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VELOCITY-PRESSURE COUPLING ON GPU
MAXIMILIAN EMANS† AND MANFRED LIEBMANN‡

Abstract. We explore the possibilities to accelerate simulations in computational fluid dynamics (CFD) by additional graphics processing units (GPUs).
By examining some examples of stationary incompressible flows from the industrial practice we demonstrate that the potential speedup obtained by deploying GPU accelerated linear solvers alone is limited if standard segregated
algorithms are used. However, recently presented velocity-pressure coupling
algorithms are an attractive alternative to these segregated algorithms. We
present an efficient AMG solver for the coupled linear system of mixed elliptichyperbolic character and show that the GPU-accelerated version of this linear
solver accelerates the velocity-pressure coupling scheme by almost 50% compared to a competitive CPU implementation. Compared to standard segregated methods, the computing time of the whole simulation is reduced by up
to 75%.

1. Introduction
The graphic processing units (GPUs) on modern graphics boards are equipped
with a large number of processing cores and with an on-board memory of reasonable size that is connected by a fast memory bus to the processing cores. The
potential computational power of the GPUs has therefore attracted the attention
of the scientific computing community looking for ways to accelerate numerical
simulations. Important steps on the way towards numerical simulations on GPUs
were e.g. the implementations of solver algorithms for linear systems by Krüger
and Westermann [22], and solutions of systems of partial differential equations in
two dimensions by Goodnight et al. [17], both published in 2003. However, the
restrictions in particular with respect to the programming environment and the
hardware were severe at that time. Recent development in both, hardware design
and software tools made it possible to exploit the large computational power of
the GPUs for numerical simulations of practical relevance in some areas which is
in particular due to the development of efficient solver algorithms for the linear
systems of equations. Examples for this are the red-black SOR by Konstantinidis
[21] and the conjugate gradient implementation by Cevahir et al. [2]. With respect
to CFD, however, multigrid solvers are particularly attractive: Göddeke et al. [16]
and Haase et al. [18] report on significant speedup of such solvers for finite element
calculations.
Although there is a strong interest in an acceleration of simulation software
like commercial CFD software on GPUs, it is not easy to achieve this goal with
reasonable effort since usually both, the global structure and the implementation
of the compute-intensive parts of the code of long-running software projects is not
well suited for a GPU implementation. But the existing implementations often
contain a large amount of experience with regard to both, numerical and modelling
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issues, that is in particular essential for the solution of real-world problems. It is not
feasible to re-start such a software project from scratch in order to achieve better
performance by GPU acceleration. The way that has to be chosen is therefore to reuse as much as possible of the existing implementation while the accelerating effect
is achieved through re-implementation of compute-intensive parts of the program.
The numerical kernel of each software in CFD is an algorithm which solves the
Navier-Stokes equations. CFD software packages with commercial relevance are
based on the concept of the finite volumes, see Ferziger and Perić [15]. Robust
discretisation techniques for unstructured meshes with collocated variable arrangement are the method of choice in the industrial practice. From the discretisation,
a system of algebraic equations is obtained. This system is still nonlinear and coupled, i.e. the velocity components and the pressure as physical unknowns appear in
the same equations.
With regard to application in commercial CFD tools, the most important discretisation technique is that of the finite volumes on unstructured grids with collocated variable arrangement, see Ferziger and Perić [15], and the algorithm of choice
to solve the resulting system of algebraic equations is SIMPLE (“Semi-implicit
pressure-linked equation”) by Patankar and Spalding [25]. It is based on a segregated approach, i.e. only linear systems for a single physical unknown (pressure,
velocity components) are solved at a time. Because of this, the SIMPLE algorithm
(and methods derived from it) has moderate memory requirements and it is robust,
but eventually, the convergence is slow and a large number of iterations might be
necessary. If we want to use the efficient GPU accelerated solvers for these linear
systems and keep the remaining calculations including the setup of the algebraic
system on the CPU with mainly untouched source code, we need to transfer the
whole data for each of these systems to the GPU and the calculated solution back to
the CPU. But the data transfer between the CPU memory and the GPU memory is
slow, i.e. about one order of magnitude slower than the on-chip data transfer on the
CPU. Besides, in order to obtain fast running code on the GPU, other matrix data
formats than on the CPU are used such that a conversion is needed, see e.g. Haase
et al. [18], Cevahir et al. [2]. Therefore one cannot expect to obtain an efficient GPU
acceleration if only the solution of the linear problems is accelerated on the GPU.
If it is deemed not feasible to transfer significant parts of the setup of the system of
algebraic equations to the GPU which would require a major restructuring of large
parts of the source code, then it might be still possible to reconsider the numerical
method which is used to find a solution to the system of algebraic equations.
In fact, there are different attractive algorithms for the solution of this particular
system. Coupled approaches, i.e. methods were the solution of linear systems for
more than one physical unknown at a time is required, appear to have gained some
attention recently. With regard to the incompressible flows, “coupling” the variables means that the momentum equations and the pressure-correction equations
form a single linear system. Chen et al. [3] and Darwish et al. [5] have devised an
algorithm that can replace the SIMPLE scheme in existing CFD codes since the
coupled system relies on the same operators as segregated SIMPLE. This makes
it possible to use the existing code to assemble the coefficients. The advantages
of the coupled approach (compared to segregated SIMPLE) are more rapid convergence and better parallel scalability due to the fact that a larger portion of the
computational work incurs in well structured parts of the program, i.e. the linear
solver which has usually a better parallel efficiency than the rest of the program.
But the disadvantage of the coupled solver is the necessity to solve a large linear
system: While in the segregated approach the number of unknowns is equal to the
number of finite volumes, the velocity-pressure coupling requires to solve a system
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with four times more unknowns. Moreover, while the systems of the momentum
equations in the segregated scheme are usually diagonal dominant and the matrix
of the pressure-correction equation is symmetric positive definite, the large system
of the velocity-pressure coupling scheme lacks such properties; it is therefore more
difficult to compute a numerical solution of the latter system.
In this paper we combine innovative coupled solution techniques for the NavierStokes equations (that can be used to solve advanced real-world CFD problems
from the industrial practice) and fast appropriate implementations of linear solvers
on GPUs. The resulting program that we present here has preserved the implementation of the discretisation of the physical problem in the form of program code
while it delivers – by means of GPU acceleration – the numerical solution of the
discretised problem significantly faster than the conventional program running on
CPU-based machines. For this, we proceed as follows: In section 2 we recall the
segregated and the coupled numerical schemes that are used in CFD. In section 3 we
present our solvers for the linear systems and we introduce our GPU implementation of these algorithms. In section 4 we present three benchmarks from industrial
applications of a CFD program that are run on a cluster equipped with both, modern conventional CPUs and graphics boards for scientific computing. Section 5
contains our conclusions.
2. Segregated and coupled solution in CFD
For the sake of compactness, let us denote the discrete velocity field by ~u, where


~ux
~u =  ~uy 
(1)
~uz
contains the three components (in the directions of the cartesian coordinate system)
~ux , ~uy , and ~uz of the velocity vector. The discrete pressure is p~. The finite volume
discretisation momentum and the continuity equation may be written as
ˆ)~u + M p~ = ~b
A(~u
(2)
ˆ = ~c.
C ~u

(3)

Here, A denotes the discretised and linearised operator that acts on the velocity field
in the momentum equations, i.e. it expresses convective, diffusive, and eventually
inertia components. M is the discretisation of the pressure term, ~b the body force
term, C represents the discretised continuity equation, and ~c is a mass source in
the incompressible case. The hat (ˆ) on top of the vectors indicates that the vector
is discretised on the grid that corresponds to the cell faces. The discretisation of
the operators requires that both, the velocity in the cell centre ~u and the velocity
ˆ appear in the system of equations. Both variables are linked by
at the cell faces ~u
a linear interpolation operator Ω.
In the iterative SIMPLE algorithm, the velocity field that is calculated in the
m-th iteration is split into a tentative velocity field ~u ∗ that is calculated from the
momentum equations with the pressure from the previous iteration, and a velocity
update ~u 0
~u (m) = ~u ∗ + ~u 0 .
(4)
A similar splitting is applied to the pressure:
p~ (m) = p~ (m−1) + p~ 0 ,
0

(5)

where p~ is referred to as the pressure-correction.
If a collocated variable arrangement is chosen, i.e. all variables are placed in the
cell centres, then in the SIMPLE algorithm for incompressible flows, see Patankar
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and Spalding [25], it is not appropriate to apply a linear interpolation scheme Ω
(acting on all three components of ~u, M , and so on at once) to ~u ∗ in order to
ˆ∗ in the continuity equation. Instead, the
evaluate an expression that substitutes ~u
interpolation of Rhie and Chow [26] is applied which uses
ˆ = Ω(~u + A−1 M p~ (m−1) ) − ÂM M̂ p~ (m−1) .
~u
D

(6)

The approximations to A are defined as
AD := diag(A)

~
and ÂM := [ΩA−1
D 1],

(7)

and the operator M̂ is the gradient operator on the cell faces that uses the difference
of the values at the adjacent cells as one would intuitively do. With this, the link
between the pressure-correction and the velocity update is deduced
ˆ 0 = −ÂM M̂ p~ 0
~u
−ΩA−1
D (A

(8)

0

while
− AD )~u is neglected. The pressure-correction equation for the
ˆ (m) =
SIMPLE algorithm for collocated grids is then obtained by substituting ~u
∗
0
ˆ
ˆ
~u + ~u into the continuity equation
ˆ ∗.
−C ÂM M̂ p~ 0 = ~c − C ~u

(9)

Thus the SIMPLE algorithm on collocated grids for incompressible flows is algorithm 1. Note that step 1 of this algorithm requires the solution of three different
Algorithm 1 Segregated SIMPLE, see Patankar and Spalding [25]
ˆ)~u + M p~ = ~b for ~u = ~u ∗
(1) solve A(~u
ˆ = Ω(~u + A−1 M p~ (m−1) ) − ÂM M̂ p~ (m−1)
(2) evaluate ~u
D
ˆ ∗ and
(3) assemble coefficients and right-hand side of −C ÂM M̂ p~ 0 = ~c − C ~u
0
solve for p~
ˆ 0 with ~u
ˆ 0 = −ÂM M̂ p~ 0
(4) compute ~u
(m)
∗
(5) update ~u
= ~u + ~u 0 and p~ (m) = p~ (m−1) + p~ 0
linear systems. They are set up and solved one after the other, once per iteration of
SIMPLE. The solution of these systems is fairly easily obtained since the systems
reflect the hyperbolic part of the problem and the matrices are diagonal-dominant.
Moreover, within the context of SIMPLE, it is sufficient to reduce the residual with
respect to some norm by a factor of 10 only. The system in step 2 reflects the
elliptic part of the problem, i.e. the mass conservation. A more accurate solution is
required for this system, i.e. the residual usually needs to be reduced by a factor of
50-1000. For incompressible problems the system is symmetric and positive semidefinite. Since for each unknown a separate system is solved, this type of algorithm
is referred to as segregated solution.
In a coupled solution, eqns. (2) and (3) are solved at once. Let us therefore write
down this system in a way where the vector ~u is split into the velocity components
like in eqn. (1); the discrete body force ~b is split in an analogous manner:


~bx

~b = 
(10)
 ~by 
~bz
The contributions of the components of the velocity vector in the momentum, i.e.
the block matrices Ax , Ay , and Az are exactly the system matrices which the linear
systems in step 1 of algorithm 1 is solved for. The block matrices Mx , My , and Mz
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can also be taken directly from the SIMPLE scheme since they are used to assemble
the right-hand side of these systems. In this notation, the coupled system is
 ~ 


bx
~ux
Ax
0
0
Mx
 0
  ~uy   ~by 
A
0
M
y
y
.
=


(11)
 0
0
Az Mz   ~uz   ~bz 
p~
Cx S Cy S Cz S
0
~c
There is a zero block on the block diagonal in the continuity equations which
makes this system hard to treat. But by using some of the relations that are also
used in the derivation of SIMPLE, one can reformulate this equation in a manner
that the zero block is filled and, at the same time, the interpolation of Rhie and
Chow [26] is introduced, see Chen et al. [3] and Darwish et al. [5]. For this, the
continuity equation (3) is transformed into a pressure-correction equation for the
velocity-pressure coupling scheme simply by substituting equation (6) into (3). The
resulting equation reads
CΩ~u − C ÂM M̂ p~ = CΩA−1
~.
D Mp

(12)

Ω interpolates the three velocity components independently from the cell centre
to the cell faces. If we denote the three identical blocks of Ω as S, we can write the
entire coupled system as


 

~bx
Ax
0
0
Mx
~ux
 0
  ~uy  

~by
Ay
0
My


 
.
(13)
 0
  ~uz  = 

~bz
0
Az
Mz
p~
Cx S Cy S Cz S −C ÂM M̂
CΩA−1 M p~
D

Since the problem is nonlinear, see eqns. (2) and (3), a single numerical solution of
equation (13) is not enough. Instead, one has to approach the solution iteratively by
solving system (13) several times where each time the coefficients are recalculated
based on the most recent available values of the unknowns.
3. Numerical solution of the linear systems
In the SIMPLE algorithm, we chose to solve the linear approximations of the
momentum equations by means of a BiCGstab algorithm that is preconditioned by
an ILU(0) algorithm, i.e. by an incomplete LU factorisation with zero fill-in, see
Saad [27]. Usually one iteration of this solver is sufficient. The pressure-correction
equation of this algorithm is solved by means of k-cycle AMG, see Notay [24]; it
has been demonstrated in Emans [12] that this algorithm is efficient for our type
of application.
3.1. AMG for the coupled linear system. The numerical solution of system
(13) requires particular care since its computational cost determines essentially the
cost of the entire procedure. While for the systems in the segregated SIMPLE one
can rely on three decades of experience, the solution of system (13) is an actual
challenge. Let us therefore consider potential algorithms for this kind of problem
in more detail. While Darwish et al. [5] restrict themselves to two-dimensional
problems and use an algebraic multigrid solver with ILU(0) smoother for the solution of system (13), Chen et al. [3] rely on BiCGstab with ILU(0) preconditioning.
Note that in both papers the described example problems are fairly small problems
(maximum 3 · 105 finite volumes in the case of Darwish et al. [5] and only 40000
finite volumes in the case of Chen et al. [3]). In both papers, the spatial discretisation could be done by meshes with a fairly good quality; moreover, no parallel
computers were used by either group. While the solver of Chen et al. [3] does not
have the favourable scalability of multigrid algorithms, the solver of Darwish et al.
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[5] appears to be adjusted to two-dimensional problems and its parallelisation is not
straight forward. Since we intend to solve problems with several millions of finite
volumes, we must use parallel computers, and we need algorithms with both, good
parallel performance on these computers and good convergence for large problems.
Moreover, our solver must be robust enough for meshes with a quality typical for
industrial applications. We prefer therefore to construct our own solver based on
the experience we had with both, segregated (elliptic) problems, see Emans [6, 8],
and coupled problems of another kind, see Emans [11, 13].
Let us therefore denote the system (13) for the sake of simplicity as
A~x = ~b
(14)
where A ∈ Rn×n is regular, ~b ∈ Rn is the right-hand side vector and ~x ∈ Rn the
solution; n is the number of unknowns. We assume that the matrix is given in
Compressed Row Storage (CRS) format as e.g. described by Falgout et al. [14].
Any variant of the AMG algorithm, see e.g. Algorithm 2, requires the definition
of a grid hierarchy with lmax levels Al ∈ Rnl ×nl (l = 1, ..., lmax ) with system size
nl where nl+1 < nl holds for l = 1, ..., lmax − 1 and A1 = A as well as n1 = n. As
it is common practice in algebraic multigrid, the coarse-grid operators are defined
recursively, starting on the finest grid, by
Al+1 = PlT Al Pl

(l = 1, ..., lmax − 1).

(15)

where the prolongation operator Pl has to be determined for each level l while the
restriction operator is defined as PlT . It is the choice of the coarse-grid selection
scheme that determines the elements of all Pl and consequently the entire grid
hierarchy. The definition (or calculation) of the elements of Pl for all levels and
the computation of the operators Al (l = 2, ..., lmax ) are referred to as setup phase
of AMG. The choice of the prolongation operator decisively influences the cost of
the setup whereof a large portion is the evaluation of eqn. (15), but of course, it
has also decisive influence on the convergence of the method and on the cost of
each operations within the multigrid cycle. With regard to calculations on GPUs
it has to be noted that, due to the algorithmic structure, the solution phase can be
accelerated much better on the GPU than the setup phase. For our purpose it is
therefore essential that the setup is computationally as cheap as possible.
3.2. Definition of the prolongation operators. The prolongation operator Pl
maps a vector on the coarse grid ~xl+1 to a vector on the fine grid ~xl :
~xl = Pl ~xl+1

(16)

We restrict ourselves to the class of aggregation methods that splits the number
of nodes on the fine grid into disjoint sets of nodes, the so-called aggregates that
act as nodes on the coarse grid, see e.g. Darwish et al. [4]. The mapping from the
coarse grid to the fine grid is then achieved by simply assigning the coarse-grid
value of the aggregate to all the fine-grid nodes belonging to this aggregate. This
corresponds to a constant interpolation; the consequence is that there is only one
non-zero entry in each row of Pl with the value one such that the evaluation of eqn.
(15) simplifies to an addition of rows of the fine-grid operator. Compared to the
so called classical AMG methods, the aggregation methods are characterised by a
cheap setup. Therefore they are well suited for calculations with GPU accelerated
solution phase.
The particular treatment technique for the coupled system has been discussed
previously, see Emans [11]. Here, we apply the same principles with regard to the
appropriate definition of the prolongation operators, i.e. a point-based coarsening
scheme is used: The aggregation calculated for the elliptic part of the problem, i.e.
the pressure-correction equation, is applied to all unknowns.
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Algorithm 2 AMG cycle
(3)

(0)

~xl = AMG(l, ~rl , ~xl , C)
(0)
Input:
level l, right-hand side ~rl , initial guess ~xl ,
type of cycle C: “v-cycle” or “k-cycle”
(3)
Output: approximate solution ~xl
1:
2:
3:
4:
5:
6:
7:
8:
9:

10:
11:
12:
13:

(1)

(0)

pre-smoothing: ~xl = Sl (~rl , Al , ~xl )
(1)
restriction: ~rl+1 = PlT (~rl − Al ~xl )
if l = lmax − 1 then
(3)
solution of coarse-grid system: ~xl = A−1
rl+1
l+1~
else
if C = “v-cycle” then
coarse-grid correction: ~xl+1 = AMG(l + 1, ~rl+1 , ~0,“v-cycle”)
else if C = “k-cycle” then
apply Krylov-solver to approximate ~xl+1 in Al+1 ~xl+1 = ~rl+1 with AMG
preconditioner (applied to vector ~z ∈ Rnl+1 defined by AMG(l + 1, ~zl+1 ,
~0,“k-cycle”) )
end if
end if
(2)
(1)
prolongation of coarse-grid solution and update: ~xl = ~xl + Pl ~xl+1
(3)
(2)
post-smoothing: ~xl = Sl (~rl , Al , ~xl )

3.2.1. Pairs-of-Pairs algorithm. The first step of the Pairs-of-Pairs algorithm that
has been used by Notay [24] is the aggregation of the set of nodes into aggregates
of pairs of nodes. For this we use algorithm 3.
Algorithm 3 Pairwise aggregation (by Notay [24], simplified version)
Input:
Output:
Initialisation:

Algorithm:

Matrix A = (aij ) with n rows and rows.
Number of coarse variables nc and aggregates Gi , i = 1, ..., nc
(such that Gi ∩ Gj = ∅ for i 6= j).
U = [1, n]

for all i: Si = j ∈ U \ {i} | aij < −1/4 max(k) |aik | ,
for all i: mi = | {j|i ∈ Sj } |,
nc = 0.
While U 6= ∅ do:
1. select i ∈ U with minimal mi ; nc = nc + 1.
2. select j ∈ U such that aij = mink∈U aik
3. if j ∈ Si : Gnc = {i, j}, otherwise Gnc = {i}
4. U = U \ Gnc
5. for all k ∈ Gnc : ml = ml − 1 for l ∈ Sk

For the Pairs-of-Pairs aggregation, the set of aggregates obtained with algorithm
3 is used to define the intermediate prolongation operator Pl1 . With this, the
T
elements of the corresponding intermediate coarse-grid matrix Al+1/2 = Pl1
Al Pl1
are calculated with eqn. (15). In order to obtain the matrix Al+1 , the Pairs-of-Pairs
algorithm applies the same procedure a second time, this time with input Al+1/2
instead of Al for algorithm 3 which gives rise to the prolongation operator Pl2 . Al+1
T
is calculated as Al+1 = Pl2
Al+1/2 Pl2 . The final prolongation operator is formally
Pl = Pl2 Pl1 . Since it contains only the information to which coarse-grid element or
aggregate a fine-grid node is assigned, it is sufficient to store it as an array of size
nl carrying the index of the coarse-grid node. The operators Al+1/2 , Pl1 , and Pl2
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are discarded after Al+1 has been calculated. The parallel version of the method
restricts the aggregates to nodes belonging to the same parallel domain. We refer
to the method as PP.
3.2.2. Plain aggregation algorithm. Our plain aggregation algorithm comprises the
following steps:
(1) Determine strong connectivity: Edges of the graph of the matrix Al
for which the relation
|aij | > β · max(j) |aij |

(17)

holds are marked as strong connections. The criterion β depends on the
level of the grid hierarchy l and it is defined according to Vaněk et al. [28]
as
 l−1
1
.
(18)
β := 0.08
2
(2) Start-up aggregation: All nodes are visited in the arbitrary order of
their numeration. Once a certain node i is visited in this process, a new
aggregate is built if this node is not yet assigned to another aggregate. Each
of the neighbours of node i that is strongly connected to this node and that
is not yet assigned to another aggregate is grouped into this aggregate as
long as the number of nodes is lower than the maximum allowed aggregate
size.
(3) Enlarging the decomposition sets: Remaining unassigned nodes are
joined to aggregates containing any node they are strongly connected to
as long as the number of nodes in this aggregate is lower than twice the
maximum allowed aggregate size. If there is more than one strongly connected node in different aggregates, the one with the strongest connection
determines the aggregate this node is joined with.
(4) Handling the remnants: Unassigned nodes are grouped into aggregates
of a strongly connected neighbourhood. Twice the maximum allowed aggregate size is allowed.
This algorithm follows closely the one proposed by Vaněk et al. [28] with the
essential difference that we restrict the number of nodes per aggregate which gives
rise to a parameter of this algorithm. In step (3) we allow twice the maximum
number of nodes in order to avoid a large number of single-point aggregates. Usually
only a few such enlarged aggregates are formed.
The aggregates generated this way are used in a scheme with constant interpolation, i.e. in a way that all fine-grid nodes assigned to a certain aggregate receive
the value of the coarse-grid node this aggregate forms on the coarse-grid. The corresponding prolongation operator will have a similarly simple structure as that of
the described Pairs-of-Pairs aggregation method. The coarse-grid operator is also
calculated with eqn. (15), exactly in the same manner as the operators Al+1/2 and
Al+1 in the Pairs-of-Pairs aggregation. The coarsening scheme defined by this procedure will be only useful, if the maximum number of nodes per aggregate is kept
relatively low. In preliminary experiments we found, a chosen maximum number of
nodes per aggregate of 6 turned out to result in an efficient and robust algorithm
with good convergence properties. We denote this aggregation scheme in a k-cycle
scheme as R6.
3.2.3. Mixed aggregation scheme. The Pairs-of-Pairs aggregation has the disadvantage that it requires the calculation of the intermediate operator Al+1/2 that is later
discarded. The calculation of this operator is rather expensive. In particular on the
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fine grids where the system is large, this is a significant contribution to the computational cost of the setup. The fact that the operators tend to become denser on
the first coarse grids makes the calculation of the associated operators additionally
expensive. But this scheme is very robust, i.e. it is able to produce good quality
meshes, rather independent of the operator structure, i.e. on all levels of the grid
hierarchy, also on the coarse grids. The plain aggregation can significantly faster
generate a coarse-grid operator with a similar system size as the Pairs-of-Pairs algorithm since it calculates this operator directly. But the convergence of this scheme
is worse than that obtained with the Pairs-of-Pairs scheme and, with increasing
density of the operator, this scheme tends to produce an increasing number of single points that are cannot be joined to one of the aggregates. For some problems,
this can lead to an inefficient coarsening with a low reduction of nodes from one
grid level to the next.
Mixing both methods in a way that the fine levels are generated by the plain
aggregation while the coarse levels are generated by the Pairs-of-Pairs algorithm
appears to be a good way to exploit the strengths of both algorithms while reducing
their disadvantages. Our mixed aggregation starts with the plain aggregation with
a maximum aggregate size of 6 and switches to the Pairs-of-Pairs algorithm as soon
as the maximum number of elements per row becomes greater than 50. Here, we
refer to this algorithm as PR.

3.2.4. Further aspects of the AMG algorithm. Our experience with the velocitypressure coupling has shown that the robustness of GMRES-based k-cycle AMG,
see Emans [13], is indispensable in the first iteration of this scheme. Later on, if the
current solution is no longer far away from the physical solution, the systems become easier to solve. For these cases we employ an f-cycle preconditioned restarted
GMRES. On the CPU we use a ILU(0) smoother with one iteration in both cases.
On the GPU, we use in both cases an ω-Jacobi smoother with 2 pre-smoothing
sweeps and two post-smoothing sweeps where the relaxation parameter ω = 0.33.
The coarse-grid system is solved directly in parallel by MUMPS, see Amestoy et
al. [1].
The described scheme has been implemented into the CFD software package
FIRE(R) 2011. The solver part of this program is coded in Fortran 90 and compiled
with the Intel Fortran compiler, version 11.1. The parallelisation of the solver
follows the domain decomposition provided by FIRE 2011 with an overlap of one
layer of finite volumes. This decomposition is obtained by METIS, see Karypis and
Kumar [20]. The parallelisation of the AMG solver is described in Emans [9].
Relevant for the forthcoming discussion is the way the data exchange is implemented. The data of the domain boundaries is exchanged for the matrix-vector
multiplications and the smoothing sweeps. This is a point-to-point communication which is implemented by means of the asynchronous (MPI: “immediate send”)
transfer protocol. This means that while the exchange takes place, internal work,
i.e. operations that do not depend on the data coming in from the neighbours, is
done. The remaining part of the computation that depends on the data from the
neighbours is carried out as soon as both have finished, the internal computation
and the exchange. This principle is illustrated in figure 1. This way, the communication and the internal work overlap and the overhead of the parallelisation is
minimised. Apart from this type of communication, some collective communication events for reduction operations occur, e.g. for the computation of the scalar
products of the conjugate gradients or GMRES, and norms for the control of the
solution phase. The used MPI library is Platform MPI, version 7.01.
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process 2

process 1
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b)

process 1

process 2

c)

Figure 1. Pattern of inter-domain data exchange: a) preparation
of data exchange: local boundary data is copied to a coherent array
mapping the buffer cells of the neighbour, b) data exchange, i.e.
update of buffer cells, and local computations take place simultaneously, c) local computations using information from neighbouring
domains (buffer cells) are done.
3.3. Implementation on GPU. The setup phase is implemented conventionally
on the CPU as it has been described in Emans [10]. After any matrix has been
defined or calculated, it is translated into the Interleaved Compressed Row Storage
(ICRS) format on the CPU and then transferred to GPU memory. The definition of
this format is found in Liebmann [23]. The corresponding algorithm devised in the
same publication is used to carry out matrix-vector operations. This applies to the
system matrices on all levels. The particularly simple structure of the restriction
and prolongation operators of the aggregation algorithms PP, R6, and P6 gives rise
to a simplified version of the ICRS format: Since the value of all non-zero matrix
elements is the same (one), it does not make sense to store these values. Therefore,
only the number of elements per row, the displacement and the column index for
each element is stored. The fill-in elements (due to the different number of elements
per row) are identified by a negative column index and ignored in the matrix-vector
multiplication kernel.
For an efficient parallel implementation, the concept of overlapping the data exchange with the internal operations – implemented by means of the asynchronous
point-to-point exchange mechanism of MPI – has been extended: While the internal work is done on the GPU, the CPU manages the data exchange. The extraction
of all values that need to be communicated to the neighbours is formulated as an
operator Bd . The extraction is implemented on the GPU. The extracted values
(b)
(b)
form the vector ~xd . If there are m neighbours, the components of the vector ~xd
(i)
need to be distributed to m vectors ~xd (i = 1, ..., m); each of these vectors is then
transferred in an synchronous point-to-point communication to the corresponding
neighbouring process i. As soon as the exchange has terminated and the values
(e)
from the neighbouring processes are available as ~xd , the external contributions
(b)
are calculated still on the CPU as ~td := Ed ~x(e) . Finally they are transferred to
the GPU and added to the result vector on the GPU. The mechanism is illustrated
in figure 2. While in the conventional CPU implementation only the exchange is
overlapped with the internal work, in this GPU implementation the distribution
of the extracted vector with regard to the neighbouring processes, the actual exchange, and the calculation of the contributions depending on the neighbours are all
overlapped with the internal work. This way, a parallelism between CPU and GPU
has been implemented. The GPU related code is written in Cuda and compiled by
the Nvidia compiler version 4.0.
4. Benchmarks
In this section we describe three benchmarks that demonstrate the benefits of
the simulation with the velocity-pressure coupling that is accelerated by GPUs.
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Figure 2. Flow chart of parallel matrix-vector product on machines with multiple GPUs, the parallel execution on CPU and
GPU is marked grey (left), notation (right)
We have chosen typical stationary simulations in CFD from the industrial practice. Note, however, that the method we examine is also applicable with similar
efficiency to time-dependent problems. The meshes have been generated in an automated manner, i.e. with regard to the quality of the mesh our selection reflects
the requirements in the industrial practice. The meshes comprise mostly (around
90%) hexagonal cells, the contribution of tetrahedral elements is marginal. The
problem sizes (number of finite volumes) reflect that of a wide range of industrial
applications.
4.1. Test cases and hardware. Problem 1 is a pressure driven steady flow through
the symmetric inlet geometry into the cylinder (intakeport) of a combustion engine.
Half of the real geometry forms the computational domain; the face towards the
missing half is a symmetric boundary condition. The domain is discretised with
approximately 700000 cells; the maximum aspect ratio (ratio of the length of the
longest edge and the length of the shortest edge of one cell) in this mesh is 11.2, the
minimum angle between two adjacent faces is 0.1◦ . As initial guess a potential flow
solution in the given geometry is computed. Besides solid walls and the mentioned
symmetric boundary condition, pressure boundaries confine the computational domain. The fluid is air, the applied pressure difference is 2.5kPa. The residual of the
pressure-correction equation is required to be reduced by a factor of 200, that of
the momentum equations by a factor of 10. The nonlinear iteration of the velocitypressure coupling is stopped if the normalised residual of the mass conservation is
lower than 10−5 and that of all three momentum equations is lower than 10−4 . All
residuals are calculated in 1-norm. Turbulence is modelled by a standard k-ε model
according to Jones and Launder [19]. SIMPLE requires 2233 iteration to reach the
convergence criteria, the velocity-pressure coupling scheme 423.
Problem 2 is a flow through another intakeport. In this case, the geometry is
non-symmetric such that the computational domain comprises the whole interior
of this element. The geometry is resolved by around 1.9·106 finite volumes where
the maximum aspect ratio in this mesh is 1230 and the minimum angle between
two adjacent faces is 0.1◦ . The boundary conditions are solid walls and, at the inlet
and the outlet, pressure boundaries. The driving pressure difference is 2.0 kPa.
The fluid is air. Initially, the fluid is at rest. Tolerances, convergence criteria, and
turbulence modelling are the same as in problem 1. The velocity-pressure coupling
scheme has reached the convergence criteria after 606 iterations while the SIMPLE
scheme needs 2177 iterations.
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Problem 3 is an external aerodynamics simulation. A sports vehicle is exposed
to an air flow simulating a fast pace of the car on a flat surface. The flow at the
face at the front side of the car enters the computational domain with a uniform,
constant velocity of 69.4 m/s. The bottom face is a wall moving with the same
speed. At the side faces and at the top face symmetry boundary conditions for
both, velocity and pressure are enforced. At the rear face, constant pressure is
set. The initial condition is stagnant fluid. The computational model consists of
around 4.0·106 finite volumes where the maximum aspect ratio in this mesh is 218
and the minimum angle between two adjacent faces is 1.7◦ . Tolerances, convergence
criteria, and turbulence modelling are identical with those of problem 1. In order
to reach the convergence criteria the segregated SIMPLE algorithm requires 820
iterations; the velocity-pressure coupling scheme converges after 205 iterations.
The benchmarks were run on compute nodes of a GPU-cluster with two Intel
X5650 CPUs and four Nvidia Tesla C2070 graphics boards. The most important
specifications of the node related hardware are compiled in Table 1. The compute
nodes of the GPU-cluster are connected by a 40 GB/s QDR Infiniband interconnect.
Table 1. Hardware specification
CPUs
cores
L3-cache
main memory
clock rate
memory bus

Intel X5650
2×6
2×6 MB, shared
96 GB
2.67 GHz
QPI, 26.7 GB/s

GPUs (Nvidia)
multiprocessors
L2-cache
global memory
memory clock rate
memory bus

Tesla C2070
4×14
4×768 KB
4× 5375 MB
1.49 GHz
136.8 GB/s

4.2. Results. Before a particular scheme is selected for a GPU implementation,
one has to estimate to what extend it can be accelerated. In our case, the efficiency can be expected to be increased if the program consists to a large amount
of sparse matrix-vector multiplications that are accelerated by means of the GPU
implementation of Liebmann [23]. For this it is necessary to store the matrices in
the ICRS format. In figure 3, the performance of a single matrix-vector multiply
with sample sparse square matrices with a structure representing a finite volume
discretisation of a problem with the corresponding size is shown (average of 10
measurements). The calculation on a GPU is about 20 times faster than that on
a CPU for large matrices. But in order to obtain a good acceleration of the whole
method, the matrix-vector multiplication with the same matrix should be carried
out several times on the GPU since the conversion into the ICRS format (on the
CPU) as well as the data transfer is expensive in terms of computing time, see also
figure 3. The conversion of the matrix takes, depending on the problem size, 2 to
5 times more time than the execution of the matrix-vector multiplication on the
CPU. Using the GPU-accelerated solver for all the systems that need to be solved
within the segregated SIMPLE scheme cannot result in an efficient scheme since
most of the time only one iteration of the ILU(0) preconditioned BiCGstab for the
momentum equations (and also for other transport equations required e.g. for the
turbulence models) in the segregated solution is required. One would slow down
the whole scheme because copying the matrices is necessary each time a system is
solved. Note that the matrices are never the same and it would take more time
to copy the matrices than one could gain from the fast execution of the sparse
matrix-vector multiplication kernels on the GPU.
For the pressure-correction equation where an AMG solver with typically a few
iterations is usually used, a GPU implementation of this solver could make sense,
but the accelerating effect of this is limited since the solution phase of the AMG
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Figure 3. Computing time t for the matrix vector multiply (calc)
of square sparse matrix with 7 random entries per row and n rows
and for other necessary operations (left); ratio of computing time
t for the matrix vector multiply (calc) on GPU and for other necessary operations and the computing time for the matrix vector
multiply on CPU (T ) for the same problems (right)

Figure 4. Contribution of some partial tasks to the total computing time for problem 1,2, and 3 (from left): segregated SIMPLE
(top) and velocity-pressure coupling (bottom)
solver accounts only for a small portion of the total computing time. This can be
seen from figure 4: In this figure, the computing time is split with respect to the
possible accelerating effect of a GPU implementation of the linear solver. The figure
shows the time spent in the solution phase of AMG that can be accelerated, the time
spent in the solver of the momentum equations that cannot be accelerated since the
data transfer is too expensive, and the remaining time. For the segregated SIMPLE,
the remaining time (“other” in figure 4) comprises the assembly of the coefficients
of the matrices of the momentum equations (step 1 of algorithm 1, i.e. the matrices
Ax , Ay , and Az in formula 11), the assembly of the matrix of the pressure-correction
equation, the setup of the AMG solver, the update of the cell-face velocities (step
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4 in algorithm 1), the turbulence modelling which requires among other things
the solution of two transport equations, and other necessary operations like the
calculation of the residuals. For the velocity-pressure coupling scheme, it comprises
the assembly of all block-matrices in equation (13), the setup of the AMG solver
for this system, the turbulence modelling, and other necessary operations. The
time summarised as “other” in figure 4 is spent in various parts of the program
that cannot be implemented as an efficient code in Cuda with reasonable effort
due to the sheer number of code lines. The data in the figures 3 and 4 show that
the potential reduction of the computing time by GPU-accelerated linear solvers
in the segregated SIMPLE scheme is low. Using GPU-accelerated solvers for the
momentum equations would not result in a reduction of the computing time at
all and the effect of a GPU-accelerated AMG for the pressure-correction equation
is limited to 10 – 15 %. We will therefore not present results of benchmarks of
calculations with segregated SIMPLE and GPU-accelerated solvers.
Let us now examine the performance of the AMG solver for the velocity-pressure
coupling scheme. We compare the Pairs-of-Pairs aggregation PP proposed by Notay
[24], the plain aggregation R6 and the mixed aggregation RP. For this examination
we have carried out some extra runs of the first 20 (nonlinear) iterations in problem
1 of the velocity-pressure coupling scheme. Figure 5 shows that the number of
iterations of the plain aggregation scheme R6 is about 30% higher than the number
of iterations of the Pairs-of-Pairs scheme PP; the mixed scheme RP converges almost
as rapidly as the scheme PP. The cost of a single iteration of the R6 scheme is only
about 10% less than that of PP and RP. Figure 6 shows the time spent in the linear
solver for the coupled system, and the distribution between setup and solution
phase for both, CPU calculation and GPU calculation. Substituting the Pairs-ofPairs aggregation by the mixed aggregation reduces effectively the time spent on
the setup by around 25%. The setup in the GPU-accelerated calculations takes
more time than that of the CPU implementation since it comprises the transfer of
the matrices to the GPU memory. On the CPU, the solution phase with the R6
scheme is, due to the slower convergence, significantly larger than that of the other
two schemes. The total computing time with this scheme is therefore significantly
longer than that of the other two schemes. Since the Pairs-of-Pairs scheme is robust
and good experience has been reported, e.g. by Emans [13], we use this scheme for
the conventional calculations on the CPU. In the GPU-accelerated computation,
the solution phase of the R6 scheme is also significantly slower than that of the other
schemes, but since the solution phase is efficiently accelerated, its contribution to
the total computing time is low and the method with the R6 scheme is in total
faster than the method with the Pairs-of-Pairs scheme. The computing time of the
method with the mixed aggregation is about the same as that of the R6 method.
Since the mixed method appears to be more robust than the plain aggregation R6
as it employs the Pairs-of-Pairs aggregation on the coarse grids, we use this mixed
aggregation for the GPU calculations.
The computing times with the standard segregated SIMPLE, with the velocitypressure coupling (VPC), calculated conventionally on CPUs, and with the velocitypressure coupling with GPU acceleration are shown in figures 7, 8, and 9 for problems 1, 2, and 3, respectively. If we compare the segregated SIMPLE method
and the velocity-pressure coupling on the CPU, it is noticeable that the coupled
scheme converges faster than the segregated scheme, recall the number of iterations
in section 4.1. But since the iterations of the coupled scheme are more expensive
than those of the segregated scheme (note the time spent in the linear solver), the
coupled scheme is not always faster. In particular if the number of processes is
low, the segregated scheme appears to be equally fast or even slightly faster. The
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Figure 5. Accumulated number of iterations (left) and computing
time per iteration (right) for problem 1 (first 20 iterations)

Figure 6. Computing times for the solution of the coupled systems in the first 20 iterations of problem 1 on GPU (left) and on
CPU (right)
parallel efficiency of the coupled solution appears to be better due to the good
parallel efficiency of the linear solver and the large portion of time that is spent
in the linear solver. It has been discussed in previous publications, e.g. Emans [7],
that a challenge of the parallel implementation of AMG is the communication on
the coarse grids which tends to be expensive in comparison to the computational
work for the associated small systems. In other words, on coarse grids the internal
work finishes before the exchange terminates such that the program has to wait for
the completion of the exchange. Since the coupled system is four times larger in
terms of unknowns and ten times larger in terms of matrix entries than the systems
of the segregated solver, additional waiting time on the coarse grids is smaller in
comparison to the total computing time and the parallel efficiency appears to be
better. The consequence of this is that the parallel computations (with more than
two processes in our examples) with the velocity-pressure coupling are faster than
the computations with the segregated SIMPLE.
With regard to the GPU acceleration of the velocity-pressure coupling it seems
obvious that the acceleration of the linear solver brings the expected effect. Figure
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Figure 7. Computing times (left) and parallel efficiency (right)
for the entire simulations with different algorithms for problem 1

Figure 8. Computing times (left) and parallel efficiency (right)
for the entire simulations with different algorithms for problem 2.
The GPU calculation with one process was not possible due to
insufficient on-board memory; the baseline of Ep for the GPU is
therefore the calculation with two parallel processes.
10 shows that the reduction of the solution phase of the AMG solver, i.e. the part
that has been accelerated on GPUs, runs in fact about eight times faster. The
remaining computing time is essentially the time spent in operations that are not
accelerated.
5. Conclusions and outlook
We have presented an implementation of an AMG based linear solver for systems
representing the discretisation of coupled differential equations. The implementation is modular in a way that it can be integrated with minimal effort into existing
solver implementations. With regard to CFD codes, this allows to accelerate the
solution of the linear systems of velocity-pressure coupling schemes. These schemes
converge faster than conventional segregated schemes, but in conventional CPU
implementation, they have the disadvantage of the large computational cost for
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Figure 9. Computing times (left) and parallel efficiency (right)
for the entire simulations with different algorithms for problem 3.
The GPU calculations with less than four parallel processes were
not possible due to insufficient on-board memory; the baseline of
Ep for the GPU is therefore the calculation with four parallel processes.

Figure 10. Computing times for problems 1 (8 parallel processes), problem 2 (4 parallel processes), and problem 3 (8 parallel
processes)
the solution of the linear systems. With GPU acceleration these cost is significantly reduced. We were therefore able to show that the computing times of the
velocity-pressure coupling algorithm with GPU acceleration of the linear solver are
about 50% faster than the implementation on CPU. Compared to standard segregated SIMPLE (on CPU) the reduction of the computing time is up to 75% for
real-world problems of the engineering practice.
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