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1D Schlégl model (Nagumo equation)

1D Schlégl model

oty — oy +R(y)=u (x,t) € Q:=(a,b) x (0, T).

y(X’O)ZYO(X)’ X € (a’b)
oxy(a,t)=0xy(b,t)=0, te(0,T).

with control function ("forcing”) u = u(x, t) and cubic reaction term

R(y)=p(y —y)y — y2)(¥ — ya),

p>0,y1 < y2 < ys.
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Optimal (open loop) control

By optimal control, the state y is controlled in a desired way. One might be
interested in approximating a desired state y by an optimal control u:

Optimal control problem
min J(y) := // Yu(x, 1) = y(x, 1))? dxalt
where y, is the unique solution of

Oty — Oxxy + R(y) =

subject to given initial - and boundary conditions and certain constraints on u.

This is a problem of open loop control that some theoretical physicists call
"optimal forcing”.

F. Troltzsch (TU Berlin) 4/35



Uncontrolled "natural” wave front, u = 0

R=3—y =3 +V3)yly —V3), (ab)=(0.L)=(0,20)

1.2v3, xe[9,11
yO(X):{ Of else[. |

statey att=0.0

Two propagating fronts
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Different visualization

Initial state Uncontrolled wave fronts
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Time delayed feedback control

In theoretical physics, in particular related to lasers, a nonlocal coupling of the
control u with the state y by time-delayed feedback is popular.

Two particular options:
u(x,t) = y(x,t—7)—y(x,1) "Pyragas type”
u(x,t) = (/ ag(n)y(x,t—7)dr — y(x, t)) "Nonlocal time-delayed”.
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Time delayed feedback control

In theoretical physics, in particular related to lasers, a nonlocal coupling of the
control u with the state y by time-delayed feedback is popular.

Two particular options:
u(x,t) = X, t—71)—y(x,t)) "Pyragas type”
u(x,t) = (/ ag(n)y(x,t—7)dr — y(x, t)) "Nonlocal time-delayed”.

We concentrate on a finite interval of time and the nonlocal version:

;
u(x,t) =« </o a(n)y(x,t—7)dr — y(x, t)) .

We will often suppress the dependence on x. Notice, however, that g = g(t)
does not depend on the spatial variable.
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Feedback system

Related feedback system

ory(x, 1) — Oy (X, t) + R(y(x,t)) = (/ a(n)y(x,t—7)dr — y(x, t))

y(X,S) = yO(Xas)v SSO,XEQ,
du(at) = owy(bt)=0, te(0,T).
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Some references

[@ J. Ldber, R. Coles, J. Siebert, H. Engel, E. Schéll,
Control of chemical wave propagation in Engineering of Chemical Complexity II.
A. S. Mikhailov, G. Ertl (Eds.), World Scientific, Singapore, 2014.

[§ J. Siebert, S. Alonso, M. Bér, E. Schall,

Dynamics of reaction-diffusion patterns controlled by asymmetric nonlocal
coupling as limiting case of differential advection.

Phys. Rev. E 89, 052909 (2014).

[§ J. Siebert, E. Schall,
Front and Turing patterns induced by Mexican-hat-like nonlocal feedback.
arXiv 1411.6561 (2014).
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Forward problem: g+— y

Depending on the chosen feedback kernel g, different solutions y are
generated. We numerically confirmed some results by Ldber et al. (2014).
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Forward problem: g+— y

Depending on the chosen feedback kernel g, different solutions y are
generated. We numerically confirmed some results by Ldber et al. (2014).

Q =(0,200), T =400, yp: Natural wave front starting from a step function.

"Weak gamma delay kernel” g(t) = e~ !, y; =0, y3 = 1
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Forward problem: g~y

Depending on the chosen feedback kernel g, different solutions y are
generated. We numerically confirmed some results by Ldber et al. (2014).

Q=(0,200), T =400, yo: Natural wave front starting from a step function.

"Weak gamma delay kernel” g(t) = e=!, y1 =0, y3 = 1

t-axis
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x-axis x-axis

¥2 =025 r=-1.65 yo=05r=-14
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Q:

*Strong gamma delay kernel” g(t) = te~!

IL‘ }
50 150 200

t-axis

(0,200), T =200, yo: Natural wave starting from a step function.
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Design problem: y i+ g

In the forward problem, we computed the function y associated with a given
kernel g. In the design problem, this is reversed:

Find a kernel g such that the solution y, associated with g is as close as
possible to a given desired function y.
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Design problem: y i+ g

In the forward problem, we computed the function y associated with a given
kernel g. In the design problem, this is reversed:

Find a kernel g such that the solution y, associated with g is as close as
possible to a given desired function y.

Related optimal control problem: "Optimize the Controller”
1 o
i 2//0(YQ_Y) dxat

)
() — duy(t) + RU(D) = x /0 g()y(t - 7)dr — ky ()
y(x,8) = y(x,8), s<0,xeQ
axy(a7 t) = 6Xy(b7 t) = 07

where C = {ge L>~(0,T):0<g(r) <3, /Tg(r) dr =1}.
0
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Design problem: y g

We must select realistic patterns y . . .

t-axis
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Design problem: y g

We must select realistic patterns y . . .

t-axis

Realistic

Unrealistic
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Well-posedness of the problem

Theorem (Control-to-state mapping)

For each g € L>=(0, T) and each y, € C(Q x [—T,0]), the feedback equation
has a unique weak solution y, € C(Q). The mapping g — yq is of class C*.

Idea of the proof:

;
Oty + 0+ R(y)+ry = /1/ ag(n)y(x,t—7)dr

—/{/g y(x,t—1) dT-i—K?/ a(m)y(x, t—7)dr

YQ(XJ)

= n/tg(t S)y(x,s)ds+ Yy(x,1)
0
=K(g)y+ Ys
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Control-to-state mapping

Next, we substitute y = e*!v and get

OV + O v + e MR(EMNV) + (A + K) v — e MK(g)(eMv) = e MY,

If X is sufficiently large, the mapping in blue behaves like a monotone mapping.
Now we proceed as in

[W E.Casas, C.Ryll, F. Trdltzsch,
Sparse optimal control of the Schlégl and FitzHugh-Nagumo systems,
CMAM, 2013.

We get a unique v, and the differentiability of the mapping g — v;. d
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Existence of an optimal kernel

Corollary (Existence)

The problem of optimal feedback design is solvable, i.e. there exists at least
one optimal kernel g € C.
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Existence of an optimal kernel

Corollary (Existence)

The problem of optimal feedback design is solvable, i.e. there exists at least
one optimal kernel g € C.

We have associated necessary conditions. However, from now on we
concentrate on a special choice of the kernel g. We optimize with respect to a
particular class of step functions g.

[§ J. Lober, R. Coles, J. Siebert, H. Engel, E. Schéll,
Control of chemical wave propagation in Engineering of Chemical Complexity I,
A. S. Mikhailov, G. Ertl (Eds.), World Scientific, Singapore, 2014.
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Class of step functions

Class of kernels g: Select0 <t < b < T;
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Class of step functions

Class of kernels g: Select0 <t < b < T;

Nonlocal feedback

b

Oy (x, ) = By (x, ) + RO D) = = |yl t=m)dr —my(x1)
t

Here, x, t;, to are our control parameters to be optimized.
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Structure of the optimal “control” problem

b

y(x,t—7)dr — ky(x,t)

Ay (X, 1) = Oy (X, 1) + Ry (x, 1)) = b—t J
1

@ The state y is uniquely determined by the parameter vector (x, t, &) (and
by the initial data yo, but we keep them fixed).
@ We indicate this by y = (.. ¢, 1,)-

@ Altogether, we obtain the

Objective function

(k, b, k) // Yoty —¥)? axdt+ (52+t$+t22)

with regularization parameter v > 0.
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Optimization problem 1

Nonlinear optimization problem (P;)

min  F(x, t, t P1
(H,H,[Q)EC(; (KJ ! 2) ( )

where
Cs={(rht1,L) ER®: 0SS <L <T, b—t>5}

with a (small) distances > 0.
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Linearized equations

Let Z := 04 Y(x.t, 1) ¥ = Y(n.ti,1)- Then Z is the unique solution of the linearized
equation

0 K L
0z — A R = — —
tZ zZ+ (y)Z +KZ ot (tz 1 ; y(mh,tz)(xa t T) dT)

K 1 b L
= y(x,t—r)dr—y(x,t—t1)+/ z(x,t—7)dr |,

b—t \b—t J t

z(x,8) =0, se[-T,0], x € Q,

subject to homogeneous Neumann boundary conditions.

Similar equations are obtained for 0y, ¥(..4,.4,) aNd Ok Y(x.t,.5)-
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Adjoint equation
For necessary optimality conditions we introduce an adjoint equation:
Adjoint equation

- 0p(X, 1) — Oxx (X, 1) + B (V1.1 (X, 1)) (X, )

i
KR ~
= o | P teT) o )+ Y (0, = F0 ),

o(x,8) =0, se][T,2T],
Oxp(a, t) = dxp(b, t) =0,

xeQ te(0, 7).
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Adjoint equation
For necessary optimality conditions we introduce an adjoint equation:
Adjoint equation

-61()0()(’ t) - 6XX<JD(X7 t) + R/(y(/{,ﬁ,tz)(xv t)) (p(X, t)

T
K ~
/O go(X, t+T) dr — H@(Xv t) + Y(r@,t1,12)(xv t) - y(Xa t)a

T h-t

o(x,8)=0, selT,2T],

3)(@(37 t) = aX(Ao(b7 t) = 07
xeQ te(0, 7).

This is again an equation with time delay and a nonlocal term. J

F. Tréltzsch (TU Berlin) 21/35



Main steps in adjoining
Let z be the solution of the linearized state equation. Then z(x,t) =0, t <O0.

T
(K(Q)Z, SD)LZ Q):/// Q(T ZX t—T) @(X t)d’Tdth

S ift<r

/// a(t) z(x, t—r ) @(x, ) deth—/// 9(t —n) z(x,m) @(x, t) dndt ax
/// gt—n)<p(x f) dt 2(x,n) d”dx_///r ' C7)<PX77+cr)dcrz(x n)dnadx

=0, t>T

://Q/O Q(a)¢(x,ﬁ+a)daz(x,n)dndx://Q/O 9(7) @(x, t +7) z(x, t) dr dxdt

= (K*(9)»), Z)LZ(Q)
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Gradient of F

Theorem (Partial derivatives of F)

Let (x, 1, t2) be given, y := (. 1) be the associated state, and let
© = (n,1.1) b the associated adjoint state. Then the partial derivatives
Ot F(k,t1, k), i =1,2,and 0, F(x, t1, k) can be determined as follows:

2]
oy F vh + ﬁ // [ y(x,t—7)dr — y(x,t -t )] dxat

t

< [ 1 g
F = vb— L // o(x, 1) | —— y(x,t—7)dT — y(x,t — b)| dxdt
b—t /g b—t J¢

" p b
0 F VK + // o(x, ) ! y(x,t—71)dT — y(x,t)| dxdt.
JJa b—t J¢
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Example 1 (Test)

Spatial interval: Q = (—20,20), Time interval: [0, 40]

42

o

x-axis

35 :
30
25
8 ==
g 20 .
15 :
10
o
20 45 10 5 0 5 10 15 20

yo(x, 1) ::%(1 — tanh (M)),v: 1 _2y2,x€Q, t<o.

V2

o

0

20 -15 -10 -5 0 5 10 15 20

x-axis

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

Desired y (pre-computed) Optimal pattern (y recovered)

Initial vector for the optimization process: x=0.5,4 =0,(, =2
Computed optimal vector: [ = 0.5], t; = 0.456, {, = 0.541 x was fixed
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Example 2

Spatial interval: (—20,20), Time interval: [0, 40]

o

40

35

30

25
2
520

15

10

20 45 0 5 0 5 10 15 20

x-axis

=)

Artificial desired pattern'y

Initial vector: k=-15,4=0,6L=1

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

20 -15 10 5 0 . 5 10 15 20
Optimal pattern

Computed optimal vector: [k = —1.5], t; = 0.05, % = 0.94, r fixed
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(Discouraging) Example 3
Spatial interval: (—20,20), Time interval: [20, 40]
y(x,t) = 3 sin(t — cos(g5(x 4 20))), Init: [t; = 0], & =2, [x = —2]

25
2
15
B
05
; 0
05
-1
15
2
25

-20 -15 -10 -5 o 5 10 15 20
X-axis

x-axis

Desired pattern'y Optimal pattern
Computed optimal value: F = 1.32-10%, |[VF| = 0.045,t, = 3.71

Why this is so desastrous?
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Re-definition of the objective function

Our objective function does not really express our needs, if we are just
interested in a periodic pattern.

@ Do not compare u and y at the beginning. Consider

1 T b
F::—/ /(y—?)zdxdt.
2)72Ja

@ From now on,
Q:=(a,b) x(T/2,T).
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Re-definition of the objective function

Our objective function does not really express our needs, if we are just
interested in a periodic pattern.

@ Do not compare u and y at the beginning. Consider

1 T b
F::—/ /(y—?)zdxdt.
2)72Ja

Q:=(ab)x(T/2,T).

@ From now on,

@ Moreover, two patterns should be equivalent, if they differ only by a time
shift.
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Two equivalent patterns

25
2
15
1
05
3 0
05
-1
15
2
25

X-axis

25
2
15
1
05
3 0
05
-1
-1.5
2
25

X-axis

y =3 sin t—cos 20(x+20)) y =3sin t—cos x+20) +3

20(
The right pattern is a simple time shift of the left, but their L2-difference is large,

1 // (y — y)2dxdt ~ 1.4374 - 10*
2JJa
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Adapting the objective function
Measure the difference of y to the "best time shift” of y : Q@ x R — R:

Shifted objective function

A1) == min [ [ (si,00. ) = Tt = 5))? et
Q
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Adapting the objective function
Measure the difference of y to the "best time shift” of y : Q@ x R — R:

Shifted objective function

A1) == min [ [ (si,00. ) = Tt = 5))? et
Q

This is the core of the idea. Skipping x and the differential dxdt for short,

[[ow-5a-s= [[rw 2 [[ oze-s9+ [[ 79
S -

independent of s

Jlro-sf[os o+ [0

independent of s
for periodic y
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Adapting the objective function

Measure the difference of y to the "best time shift” of y : Q@ x R — R:

Shifted objective function

A1) == min [ [ (si,00. ) = Tt = 5))? et
Q

This is the core of the idea. Skipping x and the differential dxdt for short,

[[ow-5a-s= [[rw 2 [[ oze-s9+ [[ 79
S -

independent of s

Jlro-<ffpos o+ ffpo

Instead of minimizing the left-hand side, we maximize the red term that is
known as cross correlation.
F. Troltzsch (TU Berlin)
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A second optimization problem

The maximum of the red term is achieved, if y and y(- — s) are collinear, i.e.

Jfay(t)y(t - s)dxat .
I Taya(taxat /o 2(t — )cet

1.
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A second optimization problem

The maximum of the red term is achieved, if y and y(- — s) are collinear, i.e.

Jfay(t)y(t - s)dxat .
I Taya(taxat /o 2(t — )cet

1.

Therefore, for time-periodic y with period p > 0, we consider the following

Optimization problem 2

Yty Y(- = 8)
min  Feorr(k, t, &) := min |1 — ( (r,fr,) _ )Lz(o) (P2)
(k,t1,k)ECs s€[0,p] ”y(rc,h,tz)”Lz(Q) Hy( _ S)||L2(Q)

Remark

Under natural assumptions, in particular an SSC-condition, we have an adjoint
calculus (with a slightly changed adjoint equation).
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Advantage of the shifted function

We see the functions x — F(k, t, ) and x — Feor(k, ty, ) for

y = Ykt ) = Y(-2,0,2.5)-

Here, k = —2 is the global minimum of x — F(k,0,2.5).

2500 0.7

2000 * * o Ke
* * * 0.5 ** *
* y;*
) 1500 g * EO 4 #; 3
* Ei %
1000 o ¥ . *** *
# 02 X o
500 ¥% g o ** *
**
0 0 *
5 4 3 2 1 0 1 2 -5 4 3 2 1 0 1 2
Standard function F Shifted function Feor
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Example 3 with the shifted function

==

2 5 0 5 5 10 15 20 % a5 0
xxxxxxxxxx

Desired pattern y Optimal pattern by fmincon

Computed optimal values:
Feorr = 0.1229, [ty = 0], , = 3.0031, k = —2.4318
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Example 4

Spatial interval: (—20,20), Time interval of observation: [20, 40]
s

20

y(x,t) =3 sin (; - cos( (x+20))>), nit: 4y =0, =2,K=-2

25 2
35
2
15
15 30
A 1
2
05
@
2 05
0 X 20
05
15 2
A
5 10 05
2
5 1
25
0 15

20 15 -0 -5 0 5 10 15 20
x-axis

Desired pattern’y Optimal pattern

Computed optimal value: Feor = 0.12, [t = 0], , = 6.94191, x = —2.28
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Conclusions

@ We considered a design problem for nonlocal feedback controllers that
generate desired patterns.

@ The problem was formulated as an optimal control problem with kernel g
as “control”.

@ An associated adjoint calculus was developed.

@ To approximate desired time-periodic patterns, a shifted objective function
turned out to be useful.
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Thank you
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