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Abstract

The ill-posed problem of solving linear equations in the space of
vector-valued finite Radon measures with Hilbert-space data is consid-
ered. The well-posedness of regularization by minimizing the Tikhonov
functional is established and further regularization properties are stud-
ied. In particular, the convergence rate of O(d) for the Bregman
distance under a source condition is obtained. Furthermore, a flex-
ible numerical minimization algorithm is proposed which converges
subsequentially in the weak* sense and with O(n~!) in terms of the
functional values. Finally, numerical results for sparse deconvolution
demonstrate the applicability for a finite-dimensional discrete data
space and infinite-dimensional solution space.
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gradient method, iterative soft-thresholding, sparse deconvolution.
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1 Introduction

This paper is concerned with solving ill-posed linear inverse problems for
measure-valued unknowns. While the regularization theory of inverse prob-
lems in Hilbert spaces is well-established [20], problems set in Banach spaces
gained recent interest [4, 31, 36, 41, 30, 9, 42, 21, 46]. One particular setting,
which has been in the focus of research, is regarding the recovery of sparse
unknows, i.e., exploit the knowledge that the sought object is, in some sense,
composed of only a few elements. This is usually formulated in the discrete
setting imposing an % constraint [10, 16, 15, 25]. Relaxing this constraint
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leads to the so-called “sparse regularization” which is penalizing with an ¢!
functional. This approach gives inverse problems in sequence spaces which
have been extensively studied in terms of regularization and numerical al-
gorithms [14, 27, 35, 3, 12, 7, 8, 6, 28, 22, 19, 33]. In practical applications,
the respective results and methods are transferred to the continuous setting
without further justification, where they have been observed to work well
[45, 17, 14, 43]. The present work aims at closing this theoretical gap by
establishing a framework for this continuous setting in terms of studying the
space of Radon measures as the solution space for linear inverse problems.

We consider linear inverse problems of the following type: Find p such
that

K'p=f° (1)
for some data f° € H. Here, H is a Hilbert space which models the measured
data and K* maps continuously from the space of finite vector-valued Radon
measures M (€, R"™) into H. The set Q is allowed to be a continuum. As it
will turn out, it is meaningful to consider linear mappings K* which are the
adjoint of some linear and continuous K : H — Cy(©2,R™). In particular,
the space of Radon measures allows for finite combinations of delta peaks,
which are the continuous analogue of sparsity.

Solving the inverse problem (1) is often ill-posed in the sense that small
variations in data cause large effects on the value of an unknown. For that
reason, solution methods for inverse problems require stabilization. This can
be done, for example, by using a regularization method where an ill-posed
inverse problem is replaced by a well-posed problem. For our purposes, it is
important that this stabilized well-posed problem respects the requirement
for sparse solutions. This will be realized by penalizing with the norm in
M(Q,R™) and solving the Tikhonov minimization problem

: K" — £
min R ——

+ o 2
on 1l 2

where the linear and continuous K : H — Cy(2,R™) is the “predual” for-
ward mapping, f° € H the given noisy data corresponding to noise level
6 > 0 and a > 0 a regularization parameter. This work studies existence
of minimizers for this functional, optimality conditions and regularization
properties. Moreover, a numerical algorithm is proposed which converges in
the weak* sense.

A similar framework with Radon measures has been recently introduced
in [43] which also includes some numerical experiments for the recovery of
sparse unknowns. The authors reduce the situation to the Hilbert space
setting by utilizing suitable embeddings of M(£2) into a Sobolev space of
negative order, implying some dependence on the dimension. Our approach
is genuinely set in the space of Radon measures, dimension-independent
and covers the inverse problems considered in [43]. Moreover, differently



from the discrete soft-thresholding algorithm used in the latter paper, we
introduce and carry out the convergence analysis for an algorithm acting in
M(Q,R™). In [11], elliptic partial differential equations are controlled with a
Radon measure penalty. The authors establish a similar predual formulation
and optimality system, we will obtain these results as a special case; namely
with K* in (2) being the solution operator of an elliptic equation. Finally,
we mention that in [37], also Radon measures are the solution model for the
inverse problem of deconvolution, regularization, however, is not performed
in terms of Tikhonov functionals, but with an orthogonal matching pursuit.

Possible applications for the Radon-measure framework could be the
deconvolution of point-like objects, a problem which arises, for instance,
when long-exposure images of astronomical objects are taken with a ground-
based telescope [39] or when mass spectrograms are acquired in which a
substance contains multiple isotopes [5]. Moreover, it might be applied to
formulate and solve the problem of finding an optimal placement for control
devices or point actuators for partial differential equations [44].

The outline of the paper is as follows. Section 2 introduces the functional-
analytic framework for solutions of (2). As a main result we show that this
problem is the Fenchel dual for a minimization problem set in H involving
the predual operator K mapping into Cy(€2, R™). Based on this, necessary
and sufficient optimality conditions for minimizers of the functional are de-
rived. In Section 3, convergence of the respective solutions of (2) as § — 0
is studied. We derive the rate O(9) for the Bregman distance with respect
to the norm in M(2,R"™) under the usual source condition. Due to the
forward operator being an adjoint mapping, the source condition can be
studied in Cy(£2, R™) instead of M (€2, R"™)*. Section 4 proposes a practical
numerical algorithm which produces a sequence of approximations each con-
sisting of finitely many delta peaks. It is shown that this sequence minimizes
the functional with rate O(n~!) and converges subsequentially in the weak™*
sense to a minimizer. The applicability of this algorithm is established in
Section 5. There, a deconvolution problem is solved numerically in a semi-
discrete setting with discrete data points but arbitrary peak positions. The
article concludes with Section 6, summarizing the results.

2 Minimization in spaces of measures

This section is devoted to the analysis of the minimization problem (2).
Before going into the precise definition of the setting, we introduce some
notation and recall some facts from measure theory. We are dealing with
vectors in R™ for m > 1 which we equip with a norm |- | and the associated
dual norm | - |, with respect to the dual pairing induced by the scalar product
o-T =0 0T

For the measure-theoretic part, we follow the notation of [2]. Let Q



always be a separable locally compact metric space. A finite Radon measure
u is a o-additive R™-valued set function defined on the Borel sets of 2. Its
total-variation measure, i.e.,

|| (E) = sup {Z ln(En)| - U E, =FE, {E,} disjoint and measurable}
n=1 n=1

is always a finite Radon measure. We denote the space of finite Radon
measures by M(Q, R™) (and M(Q) if m = 1). It can be normed by

el = ] (£2) -

Each finite Radon measure p possesses a polar decomposition, i.e., there
exists a function o € LM(Q,R’") with |o(z)| = 1 for |u|-almost all z € Q
such that

wE) = / o d|u| for all measurable E C ) .
E

An important result about this space, which is known as the Riesz theo-
rem, is its characterization as a dual space. To state this theorem, introduce
the space

Col@ R™) = [u € CORT) « suppu CC Oy [ulloo = sup Ju(a)],

e

which is the completion of continuous compactly supported functions with
respect to the supremum norm. The Riesz theorem now states the following:

Theorem 1. [2, Theorem 1.54] Let L : Cy(Q2,R™) — R be linear and con-
tinuous. Then, there exists a unique finite Radon measure p € M(Q,R™)
such that L can be expressed by

L(u) = Z/Qu dp;  for all u € Cy(, R™) .
=1

In particular, ||L|| = ||p||am-

In other words, (CD(Q, ]Rm))* = M(,R™) which also implies the com-
pleteness of the space of Radon measures. We therefore say that a sequence
{p"} in M(Q,R™) converges in the weak™ sense to a p if and only if

E:/Quz dpl — Z/Qul dp; for each u € Cy(Q2,R™) .
i=1 i=1

Note that pu — ||u||aq is lower semi-continuous in this weak* sense. More-
over, the following compactness result holds true:



Theorem 2. [2, Theorem 1.59] Let {u"} be a bounded sequence in
M(Q,R™). Then, there exists a p € M(Q,R™) such that p is the weak*
limit of a subsequence of {u"}.

Remark 1. Let Q@ C R? be an open, non-empty set and denote by |- |, the
Euclidean norm in RY. Tt is clear that Cy(€2, R™) — L?(2, R™) is dense,
but unfortunately, this does not lead to the strong density of L?(€2, R™) in
M(Q,R™) due to the lack of reflexivity. However, the density in the weak™®
sense holds, meaning that for each p € M(,R™), there exists a sequence
{w"} in L?(Q, R™) such that w"L£Y —* u with £? being the d-dimensional
Lebesgue measure.

This can be seen as follows. Construct the operators M, : L?(2, R™) —
Co(QR™) by M. : w — (xa.w)*G, /g where Q. = {x € Q : dist(z,090) >}
and G.(z) = e79G(z/¢) with G € C5°(Q) being a standard mollifier. It is
well-known that each M. is continuous.

Consider a u € C(2,R™) with compact support. The function u is
uniformly continuous, thus, choose for § > 0 given an ¢ > 0 such that
lu(z) — u(y)l, < 6/[|G|l1 whenever |z —y[, < e where |- |, is the Euclidean
norm in R™. Moreover, one can choose € small enough such that xo u =u
and so Mcu = u x G, /3. For each x € () follows

) = Mea) <[ [ () - )Gt ) ],

< <{ sup lu(x) — u(y)|*> /Rd |Gzo(z —y)| dy

|z—yl,<e/2}
<é.

Hence ||lu — M u|loc — 0 as € = 0.

Now each M : M(,R™) — L?(2,R™) is continuous and yields, for
e M(Q,R™), a sequence w® = M} p such that, for each u € C(Q2,R™)
with compact support,

w®, u :m w(@)ws (z) de = (W LY, u).
(0, u)s ;/QUZ()d (w £, )

As well as

(WL u) = (u, Mou) — (p, u) ase—0
implying the assertion w®L? —* 1 since convergence was checked against a
strongly dense subset of Cy(£2, R™).

Now, let us define more precisely the setting for the inverse problem (1).
We consider the inversion of K* which is the adjoint of a continuous mapping
K : H — Cy(2,R™). Such an adjoint maps continuously between M (€2, R™)
and H. It moreover is weak™-to-weak (sequentially) continuous which be-
comes important, as we will see, for showing weak™ lower semi-continuity of
associated Tikhonov functionals.



Remark 2. The requirement that the forward operator A = K* is an adjoint
mapping is not a severe restriction if A is supposed to be weak*-to-weak(*)
sequentially continuous: Recall [13, Thm. V.1.3.] that if X is a separable
Banach space and a functional u™* € X** is sequentially weak* continuous,
then there has to be a u € X such that (u**, u*) = (u*, w) for all u* € X*
(note that weak® continuity of a linear functional is equivalent with conti-
nuity with respect to the bounded X topology in X* [18, Theorem V.5.6]
which in turn can be characterized by sequential weak™ continuity). Now
for separable Banach spaces X, Y holds: an operator A € ,C(Y*, X *) which
is weak*-to-weak™ sequentially continuous has an adjoint A* € £(X > Y**)
which maps X into Y regarded as closed subspaces in X** and Y** under
the canonical injection into the bidual space, respectively. This follows from
the fact that for u € X and each sequence {u"} € Y* with v —* v for some
v € Y* we have

lim (A*u, v"™) = lim (u, Av") = (u, Av) = (A%u, v)
n—oo n—oo
yielding that A*u is weak™® sequentially continuous on Y* and is therefore
representable by an element in Y. Hence, A* can be considered as A* = K
with K € £(X , Y) and consequently, A = K* is an adjoint mapping.
Throughout this section, we denote by f some given data in H. It can

be either the exact data fO or the noisy data f0. We use the notation T,
for the Tikhonov functional

* 2
7 1= 5]

I+ allulu

The following proposition shows that the Tikhonov functional has a mini-
mizer.

Proposition 1. Let K : H — Cy(Q2,R™) be a linear and continuous map-
ping, f € H and o > 0. Then, the minimization problem

. |51 — £II?
min e—

+ 3
i T ol 3)

admits a solution p* € M(Q,R™). If K* is injective, this solution is unique.

Proof. Observe that Ty, is proper and coercive on M (€2, R™). It is moreover
sequentially weak™* lower semi-continuous: A sequence {u"} converging to
i in the weak™ sense is mapped via K* to a weakly convergent sequence
K*p™ — K*pu™ in H since

(K*u™, v) _Z/K’U du?%Z/KU dp; = (K*p, v) forallve H .
=179 =179



Denote by Ty () = S(u) + aR(p) with

S(u)=3IK"u—fI* and  R(u) = |lulm. (4)

The mapping w — |lw — f||? is convex and continuous, and hence sequen-
tially weak lower semi-continuous. This yields the sequential weak* lower
semi-continuity of S. The functional R is just the norm in M (2, R™) which
is known to the sequentially lower semi-continuous in the weak* sense, im-
plying the desired property for T,,.

By the direct method, a minimizing argument p* in M(Q, R™) exists.
Finally, an injective K* results in a strictly convex T, which immediately
gives the stated uniqueness. O

Before proceeding to the analysis of minimizers of (3), we introduce
some examples which show what kind of problems can be treated within
this framework. The first regards a deconvolution problem while the second
involves elliptic partial differential equations.

Example 1. Let 2 C R? be a bounded domain and k& € L?(R%) with
essential support in Q' C R?, a bounded open set. Denote by Q" = {z —y :
xeN, yeQ}=Q—Q and define

(Kv)(x) = /Q by — 2)o(y) dy

for x € Q. We like to show that Kv € Cy(©?") by approximation with
compactly supported functions. First, we see that the translation of a L?-
function, i.e., k — k(- —x), is a continuous operation mapping Q" — L?(R%)
(see, for instance, [1, Theorem 2.32]) and restricting to Q2 followed by taking
the scalar product is also. Hence Kv is indeed a continuous function. Now
set Q. = {x € Q : dist(x,0Q) > e} and let v° = xq_v. Clearly, v* — v in
L?(2) as ¢ — 0. Construct k¢ analogously and define K.v¢ according to the
above with v and k replaced by v* and k°, respectively.

For each £ > 0, we deduce the inclusion supp K.v* C Q. — QL cc Q.
Therefore, let {z"} with 2" € Q. — QL be an arbitrary sequence, so 2" =
2" —y" with each 2™ € Q. CC Q and y" € QL CC Q. Therefore, there exist
a respective subsequences, not relabeled, and limits € Q., y € QL such that
2" s zand y" - yasn —oo. Hencez =2 -y € Q.- QL =0, — QL C Q'
(note that both sets are compact) is a limit of {2"} in ", which means that
the claimed compactness holds.

Thus, K.v° is continuous with compact support in Q”. The bilinear
operation

L b)) = [ Ky = a)oly) dy
obeys, because of the Cauchy-Schwarz inequality,

L0, k)lloo < [IK[l2]l0]l2



which means that L : L?(Q) x L2(Q') — Cy(€?”) is a continuous mapping.
Therefore, we have L(v®, k%) — Kv as ¢ — 0 which implies Kv € Cy(22")
with K being continuous.

Hence, Proposition 1 is applicable with H = L?(2) and K mapping into
Co(Q"). Let us eventually compute K* : M(Q") — L?(Q2): For u € M(Q")

(K™, v) = /”/Qk(y—x)v(y) dy dp(z) = /Q/ k(y — ) du(z)v(y) dy

by Fubini’s theorem, so K*u = p * k in the sense of the convolution of
measures. It turns out that (3) is actually the deconvolution problem

k — 2
ek 13

+ o
i 5 [/l a1

where the sought solution is a measure in Q — Q' and the data is compared
only in 2.

Example 2. Let Q ¢ R?, d < 3, be a bounded domain with a C"'-boundary
and A € C%(Q, R¥*9) a matrix field such that A(x) is symmetric for each
x €  and there is a uniform ellipticity constant ¢ > 0 such that T A(z)¢ >
czgl:l f? for each € Q and ¢ € R? Consider K as the weak solution
operator K : v — u such that

—div(AVu) =v in Q,

5
vu=0 ono). (5)

From the regularity theory of elliptic equations (see, for instance, [29, Chap-
ter 2]) we know that K : L%(Q) — HI(Q) N H?(Q) continuously. Since
d < 3, the solution has to be continuous due to the continuous embedding
H?(Q) — C(Q). Furthermore, u € HJ(Q) implies a zero trace in H/2(9Q)
which in particular gives a zero trace for continuous functions in H} ().
Hence, u € Cy(£2) holds and consequently K : L2(Q) — C,(£) is continuous,
implying that Proposition 1 is applicable.

The adjoint K* : M(Q) — L%*(Q) is the solution operator K* : ju +— f
for the elliptic boundary value problem

—div(AVf)=p inQ,

f=0 on o0 (6)

where the boundary condition needs to be interpreted properly.

This can be seen as follows. Let p € M(). If u. converges in weak*
sense to u, by the properties of an adjoint K* . converges weakly in L?(Q)
to K*u. By Remark 1, there exists a sequence {w.} in L?(f2) such that
w. L% —* j as ¢ — 0. Therefore K*1 can be defined by

K*p = w-lim K*(w.£%)
e—0

8



since the weak limit exists and does not depend on w.. By the definition,
(K*(w.L%), v)g = (w-LY, Kv) = (w., Kv)s for all v e L*(Q) .

Let v € L?(Q2) be arbitrary. Using Green’s formula [29, Lemma 1.5.3.2], the
boundary conditions and the symmetry of A,

(Kwe, v)g = —/ Kw, div(AVKv) dz
Q
= —/ div(AVKw.)Kv dz = (we, Kv)s .
Q

Thus K*(w-£?) = Kuw,, i.e., K*(w.L?) is the weak solution of (5) with
the source function w,.. Hence the solution of the elliptic problem (6) can
be defined to be the weak L2-limit of the solutions of (5) with the source
functions w, where w.£% —* 1 as ¢ — 0. Since each Kw. has a zero
trace, the boundary condition in (6) is justified even though the trace for
L2-functions is not defined in the usual sense.

Next, we will derive optimality conditions for minimizers of (3). The
usual convex analysis, however, which requires the consideration of the dual
space M (€, R"™)*, turns out to be complicated due to the inaccessibility
of this space. There is, nevertheless, a method which circumvents these
complications: One can identify (3) being equivalent to the Fenchel dual
problem associated with a functional in H. The corresponding optimality
conditions only involve the dual space C,(£2, R™)*, the space of finite Radon
measures.

Proposition 2. Let K : H — Cy(2, R™) be linear and continuous, f € H
and o > 0. The problem
[ — f]I?

irélff g T len : 1 Kcv]|oo <a} (V) (7)

is equivalent to a Fenchel predual problem of (3), i.e., the Fenchel dual
of (7) exists and possesses the same minimizers as (3). Here, the indicator
functional I of a set E C Cy(2,R™) is defined by Ip(v) =0 if v € E and
Ig(v) = ifv ¢ E.

Proof. Define Sy(v) = 1||v — f||? for v € H whose conjugate function obeys
_Af+wl? IR
2 2

Likewise, the conjugate of Ry : Cy(©2,R™) — R U {oo} given by Ro(u) =
I{||u||oo§oz}(u) reads as

So(w)

m

R = swp - [ w d= allu

llulloo<ear 55

c; = allullm = aR(p)



where R is defined in (4). Now verify that all prerequisites for the validity of
the Fenchel duality formula [48, Corollary 2.8.5] are satisfied. In particular,
0 € H is in the domain of Sp+ Rpo K and Ry is continuous at 0 € Cy(2, R™).
Hence,

win 1= f1 LA 0= Kol
veH 2 M

+1 = a

Kvlesa) (V) = max =5
according to the Fenchel duality formula and the above considerations. The
solutions for the problem on the right-hand side obviously coincide with the
solutions of (3). O

With the help of the predual problem and duality, it is possible to derive
optimality conditions for the original problem.

Proposition 3. Let K : H — Cy(2,R™) be linear and continuous, f € H
and o > 0. Then, a p* € M(Q,R™) is a solution of (3) if and only if
w* = —K(K*u* — f) satisfies |[w*||oc < a and each polar decomposition
p* = o*[u*| obeys

of-w* =a |u*|-almost everywhere . (8)
In particular, supp |p*| C {z € Q : |w*(z)|, = a} for each solution u*.

Proof. From Fenchel duality and Proposition 2 one knows that (v*, u*) €
H x M(Q,R™) are solutions of (7) and (3), respectively, if and only if
—K*u* € 05y(v*) and p* € ORy(Kv*) with Sy and Ry from the proof of
Proposition 2. This means that —K*u* = v* — f and || Kv*||s < a with

Z/Q(w ~Kot)i dpt <0 forall w € Co(R™) , [lwlee < o -
=1

Plugging v* = f — K*u* and using a polar decomposition of u*, one sees
that p* being optimal is equivalent to ||w*||cc < o and

/(w —w*)-o* d|p*| <0 forall we Cy(QR™), [|[w|e < a. 9)
Q

Rearranging, using basic properties of the supremum and the definition of
the dual norm yields that this is equivalent to ||w*||cc < o and

(@ = ol = s [ weotd| < [0t i)

lwlloo <

This is, in turn, by basic properties of the integral, equivalent to ||w*||e < «
and w*-0* = « |p*|-almost everywhere, proving the desired characterization.

We finally show supp |p*| C {x € Q : |w*(z)|, = a} for a solution u*
indirectly. For this purpose, let € 2 be such that |w*(z)|, < a. Since w*

10



is continuous, this has to be true on a whole neighborhood V,, of z. For each
u € Cy(Vy, R™), a t > 0 can be chosen such that both w = w* £ tu obey
|lwlleo < . Plugged into (9), this gives

/ u-o" djp*| =0 forall u e Cy(V,, R™)
Q

implying that p* restricted to V; is the zero-measure and consequently V, C
Q\ supp |p*]. O

Remark 3. If the vector norm |- | is strictly convex, i.e., |u|, |v| <1 implies
|u 4 v| < 2, then there is a polar decomposition of an optimal p* for which
o* € Cy(Q2,R™). This can be seen as follows. First, observe that neces-
sarily, o*(z) = J(w*(z)) for |u*|-almost all z € Q where J : R™ — R™
is the |-|,-| - |-duality mapping with gauge ¢ : t — t/a: Since supp |p*| C
{lw*(z)|, = o}, we only need to consider |u*|-almost every x € Q with
|w*(z)|, = « for which we have, due to (8),

w*(m)o‘*(;p):a:|w*($)|*¢(‘w*($)|*) ) — -
LA L — o) = ()

noting that strict convexity in the dual space leads to a single-valued duality
relation.

On the other hand, each Borel measureable ¢* coinciding with J o w*
|p*|-almost everywhere gives a polar decomposition since it always defines
the same integral. Put in a different way: o*(z) = J(w*(x)) for |u*| al-
most every z € () constitutes the angular part of a polar decomposition of
p*. Finally, this construction yields an element in Cy(£2, R"™) by the uni-
form continuity of J (note that strict convexity on finite dimensional spaces
implies uniform convexity) as well as J(0) = 0.

Remark 4. In the special case of 2 = IN with the discrete topology and
m = 1, the space Cy(Q) is the space ¢y of null sequences and M(Q) = ¢1.
The associated regularized problem (3) amounts to the regularization of a
linear inverse problem with the ¢!-norm which is known to implement so-
called sparsity constraints. As already pointed out in the introduction, these
types of problems have been studied extensively in the literature, usually
with a linear and continuous operator K* : £2 — ¢2.

Optimality in this case is often expressed as: u* interpreted as a sequence
is optimal if and only if

0 = |K(K*u"—[)|,<a
upy >0 = (-K(K*u*-f)), =a
<0 = (—K(K* *—f))k:—a .
The translation into each polar decomposition of the corresponding measure
is just p* = o*|p*| with |u*| = |u*|H® where H denotes the counting

11



measure on IN and o € sgn(uy), i.e., |of| < 1ifu; = 0and o} = uj/|uf] else.
The support of |*] is exactly the collection of coefficients where u} # 0, or,
the other way around, the set of coefficients where uj, = 0 is |u*|-negligible.
Hence, it is easy to see that condition (8) is an equivalent description of the
above in terms of measures.

Remark 5. The last remark shows that the situation (3) can be interpreted
as a natural generalization of the discrete setting €2 = IN to continuous
ones. In fact, the consideration of measure spaces is necessary since they
guarantee the topological properties (sequential weak™® compactness) which
are required for the application of the direct method.

In case of © C R? being a domain, one could be tempted with reg-
ularizing with the L'-norm instead of the norm in M(£2,R™) (in which,
nevertheless, L' (€2, R™) is a closed subspace). However, in this case, we are
only able to obtain a bounded sequence in L' (€2, R™) which is not sufficient
for the extraction of a weakly convergent subsequence (see the Dunford-
Pettis theorem, for instance [2, Thm. 1.38]). Based on this, one can easily
construct a counterexample for the existence of solutions for the Tichonov
functional with L!-regularization (with some technical effort). As we have
seen in Proposition 1, considering M (2, R™) instead of L!(€2, R™) provides
the compactness needed in the existence proof.

3 Regularization properties

In this section we interpret the minimization problem (2) as a Tikhonov
regularization method for the inverse problem (1). We show that the mini-
mization problem (2) is well-posed and approximates the inverse problem (1)
in the sense usually considered in regularization theory.

In the setup of the paper, i.e., studying the inverse problem (1) where
K : H — Cy(2,R™), the crucial observations are

e the operator K* : M(Q,R™) — H is weak*-to-weak continuous,

e the norm || - || is lower semi-continuous with respect to the weak topol-
ogy in H,
e the norm || - || o is weak* lower semi-continuous [2, Theorem 1.59],

e every bounded sequence in M(€2, R™) has a weak* convergent subse-
quence [2, Theorem 1.59].

In what follows, we denote by f° the exact data and by f? noisy data.
We use also the notation T2 (1) = || K*u — f°||> + af|pl|ae and call TS a
Tikhonov functional. By Proposition 1, the Tikhonov functional Tg has a
minimizer and the minimizer is unique if K* is injective. Hence the well-
posedness of the minimization of the Tikhonov functional Ta‘s is guaranteed
by the following stability result.
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Proposition 4. Let K : H — Cy(Q2,R™) be a linear and continuous map-
ping, f0 € H and o > 0. Let {f"} be a sequence converging to f° in
(H,| - |I). Then every sequence {u"} satisfying

K*u — n||2
F—

L alll
pEM(QR™)

has a subsequence which converges in the weak™ sense, and the limit of each
weak® convergent subsequence is a minimizer of T, g.

Proof. The claim is a special case of [31, Theorem 3.2]. O

If the null space of the operator K* is not trivial, the inverse problem (1)
may have multiple solutions. Our interest is in the following special solu-
tions:

Definition 1. An element uf € M(Q,R™) is called a minimum norm so-
lution of (1) if

It = min{||pllm : K= 0} < oo

We call a minimizer of T a Tikhonov regularized solution of (1). In the
regularization theory, the amount of the noise in the data is often given in
the form of the noise level 6, i.e., || f® — f°| < 6. A Tikhonov regularized
solution is a good approximation of a solution of the inverse problem (1) if
there exists a choice of the regularization parameter « such that a Tikhonov
regularized solution converges to a minimum norm solution as the noise level
tends to zero. The following proposition contains a convergence result with
an a-priori parameter choice rule.

Proposition 5. Let K : H — Cy(Q2,R™) be a linear and continuous map-
ping, fO € H and o > 0. Assume that there exists a solution of (1). Let
foe H and ||f° — £ <6. Let a(d) be such that

2
a(d) —0 and —= —0 asd—0

a(9)
and o +) is monotonically increasing. Suppose that the sequence {0y} con-
verges monotonically to zero. Then a sequence {u™} satisfying

K*i — On |12

. (3l
HEM(Q,R™)

has a weak* convergent subsequence as 6, — 0. The limit of each weak*
convergent subsequence is a minimum norm solution of (1). If, in addition,
the minimum norm solution ' is unique, the whole sequence {u"} converges
to pt in the weak* topology as 6, — 0.
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Proof. A minimum norm solution of (1) exists by [31, Theorem 3.4]. Fur-
thermore, the claim is a corollary of [31, Theorem 3.5]. O

For obtaining qualitative estimates for the convergence of a Tikhonov
regularized solution to a minimum norm solution, some additional assump-
tions are needed. Usually these assumptions are given in the form of a
so-called source condition. In here, we follow the lines of [9]. A minimum
norm solution ' is said to fulfill a source condition if

JheH: K*hed| ||muh). (10)

The subdifferential of the norm || - ||rg is 9 - [[m(p) = {p € M* : {p,u) =
llllame and ||@||a+ = 1}. By the Hahn-Banach theorem, the subdifferential
|- |m(w) is nonempty for all p € M(2,R"™). Hence the source condition
is

JheH: (K*hp')=|ullpm and [|K*h|pe =1

Using the definition of the adjoint and the Hahn-Banach theorem, the source
condition can be written equivalently in the form

JheH: (uf,Kh)= |y and [Khlle = 1. (11)

Remark 6. The source condition of the form (10) is related to the subdiffer-
ential of the penalty term and hence usually requires information about the
dual space of the space of the unknown. For finite Radon measures the dual
space M™ is complicated and therefore at first glance the source condition
is hard to verify. In this paper, the form of the inverse problem (1), i.e.,
the existence of the predual operator K, simplifies the source condition, as
has been seen in (11). For this particular problem the dual space M* or
its norm is not needed in the source condition but it is not the case for all
inverse problems involving Radon measures.

By the polar decomposition of ! and the definition of the total variation
norm,

il Khy = it = /Q (1= (h)(x) - o () dlpt|(z) = 0.

According to the source condition (11), || Kh| s = 1. Furthermore, |of(z)| =
1 for |uf|-almost all # € Q. Therefore the source element h has to fulfill
(Kh)(z) - of(x) = 1 for |ut|-almost all z € Q. Hence the source condition
can equivalently be given as

(12)

TheH: (Kh)(z)-of(x) =1, for |uf|-almost every = € Q,
- ER @) <1, z € Q.

In the Banach space theory of variational regularization, convergence
rates results are given using generalized Bregman distances.
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Definition 2. Let U be a Banach space and J : U — [0, oo] a convex, proper
functional with the subdifferential 0J. The Bregman distance related to J
is defined as the set-valued function

Dj(u,v) ={J(u) — J(v) — (&, u—v): £ € dJ(v)}, u,vel.

For the norm || - | o4 the corresponding Bregman distance Dy, (1, V) is
the nonempty set

Dy ja (s v) = Ulpllm = s 1) = (s v) = |[vllaa and [l e = 1}

for all u,v € M(Q,R™). In the following proposition a convergence rates
result with an a-priori parameter choice rule is stated.

Proposition 6. Let K : H — Cy(Q2,R™) be a linear and continuous map-
ping, f* € H and o > 0. Assume that there exists a solution of (1). Let
o€ H and ||f° — f° < 6. In addition, assume that a minimum norm
solution u' satisfies the source condition (11). Then, for each minimizer ug

K*y — 4112
uie arg min —H p— I

-+ allll
HEM(Q,R™)

there exists d € D). ||M(,ug,/ﬂ) such that the estimate

1 5 62
< =

d< 2a|]h|\ + 9

holds. In particular, if a ~ 9,

d=0().

Proof. A minimum norm solution of (1) exists by [31, Theorem 3.4]. The
claim itself follows from [9, Theorem 2]. O

Remark 7. Let us now consider an inverse problem K*u = f where p €
M(Q) and f € H. Let u! be a minimum norm solution of the problem.
By the polar decomposition there exists of € L\l,m (Q) such that |of(z)] =1
for |puf|-almost all z € Q and du! = of d|u!|. Let us redefine the value
of o to be 1 in the |uf|-null set {x € Q : |of(x)| # 1}. Then the space
Q) can be divided into two disjoint parts; Qﬁr ={r € Q:of(x) =1} and
QO ={zeQ:of(z)=-1}.

The minimum norm solution x! fulfills the source condition (12) if and
only if there exist sets QJF C QL and Q_ C QT_, and an element h € H such
that

(@l \ 0.) = (Kh)@)=1, e,
{}MTlEEr §%+§ 87 and (Kh)(z) = -1, ze€Q_, (13)
S (KR)(@)] <1, zeq.
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Since Kh is a Co(§2)-function, in view of (13) the source condition requires
that the sets Q4 and Q_ have to be separated from each others and the
boundary 02 everywhere by a positive distance in 2.

Example 2. (continued) Consider now the elliptic boundary value prob-
lem (6). Let the assumptions made in Example 2 be valid. Let f € L?*(Q)
and uf € M(9) be a minimum norm solution of the inverse problem K*u =
f where K* is the solution operator for the elliptic problem (6).

With the notations of Remark 7, let us suppose that there exist sets
§+ C QL and Q_ C Q' such that

O dist(Q ,ﬁ_ >0,
|MT|(QL\Q+)=0, . (~+ )
W@y —po, o it 00 >0, (14)
R dist(C_, 99) > 0

where dist(E, F) is the distance between sets £ and F in R? defined by
dist(E, F) = inf{|z —y|,: v € E, y € F}.

According to Remark 7, the existence of sets QJF and €_ satisfing require-

ments (14) is a necessary condition for uf to fulfill the source condition (13).
Using, for instance, [32, Theorem 1.4.1], we can construct functions

g+, 9— € C>*(2) with disjoint compact supports such that 0 < g4, g <1,

1, ze€ §+, 1, xze€ (~2_,
g+(x) = = and g—(z) = =
0, ze€Q_ U, 0, x€QuUn.

Define u = g4 — g— and v = —div(AVu) in the weak sense. Then u = Kv
and u satisfies the conditions in (13) for Kv, i.e., v is the required source el-
ement in L2(£2). Hence the existence of sets Q, and Q_ with properties (14)
is actually the sufficient condition for a minimum norm solution in the case
of the elliptic problem (6) to fulfill the source condition (13).

Note that sparse minimum norm solutions, i.e.,

N
,uT = Zaj(?xj, a; € R, x; €,
i=1

always satisfy the source condition (13).

4 A numerical minimization algorithm

The following section aims at proposing a numerical algorithm for the iter-
ative minimization of the Tikhonov functional (3) and to derive its conver-
gence. From the numerical analysis point of view, this seems to be challeng-
ing as we are dealing with algorithms for the non-reflexive space M(2, R™)
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which moreover does not possess any smoothness, convexity or other prop-
erties useful for studying convergence in Banach spaces [47, 34]. On the
other hand, Radon measures are well-studied objects and many notions of
convergence are available (see, for instance, [23, 26]) for which one can hope
that it holds for a numerical algorithm.

We propose an extension of the well-known iterative soft-thresholding
algorithm for the solution of inverse problems in ¢? with (weighted) £!-
penalization [14], i.e.,

| Au—f13 <
mp g e bl

The algorithm proceeds as follows: Take a stepsize 0 < s < 2/|/A||?> and
iterate

u® € 12
u"tt =S, (u" — sA*(Au™ — [))

where S, s denotes componentwise soft-thresholding defined by
Sas(0)1 = sgn(vp)lon] — asls = (% max {0, o] — as}.

This algorithm is known to converge in the sequence-space setting, in many
cases at a g¢-linear rate [14, 12, 7]. However, this algorithm has no natural
generalization to Radon measures, having its main reason in the failure of
point evaluation for a p € M(Q, R™) in contrast to some u € £2.

This defect can, nevertheless, easily be overcome by going to the discrete
setting as follows. Consider again problem (3) in the situation of Proposi-
tion 1. We now assume that the sought measure p consists of finitely many

delta peaks
= Z UpOg,,
TLENR
where Qp, C Q such that #{Q,} = N < oo and each uy € R™. Therefore,
writing
u=(uy,...,uy) , Au= Z up K™y,
TR EQp

gives a linear and continuous operator between finite-dimensional vector
spaces. Since the ansatz measures are sums of delta peaks, the discretized
problem then reads as

ueRN™

N
o Au—f13
min 2+a;|uk|.

The iterative thresholding procedure can now be performed on u and is
known to converge (note that uy is penalized by a vector norm. The above
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corresponds to joint sparsity constraints for which the analysis is, for in-
stance, carried out in [24]). Indeed, this approach is often taken in practice
when an L'(Q,R™) or M(Q,R™) regularization term is considered [43].
Our approach, however, stays in the continuous domain and incorporates a
way of adding and removing delta peaks at arbitrary points of €.

Throughout this section, let 2 be a separable locally compact metric
space, H a Hilbert space, K : H — Cy(2, R™) a linear and continuous map-
ping, f € H given data and « > 0 a fixed regularization parameter. Subse-
quently, we investigate an algorithm for the minimization of the Tikhonov
functional T, in (3). In order to formulate the algorithm, we need some
prerequisites. First, define, for a t > 0,

at if t < Mo, A1
e =", My =" -
m(t +M0) lft > MO, «

Furthermore, for o,7 € R™ we associate the set-valued sign mappings

Sgn(r) ={oc e R™ : |o|, <1, o-7=]7|},
Sgn, (o) ={reR™ : |71 <1, o-7 =0}

as well as sgn(7) = o such that o = argmingcgzy(;) |0] and the analogous
construction for sgn,. Note that in case of |-| being the Euclidean norm,
we have Sgn(o) = {o/|o|} for 0 # 0 and Sgn(0) = {|o| < 1}. In particular,
in the dimension one it holds that Sgn(s) = 1 for s > 0, Sgn(s) = —1 for
s < 0 and Sgn(0) = [—1,1]. To give another example, for |r| = >, |7 it
turns out that o € Sgn(7) if and only if o; € Sgn(r;).

We moreover need the soft-thresholding operation associated with 5 > 0
and w € R™

Sa(w) = 81— P.) (%)

)
with P, being the Euclidean projection on dual unit ball {|w|, < 1}. For the
Euclidean norm |- | = |- |, on R™, this corresponds to S, (w) = sgn(w)[|w| —

], for instance. Finally, denote by C|.| a constant for which [w| < C|.|[w],
holds for all w € R™.

With these prerequisites, the proposed minimization algorithm reads as
follows:

Algorithm 1.

1. Initialize % = 0, 0 < s, < 2/||K*||? and n = 0.

2. For a given u" = Zj;l u?éx}t with v} # 0 and 27 pairwise disjoint,
compute
W = K (K"~ )
and determine an z? € Q such that [w™(z})|, = [|w"||c-
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3. Set V" = v"0,n with

. Jo if w22, < a
v =
oz_lMgHw”Hmsgn*(w”(xZ)) if |w™(z})], > «

4. Evaluate, with division by zero resulting in oo,

)

JIn
s — min {1 azj‘:1 ’U? - 90(’7)”‘) —(u" = ") }
" ’ [ (= )2
stop if s, = 0 with u” being a solution. Otherwise, set
Jn+1

+1/2 _ B n+1/2
e /2 — ut+ s, (V" — ) = Z u; 5$;;+1.

j=1
5. Set 5,41/ = s*/(C‘QW(Jn + 1)) and compute
U?H = Sasn+1/2 <U§L — Sn41/2 (K(K*/ﬂ“/? - f))(w’]“))
forj=1,...,J,+ 1.

6. Remove the x?“ for which u?“ = 0 such that the next iterate be-

comes
Jn+l
n+1l __ n+1
o = Z u; 590;.‘*1
j=1
with u?“ #0forj=1,...,Jy+1. Increase the counter n and continue
with Step 2.

It will turn out that this method is an instance of a combination between
a generalized conditional gradient method and the well-known iterative soft-
thresholding method (or, more generally, a generalized gradient projection
method). We will first establish the connection to the generalized condi-
tional gradient method for which one step is performed in Steps 2—4 in the
algorithm.

Proposition 7. For a w € Cy(2,R™) a minimizer of

n -~y w) + 15
semin o~ )+ e(lvliv (15)
s given by
O ) o < ,
- if Jwl] oS (16)
a™ Mol|w||co sgn, (w(:c))(;x otherwise

with x € Q such that |w(x)|, = |[|w||sc-
Moreover, the set-valued operator taking w to all solutions v of (15) is
bounded on bounded sets.
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Proof. Note that since ¢ is convex on [0,00[, a minimizer v of (15) can
be characterized by j**w € 9(¢ o ||-||m)(v) where 7% @ Cy(2,R™) —
Co(,R™)*™ = M(Q,R™)* denoting the canonical injection. From con-
vex analysis it is known that the subgradient of v — ¢(||v||sm) is given by
all ¢ € M(Q,R™)* with

(¢, v) = llgllmelvllae - and Jlglae € Oo(llv ).

In the particular case of w € Cy(€2, R™), this reads as

<« ifvr=0
(v, w) = [[V[mllwlls  and [w|le { = if 0 <|[[vflm < Mo, (17)
— alvlm gge
My .

Hence, v = 0 is a minimizer if ||w|s < a. In the case ||w]s > «, choose
a x € Q such that |w(z)|, = ||w||cc Which exists by continuity. Hence,
v = a ' My||lw|| sgn, (w(z))d, satisfies |[v||a« > Mo and the definition of

the sign operator yields

(v, w) = o™ Mo||wl|oo sgn, (w(@)) - w(z)

= o™ Mofwllsollwlles = 7l mllwllso
as well as % = ||w||oo. Consequently, v is a minimizer of (15).
Eventually, let w € Cy(€2, R™) and v € M (€, R™) be a minimizer of (15).

According to (17), each solution satisfies ||v||pm < My or |[v||m = %

implying that the operator taking w to all possible solutions v is bounded
on bounded sets. O

Next, we establish the relation of this conditional gradient step to the
problem of minimizing the Tikhonov functional (3), noting in particular that
we can replace the term «| - [|p by ol - || m without changing the solutions.

Lemma 1.

(i) The minimizers of Ty, are exactly the minimizers of

T P

To(p) 5

+ o (llullm).-

(ii) For p € M(Q,R™), w = —K(K*u— f) and v a solution of (15), it
holds that

G(u,v) = allullv = o(llvllag) = (o — v, w)

satisfies G(p,v) > To(pn) — To (™) for any minimizer u* of Ty.
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Proof. (i) Let p* be a minimizer of T,,. Necessarily,

afwfllm < Talp™) < Ta(0) = =5~

g < P _
— < B g,
a
On the other hand, if x* minimizes T}, over {||u|m < Mo}, then it is also
a minimizer of T, on the whole M(2,R™): otherwise there would be a
minimizer p** of Ty, with T, (u**) < T (p*). But, ||pw**|m < Mo, hence p*
was not a minimizer of T, on {||p|lm < Mo}

Analogously, one sees that the minimizers of T,, satisfy ||u||a < Mo and
coincide with the minimizers of T,, on {||p||xm < Mg}. But, T, = T, on
{llllm < Moy}, hence the minimizers of T, and T, are the same.

(ii) One easily checks that for each p* € M(Q,R™)

5 1= fI1 K s = P K (i — )12

by bilinear computations. According to (i), we have for any minimizer p*
of T,, that o(||u*||m) = of|p*||m and one easily verifies that o(||u||rm) >

al|p]| am for all p. This leads, together with the fact that v solves (15), to

Glnv) = (o w) ol — (_min -~ w) + o(llw)
> — (- 1", w) + ol — alla®

1K= P K =
2 2
= Ta(p) — Ta(p").

v

+ aflplla = allp*llm

Hence the inequality holds as stated. O

Knowing that the choice of the delta peak in Step 3 of Algorithm 1 cor-
responds to the solution of the partially linearized problem (15), we further
can derive a descent estimate for the functional.

Proposition 8. There exists a ¢ > 0 such that for each p € M(Q,R"™) with
To(i) < |IfII?/2 and w = —K(K*p — f), the measure i = pu+ s(v — p) with
v being a solution of (15) and

allpllm —e(lvlim) — (n—v, w) }

§ =min 41,
{ K (= v)]?

satisfies, for any minimizing argument pu* of T,

(@) —r(p) < —er()?®, () = Talp) — Ta(w").
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Proof. Observe again that Ty (1) < ||f]|?/2 = Tn(0) implies [|u|pm < Mo
and that easy bilinear computations show

K*ﬂ_f2 K*/,L—fQ * * 82 K*V_/’L 2
IR =11 1K= 1P e gy 4 S0l
2 2 2

Since g o || - || a1 is convex, we also have

e(lalla) = e(llullm) < sle(lvllm) = elelm))-
Together, noting that o(||u||am) = of|p||a, it follows that

S (v —w)?
2

To(ft) = Talp) < s({u— v, w) + o([vllm) — ellpllag) +
SIE =l
2

— —sGl) + (18)
We now distinguish two cases: First, suppose |K*(v — u)||? < G(u,v) lead-
ing to s = 1 and, consequently, with the help of Lemma 1, to

Gp,v) _ _Gpv) _r(p)

Ta(ﬂ) - Toc(:“’) < _G(N7 V) + 2 = 9 — )

(1K Mo + | £1))

T’(IM) = Ta(u) - TOC(/'L*) < Ta(u) < 2 + aMO < Cl;
such that C'; > 0, the above becomes
BN r(p)?
Ta - Ta S - .
(R) (1) 20,

We like to prove this kind of estimate also if ||K*(v — u)||? > G(u,v). In
this case, s = G(u, v)/||K*(v — p)||? < 1, so it plugging into (18), we arrive
at

A s & o G(,u,,y)Q G(N)V)2 _ G(N’V)2
Tolt) =Talt) < 1, — e Y A" - W 2K v - P
r(w?
S TR

Since w = —K (K*pu— f) is bounded if p is bounded and v is bounded if w is
bounded (by, say Cy > 0, see Proposition 7), there follows ||K*(v — u)||2 <
| K*[|?(Cy 4+ Mp)? < C3 for some C3 > 0. Thus

_r(p)
205

In both of the two cases, To(i) < Ta(p) = To(p) < To(0) and hence,
l@llame < Mo leads to Ty (fn) = To(j2). Finally, by choosing ¢ = min {1/(2C}),
1/(2C3)} > 0 the desired estimate r(f1) — r(u) < —er(u)? is obtained. [

Ta(ﬂ) - Ta(ﬂ) <
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Taking a look at Algorithm 1, we see that v chosen in Steps 2-3 cor-
responds to a minimizing element for (15) (see Proposition 7), so Step 4
produces ,u"H/ 2 = " according to Proposition 8. Hence, there is a ¢ > 0
independent of n, such that

P2y = () < —er(u)?

if T, (u™) < ||f]|?/2 for all n. For O this is indeed true, and it would be for
all n, if also 7(u" 1) < r(u"*t'/2) for all n. Showing the latter is the goal of
the following proposition.

Proposition 9. Let J > 1, z1,...,x5 € Q be pairwise disjoint, and B :
(R™) — M(Q,R™) be defined by Bu = ijl u;j0z;. Then, for all
u,...,uy € R™ and 0 < s < 2/(C|. (| K*|*J), it holds that

V; = Sua <uj — s(B*K(K*Bu — f))j>, j=1,....J (19)
satisfies
J J
|K*Buv — fl|? |K*Bu — f|?
2+a2|uj|g2+a;|uj|. (20)
]: =

Proof. First note that the norm of the operator B can be estimated as
follows: For uq,...,uy € R™,

J
|Bullv = 3 lusl < (

J
Jj= Jj=

1)1/2(21: ) < Ve, (EJ: uil2)”
j=1

1 j=1

implying that || B|| < VJC|.,.
It is well-known [14, 24] that the soft-thresholding operator n = Sz(&) is
the solution operator to

2
min ‘7] 5|2

—_—= . 21
min TS gy (21)

We nevertheless give a short argumentation for the sake of completeness.
It is easily seen, mostly analogous to Proposition 2, that the Fenchel dual
problem is equivalent to

2
min 35
CeR™

+ 141 <y (C)

with the respective solutions satisfying n* = £ — (*. The above problem is
just the projection of £ onto the ball {|(|, < 8} which can be expressed as

Pyel.<py (&) = BP(§/B). Together, it follows that n* = B(I — P)(£/B) =
Sp(8)-
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Denote by w; = (—B*K (K*Bu — f))j. Since v; = Ssa(u; + swj) is the
solution of the problem (21), we can express it with subgradients and use
subgradient calculus:

— Swj ‘g
2
In terms of the subgradient inequality, the latter just reads as

068(’._% +a5|")(vj) & vy + swy; —v; € sad|-[(vy).

(uj + sw; —vj) - (n; —v;) < S(Oé\ﬁj’ - a‘”j\)-

Introducing the quantities G; = o|u;| — alv;| —w; - (uj —vj), setting n; = u;
and rearranging yields

2
luj —vil5 < s(aluj| — alvs] +wj - (u; —vj)) = sGj. (22)
In particular, G; > 0. Next, observe that

|K*Bv — f|* _ |[K*Bu— f|?
2 2

— (K*Bu— f, K*B(v —u))
KB w)?
5 :

So using Z}]:1 wj - (uj —v;) = (K*Bu— f, K*B(v — u)), the estimate on
| B||, (22), the choice of s and (22) again, we get

J J
|K*Bv— f|* |[K*Bu— f|?
- 5 tad |l —a) lul

2 ° ,
J=1 7=1
|K*B(o —u)|? -
- + (K Bu~ f, K*B(o = ) + oY vyl = [yl
2 =
J
I B(v —w)|f?
= 5 =Y aluy| = afoj| +wj - (uj —v;)
j=1
J
HK*II IBI? 2
Z‘ vj — j|2 B Z Gj
JCE IIK"‘II2
| 1
< (7_*)Z|uj UJ|2 <0.
The desired statement now immediately follows. O

By examining the notation, it is easy to see that Step 5 of Algorithm 1
corresponds to the thresholding step (19) and that (20) is just 7(u"*!) <
r(u"t1/2). Moreover, neglecting delta peaks with zero height as done in
Step 6 does not change p"*!. Thus, we have all the ingredients to prove
the subsequential weak* convergence of Algorithm 1 to minimizers of the
Tikhonov functional (3).
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Theorem 3. Algorithm 1 produces a minimizing sequence {u"} of measures
for the functional Ty with rate r(u™) < Cn~! for some C' > 0. Each subse-
quence of {u"} possesses a weak™® convergent subsequence whose limit p* is
a minimizer of T,. If the minimizer is unique, the whole sequence converges
to u* in the weak™ sense.

Proof. Let us first prove, by induction, that {r(u™)} is a non-increasing
sequence, i.e., r(u") < r(u" ') < ... < r(u°) for all n. If this holds for
some n, r(u") < r(u’) and consequently, T, (u™) < To(u®) = || f]I?/2, so
Proposition 8 can be applied (note again, that " t1/2 corresponds to fi"
by virtue of Proposition 7). This leads to r(u"t1/2) < r(u") and by virtue
of Proposition 9, we also have r(u"*1) < r(u"). Hence, {r(u™)} is non-
increasing.

To prove that {x"} is a minimizing sequence, it suffices to obtain the
rate. Note that Propositions 8 and 9 also yield a ¢ > 0 such that

() = r(u") < —er(u”)?

for each n. Denoting r, = r(u™) we employ the following widely-known
trick: Estimate

1 1 Tn — 7T T
_ - _In n+1 Z n 2 > 07
Tn+1 Tn Tn+1Tn Tn+1Tn
sum up
n—1 n—1
1 1 1 1
—_ - — = - — 2> c=cn,
Tn To i—0 Ti+1 T i—0

and rearrange to r, < (ry1 +cn)™t < Cn~! for some C > 0.

The rest can be deduced from functional-analytic arguments: Any sub-
sequence of {u"} is also a minimizing sequence and hence, another sub-
sequence exists for which there is a weak™ limit p* which is a minimizer
(the latter from the weak* lower semi-continuity, also see Proposition 1). In
case of uniqueness of p*, the statement follows from the usual subsequence
argument. O

Remark 8. It is obvious from the proof that Algorithm 1 does still converge
if the soft-thresholding step (Step 5) is left out. We added this step, however,
to encourage the removal of peaks from the iterates. This may be helpful
in practical implementations, as it is usually more efficient to deal with a
lower number of peaks.

Note, moreover, that the algorithm also still converges if Step 5 is re-
placed with or supplemented by any method which do not increase the
functional value. As it is shown in Proposition 9, performing one soft-
thresholding iteration belongs to the class of such methods. One can as well
repeat this iteration several times and the overall convergence as well as
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the rate will not be affected provided that the number of repetitions stays
bounded.

In this spirit, the soft-thresholding algorithm, may be replaced by suit-
able application of an algorithm with better asymptotic convergence rate,
like, for instance of Nesterov-type [40] like the “fast iterative shrinkage-
thresholding algorithm” (FISTA) [3], if sufficiently many iterations are car-
ried out such that the functional value is not increased.

Provided that the predual forward operator K is mapping into the space
of continuously differentiable functions, it is moreover possible to insert a
step which moves the position of the peaks according to the gradient flow of
the discrepancy functional with respect to the peak positions. Concerning
a single peak, this idea has also been presented in [38], here we adapt it to
our general framework.

Proposition 10. Suppose that, @ C R% is a non-empty, open subset and K :
H — C}(Q,R™) is linear and continuous. Then, for each u = ijl ujdy0

with uj # 0 and x? € Q pairwise disjoint, a tog > 0 and a solution of the
ordinary differential equation

a:cé-t(t) _ _V(K(K*jéujaxj(t) - f))(:rj(t)) L (0 =29 (23)

exists for t € ]0,to[. Each solution on ]0,to[ satisfies, with u(t) =
J
Zj:l (CIIWOL

OTa (u(t))

5 <0 for all  t€]0,%o].

Proof. We first show that the mapping ® : Q7 — R given by

J
®(z) = To (u(x)) ; u(x) = Z“j‘s%‘
j=1

is continuously differentiable with gradient
(Vo(), = V(K(K*M(x) - f)) ().

For that purpose, let h = (h1,...,hs) € (R™)” and consider, for 0 < 7 < 79
with 79 sufficiently small such that @ + 7h € Q7 and (x + 7h); pairwise

26



distinct. Then, the difference quotient reads as
1
—(Ta(plo + 7h)) = Ta(u()) )
1/ .. 1,
= ~(K*(ula +7h) = u(x)), 5K (ulw +7h) + (=) = f)

= (* (o 4+ 7h) — (o)), K (K*u(x) - f))

K (e + h) — () 1
27 '

We examine the convergence of the first term. First, denote, once again, by
w = —K(K*u(x)— f), so it follows by the fact that K maps into C (2, R™),

lim <,u x4+ T7h) — p(x ),K(K*u(x)—f)>

T—0 T

J J
. w(xj + Thy)
= lim — J g hj.

T—0

Jj=1 Jj=1

On the other hand, estimate the norm of u(x +7h) — p(z) in C§ (2, R™)* by
testing with some v € C}(Q2, R™):

(u(x +7h) — p(zx), v) = Zv(xj + 7hj) — v(z;)

J 1
2> / Vo(a; + s7hy)|h] ds < Clr][V]lsor

hence [|u(x + 7h) — p(x)|| (1)« < C|7|. The second term thus converges to
zero since

=0.

K* h) — 2 2.2 K* 2
0 < tim M (0@ h) = p@)IP _ | C2r K
70 27 70 27

This shows that z — T, (p(z)) is Gateaux-differentiable with the claimed
derivative. The Fréchet-differentiability then follows from the continuity of
the Géateaux-derivative with respect to x and the finite-dimensionality of
Q7 c (RY).

Thus, due to Peano’s existence theorem, the ordinary differential equa-
tion (23) has a solution on an interval [0, o[ for some ¢ty > 0. If z : [0,¢9] —
Q7 is a solution, we finally see that, with p(t) = p(z(t)), for each ¢ € ]0, to

J
8(7—‘3:”(75) <8af() V(I)( ())> :_Z|vq)(x(t))J|2 SO

J=1

which completes the proof. ]
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Consequently, one gets functional descent if one inserts, in Step 6, be-
fore returning to Step 2, the solution of (23) with w; and a;? such that

untl = ijl u;6,0 and replaces u" ! by Z}-le ujdy(y), for some t € 10, to|.
J

In practice, one has to employ numerical schemes for the solution of the
ODE. A scheme and the associated step-lengths should, of course, be cho-
sen such that it does not increase the value of the Tikhonov-functional,
for instance, one could perform a step of the explicit Euler scheme with a
step-length which ensures functional descent.

Finally, we like to mention that one could also employ some trial-and-
error peak merging approaches to reduce the functional, for instance, if €2 is
a convex subset of a normed space, choosing

J
pr= uibe; , 1<jo<p<J
j=1
- (wio + )01 1oyt D uidn, i Ta(p™*) < Ta(u")
pttt = i#d0, 0

n

I
(24)

for some jo and ji, for instance chosen such that |z;, — z; |, is minimal.
Again, this step supplements Algorithm 1 without affecting convergence.

To summarize, following steps could be inserted after Step 5 to improve
convergence:

e Multiple steps of the soft-thresholding procedure in Step 5 or suitably
many steps of FISTA instead,

e solving the ordinary differential equation (23) for some positive time,
if possible,

e trying to merge some peaks according to the trial-and-error method

(24), if possible.

5 Numerical computations

To show the performance of Algorithm 1, we apply it for a one-dimensional
version of the deconvolution problem presented in Example 1. We assume
that the convolution kernel & is a cubic spline with respect to a fine uniform
grid of size ht > 0, i.e.,

L-2
k= 30 kg @) =Bo(g —d).

j=—L+2
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for some L > 2 and with the standard cubic box spline

0 for x < =2,
(x+2)3 for —2<z< -1,
3@ +12+3x+1)?+3(x+1)+1 for —1<x<0,

By(z) =

ol=) 3x—1P+3x—-1)2-3@x-1)+1 for0<z<l,
—(z —2)3 for 1 <z <2,
0 for 2 < z.

\

On a possibly coarser grid with size h. = mh¢, m being a positive integer,
we define the operator K for a v = (vo,...,vny_1) € RY by

N-1

(Kv)(z) = Y vek(z — Khe) (25)

k=0

which corresponds to a discrete adjoint convolution of k with the data
given in the points 0, he,..., (N — 1)h.. Equipping RY with the stan-
dard scalar product and letting Q2 = |—Lh¢, (N — 1)hc + Lhg[, one sees that
K : RN — Cy(9) is linear and continuous and hence, satisfies the require-
ments of Proposition 1 and in particular of Section 4. It is moreover easy to
see that the adjoint corresponds to

(K*u), = (k* p)(khe), k=0,...,N —1,

i.e., is the convolution of a measure with k evaluated at the grid points with
respect to he. Hence, with data f = (fo,..., fv—1) defined in these points,
the Tikhonov functional to minimize reads as

1 N-1

Tal) = 5 (3 (k= ko) = £)*) + allilae

k=0

Note that we still like to minimize over the space M () which we do not
discretize.

Algorithm 1 can actually be performed in this semi-continuous setting.
For p consisting of finitely many delta peaks, K*u corresponds to finite
point evaluations of k as well as computing finite linear combinations. The
function w = —K(K*u — f), however, is defined on a continuum. However,
the only thing we have to compute is a point in which |w| becomes maximal,
for which it suffices to know the critical points of w. These can be easily
obtained since Kv, v = (vg,...,vn-1) € RY, is a cubic spline with respect
to the grid Ay (as he is a integer multiple of kg, see (25)):

N-1 L-2 N-1 L-2
Kv=7) ve D, ki —nmhe)=2 > vekjjpnm.
k=0

=0  j=—L+2 k=0 j=—L+2
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Hence, to compute all critical point of some w, we solve w’(x) = 0 on each
suitable subinterval [jh¢, (j + 1)h¢] which corresponds to solving a quadratic
equation (which usually can be done up to machine precision). By deter-
mining the maximizer of |w| in these points, we are able to compute = such
that |w(z)| = ||w||eo. Steps 3-4 of Algorithm 1 can again be evaluated di-
rectly and Step 5 only requires finite point evaluation for some K(K*u— f).
In summary, this shows that one is able to perform the successive peak
insertion and thresholding method in a semi-continuous setup.

We implemented and tested Algorithm 1 for the deconvolution problem.
Taking advantage of the special structure of the convolution operator, we
also added the ODE-solving step (23) as well as the peak-merging step (24)
to improve the performance. The outcome of the method for a Gaussian
convolution kernel is depicted in the Figures 1 and 2. As it can be seen, the
algorithm is able to reconstruct the sought peaks almost perfectly (with one
additional peak introduced in the second example), even in the presence of
heavy noise. One has to mention, however, that the regularization results in
a decrease of peak size, which is also known to occur in the discrete setting.
Moreover, we remark that without the additional steps (23) and (24), the
results show significantly more additional peaks. This is closely related to
the type of convergence we established for {u™}: Since it only converges
in the weak*-sense, it may happen, for instance, that an indefinite number
of delta peaks approximates a single delta peak. Hence, in general, a suit-
able postprocessing may be necessary which “sparsifies” the outcome of the
algorithm (if the aim is to obtain sparse solutions). Nevertheless, the re-
sults show that is is possible to minimize, with the help of Algorithm 1, the
Tikhonov functional in the semi-discrete setting with continuous solutions
w and discrete data f.

6 Summary and conclusions

Tikhonov regularization for vector-valued finite Radon measures as the solu-
tions for ill-posed linear inverse problems can be put into a proper functional-
analytic framework which ensures existence, uniqueness (where applicable)
and desireable regularization properties. This framework moreover leads to
a flexible abstract numerical algorithm for which descent properties with
some rate as well as (subsequential) weak*-convergence can be proven. As
it produces delta-peak iterates, the proposed algorithm is well-suited for
the recovery of sparse solutions. Furthermore, its structure allows compu-
tations directly on the space of Radon measures with only the data space
being discretized. However, as it converges only in the weak* sense, it might
produce an indefinite number of delta peaks, in particular, if the solution
is non-sparse. Nevertheless, numerical computations confirm the applicabil-
ity of the method and show that it is possible to perform accurate sparse
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0.1000 1.0000 0.1039 0.4017
0.5000  2.0000 0.4977 1.2623
0.6000 5.0000 0.5975 4.5303
0.8000 1.0000 0.7868 0.6979

Figure 1: Numerical deconvolution example for N = 100 data points and
he = hy = 0.01. Upper row: the exact solution u consisting of four delta
peaks (left), its image K*uf under convolution with a Gaussian kernel with
variance o2 = 0.05 and given data f corrupted with Gaussian noise of vari-
ance 0% = i (right). Second row: the numerically obtained approximation
of the minimizer of the associated Tikhonov functional with o = 3 (left), its
image under convolution K*u compared to the data f (right). Third row:
the corresponding w = —K(K*u — f) which, according to the optimality
conditions admits a exactly in the peak positions. Bottom row: a table
showing the numerical values of ! and p for comparison.
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0.2000 2.5000 0.1906 2.9924
0.5000 2.0000 0.5034 1.6321
0.6000 5.0000 0.6000 4.6377
0.8250 3.5000 0.8250 3.2083

0.9000 1.5000 {0.8961 0.0265

0.8962 1.3143

Figure 2: Numerical deconvolution example for N = 400 data points and
he = he = 0.0025. Upper row: The exact solution uf consisting of six delta
peaks (left), the exact and noisy data K*u! and f with the same parameters
as in Figure 1 (right). Second row and third row: the numerical results with
a = 7 (also see Figure 1). Bottom row: The tabulated numerical values of
pt and p. The solution y introduced an additional small peak at 0.8961.
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deconvolution even in the presence of considerable noise.
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