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Optimal control problem

Minimize J(u,y), we U, yevY, s.t.
Yt — A(u) y) = f in (07 T) X Q)
y(0) = yo(u) in Q,
y+(0) = y1(u) in Q.

| solution estimator

y)

continuous problem:

semi-discretization in space:
discretization of the control:

Uk, Ykh) s

(u,
semi-discretization in time: (uk, Uk) M

(

(’U,g, yo) Nd

J(u, y) = J (g, Yo ) = Nk + 1 + 04
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Notation

o V, H Hilbert spaces with V — H < V* being a Gelfand triple
(eg. V={ve H(Q)v|r, =0}, H=L*Q)),

e [ =(0,T) forgiven T >0, U C L*(I,Q) for a Hilbert space Q

o Inner product in H: (,)g, (-,-)1 = fOT(~,~)Hdt
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X =I*I,V)NHYI,H)n H*(I, V"),
X =L*(I,H)nHYI,V"),

Y=XxX

@ We introduce a semilinear form
a: QxVxV—-=R
for a differential operator A: Q@ x V — V* by

a(u, y)(§) = (A(u, 9),&) v-,v
and define the form a(-,-)(-) on U x X x X by

T
a(u, y)(€) = / au(t), y(1)(€(1)) dt
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State equation

State equation as a system

The function (y!,y?) € Y is a solution of the state equation, if

(7,91 + a(u, y")(€") + (¥2(0) — y1(u),£1(0)m = (f,€")r V&' € X,
(€)1 — (% €)1 — (yo(u) — y'(0),£2(0)r =0 v e X

with yo(u) € V,y1(u) € H, f € L*(1, H).

Idea: Set y' = y and y? =y,
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Optimal control problem

@ Three times Fréchet differentiable functionals:
Ji:H—R, Jo: H—-R
@ Cost functional:

T
Sy = [ )+ (D) + Sl

a>0,ue U,y eX.

Control problem

Minimize J(u,y') for (u,y') € U x X, s.t. the state equation
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Optimality system

o Define the Lagrangian L: U X Y x Y — R

L(u,y,p) =J(u,y") + (f — yi.p")r — alu, y")(p") — (vt — v* p*)1
— (52(0) = 1 (u), p"(0)) 1 + (yo(u) — y*(0),p*(0)

for y = (y*,9?) and p = (p*, p?).

Optimality system

Ly, (u,y,p)(dp) =0 Vop € Y (state equation),
Ly, (u,y,p)(dy) =0 Vdy €Y (adjoint equation),
L (u,y,p)(0u) =0 Vdu e U (optimality condition).
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@ Discretization
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Time discretization

@ Petrov-Galerkin scheme

e continuous ansatz functions
e discontinuous test functions

Timepoints: 0=t <ty <--- <ty 1 <ty=T

e Partition: 1 =[0,T] = {0} UL U...U Iy with L, = (tm—1, tm], km = |In|

Semi-discrete spaces:

X]: = {Uk S C T H)|’Uk|[ (= ’PT(Inn V)}
‘)N(kP {UkEL (L, V)|vklr,, € Pr—1(Im, V) and v (0 eH}
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Time discretization

Semi-discrete state equation (FEy)

The function (y}, y?) € X7 x X[ is a solution of the (in time) discretized state
equation, if

M

(Oeyi> €)1, + alur, yi)(€1) + (£ (0) — w1 (we), €'(0)) mr = (£,6")1

m=1
vel e X7t

M
> @ewi, )1, — W7, €)1 — (yo(ur) — 4 (0),€2(0))r =0
m=1

ve? e X7t

v

Semi-discrete control problem

Minimize J(ug,yi) for (ug,yi) € U x X[, s.t. (Ey)
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Space discretization

@ Conforming finite elements
@ Discrete space:

Vi={ve Vg € Q°(K) for K € T,}, se&INT

o Associate with t,, a mesh 7, and a finite element space V"™
o Let {ry,..., 7} be a basis of P,.(I,,,R) with

To(tm_l)zl, Tg(tm):O, Ti(tm_l)zo, izl,...,T,
then define
X]::}Lj’m = span {Tivihjo S V}f’m_la v € V}?mai = la 000y 7"} C PT(Im7 V)7

Xl:,’if = {'Ukh S C(j, H)lvkhhm S X;)’;’m},

)?;:,;1’8 = {Ukh € L*(I1, V)|valr, € P (Im, V™) and s (0) € Vhs’o}

o We obtain a ¢G(r)cG(s) discretization
Schmich & Vexler 2008
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Space discretization

Space and time discretized state equation (Fjy,)

The function (y},, y2,) € X, x X7 is a solution of the (in time and space)
discretized state equation, if

M
(Oeyins €M) 1 + alurn, yen) (€1) + (Uin (0) — w1 (urn), £1(0)) 1 = (f, €)1
m=1
vel e X0°
M
Z (019> €)1 — (Witn €)1 — (vo(urn) — 3, (0),€%(0)) 1 = 0
m=1

ve? eX,:h“

Semi-discrete control problem

o
| A

Minimize J(ugn, yan), wen € U,y € Xp7n st (Ega)
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Control discretization

@ Control discretization: Uy C U

Fully-discrete control problem

Minimize J(u,,yt), u, € U, yle X,:”,f,

subject to the fully discretized state equation.
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© A posteriori error estimates
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Error in the cost functional

J(’U,, yl) - J(’LL,], y;) = (J(U’a yl) - J(ukv yli)) + (‘](uka yI]c-) - J(U’khv ylih))

Nk N,
+ (‘](ukha yl%h) - J(UJ, y;))
Rnd
J(U, Z/l)—J(UmZ/;) Q""7716"}_7”1 +77d J

Axel Kroner (RICAM) Adaptivity for optimal control of hyperbolic equations October 13th, 2011 18 / 37



Error estimate

For stationary points there holds

L'(u,y, p)(du,dy,dp) =0
V(0u,dy,0p) e UX Y X Y,
L' (ug, yi, pr) (Oug, 0y, dpr) = 0
Y(Sug, Sy, opr) € U x (X])? x (X712,
L' (urh, Yrny Drn ) (OUh, OYkh, Oprn) = 0
V(Sukn, 0ykn, 0pin) € U x (X%)% x (X312,
L' (te, Yo, Por) (0o, 0Yer, 0Ps) = 0
V(6. 0y, 6ps) € Ua x (X7)% x (X702

W
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Error estimate

Hence, we have

1 . . .
J(u,y') = J(ug, yp) = 55/(1%, Yeo Pk ) (U — Uk, Y — Yry P — Dr) + R,

1 N . .
J(Uk, y,%) - J(Ukh, yl%h) = §£/(ukh7 ykhvpkh)(uk — Ukh, Yx — Ykh, Pk — pkh) + R,

1 . . .
I (wen, yan) — J (o, Yo) = 55'(%7 Yo s Do) (Ukh — Uo, Yoh — Yor Pkh — Do) + Ra

with
(e, I, D) € U x (X7)? x (5(’;“—1)27
(ﬂkha @khai)kh) e U x (X]::Z)2 X (5{’]:7;175)2,
(i, Yoy Do) € Ug X (X]:}f)Q % (Xkr,zl,S)2

arbitrarily chosen.

Becker & Rannacher 2002, Meidner 2008
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Error estimate

The statement can be reduced to

J(ua yl) - J(uk? yI]c-) =

I (g, ) — J (Ui, Y) =

J(“khz yl%h) - J(U’O'a y(}') ~

(L (ur, g, 1) (Y — U) + L (urr i, ) (0 — Pi)) 5

(L%, Curn Yrns D) (U — Ukn)

DN = N =

+ L, (urn, Yrns Prn) (D — Din)),

1 A
if’{u(uﬁv Yo pa)(ukh - UU).
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Error estimate

We replace the weights by interpolations in higher-order finite element spaces

y—@kngyk» p_i)kzplfpka Ukh_ﬁo’zpdua7
Yk — Yrh = Pryen, Pk — Drn = Prpin.

Further, we replace the continuous and semi-discrete functions by the fully
discrete functions

T (1 5%) = T (s 11) 2 5 (3 (s 0 2o )PE o) + Lt 10, 1) (P p5) )

J(ukn yli) - ‘](u’kha ylih) ~ (‘aly(uwn yavpa)(P}(7,2)y(7) + E;(UU, yU7pU)(P}(L2)p0))7

J(Ulcha yl%h) - J(Uaa yi) ~ ﬁlu(ucra yaapa)(PdUcr)'

N~ DN~ DN~

Becker & Rannacher 2001
Meidner & Vexler 2007
Schmich & Vexler 2008
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Dynamical Lamé system

yu —div(io(y))=f inIxQ,
Y

y(O) =% in Qa
y:(0) =y in €
y=0 inl x9N

e initial data: yo € Hy (Q)%, y1 € L2(Q)?, f € L*(1, L*()?)
e strain tensor: £(y) = 3 (Vy)T + Vy)

o stress tensor: 0 (y) = Ay tr(e(y)) + 2uei(y), A,p>0

@ Proof for existence of a solution in X uses Korn's first inequality.

Axel Kroner (RICAM) Adaptivity for optimal control of hyperbolic equations October 13th, 2011



Optimal

S 1 o
Minimize J(u,y) = 5”3/ - Z/d||2L2(1,L2(Q)d) + 5”“”2(]7
we U=L*I,R™), yeX, st
Y — div(o(y)) = in Q,
y(0) =yo inQ,
y:(0) =191 in Q,
y=0 inX.
@ spaces: U = L*(I,R™), m € N
e initial data: yo € H} ()¢, y1 € L2(Q)?, f € L2(I,L*()9)
e operator: B: U — L*(I, L*()4), Bu=>",u(t)gi(z), g€ L*(Q)?

Axel Kroner (RICAM)
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(z) = (sin(8m(z1 — 0.125)) sin(87(z2 — 0.125)),0)T,  0.125 < 21, 25 < 0.25,
PET= (0,007, else,
yl(x): (OaO)Ta yd(tvx) :Oa
[ ,nT, foraz <0, [ @nT, fora >0,
g(z) = { (0,0)7, else g2(z) = (0,007, else
a=0001, d=2, A=1, pu=1, m=2

(t,z) = (t,m,2) €0, T] x Q = [0,0.5] x [1,1]*.

Discretization: ¢G(1)cG(1), Uy: piecewise constants in time with values in R?
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Numerical example

1073 |
adaptive ——
uniform ——x-——-

1074 ]

1075 | ]

1076 | ]

1077 ]

%

108 104 10° 108

degrees of freedom

Error for adaptive and uniform refinement
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Numerical example

refinement CPU-time dof error
uniform 100% 100% 6.6-1078
adaptive 34% 15% 6.5-1078

Comparison of the CPU-time for uniform and adaptive refinement
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Numerical example
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© Behaviour of the energy
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@ Rademacher 2009, Eriksson et al. 1996

e Wave equation for yo € Hy (Q2) and y1 € L*(Q):

Yy — Ay =0 in Q,
y(0) =y inQ,
y(0) =91 inQ,

y=0 onX

o Energy:

E(t) = 5y + 1IVy()1*) = 5 lyal* + [IVol®) = £(0)

DO =
DO =
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Discrete energy

@ Discrete equation as a time stepping scheme

(Y0,8) = (10,6, (Y58 = (1,6 vE e v,
(v2.8)+ Moyl veh = (i) - vl ve) vee vim

Ko, ko, m
(Vo) = S (Vo) = (Yo, ) + (Vi &) ¥ ey
Y =yi(tm) (i=1,2) and for m =1,..., M.

@ Discrete energy

B (tm) = 5 (IYRlP +IVY)1?%)  m=0,...,M.

N | =
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Refinement

Space refinement I T 1

Level 1
| | |
1 1 1 — |
T 17 \ \
Level 2 ] ‘ ‘ ‘ N ‘ N
| x | |
| | | | - |
T EEEEl R [ I
s ESsEm B [
T T
T
| | | | |
Level n.

Time refinement
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Behaviour of the energy

Theorem

Let wp: V™™t = VI form =1,..., M. Then

1
Ek,h(tm) = Ek,h(tm—l) - k_(Y’r}L—l — Tm Ynl'L—la Yri - Y7721—1)
1 1
- k_(ﬂm Y2 -Y2 Y, —Y ) - §<Y31—1 —Tm Yo 1, Y2+ Y2 )

1
- §(V Yo +VY, V(YL 7w Y, 1))

Corollary

| \

On a given discretization level there holds
Ei b(tm) = Exn(ty—1) form=1,...,.M

independent of the size of k,,, if for all steps from t,, to t,, 11 the spatial mesh is
only refined and not coarsened.
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Spatial meshes

(@) T (b) T (c) T (d) Ta (e) T5

Spatial meshes

Time point to t1 to t3 ty ts te

Mesh T, T T T3 T3 713 713
Energy 25327 2.5327 2.5327 2.5361 2.5361 2.5346 2.5346

Time point tr tg ty tio

Mesh gn g 75 75
Energy  2.5441 2.5441 2.5441 2.5441

Energy on a sequence of spatial meshes

Axel Kroner (RICAM) Adaptivity for optimal control of hyperbolic equations October 13th, 2011 35 /37



Summary

Summary
@ DWR method for optimal control of second order hyperbolic equations
@ Separating the influence of time, space, and control discretization
@ Better accuracy of the discrete solution
°

Behaviour of the energy

Software

@ Software package: RoDoBo, www.rodobo.uni-hd.de

Reference

o A. Kroner,
Adaptive finite element methods for optimal control of second order
hyperbolic equations
Comput. Methods Appl. Math., 2011,
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OAW

Thank you for your attention.
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