of K and is given by
—div 0 ]

K :{1 —div

with, abusing notation, div = —V* and div = —&* denoting discrete divergence
operators depending on their domain of definition, i.e.

. (Ge-p )i+ (6y—0*")i
(div(p))i; = | (Bo—p™)iyj + (6y->2)i;
(020" + (0y-0>%)i

21)
22)1,0<i <8k, 0<j <8l and
23)

0ot q )i+ (Oy+@> )i, (010> )ig + (0y+0>1 )i g

010" )ig + (0y+0>2)i gy (0244%%)ig + (Oy+4*2)i
00+4"%)ig + (y+:0°2)i gy (0244>%)i g + (0y+0%%)ij)

for ¢ € W, where 9,4, 6,4+ and §,_,d,_ are defined in equations (59) and (61),
respectively.

At last in this subsection, we give an optimality condition for the discrete
saddle point problem:
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Proposition 5.4. There exists a solution to (70) and & = (4,0,p,q) being
optimal is equivalent to

® pij = al&w if (Vi —0)ijlv # 0, and |pijlv < on else.
o Gij = aorieny i i 1(E0)ilw #0, and |4i;lw < else.
o ptdivg=0

e 4 €Up and divp = S*C*w with w € U such that

wi; €Rif (CS)a); =15, = of
wi; >0 if (CS)eac);; = 05, 7 l”’
055 <0 if (O8))ig = 15, # 0f
05, =0 if (CS)°a) € g, 0f,),

if the data intervals describing D are given by Jf; = [l ;, of ;].

Proof. The proof is rather short, using that the objective functional is convex
and concave in the primal and dual direction, respectively, and thus (&,7) is
optimal if and only if

0€ 9, (2, K*9)y — F*(9) + G(2))

and
0€ 0y (—(&, K g)y + F*(9) — G(2)) .

By a standard continuity arguments ([37, Proposition 1.5.6]) we get additivity of
the subdifferential in the primal direction. Thus, zero being in the subdifferential
with respect to the primal variable is equivalent to p 4+ divg = 0 as well as
divp € O(Zp o (CS))(@). Again, since there exists a point x¢ where Zp o (CS)
is finite and continuous, we can apply a chain rule [37, Proposition 1.5.7] and
get that

divp € 0(Ipo (CS))(0) <« divpe S*C*IIp(CSa),

from which the last assertion follows by a case study. Again by a continuity
argument, additivity of the subdifferential in the dual direction is satisfied,
implying that K& € 0 F*(g) is equivalent to zero being in the subdifferential
with respect to the dual direction. A component wise evaluation of this further
yields equivalence to the first two assertions. O

5.2.3 Practical implementation

We solve the saddle point problem (70), which is equivalent to the original,
discrete minimization problem (57), using a primal dual algorithm presented in
[26]. Global convergence of this algorithm can be ensured and it is well suited for
our minimization problem because, as we will see, all necessary steps during one
iteration reduce to simple arithmetic operations and the evaluation of a forward
and inverse blockwise cosine transformation, for which highly optimized code
already exists. This makes the algorithm fast and also easy to implement on
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Algorithm 1 Abstract primal dual algorithm for JPEG decompression

e Initialization: Choose 7,0 > 0 such that |K||?ro < 1, (z°,9°) € X x Y
and set 70 = 20

e Iterations (n > 0): Update ™, y™, T" as follows:
y"tl= (I+0cdF*)"(y" +oKz")

2"l = (I+70G) (2" — TK*y™t1)
§n+1 — 2xn+1 — "

the GPU. Also, as we will see later in this subsection, we can obtain a suitable
stopping rule ensuring optimality.

The primal dual strategy for finding saddle points presented in [26] amounts
to performing the abstract iteration shown in Algorithm 1. For the practical
implementation of this algorithm, it is thus left to find an explicit assignment
for (I + c0F*)™! and (I + 790G)~! and to estimate ||K||, the norm of the
operator K as linear mapping from X to Y.

Using standard arguments from convex analysis, it can be shown that the
resolvent-type operator (I + o d F*)~! takes the following form:

(I +00F") " (v,w) = (proj,, (v), Proja, (w)) ,

where
proj,, (v) =

o (71)
Projg, (W) = ————m—.
’ max(1, 7‘“2'(‘)“)

Similar, the evaluation of (I +7dG)~! is equivalent to a projection on the data

set
Up={ueU|CSuec D}

of win = (u,v). As lemma 5.1 shows this projection can be reduced to a
projection on R
Uc={ueU|Cue D}
by
Py, (u) =u+ S~ (Py.(Su) — Su),

where U is the low-resolution image space and S denotes the upsampling op-
erator (left inverse) associated with S, given locally by replication of z € R,
ie.,

Sz =

Orthogonality of C allows to reduce (I + 09 G)~! to

(I+70G)  (u,v) =u+ S(proch (Su) — Su),
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where
projy,. (u) = C*z,

with
c i (Cu)e. e JC. =16, of .
U‘l,] 1 ( U’)’L,j € 1,7 [1,]707.,]]7
zij =% if(Cu)i;>oi;,
16, if (Cu)g, <Ig;,

C* = C~! the adjoint of C' and Ji = [l;j, of,j] the data interval corresponding
to the (i, 7)’th pixel of the ¢’th color component.

Altogether, the concrete implementation of the primal dual algorithm for
JPEG decompression can be given in Algorithm 2. Note that the step-size
restriction o7 < L results from the straightforward estimate [|K||? < 12. As
one can see, all steps of Algorithm 2 can be evaluated by simple, mostly pixel-

wise operations making each iteration step fast.

Remark 5.3. Actually, the estimate ||K||* < 12 can even be slightly improved:
First we estimate |V||*> < 8 and ||Eul|* < 8. With that, we can estimate
1K (u, v) |12 < 8l|ull? + 2v8]|ullu|lv]lv + 9|lvl|3. By Youngs inequality we can
estimate, for any a,b € R, 2ab < a® 4+ b>. Now to distribute \/8 optimally to 8
and 9, we impose

ab =38 a® =b% +1,

which results in a® = ‘/§+1,b2 = \/%_1 and we obtain the estimate
V33+1
IK[* < (8 + %) ~11.3723 < 12.

Stopping criterion

In order to validate our numerical solution, we seek for a suitable stopping rule.
As has been shown in the proof of proposition 5.3, an optimal solution (Z,§) of
the saddle point problem (70) satisfies

F(K#)+G(#) = —(G"(=K")) + F*(9)).
This allows, for any (z,y) € X x Y with = (u,v), y = (p, q), the estimate
0<F(Kz)—-F(Kz)= F(Kz)+ G2)+ G (—K*)) + F*(y)
F(Kz)+G(z)+ G (-K"y) + F*(y)
F(Kz)+ sup (divp, u)u + Loy (p + divg, ) + F*(y).
ueUp
(72)

IN

Plugging in the iterates of algorithm 2, this yields

0 < F(Kz) — F(K%) < F(Kz,) + sup (divp,, w)u + Zioy (Pn + div gn, ),

ueUp
(73)
which would allow a good stopping rule if we can suitably bound sup,,¢ s, (div pp, u) v+

Tioy (pn + div gn).
At first we focus on Zyoy (pn + div gy):
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Algorithm 2 Scheme of implementation for JPEG decompression
1: function TGV-JPEG(Jeomp)

2 (d, Q) < Decoding of JPEG-Object Jeomp
3: d«d-Q

4: u+ S7HC*(d))

5: vV 0,u+—uv+0,p+—0,g<0

6: choose o, 7 > 0 such that o7 < 1/12

7 repeat

8: p < proj,, (p+o(Vu — 1))

9: q < proja, (¢ + o (£(v))

10: uy — u+ 7(divp)

11: vy — v+ 7(p+divg)

12: Up < uy + S’(prOch (Suy) — Suy)
13: U+ (2uy —u), T4+ (204 —0)

14: U 4= Uy, U U4

15: until Stopping criterion fulfilled
16: return u,

17: end function

Proposition 5.5. Let (2, yn) = ((tn,Vn,Dn,qn)) be the iterates of Algorithm
2 and (Z,9) a saddle point of (70). We define

P = max(aq, || div ¢ ||eo)
and
Gn = BnGn-
Then
F(Kz,) — F(K#) < F(Kz,) + sup (u, — div? Gn)u- (74)
ueUp

Proof. Using the estimate (72) the inequality follows immediately, given that
lGnllce < a0, [l divgnlleo < 1. O

In the case of grayscale images, or more general, if no subsampling is per-
formed, this already yields a practicable stopping rule since the data set Up is
bounded and thus the right hand side of (74) converges to zero. But in gen-
eral, unboundedness of the kernel of the subsampling operator prevents us from

controlling sup (u, — div? Gn)u- A solution to this is the following proposition,
ueUp
which is partly motivated by [67, Subsection 4.2].

Proposition 5.6. Let again (Xn,yn) = ((Un, Vn, Pn,qn)) be the iterates of Al-
gorithm 2, (&,9) = (4, 0,p,q) a saddle point of (70) and () as in proposition
5.5. Then, with S* the adjoint of the upsampling operator S, we have
F(Kz,)— F(K#) < F(Kz,)+ sup(u, —C*5* div? ¢,)v
ueD (75)
+T|| div? G, — S*S* div? G, ||
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forany 1 < p < oo and T > 0 such that ||t — S*SﬁHp < T. Additionally, the
last quantity converges to zero as n — Q.

Remark 5.4. Note that by || - ||, we denote a discrete LP norm on U, i.e.,

1/p
(Zi,]’ |U1,j|@) if p < o0,

max; j{|uijlv}  if p= o0,

Hqu =

foru e U, and by p' the conjugate exponent of p, i.e., p' = %.

Proof of proposition 5.6. First note that S*S* and SS both are the identity.
Thus, for any u € U, we can estimate

(u, — div? )

[(u — 3Su + §Su, — div? G + S*5* div? G — S*5* div? q,L)U]

= {(u — SSu, — div? G, + 5*S* div? G, )v + (SSu, —S*S* div? dn)U]
< llu — SSquH div? G, — S*S* div? anllp + (Su, —5* div? Gn)U-

Now given any optimal solution (&, ) of the primal problem, we can define a
modified objective functional as in in (66) by adding Zp(u) with

B ={ucUl|u—SSu|, <T}

and any T > |[@ — SSil|, to the original objective functional as in (66). As a
result, (4, 0) is also a solution to the modified problem and estimations like (72)
and (74) for the modified problem result in

0< F(Kz,)— F(K#) < F(Kz,) + sup  (u, —div? §,)p.
'ULEUD (76)
lu—SSull,<T

Combining this with our previous estimations yields

F(Kz,)— F(K#) < F(Kz,)+ sup (Su, —S* div? G,y
ucUp

+T| div? g, — S*S* div? G,

< F(Kzp)+ sup(v, —CS* div? ,)v
veD

+T||div? G, — S*S* div? G |4,

which is the desired estimation. Finally, convergence of ¢, to ¢, together with
divi+p =0 and div’§ = —divp = —S*C*w for some w € U, as shown in
proposition 5.4, implies the claimed convergence to zero. O

In practice a bound on ||& — 55, is hard to obtain. We can, however,
use ||u, — SSuy, |, with v > 1 to estimate T and with that obtain the desired
estimation on F(Kz,) — F(KZ) at least in the limit.

Given that D is bounded, we have thus obtained a practicable stopping
criterion, which can be summed up in the following
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Proposition 5.7. Take 1 < v, 1 < p < 00, (Zn,Yn) = ((Un,Vn,Dn,qn)) to be
the iterates of Algorithm 2 and (Z,4) = (4,0,p,§) a saddle point of (70). Define

G(Tn ) = F(Kzp) 4 Tl div? G, — 55 div? Gl

Gt oge g a e
+Z<J24(_CS leQQn)i,j

2,],¢

of ; —1i; o 1e 2~ NG
+%|(—CS div? qn)i,j|>,

(78)

where Gy, is defined as in proposition 5.5, If ;, 0% ; are such that Jf; = [I¢ ;, of /]
and T, = y||un — SSuy||,. Then,

G(Tn,yn) — 0 as n — oo

and, additionally,
G(@n,yn) = F(Kay) — F(K) >0 (79)

whenever Ty, > ||t — SS|,.

This allows, for given € > 0, to use G(x,,yn) < € as stopping criterion.

5.2.4 Numerical experiments

In this subsection we present the numerical evaluation of the proposed method
for artifact free JPEG decompression. We tested the method for several lossy
JPEG compressed images, where the memory requirement of each JPEG com-
pressed image (including lossless compression) is given in bits per pizel (bpp).
Note that we consider 8 bit grayscale- and 24 bit true color images, i.e. an
uncompressed color images requires 24 bpp.

We fixed the ratio between ag and «; for the evaluation of the TGV?2 func-
tional (cf. equation (57)) as §¢ = v/2 based on some empirical observations.
However, this choice can certainly be improved by more extensive numerical
testing.

As stopping criterion we use either the iteration number, if this is necessary
for comparability, or a normalized primal dual gap. This normalized primal
dual gap is given by

(i) = ——G(i, ) (50)

with G(x;,y;) as in equation (78), (z;,y;) the current iterates of algorithm 2
and n € N and m € N are the vertical and horizontal number of pixels, respec-
tively. The reason for normalizing the primal dual gap is to make it image size
independent and, taking into account estimation (79), to to get an estimation
on the average pixel-wise difference

v+ (E@))iglw] = [[(Vi—8)i5lv +[(E(D))islw],

[[(Vus = v5)i 5

where again (4, 9) denote optimal solutions of the primal problem (66). Con-
sidering this estimation, it is important that in the numerical computations we
process our images with range [0,255], thus a pixel wise image error less than 1
would assure, due to truncation to integer when visualizing the image, a max-
imal visible error of one pixel-step for each color component. This theoretical
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Table 1: Parameter setting for JPEG decompression
Algorithm 2 TGV asin (57) Gap as in (78)

o \/1/12 w3 v 1.001
T /1/12 o p 2

bound cannot be improved, since even an arbitrary small pixel-wise error could
result in a pixel-wise error of one after truncation to integer.

At first, figure 7 shows three JPEG compressed images, corrupted by block-
ing and ringing artifacts, and their improved decompression obtained with our
TGV based method. As stopping criterion we require the normalized primal
dual gap to be below € = 10!, As one can see, indeed all blocking and ringing
artifacts could be removed, while edges are kept sharp, leading to more natural
and visually more appealing images.

Note that for the primal dual gap stopping criterion as in proposition 5.7
we still have some parameter choices, namely v > 0 and p (resulting in a p’) for
the norm estimation. For the images of figure 7 we chose v = 1.001 and p = 2.
This can be motivated as follows:

Figure 8 compares the primal dual gap for different parameters as well as the
difference of the TGV value of the current iterate and the “true” solution, with
respect to iteration number. The first 1000 iterations are plotted for comparison,
while the true solution is obtained by 6000 iterations. We have observed that,
even for the choice v = 0, which is not consistent with (79), the primal dual
gap always remains above the TGV difference. As can be seen in figure 8 at
the bottom, different parameters v and p result in only marginal changes of
the primal dual gap. However, in order to maintain a theoretical error bound,
we choose v = 1.001 in all experiments and also for the plot in figure 8 at the
top. Numerical observations further suggest that the choice p = 2 results in the
lowest primal dual gap, hence this is used for our experiments. For convenience
we summarize the final choice of parameters for JPEG decompression in table
1.

Next we compare the standard reconstruction of JPEG images with a TV
based reconstruction as in [13] and the proposed TGV based reconstruction.
As can be seen, in particular in the surface plots, the TV-based method is
also able to remove blocking artifacts and maintain sharp edges. However, it
leads to staircasing effects in regions that should be smooth. In contrast to
that, the TGV based method yields a more natural and visually more appealing
reconstruction.

Figure 10 then shows a more detailed comparison of the standard and TGV
based reconstruction for a color test image. The original, uncompressed image
is shown on the top, while the standard and TGV based reconstruction of a
JPEG compressed version are shown on the left and right, respectively. It can
be seen that, in particular for this example, the TGV based method yields
a good reconstruction that visually appears very close to the original image.
To further confirm this visual impression we show the difference between the
standard and TGV based reconstruction, respectively, to the original image at
a logarithmic scale. Note that, even though the overall energy of the error
may not be improved, it is of a different, less visible structure as being almost
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Figure 7: On the left: Standard decompression. On the right: TGV-based
reconstruction obtained with normalized primal dual gap below 10! as stopping
criterion (Number of iterations on top-right). A-B: Guitar image at 1.06 bpp
(256 x 256 pixels). C-D: Peppers image at 0.15 bpp (512 x 512 pixels). E-F:
Parrot image at 0.3 bpp (256 x 256 pixels).
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(obtained at 6000 iterations). Bottom: Difference of normalized primal dual
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image used for the plot, standard reconstruction of a JPEG compressed version
at 1.55 bpp, TGV based reconstruction (6000 iterations) of the same JPEG
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Table 2: Computation times in seconds to perform 1000 iterations for different
devices and image sizes. CPU: AMD Phenom 9950. GPUs: Nvidia Quadro
FX 3700 (compute capability 1.1), Nvidia GTX 280 (compute capability 1.3),
Nvidia GTX 580 (compute capability 2.0). Note that on the Quadro FX 3700
and GTX 280, not enough memory was available to perform the algorithm for
the 3200 x 2400 pixel image.

Device 512 x 512 1600 x 1200 3200 x 2400
CPU Single-core 53.22 672.51 1613.44
CPU Quad-core 28.32 263.70 812.18
GPU Quadro FX 3700 4.92 35.52 -

GPU Nvidia GTX 280 2.2 10.22 -

GPU Nvidia GTX 580 1.2 6.6 25.70

constant over different image patches. Also, as can be seen in particular a little
above the center of the image, some errors at images edges have been completely
removed with our method. Another interesting observation is that on the wave
structure at the top of the image, peaks have been reconstructed accurately with
the TGV based method, while there is some error in the transitions. This may
be due to a linear approximation of an image area with polynomial structure,
and at this point, a higher order TGV functional for regularization may lead to
further improvement.

5.2.5 A GPU implementation

As already discussed in [14], we also developed a parallel implementation of
the reconstruction method for multi-core CPUs and GPUs, using OpenMP [57]
and Nvidia’s Cuda [55], respectively. For the GPU implementation we partly
used kernel functions adapted to the compute capability of the device. The
blockwise DCT was performed on the CPU and the GPU using FFTW [39] and
a block-DCT kernel provided by the Cuda SDK, respectively. Computation
times of those implementations for multiple image sizes are given in table 2,
taken from [14]. The relative time cost of particular iteration steps is compared
in table 3. As one can see, especially the GPU implementation yields a high
acceleration and makes the method suitable for practical applications. The given
computation times correspond to the computation of 1000 iterations, which is
motivated by the number of iterations resulting from a normalized primal dual
gap below 10~! as stopping criterion. Let us remark however that, since the
decrease of the TGV-value of the image is typically very high especially during
the first iterations of the algorithm (see figure 8), and since u,, € Up can be
ensured for any iteration step image u,,, one can also use the images obtained
after only a few iterations as (intermediate or final) reconstruction. This yields
a practicable method that allows to improve given JPEG images in almost real
time.
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Figure 10: A: Uncompressed color test image (256 x 256 pixels). B: Standard
reconstruction of JPEG compression at 0.76 bpp. C: TGV based reconstruction
obtained as G(z;, ;) < 107! (1017 iterations). D: Visualization of the pointwise
reconstruction error of the standard reconstruction (logarithmic scale). E: Visu-
alization of the pointwise reconstruction error of the TGV based reconstruction
(logarithmic scale).
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Table 3: Relative computation times in percent for different iteration steps.
The data was obtained by reconstructing a 1600 x 1200 pixel image with 1000
iterations.

Iteration step CPU GPU
— j Vu —v
p pro.?al (p + 0( ,li 'U)) 52% 32%
q < proj,, (¢ + o(€(v))
— u+ 7(di
up - ut lvp? 19%  29%
vy —v+7(p+divg)

{up < uyp + S(prOch(Squ) —Suy) }o20%  21%
T (. —
{u & (2uy —u) } 9%  18%

T+ (2ug — )

5.2.6 Extension for DCT based zooming

As already mentioned, by defining the subsampling operation also on the bright-
ness component of the images, the model of subsection 5.2 yields a method that
allows for combined decompression and zooming of the JPEG compressed im-
ages, that will further be called zooming by upsampling. This can be realized
without further modification and hence all results of subsection 5.2, in particu-
lar existence of a solution, convergence of the primal dual algorithm as well as
the stopping rule estimation, apply.

But, as discussed in [14], also a slightly different extension of the model of
subsection 5.2 allows for combined decompression and zooming. We will now
briefly discuss this extension and compare the obtained results with zooming by
upsampling and other zooming methods.

The model formulation is straightforward: Given again a compressed JPEG
file, as described at the beginning of subsection 5.2, we can obtain, for each
color component ¢ € {1,2,3}, bounded closed intervals (J{;) describing the set
of possible source data D. The data size for the brightness component describes
the actual image size, i.e. given 8k x 8k data intervals (Jz%j)0§i1j<gk, the discrete
image is given in R8*8x3  Note that, for simplicity, we assume the images to
be quadratic. The horizontal and vertical number of pixels, 8k, is a multiple of
the subsampled data size of the color components, i.e. 8k = s8kq, 8k = s8ks,
s € N, where ko, k3 are such that (Jgj)0§i7j<gk2 and (Jij)0§i1j<gk3 are given.
Note that, again for simplicity, we assume the same horizontal and vertical
subsampling factor for both, the Cb and Cr color component.

Now to obtain a high resolution decompression, increased by a factor f €
N, we assume (8fk)? data intervals (jij)0§i7j<8fk to be given for each color
component ¢ € {1,2,3}. These data intervals are defined blockwise by adding
intervals containing all of R to the original 8 x 8 data intervals of each block, up
to a certain blocksize N x N. The blocksize N is defined to be 8f and 8sf for
the brightness and color components, respectively. Further, for normalization
purposes, the original data intervals, describing the first 8 x 8 coefficients of
each block, are enlarged by multiplying them with 8f and 8sf, respectively.

Extending now the component-, blockwise DCT operator defined locally for
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each component in (63) up to a block size 8 f for the brightness- and 8sf for the
color components, and denoting this extension again by

C:U—U, U:=RISI3

the set of high resolution source images for a given JPEG compressed low reso-
lution file can be defined as

Up ={ueU|(Cu);; e Js

2,77

ce{1,2,3},0 <i,j < 8fk}. (81)

Note that in the equivalent setting in function space, we find ourselves thus
with the situation that only finitely many intervals are bounded, which again
justifies the general problem formulation of section 4.

Given any compressed, low resolution JPEG image, we can now formulate
the discrete minimization problem for combined decompression and DCT-based

zooming as

umeln TGV (u) + Ly, (u). (82)

Existence of a solution to this problem can be shown as follows:

Proposition 5.8. With Up defined as in (81), there exists a solution to (82)
and this problem is equivalent to solving

i F(K 7
(u,vr)nellr]lxv ( (’U,,U))-l- UD(U)7 (83)

with V =U x U, K and F as defined in (67) and (68), respectively.

Proof. Since problem (82) only differs to the pure decompression problem (65)
by the fact that some intervals may be unbounded, we can use the same tech-
niques as in the proof of proposition 5.2 and obtain existence of a solution,
provided that the coefficients

(C(P1(un)))5,0, (C(Pr(un)))7,0: (C(Pr(un)))g, ¢ €{1,2,3},

where C' is the component wise block cosine operator, are bounded. But, due to
the modeling of Up as described in (81) and above, the first 8 x 8 intervals of each
block, and in particular the intervals JSO, Jl 0> JO 1, ¢ € {1,2,3} are bounded.
Thus boundedness of u,, — P;(u,) implies boundedness of said coefficients and

hence existence of a solution to (82). The equivalence to (83) again is immediate.
O

Due to the generality of the proofs of propositions 5.3 and 5.4, their results,
with the subsampling operator being the identity but some intervals containing
all of R, apply, and we thus know that (82) possesses a solution, any solution
(1,0, p,q) of the related saddle point problem,

irél)r(l Iyneaéc(K:E Yy — F*(y) + G(z), (84)

yields solutions (1, 0) of the primal problem (83), and (p, §) of its dual problem,
defined by

I?yeag—G*(—K*y) - F*(y), (85)
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the primal and the dual problem coincide at (4, 9), (p, ) and for (84) existence
of a solution as well as the optimality condition as in proposition 5.4 applies.
Also algorithm 2 can be applied to solve (84) and global convergence can be
assured.

Only the stopping rule of proposition 5.7 needs some amendments: For the
setting of DCT based zooming, the subsampling operator S is just the identity,
thus unboundedness of its kernel no longer is an issue, but unboundedness of
the data D comes as additional feature. Taking this into account, we can define
the following modified primal dual gap:

Proposition 5.9. Takel <7, 1 < p < 00, (Tn,Yn) = ((Un, Un, Pny qn)) to be the
iterates of Algorithm 2 with the data set Up as in (81) and (&,9) = (4,0, D, q)
a saddle point of (84). With I; C N x N x {1,2,3} the set of all indices (i, j, c)
such that jf] =R and I3 the set of all indices (i, j, c) such that J¢; = [If ;,7¢ ],
with I§ ;.75 ; € R, define

G(@n,yn) = F(Kzn) + Tu (C(div? Gu) 1 [l

of .+ ZZC ; .2~ c
i <H(—(de2 q'n)|12)i,j
(. > 5 (86)
i,4,¢) €12

of =15 v2 g ¢
+%|(_(Cdlv2 qn)|lz)i,j|> ’

where Gy, s defined as in proposition 5.5 and T,, = v||(Cun)|n, |- Then,
G(Tn,yn) = 0 as n — o0

and, additionally,
G(xn,yn) > F(Kzx,) — F(K&) >0 (87)

whenever T, > ||4]|,.

Proof. This can be shown similar as in proposition 5.7 since div? g, — — div(p)
as n — oo and, by proposition 5.4, (C(div(p))§ ; = 0 for (i,5,¢c) € I. O

Again this allows, for given € > 0, to use G(z,,y,) < € as stopping criterion.

In practice, we again use a normalization of G, denoted by G, as in (80).
We have plotted the iterative development of this normalized gap in in figure
11. As one can see there, again the normalized primal dual gap corresponding
to the parameters v = 1.001, p = p’ = 2 is always above the difference of
the current TGV value to the optimal TGV value. However, as shown in the
lower plot of figure 11, since, as consequence of the 8 times magnification, the
unbounded data part has more overall influence, the normalized primal dual
gaps for different parameters differ more strongly than they do in figure 8.

Figure 12 then finally allows to compare our combined decompression method
to other methods for 8 times magnification of a 64 x 64 color image. We com-
pared the previously described zooming technique to cubic interpolation, cubic
interpolation of a low resolution TGV reconstruction of the small JPEG image
and TGV based combined decompression and zooming by upsampling. Note
that for the combined decompression and zooming, we fixed the ratio between
ap and a; for the evaluation of TGV? to 4. As one can see, the method of
extending the data set by unbounded intervals performs best in terms of visual
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Figure 11: Top: Plot of the normalized primal dual gap and the difference in
TGV value of current iterate and true solution (obtained at 9000 iterations).
Bottom: Difference of normalized primal dual gap for different values of v and
p and normalized primal dual gap for v = 0. The data was obtained by simul-
taneous TGV based decompression and zooming of the hand image as in figure
12

image quality. Note, however, that the downsampling was done by applying a
block DCT, leaving out high frequency information and then applying JPEG
compression to the resulting low resolution image, thus the source data fits to
the model assumption of DCT based decompression and zooming.

5.3 Color JPEG 2000 decompression

As second application, we want to use the reconstruction model of section 4
for the improved reconstruction of JPEG 2000 color images, where the coding
is essentially based on a biorthogonal wavelet transform. For the sake of self-
containedness we will briefly explain basic features of JPEG 2000 compression
that are necessary to understand the modeling. It will turn out that, again,
the set of possible source images can be described by interval restriction on the
coefficients of the transformed image and thus fits to our reconstruction model
of section 4. However, due to the coding process, it will not be possible to
restrict every coefficient by a bounded interval.

After presenting an overview of JPEG 2000 compression, we will define and
discuss the minimization problem for artifact free JPEG 2000 decompression
and, subsequently, its discretization and numerical solution.
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Figure 12: A: Original-sized, uncompressed image (512 x 512 pixels). B: Down-
sampled, JPEG compressed image (64 x 64 pixels, 2.96 bpp) together with 8
times magnification by pixel repetition. C: 8 times magnification by cubic in-
terpolation. D: 8 times magnification of a TGV based decompression by cubic
interpolation. E: Simultaneous TGV based decompression and factor 8 zoom-
ing by upsampling. F: Simultaneous TGV based decompression and factor 8
DCT based zooming. All TGV based decompressions were obtained with the
normalized primal dual gap being below 10~! as stopping rule. Image by [47],
licensed under CC-BY-2.0 (http://creativecommons.org/licenses/by/2.0/).
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But at first, let us discuss previous attempts to improve the reconstruction
quality of the JPEG 2000 standard. To the best knowledge of the author, in
contrast to the JPEG decompression model, there does not exist any model or
method designed in particular for improved JPEG 2000 decompression that is
related to the present one. However, even if not designated to improve the JPEG
2000 compression/decompression procedure, some works on wavelet inpainting
aim to solve a very similar task: Assuming that, due to transmission or storage
error, some coefficients of the wavelet representation of an image are lost, the
aim is to reconstruct an image that fits to the known coefficients and minimizes
the TV functional. In our terminology, given a suitable basis (¢, )nen of L2(£2)
and a source image ug, this means to solve

in TV T
W8y TV + Ty ()
with
V ={ue L*Q)|(u,dn)r> = (uo, dpn)z> for all n € M}

and M being the index set of known coefficients. In [30] existence of a solution
for this problem was established in function space setting under the assumption
that Q = R? and only finitely many coefficients are unknown. Numerical solu-
tion strategies for this, and a similar model with L? data fit, were presented in
[30, 27, 71, 56]. In [73] the same model using non-local TV regularization was
considered. In [36] the authors present the statement and numerical solution
of a TV - wavelet denoising scheme whose formulation is also quite similar to
those methods: Motivated by denoising with wavelet thresholding, the authors
propose to minimize the TV functional subject to equality constraints on all
wavelet coefficients with absolute value above a certain threshold.

However, even when considered solely as method for wavelet constraint op-
timization, our work differs significantly from the ones cited above. First of all
we use the total generalized variation functional of arbitrary order as regular-
ization, which is a non trivial generalization of the TV based models. Also, we
are able to establish existence of a solution and optimality conditions in the
case § is a bounded Lipschitz domain and using natural boundary extension also
in function space setting. Additionally, we allow infinitely many wavelet coef-
ficients to be unbounded and possible interval constraints. We also formulate
the model for general biorthogonal wavelet bases from the very beginning and
our numerical solution scheme is different to the ones of previous works. Let
us point out however, that the assumptions of our work include the problem of
wavelet inpainting, thus it can also be seen as a generalization of methods of
[30, 36] using arbitrary order TGV regularization. Also our numerical solution
scheme can be applied to these problems as is.

Further methods mainly focused on the concealment of wavelet data error
due to transmission are the works of [48, 5, 31]. In [69] the aim is the reduction
of artifacts due to tile separation of the image. We also refer to [54] for a
post processing method that attempts to improve reconstruction quality by
reapplication of JPEG 2000 on shifted versions of the image.

The JPEG 2000 standard

We will now briefly discuss the JPEG 2000 compression procedure. For more
information, we refer to [51, 64, 66, 42] and the references therein.
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Figure 13 gives a schematic overview of some main steps for JPEG 2000 com-
pression that will be discussed in the following. As first step, the image is split
into color components and further into subunits (tiles), where each subunit un-
dergoes the same compression process. Next, a discrete wavelet transformation
of arbitrary order is applied to each subunit. Two types of wavelet transforma-
tion are possible within the standard, the Cohen-Daubechies-Feauveau (CDF')
9/7 and the LeGall 5/3 wavelet transform (see [64, 42]). The numbers 9/7 and
5/3 indicate the support length of related filters. The resulting coefficients are
then quantized depending on their importance for visual image quality. The
values used for quantization are uniform on each subband, i.e., on each direc-
tion dependent part of each resolution level of each subunit, and they can be
obtained from the compressed code stream.

The quantized coefficients are then further split into different kinds of sub-
units, resulting finally in a set of code blocks. Each of these code blocks then
undergoes a bit-level encoding consisting of three different passes. Starting from
the highest nonzero bit-level, these three passes are repeated until the lowest
bit-level has been encoded. This generates, for each code block, an indepen-
dent bit-stream. According to mean-squared error estimations with respect to
the original image, truncation points are then defined for each code block. Fi-
nally, the data is reorganized into a bit-stream that can be truncated at various
lengths. The point at which this bit-stream is finally truncated determines the
compression rate of the image. Due to the mean-squared error estimations at
the definition of the truncation points, the truncation of the final bit-stream is
expected to be optimal in terms of PSNR (see [51, Section 10.5.2],[42, Section
J.10]).

In the compressed JPEG 2000 file, the amount of information available in
the bit stream of one code block depends on the importance of the information
in the code block for the PSNR rate. Thus, if, due to truncation, for one
code block no bit-level information is left at all, the only information we can
determine is that skipping information about its coefficients resulted in a better
estimated PSNR rate than for other code blocks. However, since the original
image is not known, we cannot use this information to obtain any estimation
on its coefficients. Each individual coefficient could have been arbitrary high,
as long as the overall information of the code block was less important for the
PSNR value.

However, if at least one bit of coefficient information is left for a given code
block, we can determine a bounded error interval for each of its coefficients as
follows: As already explained, during compression, each code block is trans-
formed into a bit stream by repeating three passes, the significance propagation
pass, the magnitude refinement pass and the cleanup pass (see [42, Annex DJ).
Starting at the highest bit level, each pass follows predefined rules whether it
encodes a particular bit or not. Thus, extracting the truncated, nonempty bit
stream and information about which pass has been performed last before trun-
cation from the compressed file, we can determine, for each coefficient of the
code block, up to which bit level it has been encoded, i.e. its precision.

Using this knowledge, we can define a source value together with a (bounded)
error interval for each coefficient of the code block, exactly how we could do for
a JPEG compressed image. Thus, given any code block with non-zero informa-
tion, we can define the set of its possible source coeflicients again by bounded
interval restrictions. As we will see in our numerical experiments, this is possi-
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Figure 13: Selected steps of JPEG 2000 compression including bit-level coding
for one image component. See also [51, Figures 10.16,10.17].

ble for sufficiently many code blocks to keep the set of possible source images
small.

Note that, in contrast to JPEG compression, the JPEG 2000 standard does
not include explicit color subsampling. However, since due to the wavelet trans-
formation the image is composed into a low-resolution and a detail-part, sub-
sampling is still possible by skipping the rank one detail coefficients for the color
components.

5.3.1 Modeling

When considering a model to improve the decompression process of any given
JPEG 2000 image, the important information the reader should remember from
the sketch of the JPEG 2000 compression procedure above, is that, given any
JPEG 2000 file, we can again define a maximal error interval for each of its
coefficients for the representation with respect to a wavelet basis. Due to the
specifications of the standard, in contrast to the JPEG model, these intervals
may now also be unbounded. However, we will see that we can still obtain a
bound on sufficiently many of these coefficients. Thus set of possible coefficient
data, described by
D ={z;1z2; € Ji;}

with J; nonempty, closed, but not necessarily bounded intervals, is sufficiently
small. Given now W to be an accurate wavelet transformation operator, the set
of possible source images for any given JPEG 2000 compressed file can thus be

described as
Up ={u|Wu € D}.

Thus the problem setting of section 4 is applicable, provided that the wavelet
operator modeling the wavelet transform of the JPEG 2000 compression proce-
dure is indeed given by Riesz bases with its dual basis contained in BV(£2, R?).
It will be the aim of the following pages to show that this is the case: We will
sketch the construction of two biorthogonal wavelet bases modeling the two pos-
sible types of wavelet transform used within the JPEG 2000 standard. Besides
that, we also want to make the reader familiar with wavelet transforms, as it is
necessary to understand the JPEG 2000 decompression model.
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Wavelet transformation for JPEG 2000 compression

The aim of this paragraph is to give a brief introduction to wavelet transforms
and to construct biorthogonal wavelet bases that model the wavelet transform
within JPEG 2000 compression. Let us point out, however, that in the introduc-
tion we will solely focus on the steps necessary to understand and construct the
wavelet bases we need for our application and by no means consider this a com-
plete introduction to wavelet analysis. For this purpose, we refer to [34, 51, 49].
Further we refer to [32, 33] for the theoretical results that will be presented and
used.
The paragraph is divided into five parts:

e Introduction to wavelet transforms
e Conditions for constructing biorthogonal wavelet bases
e Construction of the wavelet bases for JPEG 2000 coding

e Two dimensional wavelet transform and extension

Regularity

Introduction to wavelet transforms Given a suitable function 1, the
mother wavelet, one can construct an orthonormal basis (¢ x);kez by trans-
lations and dilations of ¥ as

Yie(z) =27729@2 72— k), j kel (88)

See figure 14, top row, for a visualization. The basic idea is now to choose
1) such that the representation of image information with respect to this basis
is sparse, thus allowing a high compression rate by further encoding. Now if
the dilation factor j is fixed, one can think of the coefficients (u,;x)rez as
sparse representation of the image details of u at a certain scale. This leads
to the concept of multiscale analysis, where one defines a sequence of spaces
VoV cVpCc Vo C Vg C ..., that correspond to different scales. One
requirement (among others) is that the space Vj contains a function ¢, often
called scaling function, such that the functions (¢o.x)kez,

Po.k(x) = d(x — k),

constitute an orthonormal basis of V. Additional conditions on the space V;
then imply that, for fixed j € Z, the functions (¢; k)rez,

$ik(x) =2792¢(27x — k), (89)

build an orthonormal basis of V.

The other way around, given a fixed, suitable scaling function ¢ and a re-
sulting sequence of spaces V; := span{¢; i | k € Z}, one can construct a mother
wavelet ¢ such that the functions (¢; x)rez constitute an orthonormal basis of
W;, defined as the orthogonal complement of V; in V;_1, i.e.

Vin=V;oW;, V; LW,
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Having defined the resulting scaling and wavelet bases

(Dj.k)jkez and (V5 1) kez

as in (89),(88), given any function f € L*(R), and any R € Z, one can write

f= D Wy )ik
J,kEL
= Y Wik Dkt D @ik Dk
J>R.kEZ J<R,k€Z (90)
= > (rw Hork+ D>, Wik
keZ J<R,kEZ
= fl + f27

where one can think of f; = Py, (f) as a representation of f at a certain scale
(see figure 14, middle row) and fy containing all the detail informations of f at
finer scales. It follows directly that

(Ork)kez U (Vjk)j<R.kez (91)

is an orthonormal bases of L?(R). In the application to image processing, this
basis allows to decompose an image u, given at a certain resolution, as a low reso-
lution image ug and a (hopefully) sparse linear combination of wavelet functions
;. containing the high resolution information (see figure 14, bottom). How-
ever, to realize this idea in practice, several additional features of the wavelet
basis are desirable, such as vanishing moments, compact support or symme-
try. To achieve this, an efficient approach, as proposed in [32], is to loosen
orthonormality restrictions on the wavelet basis. We will later on state suffi-
cient conditions to construct such a general wavelet basis.

Let us first continue this brief motivation by explaining how a decomposition
as in equation (90) can be calculated efficiently. Now since ¢ € Vi C V_1, there
exist (hg)gez such that

d(x) = heV2(2x — k). (92)

kEZ

These coefficients (also called filters) (hg)gez form the basis of the numerical
calculation of the wavelet transform. Given a signal f, the coefficients for the
decomposition of f at a certain scale j can be obtained recursively from the
coefficients of a representation of f with respect to (¢;—1,x)kez at a finer scale,
ie.

(fsdjx) = Zhl(f» bj—t+2k)s  (fr¥jn) = Z(—l)lhl—l(fa bj-10+2k), (93)
lez keZ

for all £k € Z. Similarly, the representation of f at a fine scale j — 1 can be
obtained from its wavelet decomposition at the coarser scale j as

(fa ¢j—1,m) = Z [hm—Qk(fa ¢j,k) + (fl)mizkhl—(m—Qk)(fa djj,k)} ; (94)

kEZ

m € 7.
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Now in the discrete setting, a function f is assumed to be given at a certain
scale, i.e. f € Vg, for Ry € Z, thus the coeflicients (f, dr, k)kez are known.
Then, since W; L Vg, for all j < Ry, according to equation (90), f can be
decomposed to a lower resolution scale Ry > Ry, Ry € Z, as

F=Y @ripHorn+ D Wik sk

kEZ Ro<j<Ro,k€Z

Note that due to (93) this decomposition requires only the filter (hy)gez. Sim-
ilarly, f can be reconstructed from the low-scale data

(¢R1,k‘7f)’(¢j,k7f) RO <.7 SRl,kEZ, (95)

using equation (94), again just by knowing the filters (hy)rcz.

Thus, when applying the wavelet decomposition and reconstruction to a
signal, only the filters (hy)rez are needed, but not the corresponding multires-
olution basis functions as in (91).

Indeed, a typical way to construct a wavelet basis is to determine suitable
filters (hy)kez satisfying certain properties ensuring that the corresponding scal-
ing function ¢ and mother wavelet ¢ allow to define an orthonormal bases. If
necessary, these function then be constructed by the identities

o(&) = 2m) 2 [ mo(277¢), (96)
j=1
where QAS is the Fourier-transform of ¢,
mo(§) =272 " hy exp(—inf) (97)
neEZ

and
Y(@) = V2 (—1)"h_pp1(2 —n). (98)
nez
We will now focus on conditions for filter banks ensuring that their corre-
sponding scaling and wavelet functions as in equations (96) and (98) constitute
not an orthonormal but a Riesz basis.
Note that for simplicity we will henceforth write (hy)nez or even (hy), to
denote filter banks but, in any case, assume that only finitely many of the h,, are

nonzero. This is the case for most wavelets considered in practice, in particular
for the LeGall 5/3 and CDF 9/7 wavelets used for JPEG 2000 coding.

Conditions for constructing biorthogonal wavelet bases As shown in
[32], replacing the orthnormality restriction on the bases (¢; k) kez, (Vjk)jkez
by requiring them only to be a Riesz bases, still generates a multiscale decompo-
sition framework as introduced in the previous subsection. This generalization
allows more flexibility in the construction of the filters (hg)rez and, for ex-
ample, to obtain a symmetric, compactly supported wavelet basis (1;x); kez
with an arbitrary amount of vanishing moments. However, in this case the re-
construction cannot be performed with the same filter as the decomposition,
implying the necessity to construct dual filters (ilk)keﬂ These dual filters then
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Figure 14: Multiresolution examples for Haar wavelet. Top: Haar wavelet and
some wavelet basis elements. Middle: Haar scaling function and Projection
onto V_; of the function # + 23. Bottom: Wavelet decomposition of Bird

image using one and two resolution levels.
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allow to define biorthogonal functions to (¢; 1) kez and (¥ 1)  xez denoted by

(0j,k)j,kez and (¥} k) xez, respectively, just by replacing (hx)rez by (hi)rez in
the equations (96),(97),(98).

Let us at first state the basic theorem given in [32, Theorem 3.8] which en-
sures that given filters (hy)rez, (iLk) rez allow to construct biorthogonal wavelet

bases (¥ x)jrez, (Vjk)jkez-

Proposition 5.10. Let (hy)kez, (Bk)keZ be finite real sequences satisfying

Z hnﬁn-‘er - 5k,0- (99)
nez
Define
mo(§) = 2-1/2 Z hy, exp(—ing),
nez ) (100)
mo() = 2712 hy exp(—ing),
neZ
o(¢) = (2m) 1/ Hmo ),
A (101)
o) = (2m)71/? Hmo ).
Suppose that, for some C' >0 and € >0
B < C+[g)e
(102)

2Ol < C+gh~2
Define 9 as in equation (98) and U accordingly with (hy)rez and ¢ replaced by

(hi)kez and ¢, respectively. Then the functions Vi =272z — k), j,k €
Z constitute a frame in L*(R), i.e. there exists constants A, B > 0 such that

Allullzs < ) 1w, v50)* < Bllulze.

3,kEZ

Further, also (&)j,kel constitutes a frame and for any f € L*(R),

F=(F0)n =Y (f 50 0in,

3,.kEZ J,k€EZ

where the series converges strongly. Moreover, the (V); ez, (zl;)j,kez constitute
dual Riesz bases of L?(R) with

(wj,ka'lz)j’,k’) = 5j,j/5k7k/

if and only if
/¢ ( — k) = 6o, (103)
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It follows easily from the definition of ¢ and ¢ as in (101), that both satisfy a
scaling equation as (92). This allows to construct a multiresolution framework
from both ¢ and ¢ (see also [34, Chapter 8.3.2] and [51, Chapter 7]). Using
estimations obtained during the proof of Proposition 5.10 as in [32, Theorem
3.8], one finally gets the following result:

Corollary 5.2. Assume that (hi)rez, (hi)rez, &, 6,0, ¥ are given as in proposi-
tion 5.10 and that conditions (99),(102) and (103) are satisfied. With ¢; x(z) =
2792427z — k) and ¢; 1 (x) = 279/2¢(27x — k), define

V; = span{¢; x|k € Z}, V; =span{p; ik € Z}.

Then, for each R € Z, the sequences (Pr.k)kez, (Prk)kcz are a Riesz basis
of Vr, VR, respectively. Further the sequences (¢rx)kez U () k)i<rkez and
(PRrK)kez U (Vi k) j<rkez both are a Riesz basis of L*(R).

Thus, when trying to construct filters for a multiresolution decomposition

framework, it is sufficient to check conditions (99),(102),(103). It then follows,
similarly to (90), that any f € L?(R) can be decomposed as

f= > (brmHorr+ Y. (Wjir i
kez J<RkeEZ

= Z(¢R,k,f)€5R,k+ Z (V5. F)j -

kEZL J<R,kEZL

(104)

for any R € Z. Again the decomposition and reconstruction process can be per-
formed just in terms of the filters (hx)rez, (hx)rez similar to equations (93),(94)
by replacing (hk)keZ by (hk)kEZ in (94). B

As already mentioned, we only consider finite filters (h,,)nez, (hn)nez. This
affects also our scaling functions ¢, ¢:

Remark 5.5. With the assumptions of proposition 5.10, take N,N € N such
that h = (h:)ji<n, h = (h")liISN' Then both ¢ and ¢ have compact support
contained in [—-N, N] and [-N, N], respectively.

Proof. This follows from the definition of ¢ and ¢ as in proposition 5.10 and
[32, Lemma 3.1]. O

Thus, the shorter the filter length, the smaller the support of the resulting
scaling function. Since the mother wavelets i) and 1[} are linear combinations
of the scaling functions as in equation (98), they are also compactly supported
with their support length depending on the filter length.

The following result from [32, Corollary 5.2] shows necessity of a minimal
filter support length given that one wants to obtain a particular smoothness of
the wavelet basis:

Proposition 5.11. Let ), be defined as in Proposition 5.10. If (V) kez, (@)y}keZ
constitute dual Riesz bases, then

Y € CE(R) = mo(€) is divisible by (1 + exp(—ig))L+?

¥ € CE(R) = g (€) is divisible by (1 + exp(—i&))LTL. (105)
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When it comes to the implementation of the wavelet transform, naturally,
one is interested in filters having only finitely many - and moreover as few as
possible - elements different from zero, which correspond to the basis functions
having compact support. The above result shows that a given order of smooth-
ness L for one of the wavelet functions implies at least L + 1 elements of the
corresponding filter to be nonequal to zero.

Propositions 5.10 and 5.11 will now be the basis for the construction of the
JPEG 2000 wavelets.

Construction of the wavelet bases for JPEG 2000 coding As men-
tioned before, we are now seeking for suitable filters (hg)rez, (hi)rez that allow
the construction of a wavelet basis possessing additional regularity properties.
Therefore, we want the filters to satisfy conditions (99),(102),(103). As one can
easily check by equating coefficients, condition (99) is equivalent to

mo(§)mo (&) +mo(§ + m)mo(§ + ) = 1. (106)

If we now require our scaling function to be symmetric, it follows that mg(—¢) =
mo(€) and thus mg(£) has to be a polynomial in cos(€). Further, [32, Propsition
6.1] shows that in this case we can also assume 7 to be symmetric and thus
a polynomial in cos(§). If, additionally, we assume mg and 7 to be divisible
by (1+exp(—i&))* and (1 +exp(—i€))*, respectively (see condition (105)), this
implies [32, Propsition 6.4] that all such solutions of (106) can be written as

= (COS 2k coSs
mo(€) = (cos(€/2))*po{cos(©), o)
o(€) = (cos(€/2))*pofcos(©),
where
L-1
poleos(@)nfeos() = 3 (47177 sin(e/2 4 sin(e/2 Pleos()
n=0
(108)

and P is an odd polynomial and L = k + k. Our aim is thus to find functions
mg, Mg satisfying (107), knowing that any such functions satisfy condition (99).
Note that we have free choice of k,l;:, P and how to factorize the resulting
polynomial in (108) to obtain py, po.

A first and easy choice would be P = 0. Then, equation (108) reduces to

L—-1

pleos(@)infeos©) = 3 (£ 71T sin(e2 a0

n=0

and the corresponding filters contain the class of spline filters [32, Section 6.A].
By further restricting ourselves to k = k = 1 and py = 1, equation (109) implies

po = (14 2sin(¢/2)%) = (2 — cos(€)).

With that, the polynomials mg, M can be written as

0 = 51+ cos€) = (Geos(-9) + 5 + oos)) (110)
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and

(1 +cos(£)) (2 — cos(€))

= —é cos(—2¢) + icos(—ﬁ) tot %cos(f) - %cos(%).

(111)

wwm—t

Thus we have 2712y = 1, 271/2hy = 1 and 271/2hg = 2, 271/2hyy = L
27Y2h 5 = —1 (cf. [32, Table 6.1]).

Remark 5.6. Note that, for the numerical realization, the (hy,), are multiplied
by 2=1/2 while the (hy)n are multiplied by 2*/2 (this amounts the choice Py =
21/2 in the previous construction) to get an implementation friendly form. This
choice yields the same biorthogonal wavelet framework as constructed here and
corresponds to the LeGall 5/3 filters used in JPEG 2000 as lossless wavelet
transformation (cf. [64]).

Another possibility would be to again choose P = 0 in condition (108), and
then try to get a nontrivial factorization of py and pg corresponding to condition
(109) in order to obtain filters (hy)rez, (hi)rez with similar length. Since we
want our filters to have real coefficients, and thus pg, pg to be real polynomials,
L = 4 is the least number allowing a nontrivial factorization of (109) in such a
way.

Factorizing (109) amounts to find the zeros of the polynomial 2023 + 1022 +
4x 4+ 1. Since this polynomial possesses only one real root, there is only one
nontrivial factorization possible. Denoting % its real root, we can write

po(cos(€))po(cos(€)) =  C(sin*(€/2) — &)q(sin’(£/2)), (112)

where C' € R and ¢ is a polynomial of order 2 possessing no real roots. It is
now left to choose either k or k and which of the two factors in (112) to assign
to po or Pg. As mentioned we want the length of the filters as close as possible,
thus we choose k = 2 implying k = 2. If we set jo = C(sin®(¢/2) — &) where
C = 5.841 we obtain exactly the second class of filters used in the JPEG 2000
standard (cf. [64]), which are multiples of the filters corresponding to Cohen-
Daubechies-Wavelets (CDF) 9/7 wavelets (see [32, Table 6.2]).

For both the LeGall 5/3 and the CDF 9/7 wavelets, one still has to check
that conditions (102),(103) are satisfied. This can be done either directly or
by using one of the equivalent conditions as given in [32, Theorems 4.3,4.9].
However, we refer to [32, Section 6] for a discussion on that.

Remark 5.7. Note that for both filter types used to construct the LeGall 5/3
and CDF 9/7 wavelets we have Y, hy, =", hn, = /2 which, by construction,
implies that mo(0) = mo(0) = 1 and, consequently,

/ o(x) dz = (2m)Y/23(0) = 1
R

as well as

/&(x) dz = (2m)/24(0) = 1.
R
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Accordingly, the implementation friendly, modified filters for the JPEG 2000
standard satisfy
> hn=1

Zﬁn:z

as well as

Two dimensional wavelet transform and extension When applying the
wavelet transform corresponding to the CDF 9/7 or LeGall 5/3 filters, as derived
in the previous passage, to a function u modeling an image, two issues arise.
First of all, the function u will not be defined on the whole space, but rather
on a bounded domain. Thus one needs to restrict the wavelet decomposition.
Secondly, the function v will be defined on a subset of R?, thus one needs to
extend the wavelet decomposition to the two dimensional setting. The aim of
this passage is to adapt the previously defined wavelets accordingly.

First we consider the restriction to a bounded domain, in particular the unit
interval [0, 1]. Intuitively, one wants to extend a given function u € L%([0,1]) to
L?(R) in order to apply the wavelet decomposition. There are several ways to do
so. A straightforward choice would be to extend the function by 0. However, this
introduces artificial jump discontinuities at the boundary of [0, 1] resulting in
large wavelet coefficients close to the boundary, even if the function u is smooth.
Periodic extension suffers from similar drawbacks. Perhaps a more natural
way to extend the function beyond [0,1] is to consider symmetric extension by
reflection on the boundary. This is a very common choice of boundary extension
in mathematical imaging, since it does not introduce additional discontinuities
at the boundary. Extending any given function u € L?([0, 1]) that way, we thus
seek basis functions (nx)rez of L2([0,1]) satisfying

[ w@mia)do = [upiz) do
[0,1] R
where (xk)rez is a Riesz bases associated with one of the JPEG 2000 wavelets

and a certain scale. It has been shown in [33, Section 2] that this indeed can be
done: Given any reasonably decaying function f on R, its folded version can be

defined as
fo'Nx) =Y [f(z —2n) + f(2n — ). (113)
nez

Note that this folded version now can be seen as a symmetric extension of a
function defined solely on [0, 1], i.e. it is determined just by its values in [0, 1]
and satisfies, for all z € R, k € Z,

ffOId(—(E) _ ffOId(x),

ffOId(x + 2]€) _ ffOId(.’E). <114)

Further, for any function f € L?(R) decaying sufficiently fast and g the sym-
metric extension of a function in L%([0, 1)), it follows

/ £ (2)g(x) dzr = / f(@)g(x) dz. (115)

[0,1]
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Given (¢ 1) j.kez, (Vi k)i kez and ((Z;j,k)j,keza (&j,k)j,kez to be basis functions for
a multiresolution framework and their duals, respectively, they can be folded
as in equation (113) to obtain ( g?llcd)xkeZ’ (w%llcd)j,kezv (¢§?}fd)j,kez, (1/)§?,1€d)j,kez.
Following [33, Section 2] one can see that

Phod = 0 if j>2 ke,
Yot = Yt for all kez, (116)
fod = 2/2jf j>1,keZ,

and due to the symmetry properties of ¢4, fld that

fold _ fold fold _ fold

Cikraitim = 925 and P iy = 025k, 117
fold ) _ fold and wfold ) _ fold ( )
—J,k4+23ttm — —J.k —5,29 1 —k—1 = -3k

for j > 0, and the same for @l q)feld,
Thus for a basis representation with respect to (¢f°1d)J ez and (¢ ld)g,kez
it sufices to consider {0F4'} U (674, )z and {041} U 06 jco
0<k<2d 0<k<2i—
respectively.
Indeed, normalizing the functions ( fOld)J r by defining (gz&fo}d ")k as

1 1
foldn _ 1 fold ¢fold,n _ fold foldn _ 4 (118)

—J,0 _\/§ —73,0° —5,25 \/i —4,29 1,0

and the same for (¢Z§°}€d) j.kes it has been shown in [33, Section 2| that ( g‘?}ﬁd), ( Ng‘?,lﬂd)

again are dual Riesz bases and together with ((é;?}cd’n) (é;o}cdn) constitute a mul-

tiresolution framework.
In particular, for any decomposition level R < 1, the functions ( %lg’n) kez U

( §?}id)j§R,keZ and (~%}Z’n)kez u (wj ) i<rkez are a Riesz basis of L%([0,1])

and any f € L?([0,1]) can be written as

—00279 -1
f: (f7 7fold, n) fOldIl (f, fold fOld+Z Z f, fold fold
=0 k=0
- o = (119)
— Z(f7 fold fold _|_ Z Z f waId g?]l;d, lf R S 0
k=0 j=R k=0

Also the filters for the recursive computation of the coefficients for the folded
functions can be obtained from the original ones by folding them at the bound-
ary, see again [33, Section 2]

Now given a wavelet basis of L?([0,1]) and the corresponding filters for re-
cursive computation of the coefficients, the next step is to obtain corresponding
wavelet bases for L?(]0,1]?). The construction is based on [34, Section 10.1],

where orthonormal bases of wavelets are considered. Let (¢ 1) j<1 , (¥jk) j<1

KEM; kEL;

and (¢;x) j<1 , (%) j<1 be the folded scaling and wavelet functions for a
M, kEL;

multiresolution on L?([0,1]), with M; = {0}, L1 = {0} and M; = {0,...,277},
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L; ={0,...,279 — 1} for j < 0. We can define the functions

D)k (,9) = D)k, (2)0) ks (y)
Pk ko (2,4) = Djiks (%) Bj ks (y)
which are, for given j < 1, tensor products of the basis functions of V; =

span{¢, x|k € M;} and f/] = span{%ﬂk € M;}, respectively. It can thus be
shown easily by standard results on tensor product spaces [70, Section 3.4], that

(jbj,k?likl)k'l,kzeMj and (®; x, &, )k, ko, constitute Riesz bases for V; ® V; and

(120)

V; ® Vj, respectively.

Now given any f € L%(]0,1]?) we can approximate it by f1f2 where fi, fo €
L?([0,1]). Taking into account a decomposition of f; and f» to an arbitrary
level Ry <1 as in equation (104), for any € > 0 we can find R; sufficiently small
and coefficients )\};, /L;k such that, with

gi= D> Mokt D Mtk i€{1,2} (121)
kE€Mg, R1<j<Ro
kEL]'

we have

| fifo — 192l < | follezllfr — g1llee + llgrllz2ll f2 — g2l < e (122)

Note that we sum only over a finite number of elements, thus a reordering
as follows can be done without additional convergence analysis. Reordering the
sums in g1 g2 and exploiting the fact that V,,, C V,_1, W,,, C V,,,_1, any element
of V,,, or W,,, can be re-written as linear combination of elements in V,,,_1, allows
to write g1 g2 as

g1(z)g2(y) = Z Ne® Ro e, (T)DRo ks (1) + z 11 1.5k ()15, ks ()

kGMRO R1<j<Ro
kel
~9 ~3
+ > ik @)k W)+ D B ke ()0, (1),
R1<j<Ro R1<j<Ro
keLj keL?

(123)
where k = (kl,]{ig) and Mj = Mj X Mj, L;" = Mj X Lj, L;) = Lj X Mj,
L? = L; x L; for j <1. Thus, defining

Ui (@, y) = i (2)85.4, (y)
Vi(y) = Vi (2)Dj,,(y) (124)
\I’?,k(x7 y) = ,(/)j;kl (x)wﬁkz (y)

it follows that gigo can be written as a linear combination of elements as in
equation (124) and of @,y as in equation (120). Thus, for any given scale
Ry < 1, the linear span of

h h d
(Pho)keMp, U (Pik)i<re U (Vi) i<r, U (¥5k)i<r,
keL) keL} keL?

is dense in L?([0,1]%). The same construction can be done for the dual functions
.

(¢jn) j<1 ,(¥jx) j<1 . It remains to show that both basis form dual Riesz
keM; kEL;
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bases. But this can be deduced again with a density argument, and from their
one dimensional equivalents being dual Riesz bases, by showing the equivalent
characterization (5) of [72, Theorem 1.9].

A recursive filter-based calculation scheme for the coefficients of the four
two dimensional basis elements can be obtained from the corresponding one
dimensional schemes by stepwise filtering first across the horizontal and then
the vertical direction.

Regularity Since the general model we aim to apply for JPEG 2000 decom-
pression requires some weak regularity assumptions on the Riesz basis (i.e. the
dual basis must be contained in BV((0,1)?)), regularity of the wavelet basis
functions is important. In particular, the Riesz bases corresponding to syn-
thesis, denoted by ((I)]]-L{o,k)kEMRD U (\Ij?,k)jSRo U (\Ij}),k)jSRo @] (\I’;‘l,k)jSRm with
kel keLj keLd

Ry < 1, are required to possess a certain amount of regularity. Let us first focus
on the one dimensional basis functions defined one the whole reals.

Since all basis elements are finite linear combinations of translated, scaled
versions of the scaling function ¢, it suffices to show regularity of ¢. In the case
of LeGall 5/3 filters the scaling function ¢ is just a piecewise linear spline (see
[32, Section 6.A] and note that there, ¢ and b are switched), thus it is contained
in WH1(R). In the case of CDF 9/7 filters it has been shown in [66] that the
scaling function corresponding to synthesis possesses a Sobolev regularity of
more than 2, in particular is also contained in W11(RR).

Now given that both one dimensional basis functions defined on R are suf-
ficiently regular, it is straightforward that also their folded versions, as being
again finite linear combinations of shifted versions of the original functions, and
their tensor products are contained in BV((0,1)?).

The resulting minimization problem

In this paragraph we finally formulate the process of artifact-free JPEG 2000
decompression according to our general modeling framework. As already pre-
sented in this subsection, for a given resolution level R < 1 and each color
component ¢ € {1,2,3}, we can construct the CDF 9/7 or LeGall 5/3 wavelet
basis of L?((0,1)?) ~ L?(]0,1]?), which we will denote by

(Phadkemn U (¥2) j<r U (W) j<r U(P5y) j<r- (125)
kel keLj keL?

Further we can define its dual basis by

(c@h1)keMp U (c¥")) j<r U (WY) j<r U (V%) j<r, (126)
kel keL} keLd

that is contained in BV((0,1)?). Note that we omit writing R color component
dependent, even though this is clearly possible. Now, as shown in remark 1.2,
we can use these component wise bases to define a related vector valued Riesz
basis of L2((0,1)%,R?), denoted by

(an)nENa

and its dual basis, denoted by
(&n)nel\h
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that is contained in BV((0,1)2,R3). Also, as explained at the beginning of this
subsection, we can, again for each color component ¢ € {1,2,3}, obtain data
intervals

(Jra)kem, s (cJ]r) i<k s (eJ]x) i<r s (cJ}x) i<R (127)
keL! keL§ keL§

from a given compressed JPEG 20000 file. We will also sum up these data
intervals by

(Jn)nEN

such that they fit to the R? valued Riesz basis (ay,)nen-
With that, given a JPEG 2000 compressed image, we can again define its
set of possible source images as

Up = {u € L*((0,1)%,R*)| (an,u) > € J, for all n € N},

or, more explicitly,

Up = {u € L2((0,1)%,R?) | (B pi, u%) 2 € erx, for all k € Mp,,
(UM u) e € Iy, forall ke LY, (0, u)p2 € oJf), forall k € LY,

(U ) 2 € o, forallk e LY, forall j< R, ce {1,2,3}}. (128)

Having defined the source image set Up, the infinite-dimensional problem setting
related to JPEG 2000 decompression is to solve
i TGV 7 . 129

e iy POV + T 129)
Since we know already that the dual Riesz basis (G )nen is contained in
BV((0,1)2,R?), and since, due to a rounding step as part of lossy JPEG 2000
compression, the data set Up again has nonempty interior, in order to ensure
the framework of section 4 to be applicable, it is only left to show boundedness
of suitable intervals J,,,0 <1 < w —1. For that, first consider the following
preparatory lemma:

Lemma 5.2. Let h € L'(R?) with compact support and fRQh # 0. Then,
for any k € N, any nonzero constant § € R and any polynomial p : Q@ — R,

p(x) = Z\a|1<k AaX®, of degree k —1,

(h*p)(dl) = /h(x —0)p(x)dz =0 forallle N2, [1|; <k (130)
R2
implies p = 0.
Remark. Note that by bold letters we denote elements of R?, i.e. x = (x1,72) €

R?, and we use the multi-index notation, i.e. x* = x{'2%? for a € R?, with
|Oé|1 = ‘(041,042”1 = a1 + asg.

Proof of lemma 5.2. As will become clear during the proof, we can without loss
of generality assume 6 = 1. Since h has compact support, the convolution is
indeed well defined. Suppose that p is a polynomial of degree k — 1 satisfying
(130). Then we can assume that A5 # 0 for at least one |a|; =k — 1.
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Now note that, due to 9, (h*p) = h*9d,p, also h*p is a polynomial of degree
k — 1. It is a standard result in the context of finite elements that in this case,
(hxp)(1) =0, for all |1} < k, implies h*p = 0:

Denoting ¢(x) = (h * p)(x) it follows that ¢(-,0) : R — R is a polynomial
of degree k — 1 on R vanishing on %k points 0,...,k — 1, thus ¢ is zero on all
the hyperplane H(x1,22) = 1. Following [21, Lemma 3.1.10] this implies that
we can write q(z1,72) = 22q1 (71, 22) with ¢; : R?> — R being a polynomial of
degree k—2. Proceeding like this we finally can write q(z1, z2) = C Hf:_OQ(xg —1)
with C' € R, thus constant in the second coordinate. With that, ¢(0,k —1) =0
implies that C' = 0 and finally that ¢ = h x p = 0.

But this yields

0=0u(hp)(a) = Ao [ by dy
RQ

and, with fRQ h # 0, Ao, = 0 for all |a]; = k — 1 and thus a contradiction to
Ag # 0. O

Our aim is now to show existence of a solution to problem (129) for a bound-
edness assumption at least as general as assuming that all intervals correspond-
ing to the basis coefficients obtained as inner products with the scaling functions,
i.e. corresponding to

(u®, Prx)rL2,

are bounded. This assumption is reasonable since in practice these coefficients
represent a low-resolution version of the image, thus are important for recon-
struction quality in terms of PSNR, and we can always get a bound on these
coefficients from the compressed JPEG 2000 data (cf. the explanation at the
beginning of this subsection). The generality on the other hand is also necessary
since, in contrast to the (u®, ®g k)2, we cannot expect to get a bound on any
particular (u¢, C\I/;:k)[g, A € {h,v,d}.

Additionally, in the wavelet based zooming model that we present later on,
the intervals corresponding to the (u®, .® g k)2 will be bounded while the others
will include all of R.

To show existence, according to proposition 4.1, it is sufficient to find suit-
able elements (.®rk,)o<i<r, 7 € N sufficiently large, such that the matrix as
in corollary 4.1 has full rank. Since the elements (.®r k), are obtained from
(¢®r,0) by shifting, lemma 5.2 will be very useful for this purpose. An existence
result can thus be given as follows:

Proposition 5.12 (Existence for Wavelets). Set k € N to be the order of the
TGVX functional. Given any biorthogonal Riesz basis (ay)nen of L?((0,1)2,R?),
explicitly defined by a component wise basis as in (125), assume that R is small
enough such that there exists ko = (k§,k3) € Mg with supp(c®r ki yikz1s) C
(0,1) for all c € {1,2,3}, 0 < i,j < k. Then, if the corresponding intervals

IRkt vikzys 0 < 0,0 <k,c€ {1,2,3} are bounded,
there exists a solution to (129).

Proof. First note that (an)nen is constructed from a component wise bases
as in remark 1.2 and we will use component wise polynomials as described
before corollary 4.1. The matrix with its entries being the inner products of
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elements of (ay,)nen, corresponding to the (CéR’kéH}kSﬂ-), with the component
wise polynomials, is thus a block matrix of the form

M, 0 O
Bi=|0 M o0
0 0 M

Consequently it has full rank if each M., ¢ € {1,2,3}, has full rank, with M,
being a matrix with elements

(@R k3 4ik2 45> Plala) L2)0<i, 4l Lo <k

where 1, j varies along the rows, Iy, [3 along the columns and p;, 1, (z,y) = zhiyl2,
To show that M., ¢ € {1,2,3} has full rank, we suppose that a linear combi-
nation of its columns, with coefficients A, ;,, is zero. Now, due to the support
restriction,

M2

-R -R
PRt k211, (T,Y) = Prppaz(z — 27",y —2772)

is satisfied. This implies that

(C(I)R,k(l],kg *p)(27Rl) = / C@R,k‘é,kg (sziRl)p(X)dZ' =0forallle Ng, |1|1 < k,

R2

where p(z, ) = 32,4, 1)) <k A1, 1,711y" is a polynomial of degree k — 1. Further
we have [g, Prrirz=1#0 (see remark 5.7), thus we can apply lemma 5.2
to get p = 0. Consequently A, i, = 0 for all |(I1,12)]1 < k and hence linear
independence of the columns and thus full rank of the matrix M, follows. [

Note that, since the original scaling function ¢ has compact support (cf.
remark 5.5), indeed the support of (.®r k) gets smaller as R decreases, thus the
assumption of proposition 5.12 is reasonable.

Remark 5.8. In practice, the support restriction on ®Prx corresponds to the
lowest resolution image having more horizontal and vertical pizels than the filter
length of the low-pass filter plus the order of the TGV functional minus one,
e.g. having more that (9+1) x (94 1) = 10 x 10 pizels in the case of CDF 9/7
filters and TGV?2. Compare also to proposition 5.13 later on.

Remark 5.9. Note that, as already discussed in remark 4.1, the boundedness
assumptions on the suitable subclass of intervals cJg x11i 245 is as general as

possible, if we want to bound the kernel of the TGVX functional.

With that, (A) and (EXy) are assured for the infinite dimensional model
corresponding to JPEG 2000 decompression and the results of section 4, in
particular the optimality condition, apply.

5.3.2 Discrete framework

In this section we deal with the discrete implementation of the decompression
process for JPEG 2000 images. For the sake of simplicity, we consider only
quadratic images defined on the finite dimensional space U = RV XN >3 equipped
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with the norm | - || as in (55). Further we define V = U? and W = U? with
norms || - ||y and || - ||w as in (56).

Given the scaling function ¢ corresponding to the CDF 9/7 or LeGall 5/3
wavelets, and possibly shifting the resolution levels, we assume any discrete
image u € U is described by the coefficients

(uca c¢0,k)0§k<N7 cE {17 2a S}a

where, for k = (k1, ko) € N2, 0 < k < N can be understood componentwise

Now as described at the beginning of this section, given any JPEG 2000
compressed image u € U, we can obtain a resolution level R € N and, for each
color component ¢ € {1,2,3}, data intervals

(eTrDo<i<Lr)s (Jf1) o<j<r s (T51) o<j<r » (Jf1) o<j<r »  (131)
0<I<K"(j) 0<I<K"(j) 0<1<K4(j)

where 1= (I1,12) € N?, L(0) = N and

L(j) = [L(j —1)/2],
K"(j) = L(j) x (L(j — 1) — L(4)),
K"(j) = (L(j—1) = L(j)) x L(j),
K(j) = (LG —1) = L(j)) x (L(j — 1) = L(3)),

for 1 < 7 < R. The restriction 0 <1 < K is again meant component wise.

The CJ}%,I provide low resolution- and the .J ’\1, X € {h,v,d}, detail informa-
tion about the image to decompress.

Note that we consider only the case where the whole image is processed as one
tile. For multiple tiles, data fidelity for each tile can be obtained independently
as for separate images, while the TGV functional will be evaluated globally
over all tiles. We further assume the same resolution level R for each color
component. A generalization of our model to a color dependent resolution level
R(c), as it is possible within the JPEG 2000 standard, is straightforward but
will be omitted for the sake of simplicity.

We can now define, for the resolution level R € N, the component wise
wavelet transform operator of order R, W = (W', W2 W?3) : U — U, which
can be evaluated by repeatedly filtering each component with the finite filters
(hn)n, (gn)n and allows to obtain the inner products

(u®, Prx)o<k<r(r)> (U V) o0<j<r (132)
0<k<K"(j)

(u, cWY3) o<j<r (Ul VY o0<i<m (133)
0<1<K" (5) 0<k<K?(5)

c€{1,2,3}, from (u°, Qo r)o<k<n, u € U. The filters (h,), correspond to the
scaling function for a CDF 9/7 or LeGall 5/3 wavelet basis, and can be obtained
as described in subsection 5.3.1. The filters (g, ), are defined by

In = (*1)nh1—n

and correspond to the mother wavelet of the CDF 9/7 or LeGall 5/3 wavelet
basis (cf. equations (93),(94)).
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CrnChh | Cg,hCh,n

Ch,gCh,h | Cg,gCh,n

Figure 15: Visualization of the discrete wavelet operator W€ in the case R = 2

Note that, for simplicity, we again omit the (finite) filter length of (hy,)n, (9n)n,
do not write W resolution depended and also assume the same filters for each
component. However, a generalization to different filters for each component is
easily possible. Each operator W€ can then be described as

((Chn) )iy if (i,j) € Ir
Wy = § ol Cnn) ™ i siorn HEDEL o\ <n
(Chg(Chn) ™ )imL(s41).5 if (i,7) € I
(Cog(Chn)* "u)imr(s+1) j—r(s+1) if (i,5) € I¢
(134)
where I, = [0, L(s)) x [0, L(s)),
Il = [0, L(s)) x [L(s), L(s — 1)), (135)
IV = [L(s), L(s — 1)) x [0, L(s)),

I = [L(s),L(s — 1)) x [L(s), L(s — 1)),

for 0 < s < R. See also Figure 15 for a visualization in the case R = 2. The
operators Cp1 1 correspond to filtering followed by downsampling, using h' and
h? as filters in the horizontal and vertical direction, respectively, with the image

symmetrically extended. For an input signal w = (w;j)o<i<n, they can be
0<j<N2
given as

Cht p2w = CH CYaw, (136)
with

(Chiw)ij = hywinjimi1-p, 0<i<Ni,0<j<[Ny/2+ 8], (137)

(Chaw)ij =Y hiwsismir—py, 0<i<|[Ni/2+B,0<j<Ny (138)
m

where 8 = 1 in the case h; = h and 8 = 0 if h; = g and, as already mentioned,
the signal w is extended symmetrically, i.e. w; —; = w; j, Wi Np—145 = Wi, Ny—1—j
for 7 € N and similar for the vertical direction.

Using the dual filters (Bn)n and (gp)n, which correspond to the scaling
function and mother wavelet, respectively, of the dual wavelet basis as de-

scribed in subsection 5.3.1, the inverse wavelet transform operator W—! =
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h* I

f - K—> hx (LP)s
hox I

I, | It (LP),
® (HD—| L
| o (HP),
g*I!
- S| e ap,
g* I

Figure 16: Visualization of the inverse discrete wavelet operator (W¢)~! acting
on I, 1

(WH=L (W?2)=1 (W3)~1) can be defined component wise by

(W) tu = (H VH> u. (139)
s=R

for a color component u € RV*Y_ The operators H, are defined as

S ho— (WP | o )i + §2l+1fj(u|fgujg)i,l (4,7) € Is—1,
Uq,j (Zvj) € IO\[S—la
(140)
where the restrictions u|§, for 8 € {0, 1}, means to take only elements of w with
indices in I, renumber them starting by zero and extend the signal symmetrically
as W—_j = Wj—g, WM—1+; = WM—1—j+8, for (w;i)o<i<nm the restricted signal.
The operators V; are then defined as

(Hsu)i; = {

Ui, (i,7) € Ig \ Ts—1.
(141)

(Vaw)s s = {Zz BQl—i(U|iU1?)l,j +§2l+1—i(u|ifu]gl)l,j (i,7) € I_1,
)i = . YUl

Suitably summing up all data intervals as defined in (131) to

(J;)o<ij<n,
c€{1,2,3}
the discrete data set for the JPEG 2000 decompression process can then be
described as

Up = {u S U| (Wcuc)m- e J¢

4,37

ce{1,2,3},0<i,j < N}. (142)

As in Subsection 5.2.2 we consider a discrete version of the TGV functional of
order two defined on U as in equation (57). With that, the discrete minimization
problem for artifact free JPEG 2000 decompression can be written as

min TGV?Z (u) + L7y, (u). (143)

uelU
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Remember that, due to the JPEG 2000 compression procedure as described
at the beginning of subsection 5.3, we cannot assume each of the intervals J;,
resulting from the data intervals as in (131), to be bounded. However, as already
explained in the paragraph before proposition 5.12, it is reasonable and matches
with our experiments, to assume each low-resolution interval ..J%, from (131)
to be bounded, which will, as for the continuous setting, be sufficient to obtain
existence of a solution.

But before, let us discuss how to solve the minimization problem for artifact
free JPEG 2000 decompression numerically: In order to obtain a solution to
problem (143) it would be convenient to again use the primal dual algorithm
as presented in [26]. However, using exactly the same setting as for JPEG
decompression, just by replacing the data set Up, would amount to calculate
a projection onto Up in each iteration. Since our transformation operator is
now no longer orthogonal in general, this would require a minimization problem
itself, resulting in unacceptable performance decrease. Our solution to this is
to introduce an additional variable for the algorithm as follows:

Denoting D = {w € Ulw§; € J¢;}, the convex indicator function for the
data set Up can be written as Zy,, (u) = Zp(Ww). Now defining V' C {1,2,3} x
N x N to be the set of indices (¢, 4, j) such that the intervals Ji; are bounded,
we denote by | = (If ;)(c.i,jyen and 0 = (05 ;)(c,ij)en the vectors of lower and
upper bounds such that Jf; = [If;, 0f ;] for (c,4,5) € N. Further splitting
each variable w € U into w = (w1, wz2), where w1 = ((01)f;)(cijyen and
wy = ((w1)§ ;) (c,i,)¢N> an easy calculation shows that the dual of Zp can be
written as

l+o0

Ip(w) = sup (v, w) = (

o—1
yw1) + [[—— - willp + Zioy (w2), (144)
veD 2

where the dot product - means a component wise product and the indicator
function Iygy (w2) is zero only if all components of wy are zero and infinity else.
With that, the function Z;;,, can be written as

Ty, (u) = Ip(Wu) = sgg(Wu,w) —Ip(w)
l+o o—1

= s Wuw) - (2
w=(w1,ws) 2 2

= sup (Wu,w) — Gj(w1) — G5(wa).

w=(w1,w2)

ywr) — ||

“wi |l — I{o}(w2)

(145)
Realizing the discrete version of the TGV functional again by

xz— F(Kx)

with
F:Y—>Rand K: X —Y

as in (68) and (67), respectively, and X := UxV,Y := VW, equipped with the
standard Euclidean norm on its product components, the minimization problem
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(143) can formally be reformulated as

min F(Kz)+ Iy, (u) & min max(Kz,y) — F*(y) + Zy, (u)

reX zeX yeyY
z=(u,v) z=(u,v)
i Ka,y) — F* — G wy) — G
< min gleag( z,y) () + max(Wu, w) — Gi(w1) — G3(w2)

z=(u,v)

& min max((Kz, Wu), (y, w)) — F*(y) — G1(w1) — G3(w2)

< min rileaéc(Km, z) —F*(z), (146)

where Z := Y x U, again equipped with the standard Euclidean norm on its
product components, F: Z — R and K : X — Z are defined by

F(z) =F(z,w) = F(z) + Ip(w)

and
v -1
K=|0 ¢
W 0

with I : V' — V again the identity. Note that the definition of F implies that
F*(z) = F*((y, w1, w2)) = F*(y) + G1(w1) + G (w2)

as expected. Let us show below that (146) is a saddle point problem equivalent
to (143) and study the discrete problems in detail.

Discrete existence and optimality

First note that the original problem (143) possesses a solution and is equivalent
to minimizing both v and v simultaneously:

Proposition 5.13. Given any discrete lowpass wavelet filter (hy,)nez with odd
length 2L — 1, L € N, and ), hy = 1, assume that the lowest resolution of the
JPEG 2000 compressed image is at least described by 2L x 2L coefficients and
that CJ%LH’LH is bounded for 0 < i+ j < 2, 4,5 € N. Then, there exists a
solution to (143) and 4 is an optimal solution to (143) if and only if there exists
0 such that

(i, 0) = arg min F(Kz). (147)

zeX
z=(u,v)

Proof. Clearly, the functional TGV2 +Zy, is proper. Let (up)nen be a mini-
mizing sequence for (143). Denote @, = u, — Pi(u,), where P; is the projection
onto the functions u such that £(Vu) = 0. We have already shown in the proof
of proposition 5.2 that there exists a constant C' > 0 such that

|iin|1 < CTGV2(4,) forallne N,

thus ||@y,||1 is bounded.

It remains to bound || P (uy,)||1. For that, remember that P; (u,,) is a discrete
component wise polynomial of degree less or equal to 1, ie., (Pi(un))i; =
AD+ AT+ ALj for ¢ € {1,2,3}. Since subsampling followed by linear filtering
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with (hp)nez does not destroy the linear structure of Pj(u,)¢, we have, for
ce{1,2,3},

(WP (un)) Ltinej = Ay + NHU(L+1) + A5(L A+ 9).

Note that this is only true since, due to the choice of L + ¢, L 4 j, with 0 <
1+ 7 < 2, and the assumption that the lowest resolution level is described by at
least 2L x 2L coeflicients, for the transform W€ at (L + ¢, L + j) no boundary
extension has to be considered, implying indeed the linear structure.

An explicit calculation shows that, after filtering a linear signal, say F' =
(Fy)i, Fi = fo + fii, with a filter (h,), the coefficients of the resulting linear
signal, denoted by F= (E)z7 F = fo + fii, are such that

fo= fo(z hi) + fl(z hii), fi1= —f1(Z hs).

Thus, if
D hi#0,

which is by remark 5.7 satisfied for the JPEG 2000 filters, boundedness of
fo, f1 follows from boundedness of fq, f1. By this argument, since in our case
indeed ), hy, = 1, it suffices to show boundedness of Af, (AT, A5 to conclude
boundedness (Af, (AT, 5.

Using boundedness of cJ?z,L,ch JIO%,L-H,L?C J%L,L_H together with bounded-
ness of We((u — Py(uy,))¢) we get that all rows of

A+ AT(L) + A3 (L)
AG+ AL A1) + A3 (L)
Ap 4 AT(L) + B (L +1),
and with that, all linear combinations of these rows are bounded. Thus, solving
this system, yields (AJ, (AT, Ay, with that AJ, (AT, AY and finally P;(u,) to
be bounded.
Existence of a subsequence of (u,)nen converging to an element u € Up

together with continuity of TGV?2 finally implies existence of a solution to (143).
The claimed equivalence of (143) to (147) is again immediate. O

Remark 5.10. Note that the argumentation presented in the proof of proposi-
tion 5.18 above essentially carries out the arguments of the existence proof for
the continuous setting (cf. proposition 5.12) in a discrete setting.

The next result aims to summarize the primal problem (147), a dual and
a saddle point problem and to argue existence as well as equivalence for all of
them.

Proposition 5.14. With the assumptions of proposition 5.13, there exists a
solution to the primal problem (147), its dual, given by

max —Ziy (K" 2) — F*(2), (148)
and the saddle point problem

min gleaéc(Kx, z) — F*(2). (149)
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Further, &,% are solutions to the primal problem (147) and the dual problem
(148), respectively, if and only if (&, %) solves the saddle point problem (149).

Proof. Given that existence of a solution to the primal problem is already en-
sured, following [37, Proposition I11.3.1] it suffices to show existence of a solution
to the dual problem and equality of the primal and dual problem at optimal
points, to conclude all claims. Using [4, Corollary 2.3] this follows provided that

|J Aldom(F) — K(dom(0))] = Z,
A>0

where 0 : X — 0 is the zero mapping. But this is satisfied since, given any
wo € Up fixed, any (p, ¢, w) can be written as

p p+ VW (wy — w) 4
q]= q -K (W (U(;O a w)) € dom(F)—-K(dom(0)).
w wo

O

Remark 5.11. By standard results (i.e. [37, Theorem II1.4.1]), existence of a
point xg € X such that F(Kxg) is finite and F oK is continuous at xq, which is
satisfied in the application to JPEG 2000 decompression, would also imply the
above result. However, using the more general result from [4] allows to apply the

same theory also for the case that Up = (), which is needed for the application

to wavelet based zooming later on.

Knowing about existence of a solution, we are now able to formulate the
optimality conditions for the discrete saddle point problem.

Proposition 5.15. Let the assumptions of proposition 5.13 be satisfied. Then,

only if

L (—divp+ W) _ (0
—p—divg )~ \o
~ VQ—DT . ~ ~
° pij= alw if |(Va —0);

v #0 and |p; jlv < ap else.

A £9); . . N
® (i = aom if |(5U)z‘,j|W # 0 and |Qi,j|W < oy else.

e 4 €Up and

we; eRif (Weae);; =1, = of,
WS, >0 if (Weac); ;= of; # 15
Wiy SO0 (W), = I # of,
wf; =0 if (Weat);; € [IF 5,05 ,]

Proof. The proof is rather short, using that the objective functional is convex
and concave in the primal and dual direction, respectively, and thus (Z, 2) is
optimal if and only

0 €0, (#.K'2)z — F*(2))
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Algorithm 3 Abstract primal dual algorithm for JPEG 2000 decompression

e Initialization: Choose 7,0 > 0 such that ||K||?70 < 1, (2°,2°) € X x Z
and set 70 = 20

e Iterations (n > 0): Update ™, 2™, T" as follows:
= (I+0dF*)~ (2" + oKz")

xn+1 = " — TK*ZnJrl

En+1 — 2xn+l — "

and
0€0,((-Kz,2)z + F*(3)).

Using a continuity argument to assure additivity of the subdifferential as in
proposition 5.4, zero being in the subdifferential with respect to the primal
variable is equivalent to the first assertion of the optimality condition. Also by
additivity of 9, K& € 9 F*(2) is equivalent to zero being in the subdifferential
with respect to the dual direction. A component wise evaluation of this further
yields equivalence to the second two assertions as well as W4 € 0Z},(w). But
this is equivalent to w € 0Zp(Wa) which, again by component wise evaluation,
is equivalent to the last assertion. O]

5.3.3 Practical implementation

Now to solve (149) we can formulate the abstract primal dual algorithm from
[26] in algorithm 3, for which global convergence can be assured.

In order to get a practical implementation it is left to estimate || K| and to
get an explicit form of W* and (I + 0 9 F*)~L.

In order to estimate || K]|| first note that (see also remark 5.3), for (u,v) € X,

1K, 0) |12 < (8 + W) |ulZ + 2v8[ullullv]lv + 9ol (150)
so this reduces to estimate ||IW||. This will be done in the following lemma.

Lemma 5.3. With W : U — U, defined component wise as in (134), depending
on a resolution level R € N and filters h = (hyn)n, 9 = (gn)n, we have

8(2)ft for LeGall 5/3 filters,
13.4708(3.8107)%=1  for CDF 9/7 filters.
(151)

nwn<mmﬂmw%R1:{

Proof. First note that for an estimate on ||[W¢|, ¢ € {1,2,3}, it suffices to
estimate ||[¥]|. Due to the special form of W€ as in (134), we can further reduce
this to estimating ||Ch1 2| for two filters h', h?, which again reduces to an
estimate on ||C|| and ||C}||.

For that, note that both operants C’,ﬁ, C’;L/gare just sub-sampling followed
by a symmetrically extended convolution with a given filter i, where only the
central points are considered. Since the norm of the subsampling process is
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one, we finally arrive at the task of estimating the norm of this symmetrically
extended convolution to obtain an estimate on ||W]|.

Using Youngs-inequality for convolutions [8, Theorem 3.9.4], any convolution
convj, of a discrete function w defined on all of R with a filter  can be estimated
by ~

[ convy (w2 < [[All1]lwll2,

where || - ||; and || - ||z are discrete £! and ¢? norms, respectively.

Now given any discrete signal of finite support, (w;)o<i<n, the center points
of its symmetrically extended convolution with a filter h = (iLl)_ L<i<p,2L+1 <
N, can be written as

L
(C;Lw)l = Z izj(ESw)Hj 0<1< N,
j=—L

where E*w is a symmetric extension of the signal (w;)o<i<n to ((E*w);)—L<i<N+L-
Denoting by E°(E*w) a zero extension of E*w to ((E°E*w);)iecz, we can esti-
mate

[Crwllz < lconv, (E°E*w) |2 < [[A]l1 [ E°w)|l2
= IIilHl\/lle% w3 + (w12 (152)
= V2|1 ][w]]2-

For two filters h', h?, we have the estimate
ICh 2| < 2R3 1R? )1

In the case of LeGall 5/3 filters, we have ||hll; = 2 and /gy =2 > ||h[|; and
in the case of CDF 9/7 filters we have ||h||1 ~ 1.3803 and ||g||; =~ 2.5953 > ||A||1.
So in both cases ||g||1 > ||h|l1. With that, we get

Weullz < max }||Cﬁ1,ﬁzcﬁ,h||||u||2 < NICy g M Chn 1 lull2

h'.h%e{h,g
0<s<R

and consequently the estimate as claimed follows.

If we use the resulting estimate on ||| now in equation (150), and solve
ab=/8,a% = b> + 1 — |W||?, similarly as in remark 5.3, an estimate for (150)
can be given as

2
1— 2 1 — 2)2
”K|2§8+”W|2+< [l +\/< W) +8> (153)

2 4

which, for example if R = 5, amounts || K| < 2839.97 in the case of CDF 9/7
filters and || K || < 3280.5 in the case of LeGall 5/3. Choosing equal stepsizes in
the primal and dual direction, this results in o = 7 &~ 0.000352 for example for
CDF 9/7 filters, which is quite small compared for example to the JPEG case
where 0 = 7 = 0.2965 and thus yields slow convergence of the algorithm.

Obviously, the estimation of ||C; || in equation (152) was not optimal. How-
ever, as the choice w = (1, 1), h = (1,1,1) shows, we cannot expect to get any
better than B

Gl < [l
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which still yields |[W¢|| = 88.7 and, consequently, the small stepsizes
o=71=0.0113.

Also the estimate in equation (151) can be shown to be tight by choosing R =1
and a function u that is in the kernel of both CH and C). Thus there is not
much hope to improve the theoretical bound on ||W|| and with that, justify a
larger stepsize.

We propose two possibilities to resolve this issue, one of which is a balancing
technique we explain next:

Remember that the derivation of the JPEG 2000 algorithm was based on
writing Zy;, as

Ty, (u) = Ip(Wu) = sup (Wu,w) — I (w),
welU
where T}, is known explicitly. Now with A : U — U, (Au)§; = A ;u

c
§jUf 7, we can
define W = A o W and write

Ty, (u) = jlelg(Www) — T (w)

with D = {u € Xug ; € X§;J7;}. Note that Zp can still be given explicitly by

l+o0

T ) = sup(v.w) = (Alw) (52 00) + 1AL 5) - wnlle + Top ().

Remember that A is the index set such that J§ ; is bounded for (c, i, j) € N.
But now we can choose

(P17 Fe e if (i,7) € IR,
28 hll1||A||?5~2 if eIl
X =7 gl Al ”25 2) ? (4,4) S0<s<Roee{1,23),
Mgl lplla AT =)~ if (4,4) € 12,
(2%(|gli3 A Fo—2) if (4,7) €I§‘,

(154)
This ensures |[W|| < for 4 > 0 arbitrary, i.e. an arbitrary low bound on |||,
independent of the resolution level R. Choosing for example v = 1, and thus
[W]| < 1, results in ||K||?> < 11.8284 and thus allows 0 = 7 = 0.2908, i.c., a
sufficiently large stepsize for which convergence can be assured. However, we
will see in subsection 5.3.4, that choosing v too small reduces data influence
during the iterations and may also lead to slow convergence. Thus the choice of
gamma needs to be balanced between stepsize and data influence.
Remark 5.12. Note that this modification of W to W = A o W only affects
the evaluation of W, W*, W1, the stepsize estimation and the definition of
the data set D. Since all elements of A are nonequal to zero, its inverse as well
as its adjoint are well defined as element-wise multiplication with ()\ij)_l and

()\ij), respectively, and thus also the inverse and adjoint of W can directly be
obtained from W by W= = WA~ and W* = W*A*, respectively.

As a result we will continue writing W and return to W, if needed, only for
the numerical experiments in subsection 5.3.4.
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Another possibility to improve convergence speed would be to choose the
stepsize adaptively: As one can observe in the proof of the algorithm in [26,
Theorem 1], it is possible to violate o7||K]|?> < 1 but still guarantee convergence,
provided that

K" =2l < <=l =" (155)
is satisfied for all n € N.

Now for the estimation of the theoretical bound on ||W||, and with that on
|IK]|, one has to take into account all special cases, such as x being non-zero
only close to the boundary or being in the kernel of horizontal- and vertical high
pass filtering. Even if done in an optimal way, this may result in a worst-case
estimation of ||WWx|| that is irrelevant in practice.

Thus, by basically using only the subset of the iterates of the algorithm
for the estimation of ||[WW||, there is hope that, even for large stepsizes o,T,
convergence can still be guaranteed. However, due to the nature of the proof of
convergence in [26, Theorem 1], we cannot adapt the stepsize in each iteration.
We thus formulate the following criterion for adaptive stepsize choice, that still
allows to ensure convergence of the primal dual algorithm:

Given 6,6 € (0,1), in each iteration of algorithm 3, set 7,41, 041, Where

M =T+ 0,01 0F) (2" + 0,11 KT")

anrl _ mn o Tn+1K*Zn+l’
such that

SIK@"—2" D]z IK(z"—z" )z
Tz" —zn—1]x if 0o, 7 > T —zn 1 x
. Kz —gn—1
On+1Tn+1 = 90’n7’n lf OnTn Z W > ednTn (156)

; IK(z"—z" Yz
OnTn if op7 < Tzm—zn—1x °

This choice guarantees equation (155) to hold, but also a sufficient decay of
(Un)nGNv (Tn)n€N~

With that, there exists an ng € N such that either condition (155) holds for
all n > ng, even though 0,7, K|? > 1, or 0,7,||K|| < 1 for all n > ng. In
both cases, this means o, = oy, and 7, = 7, for all n > ng and with that,
convergence of algorithm 3 can be assured.

Of course, the algorithm can be arbitrary slow, but, as we will see in sub-
section 5.3.4, in practice this method allows the same stepsize as for the JPEG
algorithm and thus yields satisfactory convergence properties.

Having now a suitable choice for the stepsize of the primal dual algorithm, we
draw our attention to getting an explicit form of W*. For u € U, the calculation
of Wu amounts essentially filtering with the filters (hy,)n, (gn)n, thus the adjoint
of W can essentially be given by applying W ! but with flipped versions of the
filters (An)n, (gn)n instead of (Ap)n, (gn)n. Due to symmetry, the flipping is
obsolete. What is left is to correctly handle boundary indices. Taking this into
account, W* can be defined component wise as follows:

(W) u = (H (Vo + BY(H, + B?)) u, (157)
s=R
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where, similar as for (W¢)~!, the operators H, are defined as

Hoa): s =
(Hohig Ui j (1,5) € Io \ Ls-1,
(158)
only that this time the restriction w|; is used, which means to take only elements
of w with indices in I, renumber them starting by zero and use zero extension at

the boundary. The boundary effects in the horizontal direction are compensated
by B{?, which is defined as

; {Zl hoi—j(ulr,ury )i + goir1—j(ulrora)in (4,7) € Is—a

b7 (S1(ulr,ure)) + 057 (So(ulnura)) if (4,5) € Is—1,

159
0 if (i,j)ejo\ls_l, ( )

(B u)iy = {

where Sg, for § € {0,1}, means to upsample a signal by inserting zero before
each entry, starting with the S-entry and, for any given filter A with odd length
2L +1 € N and any signal w = (w;,j)o<i<n,, 20 +1 < Na, b (w) is defined as

0<j<N2
Z{:L hiwii—; if1<j<L,
bw)iy = S hwiyn, ENa—L—-1<j<Ny—2,  (160)
0 else.

Note that b%" (w) does not evaluate outside the boundaries of w. The operators
V, are then defined as

(V)i = > hai—i(ulr,ure)g + gare1—i(ulreore ) (%7]) el (161)
U, (i,9) € lo\ Is—1
and the BSi are defined as
(Bhu,, = | RS Wlron) + b (Soulrzory) i (6.9) € Loy, (162)
0 if (Z,j)EIo\Is_l,

with, again for any given filter h with odd length 2L + 1 € N and any signal
w = (wi;)o<i<n,, 2l +1 < Ny,

0<j<N2
ZLL hywy—; 5 if1<i<L,
(Brw)iy = SN b, N - L—1<i<Ny -2, (163)
0 else.

Having determined W* it is only left to get an explicit form of (I+o dF*)~!
to be finally able to implement algorithm 3. Now since F*(z) can be de-
composed as F*(y) + G7(w1) + G5(ws), with y, w1, we independent variables,
(I +0dF*)71(2) can be written as

(I+0c0F*) 'y

1
(I+0dF*) (2)=|(I+c0G)) (w)
(I +00G5) " (w2)
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We have already seen in subsection 5.2.2 that (I + o d F*)~!(y) can be written
as

(I+00F)  (y) = (I +00F*) " (0,1) = (proj, (v), proju, (w))  (164)
with proj,, , proj,, as in equation (71). It is also easy to see that
(I400G3) " (w2) = Ppoy(wo). (165)

Thus it is left to get an explicit form of (I + ¢ dG%)~*(w), which can be done
as follows:

Defining the linear operator L as Lw;, = 074 -wy, it follows that
r e dGi(r) e - €9(|| -l o L)(r) = L* 0 || Lr||n
l
o - 0 with wt | < 1 || Lrlls = (w", Lr).

2
Thus, using that L* = L, we have

*

T —=r

re(I+0dG)71r") o

r* —r I+o

€ aGI(r)

= Lw" : |[w|e <1 and ||Lw*||; = (w*, Lr)

o 2
= — a—l";(’" if L; =0,
& Vi 4 1 1 .
|Si — Lz Ti| S g and |L1’I"7| = ;(Si — L,L T’i,Lﬂ’i) lf Lz 7£ 0,

where s; = L;lr;‘ — J“;Tf’i and we renumbered the elements 77 ;, (c,i,7) € N.
The first case already gives us an explicit assignment for r; in the case that
L; =0, i.e. J; is a point-interval. The second case is further equivalent to

Llr,=s,—0 ifs;>o,

=

L
>
[

s ri=s;+o ifs; < —o,
ri=0 if |s;] < o,

and plugging in s;, noting that L; > 0 for all i, in all cases r € (I+0 9 G})~L(r*)
is equivalent to

ri=rf —obit% — Lo ifr; — bt > Lo,
ri=r; —obdo 4 Lig if rf — ol < — Lo, (166)
ri =0 if [ry — obto| < Lio.

Thus an assignment operator
(I+0G3) Y(wy)
s > ({71768 )
can be defined as assign ; 5 by
85, — Li o ifs7; > Lf o,
85+ Ls o if s, < —Lf 0, if (¢,i,7) € N,
0 if |3¢ ;] < L§ ;0,

0 else,

(assign y xr(w))7; = (167)
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Algorithm 4 Scheme of implementation for JPEG 2000 decompression
1: function TGV-JP2(Joomp)

2: (d, J) < Decoding of JPEG 2000 object Jeomp
32 N«J

4: u+ W1(d)

5: V4 0,u+—uv+0,p0,g+ 0,w+0
6: choose o, 7 > 0 such that o7 < (1/|K]|)?
7 repeat

8: p < proj,, (p+o(Vu — 1))

9: q < proja, (¢ + o (£(v))

10: wy <« assign; y(w + o(W(a))

11: Uy —u—7(—divp + W*wy)

12: vt v —7(—p — diva q)

13: U+ (2uy —u), T4+ (204 —0)

14: U 4= Uy, U U4

15: until Stopping criterion fulfilled
16: return u,

17: end function

0,7 :wic,' — o

Bringjing equations (1264),(165),(167) together finally gives us an explicit rep-
resentation of (I+0 dF*)~1(z). A scheme of implementation for the JPEG 2000
decompression process can thus finally be given in algorithm 4. Note that there,
J denotes the collection of all data intervals and d the matrix where each entry
is the midpoint of the corresponding interval (0 if the interval is R). Further
V, &,div,div are again the component wise gradient and divergence operators
as defined in subsection 5.2.2. Note also that, based on the stepsize discussion
earlier this section, in practice we relax the stepsize constraint o7 < (1/|K]|)?
either by renormalizing W or using an adaptive stepsize, but still can guarantee
convergence.

- +0¢ .
where §¢ et

Stopping rule

In order to validate our numerical solution, we again seek for a suitable stopping
rule.
Similar as in subsection 5.2.3, we can use that, as shown in the proof of

(147) and the dual problem (148) coincide, i.e.
F(K#) = —Tjoy(—-K"2) — F*(2),
to estimate, for any (z,z) = (u,v,p,q,w) € X X Z,

0 < F(Kz) - F(K2) = F(Kz)+ o) (-K*2) + F*(2)

< F(Kzx)+ I{O}(—K*Z) + F*(2). (168)
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Now plugging in the definitions of F, K (note that G*(w;)+G?(ws) = Zp(Ww))

yields

0< IVu = olly + [|Ev]ly + Zp(Wu) — [[Vi — o[y = [|€0]2
< [Vu =1 + ||Ev|l1 + Zp(Wu) + sup ((divp — W*w,u') + (p + divg,v))

u’ ’l)

l+o0
I e an (D) + L e o (@) + (5= wn

Using the iterates of the primal dual algorithm 4, denoted by x,, = (un, vn), 2n =
(Pn, qn,Tn), instead of arbitrary z, z simplifies this estimation to

o—1
)+ ||? wi || 4+ Zyoy (wa).

0< [Vun —vnlli + [[Evnlli + Zp(Wun) — [V —0]l1 — [|E9]1
< [V, —vnlls + |Evnllt + Zp (Wuy,) + sup (divp, — W*w,, u’)
u' €U
. l+o o—1
+ sup (py, + div gn, v") + ( s (wn)1) (w1l
v' eV 2 2

But still, since for the iterates (un, Un), (Pn, @n,Tn) in general neither Wu,, € D
nor div p,, = W*w,, nor p,, = — div g, is satisfied, we cannot use this estimations
without further modifications.

Note that we cannot simply define w, = (W*)~!div? §,, with a modified
Gn as for the stopping rule for the JPEG algorithm, since Zypy((Wn)2) # oo
has to be ensured. Solving the equation div?gq, — W*w, for ¢, and again
modifying this ¢, would resolve this issue. But this requires the solve of a
PDE in each iteration step, yielding unpractical computation times, and still
would not get rid of Zp(Wwu). A projection of u,, to Up would resolve also this
issue, but introduce an additional computational expensive equation solve in
each iteration.

We propose a different approach: Our aim is to bound

[ ] ID(WUn),
o sup,, cy(divp, — WHwy,u'),

o sup,scy (pn + divg,,v’).

We start with Zp(Wu,): Considering the optimality condition for the discrete
saddle point problem as derived in proposition 5.15, the data term Zp oW of the
original problem implies that any optimal solution (@, ), (p, ¢, W) must satisfy

@; >0 if( )1

(169)
'lI]i - O (W )’L S [l’uol]
w; € R if (Wa); =1; = o,

for all 0 < i < 3N?, where we reordered indices such that (wi)o<icanz =~

(w§ )0<Z j<n. If we now use Ip, o W instead of Zp o W as data term, where
c€{1,2,3}

Ip.(w) = Zfivo I, (w;) with
0 if w; € [ll, Oi],
IiDC (wz) = Cz(’wz — 07;) if w; > 054,
Ci(l; —w;)  ifw; <1,
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for fixed (Cj)o<i<3n2, we arrive at a modified optimization problem. The opti-
mality condition for this modified problem then requires, in addition to (169),
that

\wi\ <(C; forall0<i< 3NZ.

Note that the C; are nothing but Lagrange multipliers for the data constraint.
Choosing now C = (C;)o<icanz with C; = |iy|, where (4, 0), (p, g, ) is an opti-
mal solution of the original problem, we get that (@, 9), (p, g, W) is also a solution
of the modified problem (and again equality of the resulting modified primal-
and dual problem holds). Estimating the primal dual gap for the modified
problem thus yields, for (z,z) = (u,v,p,q,w) € X X Z arbitrary,

0 IVu =vlly +[|€v]ly + I, (Wu) = [V = 0fy = [|€0]

<
< IVu — vl + ||Ev]1 —|—IDC(WU)—l—sup(divp—W*w,u’) (170)

+sup(p +div ¢, v') + I o <oy (P) + Do <0 (9) + T, (w),

which requires an explicit form of I}_;é. This can be given as follows: First note
that .
Igc(w*):zlég(w*,w —Ip.(w Zsup —Ip.(N).

Now in the case that |wf| = C; + ¢, € > 0, we get

sup)\ZOi(C’i +e,A)—(CiyA—0;) =00 if w}

) =C+e,
SUpAgli(*Ci —e,\) — (Ci,l; = A) =00 if w;

PN =T () =
Sgp(wz )=Ip.(A) { .

*
K3
*
(2
In the case |w;| < Cj it is straightforward to show that supy g (w*, \) =I5 (A) =
supy¢ s, (w*, A) and thus, in the case |w}| < C; for all 4, I}, (w*) takes the form

. . l+o
IDc(w ) = (T’wl)

(w2)

coincides with Z7, in (144). In total, with S(C) = {z € Ul|z| < C;}, we can
thus write

IBC (W*) = IS(C)(U)) + (H?O, wl) + ||OTZ . w1||51 +I{O} (wg)
Using the primal dual gap estimation of the modified problem as in (170), but
for the iterates of algorithm 4, thus allows us to control Zp(Wuy,).

Next consider sup,, (div p, — W*w,,u): Setting T to be an upper bound of
the LP norm of an optimal solution @ of the original problem, 1 < p < oo, we
can, similar as before, also add I\I-\Ip <p to the modified saddlepoint problem.
With that, we finally get that the optimal solution (4, ©), (p, §, ) of the original
problem also solves

. N l4+o0 o—1
min -~ max (K, 2) = F*(p,q) — Iy (w) — (——,w1) — [[—— wifln
rz=(u,v) z=(p,q,w) 2 2
~Ziop(w2) + Iy, < ()-
(171)
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Using again the primal dual gap estimation for (171) and plugging in the iterates
of algorithm 4 for the original problem, yields

0< [Vn = vnlls 4+ [Evalls + Ip, (Wup) = [Viin — vnll1 = [[EVn]l1
< IVun = vl + [Evnlly + Iy, (W) + T div pp, — Wl
+sup(pn + divgn, v) + I <ar (Pr) + Lo <o (@n) + Lg (e (wn)

v

l+o o—1
HEL ) +1%5

“(wi)nller,

with p’ = p%' Now it is only left to estimate sup, (p, + div g,, v): As already

done for the JPEG related minimization problem, we can define ¢, = (,¢, with

ﬁn = max(al,(\ldivqnuoo)’
Pn = —divgn (172)
and finally get
0< F(Kzn) + Ip,(Wuy,) — F(K2)
< F(Kzn)+Ip,(Wun) + T divp, — Ww,||,
l+o o—1

+Zg(y(wn) + (——

22 (wa)) + |

= (wa)ill

where Ip_ can be written in a compact form as

IDC (r) = Z Oz max{(r)i — 04, lz — (’/‘)i}.
(r)i¢lli,oil
for r € U. Provided that w, € S(C), this gives us a computational feasi-
ble estimation of the error in terms of functional values, if we know T and
(éi)0§i<3 ~2, which depend on the optimal solution. Further, due to continuity
of all terms and our specific choice of (pn, Gn,wy), the last term converges to
zeros as (Un, V), (Pn, Gn, Wy ) converge to an optimal solution.
Using the current iterates to estimate T and (éi)0§i<3N27 we can finally
sum up the results above and the proposed stopping criterion by the following
proposition:

Proposition 5.16. Let v > 1,1 < p < 00 zp, = (tn, V), 2n = (Pn, Gn, Wn) be
the iterates of algorithm 4 and (4,v), (P, §,w) be an optimal solution to (149).
Then, defining

G(Tn,2n) 1= F(Kxn) + Ipg, (Wup) + Tl div pr — Wrwy [

0 0— 173
A2 w15 e

with Ip., —as

Ip., (r) = Z (Cn);max{(r); — 0;,1; — (r):}, (174)
(r)i¢(li,o4]

where (Cy); = Y|(wn)il, Tn == Y||lunllp and p, as in (172), we get that

G(zn,2n) = 0 asn — oo
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and, additionally,

0< F(Kz,) + IDé(Wun) — F(K#)
< F(Kxp) +Ip., (Wup) + Ty || div pp, — Wwy || (175)
l+o0 o—1
g (wn)y) + == (wa)ille

whenever Ty, > |||, and (Cy); > || for all 0 < i < 3N2.

Proof. The prove can be done as described above, where the last estimation
follows since Ip., (r) > Ip.(r) in the case that (Cy); > |w;| for all 0 < i <
3NZ. O

This allows, for given ¢ > 0, to use G(z,,y,) < € as stopping criterion
and provides, at least in the limit, a suitable estimate of the error in terms of
functional values.

Note that we cannot expect to get the estimate

G(xn,2n) > F(Kz,)— F(K%) >0

since the iterates (u, )nen are only contained in the data set Up in the limit and
thus it is possible that F(Kz,) < F(Kz). This was observed also in numerical
experiments.

5.3.4 Numerical experiments

The aim of this subsection is to provide numerical results obtained with our
framework for improved decompression of JPEG 2000 images. As we will see,
the method performs very well but, in contrast to JPEG decompression, some
prior considerations are needed for efficient usage of the proposed algorithm.
For our experiments we use again three component color images and grayscale
images with component range [0, 255]. Except for the combined decompression

and zooming examples, we always fix the ratio 22 for definition of the TGV?

o
functional to v/2.

We will use several iteration dependent quantities to measure convergence
and reconstruction quality in the subsequent experiments. Besides the maximal
and average data error, i.e., the average and maximal distance of the wavelet
coefficients to the data intervals (only for those how are bounded), we also use
TGV (un) + Ips, (Wuy) and G(2y,yn), where Ip, is defined as in (174) and G
again is a normalization of G as in (173), defined by

with N2 the number of image pixels. As for the application to JPEG decom-
pression, the normalization is motivated by making G image size independent
and getting an estimation on an average pixel error; remember that, in the limit,
we have the estimation

0 < TGV (un) + Ing, (Wu,) — TGV (@) < G(ap, yn)-
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Note also that for the evaluation of G(z,,,¥,) it is left to choose v and p, and
with that fixing p’ = 25 of (173). We will discuss a suitable choice later on,
but for the moment those parameters are fixed to v = 1.001, p = 2.

In contrast to the JPEG decompression setting, we did not implement CPU
or GPU optimized code for the TGV based JPEG 2000 decompression algo-
rithm. Considering computation times, however, one could expect that each
iteration step of an optimized JPEG 2000 decompression scheme would take
about as long as for the JPEG decompression setting. Indeed, from the compu-
tational viewpoint, the only considerable difference is that instead of a Block-
DCT transform, a wavelet transform is used.

Let us now start by discussing a suitable stepsize choice:

Stepsize choice

As we have seen in subsection 5.3.3, the choice of a suitable stepsize for the
primal dual algorithm as in algorithm 4 is more difficult than for the case of
JPEG decompression. A potentially very high value of |W]|, and, consequently,
of || K||, yields very small stepsizes o, 7 when respecting the restriction o7||K||? <
1 without further modification.

Renormalization: One possibility to resolve this issue is to renormalize the
wavelet transform operator W as in (154) and modify the data accordingly. In
theory, this allows to set ||[WW|| arbitrary low. In practice however, choosing
[[W]| too small reduces data influence and with that again convergence speed.
In figure 18 we have plotted several iteration depended quantities for the de-
compression of the birds eye images as shown in figure 17 for different choices
of ||[W]|. The top plots show the development of TGV (u,) + Ip., (Wuy) and
G(xp,yn), while the bottom plots of figure 18 show the maximal and average
error in the wavelet data. Remember that, in contrast to JPEG decompression,
we cannot assure at every iteration step that the current image is contained in
the set of possible source data, but only that the optimal solution is.

As we can observe in all four plots of figure 18, setting ||[W]| too small leads
to oscillations while setting it too high yields slow convergence. In particular
the choice |W|| = 1 yields high oscillations in the objective functional as well
as the data error and as a result, even after 5000 iterations, the algorithm is far
from the optimal solution. In contrast to that, setting ||W|| = 50 yields stable
but very slow convergence. For the setting of figure 18 the choice [|[W| = 20
seems best.

This however, depends on the image size and, more importantly, the level of
wavelet decomposition of the image to decompress: The birds eye image used
for figure 18 was compressed by using two levels of wavelet decomposition. Since
our estimate on ||I¥]| can be expected to be too conservative, and since it highly
increases with the level of wavelet decomposition, in order to ensure |W|| = 20
for wavelet level 5, W has to be divided by a much higher quantity than for
wavelet level 2, leading again to oscillatory behaviour. This can be observed
in figure 20, where again the development of iteration dependent quantities is
shown for the same image but different levels of wavelet decomposition. As we
can see, in particular for 5 levels of wavelet decomposition, the choice |W|| = 20
yields a high data error even after 20 000 iterations. This effect is much weaker
for the case of 2 levels of wavelet decompositions, but still, as one can observe
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Figure 17: Birds eye image (64 x 64) used in the numerical experiments for
figures 18,22. From left to right: Original, uncompressed image. JPEG 2000
compressed image at 0.19 bpp. True solution of TGV based decompression, i.e.,
images obtained with adaptive stepsize after 15000 iterations.

in figure 19, the reconstructions for |W|| = 20 are overregularized and the re-
construction for ||[WW|| = 160 look better. In particular, brightness oscillations
in the background are better preserved in the case ||[WW|| = 160. This suggests
that the choice of ||WW|| has to be increased depending on the level of wavelet
decomposition, e.g. for the most common case of five levels of wavelet decom-
position, motivated by our experiments, on could choose |[W| = 160. While
this indeed allows a good reconstruction quality, in practice it takes the large
number of about 10° iterations to obtain this reconstruction.

Summing up, we can numerically confirm the convergence of the algorithm
with renormalized W. Also, the renormalization significantly improves conver-
gence speed in a situation where, without renormalization, the stepsize would
be impracticable small. This at least allows to obtain an optimal solution. But
still, the necessary iteration number is far to high for a reasonable applicability
of the proposed method. Thus an alternative is needed, which will be discussed
in the following.

Adaptive stepsize: To improve convergence speed, the second suggestion
in subsection 5.3.3 was, instead of renormalizing W, to adaptively choose the
stepsizes o and 7 as in (156). This idea was motivated by the fact that we
observed convergence of algorithm 4 even for infeasible large stepsize choices
such as o =7 = % In figure 21 we show some iteration dependent quantities
for different, also adaptive, stepsize choices.

As one can see, fixing the stepsize to 0 = 7 = \/Lg == 0.3536 does not lead
to convergence, while starting with ¢ =7 = \/Lg but allowing the algorithm to
adapt the stepsize does. We have observed that for this choice, the stepsize gets
reduced only once to o = 7 & 0.3359 leading to convergence of the algorithm.

1

For the choice 0 = 7 = 3 as initial stepsize the algorithm shows similar conver-

gence properties, but the stepsize gets reduced not even once. We observed the
same behaviour in all our numerical experments, thus we will use ¢ = 7 = %
in all future experiments, allowing the algorithm to reduce the stepsize. The
resulting decompression of the birds image and other examples can be seen in
figures 23,24 later on. As can also be seen in figure 21, normalizing ||[W]| to
160 and fixing the stepsize accordingly yields very slow convergence compared

to the adaptive choice.
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Figure 18: Comparison of iteration dependent quantities while decompressing
the parrots eye image of figure 17 for different renormalization of W.

Primal dual gap parameters

As for the application to JPEG decompression, we again have free choice of
the parameters v and p for evaluation of the primal dual gap. In previous
experiments we already chose v = 1.001 and p = 2. We will now see that this
indeed is a reasonable choice: Figure 22 evaluates different choices of « and p.
As can be seen in the right plot, in contrast to JPEG decompression, this time
the choice v = 0 violates the estimation (175), but the choice v = 1.001, p = 2
does not. This can be explained by the fact that this time the unbounded data
part, and with that the choice of «, has much more influence. As can be seen in
figure 22 on the left, even not violating estimation (175), the choices v = 1.001
and p = 2 results again in the lowest primal dual gap. Thus we will use this
choice for all future experiments.

Experimental results for decompression

Having fixed all remaining parameters for the JPEG 2000 decompression pro-
cess, we can now discuss the reconstruction quality in numerical experiments.
For convenience we sum up the proposed parameter choices for JPEG 2000
decompression in table 4

Figure 23 compares the standard reconstruction with the TGV based recon-
struction. As one can see, in the TGV based reconstruction, all wavelet artifacts
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Figure 19: Bird image (256 x 256) used for the numerical experiments of figures
20 and 21. Left, from top to bottom: JPEG 2000 compressed image using 2
wavelet levels (0.3 bpp), TGV based reconstruction with ||| set to 20, TGV
based reconstruction with |[|[WW]| set to 160. Right, from top to bottom: JPEG
2000 compressed image using 5 wavelet levels (0.3 bpp), TGV based recon-
struction with ||| set to 20, TGV based reconstruction with ||[W|| set to 160.
For the choice ||[W] = 20 and 5 wavelet levels, brightness oscillations in the
background are not recovered even aftf§120 000 iterations.
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Figure 20: Comparison of iteration dependent quantities while decompression
the images of figure 19 for different renormalizations of W. For five levels of
wavelet decomposition, the choice ||W]| = 160 seem best in terms of data error.
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Figure 21: Comparison of TGV +ID and G for different stepsize choices. The
infeasible choice 072 = 772 = 8 yields convergence if the stepsize is choosen
adaptively.
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Figure 22: Left: Difference of primal dual gap for different choices of ~,p to
primal dual gap obtained with v = 0. Right: Comparison of primal dual gap
for v = 1.001, p = 2 and v = 0 to difference of TGV (uy) + Ip,, (ux) and
optimal TGV value (obtained with adaptive stepsize 15000 iterations). As one
can see, the primal dual gap with v = 0 violates the estimation G(xg,yr) >
TGV (ug) + ID(ux) — TGV(a).

Table 4: Parameter setting for JPEG 2000 decompression

Algorithm 4 TGV as in (57) Gap as in (173)
o adaptive, initialization 1/3 TN ~ 1.001
7 adaptive, initialization 1/3 o1 p 2

have been removed while edges are kept sharp. In general, with our method,
the reconstruction quality is again highly improved and yields more natural and
visually more appealing images. For figure 23, we compressed the same parrot
image once using 4 tiles and once without tiling. Even at the same bit rate, the
image with tiling looks worse and the tile boundaries are clearly visible. In the
improved reconstruction, these artificial edges as well as the stronger wavelet
artifacts have been removed completely. But also the improved reconstruction
quality is slightly worse when using multiple tiles. We have again used a nor-
malized primal dual gap below 10~! as stopping rule to obtain the images in
figure 23. The larger number of iterations, compared to JPEG reconstruction,
necessary to achieve this bound may be due to the unboundedness of some data
intervals for JPEG 2000 decompression. However, as we will see in figure 25
later on, this bound is merely important to ensure optimality, in practical ap-
plications a much lower iteration number is sufficient to obtain a reconstruction
visually almost indistinguishable from the optimal one.

Figure 24 then allows a more detailed comparison of the standard and TGV
based reconstruction for two different images. On the top, the close up of Bar-
bara’s face shows again a more natural reconstruction, while the lower two lines
show the standard and TGV based reconstruction and an error visualization.
As one can see, the total energy of the error has been significantly reduced with
the TGV based reconstruction and, again, the error is of a less visible type.

Figure 25 now allows to compare reconstruction quality for the parrot image
by performing smaller iterations numbers. It compares the standard decom-
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Figure 23: On the left: Standard decompression. On the right: TGVbased
reconstruction obtained with normalized primal dual gap below 10! as stopping
criterion (number of iterations on top-right). A-B: Parrot image at 0.3 bpp
(256 x 256 pixels). C-D: Parrot image with tiling at 0.3 bpp (256 x 256 pixels).
E-F: Peppers image at 0.15 bpp (512 x 512 pixels).
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Figure 24: Left: Standard decompression, right: TGV based reconstruction.
Top: Close up of Barbara images at 0.4 bpp (512 x 512 pixels) Middle: Color
test image at 0.6 bpp (256 x 256 pixels). Bottom: Visualization of the pointwise
reconstruction error (logarithmic scale). The numbers in the image show the
iteration number until G(z,,,y,) < 107! was satisfied.
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Figure 25: Decompression of parrot image (0.3 bpp, 256 x 256 pixels) using only
a few number of iterations. The standard decompression is shown in the top left
corner. The iteration number for the improved reconstructions is shown in the
top right of the image. The bottom images were obtained using G(z,,y,) < 1
and G(z,,,yn) < 0.1 as stopping rule, respectively.

pression with reconstructions obtained by using 100 iterations-, G(2n,yn) < 1
(839 iterations) and again G(z,,y,) < 0.1 (4111 iterations) as stopping rule.
As one can see, even after 100 iterations the JPEG 2000 artifacts are already
removed and the image is comparable to the optimal solution at 4111 iterations.
However, in contrast to JPEG decompression, for such suboptimal reconstruc-
tions a perfect fit to data cannot be ensured and, as we have already seen, is
not satisfied in practice.

Unbounded data intervals

As already mentioned in subsection 5.3.1, to define the set of possible source
images for JPEG 2000 decompression, we cannot bound every coefficient in the
wavelet domain, i.e., some of the data intervals for the pointwise restriction
of the wavelet coefficients contain all of R. Figure 26 visualizes the wavelet
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Figure 26: Top left: Wavelet coefficients of the brightness component of the
birds images (logarithmic scale). Top right: Size of data intervals for the wavelet
coeflicients of the brightness component. Bottom: Size of data intervals for the
Cb and Cr component. Note that 0, i.e. dark blue, indicates that the data is
unbounded.

decomposition of the brightness component as well as the bounds on the wavelet
coefficients for all color components for the parrot image without tiling of figure
23. As one can see, details such as the cheek of the parrot yield a better bound
on the wavelet coefficients. Also, there is much less boundedness information
left for the color components, which can be seen as implicit color subsampling.

Given the many unbounded data intervals, one could think of somehow pe-
nalizing the coeflicients corresponding to these intervals instead of leaving them
unpenalized. This is possible within our framework and figure 27 shows some
experiments with different data penalization, again for the parrots image of
figure 23. We tested four different situations: Leaving both the bounded and
unbounded coefficients unpenalized within their bounds, fixing the unbounded
coeflicients to zero and letting the others unpenalized within their bounds, fix-
ing the bounded coefficients to the midpoints of the data intervals and allowing
the others to vary unpenalized and also penalizing the unbounded coefficients
with an L' norm and again letting the others unpenalized. The resulting de-
compressions are shown in figure 27, with a plot of the TGV value and the L!
norm of the unbounded coefficients for all four situations on the bottom. For

137



the L' bounded situation, we used A = 0.5 as regularization parameter. As one
can see, penalization of the unbounded coefficients does not have a high influ-
ence on visual reconstruction quality, while, as could be expected, fixing the
bounded coefficients decreases reconstruction quality since the wavelet artifacts
cannot be completely removed. In terms of PSNR error, the situation where
both types of coefficients can vary unpenalized within their bounds results in
the best reconstruction quality.

Extension to combined decompression and zooming

As for the application to JPEG decompression, we can also extend the TGV
based JPEG 2000 framework to combined decompression and zooming. Indeed,
since the modeling of subsection 5.3.1 and the practical implementation of sub-
section 5.3.3 already allows all data intervals corresponding to the wavelet basis
function ¥ to be unbounded, the generalization is straightforward:

Given a JPEG 2000 compressed image, the resulting set of data intervals,
denoted by

(Jij)eeq1,2,3)5
0<i,j<N
N € N, can be extended by intervals containing all of R up to a size 2/ N,
denoted by

TC
(J55) ceqr2,3} -
0<i,j<2/ N

Defining now the set of possible source images as
Up = {u e R¥ VN33 | (yryye e Je oy,

where the decomposition level of the wavelet transform operator W is f + d,
with d the decomposition level of for the original, JPEG 2000 compressed file,
the solution of

min TGV (u) + Ty, (u)

yields an improved decompression of the JPEG 2000 compressed image whose
resolution has been increased by a factor 2/. As result of the generality in the
modeling of JPEG 2000 decompression, all results such as existence of a solu-
tion and the optimality conditions apply and the same primal dual algorithm as
shown in 4 can be used to obtain a solution. In particular, the same considera-
tions with respect to stepsize apply and we can use the adaptive stepsize choice
as in (156). Figure 28 compares the results of combined decompression and
zooming by a factor 8 of a JPEG 2000 compressed version of the hand image to
standard techniques. The wavelet upsampled image was obtained as standard
decompression for the extended data set, i.e., all unbounded coefficients have
been set to zero.

5.4 Wavelet-based zooming

Apart from the data decompression models of subsections 5.2 and 5.3, we now
consider the problem of obtaining a high resolution image from uncompressed,
low resolution data. The following method is also presented in [15]. Image
zooming can be seen as an inverse problem, where the objective is the inversion
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Figure 27: Reconstructions of the JPEG 2000 compressed parrot image without
tiling of figure 23 for different data penalization types at 5000 iterations. A: No
additional penalization. B: Fixing the unbounded coeflicients to zero. C: Fixing
the bounded coefficients to the midpoints of the intervals. D: Using 0.5 times
the L' norm of the unbounded coefficients as penalization.
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Figure 28: A: Original-sized, uncompressed image (512 x 512 pixels). B: Down-
sampled, JPEG2000 compressed image (64 x 64 pixels, 2.96 bpp) together 8 times
magnification by pixel repetition. C: 8 times magnification by cubic interpola-
tion. D: 8 times magnification of a TGV based decompression by cubic interpola-
tion. E: Wavelet based upsampling F: Simultaneous TGV based decompression
and factor 8 zooming. All TGV based decompressions were obtained with the
normalized primal dual gap being below 10~! as stopping rule. Image by [47],
licensed under CC-BY-2.0 (http://creativecommons.org/licenses/by/2.0/).
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of a downsampling operator denoted by A. The problem is ill-posed since the
kernel of A is large. To get a method of stable inversion, and hence obtain an
image zooming method, we aim to again use a TGV regularized model fitting to
the general problem setting of section 4. For that purpose, we first have to make
an appropriate choice of how to define the downsampling operator A, i.e. the
process of obtaining discrete pixel values from an image u defined, for instance,
on the unit square.

A straightforward approach, that can also be motivated by data acquisition
in digital cameras, is to consider averaging over each pixel as downsampling
procedure. A right inverse of the resulting downsampling operator is then an
upsampling operator using pixel repetition. Though this downsampling method
makes sense from the physical perspective, both downsampling by averaging and
upsampling by pixel repetition do not yield satisfactory results when applied to
discrete images.

An alternative to obtain a suitable downsampling procedure would be to use
a left inverse of a linear interpolation procedure, a technique that is widely ap-
plied for image zooming and known to result in visually more appealing images.

The multiresolution approach of wavelet bases provides a framework to de-
scribe downsampling procedures: In a simple, one dimensional setting, given or-
thogonal scaling and wavelet functions (¢, x);.kez and (¥ k) kez, respectively,
remember that any signal u € L?(R) can be fully described by the L?— inner
products

(u,qﬁR,k)Lz, (u7¢j’k)Lz, for 5 keZ,j <R,

and any R € Z fixed. The inner products ((v,¢rk)r2)kez are interpreted
to be the values of the signal u at resolution R, while the inner products
((w, ¥} k)L2) j<mrkez contain all remaining detail information. Thus, the map-
ping that asserts to any given signal w the inner products ((u, dr.k)r2)kez can
be seen as subsampling operation to a resolution R. Since this multiresolu-
tion framework can be considered for any choice of wavelet basis, even for non-
orthogonal Riesz bases, it allows a general approach to a downsampling operator
for the zooming problem. Given the multiresolution framework of any wavelet
basis and fixed a resolution level R € Z, we consider the linear operator

u— ((u, r.k) 12 kez

as downsampling operator. As we will see, this approach includes the setting
where downsampling is modeled as left inverse of a pixel repetition- or linear
interpolation operator.

If we now assume a function, or image, ug to be given at the scale R, i.e.
the coefficients ((u, ¢r j)r2) ez are known, in order to obtain its high resolution
reconstruction we need to determine ((u,¥'r,;)r2)k<r,jcz-

As we will see in subsection 5.4.1, this can be done by using the TGV related
image model and solving an optimization problem very similar to the one for
JPEG 2000 decompression.

The assumptions for this minimization problem are again captured by our
general model assumption and also the framework for its solution in a discrete
setting is already available. In the numerical experiments section we will com-
pare this zooming method to standard zooming methods based on linear filters,
for different choices of wavelet bases.
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The idea of image zooming by interpolating wavelet coefficients is not new;
we refer to [46] and the references therein for an overview. However, the crucial
point of these approaches is how to obtain the missing detail coefficients. In
contrast to the methods in [46], we propose to use a variational technique, in
particular TGV regularization, to resolve this issue.

Not modeling subsampling by a wavelet transform, variational methods, us-
ing the TV functional as regularization term, have already been used in [50, 24]
for image zooming.

5.4.1 Modeling

As already mentioned, the modeling for the problem of high resolution image
reconstruction is very similar to the modeling for JPEG 2000 decompression:
Set Q= (0,1) x (0,1),

((D}é,k)kjeﬁlvllj (W) j<rs (W9 <1, () j< (177)

v

h d
J keL] keL; keLy

to be given scaling and wavelet functions contained in L?(2) and

(@h1) d<1 » () i<, (BY) i<1 . (Uy) i< (178)
ke M keLd

Mg keL;.‘ keL;
to be their dual functions. Remember that the M; and L;L, Ly, L? denote finite
index sets in N2. Note also that for the wavelet based zooming model, for
simplicity, we consider only grayscale images while the generalization to color
images can be done exactly as for the JPEG 2000 decompression model of
subsection 5.3.

For a fixed resolution level R € Z, the functions in (177) and (178) constitute
biorthogonal Riesz bases of L?(Q2) and we can assume a low resolution image
ug € span{dERJU € Z} to be given by

((uo, PR k)2 )keMps

(see figure 29 for a visualization).
Reconstructing a high resolution image from this given data, that minimizes
the TGVX functional, for k € N, a € RY;, amounts solving

ueHLliZI(lQ) TGVf;(u) *Zup (W),

where
Up = {U c LQ(Q) | (u,¢R7k)L2 = (U07®R,k)L2 vk € MR}
Defining data intervals (Jp ) and I, IV, J4, corresponding to ®p and

p gk 5k <y,
Wik, by

h v
Uik Vi

Jhi = {(u0o,Pri)r2} and Ji =R, re{hv,d},

suitably summing up these intervals by (J,)nen, and setting W : L2(Q) — 2
to be the basis transformation operator for the primal Riesz basis in (177), Up
can equivalently be written as

Up = {u € L*(Q) | (Wu), € J,Vn € N}
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Figure 29: Visualization of the low resolution image and the detail coefficients
obtained from a high resolution image with one level of wavelet decomposition.
Note that the wavelet coeflicients have been rescaled for better visibility.

and with that fits into the general problem assumption (A). Since all intervals
corresponding to ®p x are point intervals, and hence in particular bounded, the
existence assumption (EXy) can be verified exactly as in proposition 5.12 by
using the same support assumption as written there. Thus, all results of section
4, in particular existence of a solution and the optimality condition, apply.

Choice of scaling and wavelet functions

Note that, since no longer determined by the compression standard, we have
now free choice of a scaling and wavelet basis. For a simple interpretation of a
resulting subsampling operator, we will, for the rest of this subsection, go back
to the unconstrained, one dimensional setting. Assuming a discrete signal to be
given by ((u, dr.k)2)kez, for fixed R € Z, i.c.

u € span{dpi |k € Z} C L*(R),

its projection onto the smaller, low resolution subspace span{éRH,k |k eZ}is
described by

(U, $ri1k) = O hu(u, dritar), keEN, (179)
=

(cf. (93)), i.e. linear filtering followed by subsampling, where the filters can be
constructed from ¢. Similar, obtaining a higher resolution representation from
low resolution data amounts setting

(u, dRrm) = Z |:Bm72k(u7 Grr1,k) + (= 1) 2Ry (o (U7¢R+1,k)} :
kEZ

i.e. upsampling followed by linear filtering, where again the filters can be con-
structed from ¢. Not knowing the coeflicients (u,®¥r11%), a straightforward
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upsampling can be obtained by assuming them to be zero, thus

(t drm) = > (U, dri1k)- (180)

keZ

We will now interpret this expressions for different choices of scaling functions.
Haar wavelet: A first, intuitive choice of one dimensional scaling function,
from which the two dimensional scaling and wavelet functions can be obtained,

would be to define

1 0<z<1,
0 else.

This yields the well known Haar wavelet (cf. [32, Section 6.A]), and the filters
associated with ¢ and ¢ are given by

9-1/2p, = 9 1/2f, = 1 9-1/2p, — 9 1/2f, = 1
2’ 2
Thus, the down- and upsampling as in equations (179),(180) is given by

272 (u, ¢py1n) = = (W, dr2k) + (U, GR1421)]

N =

and

1 1
2712(u, pp o) = §(U7¢R+1,l)7 272 (u, pporr) = §(U,¢R+1,z)~

This corresponds to downsampling by averaging and upsampling by pixel repe-
tition. Note that, in contrast to the Le Gall and CDF wavelet, the Haar wavelet
basis is orthogonal. Further, due to the specific form of the wavelet and the
scaling function, no boundary extension has to be considered when restricting
the resulting basis to (0,1). Indeed, for all resolution levels less or equal to 0
the support of each basis element is either contained in (0,1) or R\ (0,1). For
resolution levels above 0 the basis functions are constant on the whole (0, 1).

Le Gall wavelet: Another choice is to define

142 —-1<x<0
ple)=<1-2z 0<z<l1
0 else,
i.e. a piecewise linear scaling function. This yields the LeGall wavelet used for

lossless coding in JPEG 2000 compression (cf. [32, Section 6.A]), and the filters
associated with ¢ and ¢ are given by

~ 1 - 1
—1/25 _ % —1/2 _ 1
2 ho = 57 2 hy = 1

and 3 1 1
27 V2pg =2, 27V2h =2 27V 2p = 2,
0 47 +1 43 +2 S
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The down- and upsampling as in equations (179),(180) can then be given by

_ 3 1 1
9 1/2(u,¢R+1,k) - Z(U’QSR’%) + 1 lgl(u,@g,zkﬂ) 3 122(%(253,2“1)

and

1

_ _ 1 1
27V2(u, pro) = §(U7¢R+1,l)7 272 (u, pp o) = Z(U, ¢R+1,l—1)+1(u7¢R+1,l)-

This corresponds to upsampling by linear interpolation.

CDF 9/7 wavelet: At last we can again use the CDF 9/7 wavelets as de-
scribed already in subsection 5.3.1, whose filters can be found in [32, Table 6.2].
Again, the upsampling process can be seen as linear filtering, but we do not
have an direct interpretation.

5.4.2 Discrete Setting

For the discrete setting, we define U = RV*N N € N, to be the space of
discrete, high resolution images, equipped with || - || as in (55). We proceed as
in subsection 5.3.2: Given scaling functions (®; «);k, we assume that the pixels
of any discrete image u € U can be described by the coefficients

(U,(p07k)L2, 0§k<]\[7

where the inequalities are again meant component wise. A low resolution image
iy € U := R@"N)x2""N) cap then be obtained from vy € U by applying the
wavelet transform operator W : U — U, as defined in (134), with decomposition
level R € N, and taking

(Wuvo)k = (vo, Pri)r2, 0<k<278N

to be its pixel values. The other way around, assuming vy to be given, one aims
to find vy € U such that

(Woo)k = (To)k, 0 <k < 278N,

i.e. an image vy € U such that vy yields vy when subsampled using the wavelet
transform.

Thus, given a discrete image ug € U = R "Mx@"N) with R € N, the
wavelet transform operator W corresponding to scaling functions (®; k), k, the
resulting wavelet and dual functions, and the discrete version of TGV?Z as in
(57), we can write the discrete minimization problem for wavelet based zooming
as

min TGV2 (u) + Zy, (u), (181)

uelU

where
Up= {uecU|(Wu) = (up)k, for all 0 <k < 27N}

(182)
= {ueU|(Wu)x € Jx, forall 0 <k < N},

with Jic = (ug)k for 0 <k < 27FN and Ji = R else.

145



Table 5: Parameter setting for wavelet-based zooming

Algorithm 4 TGV asin (57) Gap asin (184)
o adaptive, initialization 1/3 aw oy ~ 1.001
7 adaptive, initialization 1/3 a1 p 2

Again, since the assumptions we took for the discrete minimization problem
for JPEG 2000 decompression did not exclude the case of point intervals, all
results, such as existence of a solution and the optimality condition, apply.
Consequently, also the saddle point problem

i K —F* 1
arﬁrél)rfnzneag( x, z) (2), (183)
with X, Z, K, F defined as in subsection 5.3.2 , where Up is now given as in
(182), is equivalent to (181) and can be solved by the primal dual algorithm 4.
Therefore, since we now have only point intervals or intervals containing all of
R, the operation assign ; 5 (w) reduces to

. Wi 5 — 0’)\1‘7]' if 0 < 1,7 < 2-EN
assign j(w); ; =
0 else,
where \; j = (uo,®Pr,;)r2. Also the considerations concerning the norm of K
and with that the stepsizes o, 7 apply directly to the wavelet based zooming
model. Finally, also the estimations on the primal dual gap G defined in (173)
are valid, but G simplifies to

2~ N
G(wn, 2n) = F(K2n) + Ipe, (Wun) + Tol| divpn — Wrwnlly + Y Aijwi ;.

i,j=0
(184)

5.4.3 Numerical experiments

Again, we now evaluate and compare numerical results obtained with the TGV
based wavelet zooming algorithm. We will see that the method performs well
and leads to highly improved results compared to standard zooming methods,
such as, for example, bilinear or bicubic interpolation.

Based on the discussion in subsection 5.3.4, we use the adaptive stepsizes.
The parameters for the wavelet based zooming algorithm are summarized in
table 5. Note in particular, that we now fix the ratio between oy and «a; for
evaluation of the TGV functional to 4 rather that /2 since, as we experienced,
this choice improves reconstruction quality in zooming applications.

As stopping rule we again used the normalized primal dual gap below 107!
for all experiments. We tested three different wavelets, the Haar, Le Gall and
CDF 9/7 wavelet as described in subsection 5.4. Note that, since, in contrast to
the Le Gall and CDF 9/7 wavelet, the Haar wavelet leads to an orthogonal basis
we can directly project on the given data set. Thus for this wavelet we used the
algorithm similar as for JPEG decompression, where no additional variable has
been introduced and a fit to data is ensured in each iteration step.
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We first consider a four times magnification of a patch of the Barbara image,
containing a stripe structure. For better comparability, we used the original
image rather than a downsampled version. Thus the downsampling procedure
is not known and cannot favor any particular method, but also no original data is
available. The results, using the three different wavelet types as well as bilinear-,
bicubic- and interpolation with a Lancos 2 filter are shown in figure 30. As one
can see, the linear filter based zooming leads to blurring of the stripes while
our method yields a reconstruction appearing much sharper. Using the CDF
9/7 wavelets results in the best reconstruction quality. In particular, we observe
that not only the edges are preserved, but also the geometrical information is
extended in a natural manner for the CDF 9/7 wavelet (as opposed to the Haar
wavelet, where “geometrical staircasing” occurs).

In figure 31 we then show the four times magnification of a test image. Again
the subsampling method is unknown. In the top left the straightforward upsam-
pling by pixel repetition is shown, while the top right image shows again zooming
by cubic interpolation. The lower images show the results with our method and
the Haar and CDF 9/7 wavelet, respectively. As one can see, usage of both
wavelets results in a sharper reconstruction than cubic interpolation. Using the
Haar wavelet conserves the blocky structure of the image and leads to sharp
edges, while homogeneous regions are smoothed. The CDF 9/7 wavelet based
reconstruction comes closer to a realistic reconstruction: It smooths homoge-
neous regions nicely and, in opposition to the Haar wavelet, again emphasizes
also non-horizontal and non-vertical edges. As minor drawback some edges are
slightly less sharper than with the Haar wavelet.

At last, figure 32 compares the TGV based zooming method for the Haar
and CDF 9/7 wavelet in the situation where the subsampling process is known
and fits to the model assumption, i.e. the subsampling was done by applying
a wavelet decomposition on the original image and throwing away the high
resolution detail coefficients. On the left of the figure, we show the subsampled
version of the image and its upsampling by setting the unknown coefficients to
zero. This is the initial image for our TGV based method. On the right, we
show the outcome of our method as the primal dual gap is below 10~!. This
allows to compare the effect of TGV regularization independent of the wavelet
basis. As one can see, indeed the reconstruction quality is clearly improved
when TGV based regularization is applied. This justifies the application of
TGV regularization instead of simple wavelet based upsampling.
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Figure 30: A-C: 4 times magnification by linear filtering with bilinear-, bicubic
and Lancos 2 filter. D-F: 4 times magnification by TGV based wavelet zooming
using the Haar, Le Gall and CDF 9/7 wavelet, with iteration number on top
right. The stopping rule was G(x,,y,) < 1071
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Figure 31: A-B: 4 times magnification by linear filtering with box and bicubic
filter. C-D: 4 times magnification by TGV based wavelet zooming using the
Haar and CDF 9/7 wavelet, with iteration number on top right. The stopping
rule was G(z,,,y,) < 1071
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Figure 32: A: Original girls-eye image (256 x 256 pixels). B: Wavelet upsampled
image (without TGV regularization) and downsampled version in top left, up-
and downsampling with Haar wavelet. C: TGV based wavelet upsampling using
Haar wavelet. D: Wavelet upsampled image (without TGV regularization) and
downsampled version in top left, up- and downsampling with CDF 9/7 wavelet.
D: TGV based wavelet upsampling using CDF 9/7 wavelet.
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