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.8 OQOutline m

@ The Elastoplastic Forward Problem
@ Introduction
@ The Plastic Multiplier
@ Comparison to Obstacle Problem

© An Elastoplastic Control Problem
e MPCCs
o C-Stationarity
o B-Stationarity
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.8 _ Outline m

@ The Elastoplastic Forward Problem
@ Introduction
@ The Plastic Multiplier
@ Comparison to Obstacle Problem

© An Elastoplastic Control Problem
e MPCCs
o C-Stationarity
o B-Stationarity

This talk: static (incremental) setting
See talk by Gerd Wachsmuth (Tue, 9:30) for quasi-static setting and
numerics
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.8 _ Typical Configuration in Linear Elasticity m

,,,,,,,,,/,w////m//////////(//(ﬂ( ‘

Material laws and boundary conditions

Clo=¢(u) inQ Hooke's Law o stress tensor
V-o=—f inQ equilibrium condition u displacement vector
u=20 on I'p displacement b/c g(u) lin. strain tensor

o-n= on 'y stress b/c
= N / ) e(u) = (Vu+vu")

Cijkt = A 6ij Opg + 1 (Oik 0j1 + Si Ojkc)
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.8  Elasticity & Plasticity: Energy Minimization m

Linear elasticity

Minimize %
st. b(o,v)=(lv) forallveV

("

w«//////////////((///lwm? .
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.8  Elasticity & Plasticity: Energy Minimization m

Linear elasticity

Minimize a(o,o)
st. b(o,v)=(lv) forallveV

,,,,,W,/////////////////////////W I

|

Bilinear and linear forms

a(o, )= / o:Clrdx
Q

b(a,v)=—/ﬂa:e(v)dx, e(u) = 1(Vu+ VuT)

<€,v>:—/f-vdx—/ g-vds
Q My
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.8  Elasticity & Plasticity: Energy Minimization m

Linear elasticity

Minimize a(o,o)
st. b(o,v)=(lv) forallveV

,,,,,,W///////////////////////W

<

|

Bilinear and linear forms

a(a',T):/Qa':(C_Ide
b(a,v)=—/ﬂa':e(v)dx, e(u) = 1(Vu+ VuT)

<€,v>:—/f-vdx—/ g-vds
Q My

o €S =L2QRI), ue V= H%D(Q;Rd), [u=0o0nTp]

sym

o’
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.8  Elasticity & Plasticity: Energy Minimization m

Linear elasticity

Minimize a(o,o)
st. b(o,v)=(lv) forallveV

,,,,,,W///////////////////////W

<

|

Bilinear and linear forms

a(o, )= / o:Clrdx
Q

b(a,v)=—/ﬂa':e(v)dx, e(u) = 1(Vu+ VuT)

(lv) = — /Qf vdx — /rNg-vds = T e(u)

o’

o €S =L2QRI), ue V= H%D(Q;Rd), [u=0o0nTp]

sym

Roland Herzog Optimality Conditions in Plasticity Control



.8  Elasticity & Plasticity: Energy Minimization m

Linear elasticity

Minimize a(o,o)
st. b(o,v)=(lv) forallveV

|

Bilinear and linear forms

a(o, )= / o:Clrdx
Q

g
) = —/ o e(v)dx, e(u)=L(Vu+ Vul)
Q T8
= [ fvax [ govas e
Q My |
cecS= LZ(Q;Rdefnd), ue V= H%D(Q;Rd), [u=0o0nTp]
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Elasticity & Plasticity: Energy Minimization m

Static plasticity (linear kinematic hardening)
Minimize a(¥,X), X = (o,X)

st. b(X,v)=(l,v) forallveV
and X €K (convex)

Bilinear and linear forms
a(x,T) = / o (C_leX-i—/ X H 'pdx
Q Q

b(Z,v)z—/Qa':e(v)dx, e(u) = 1(Vu+ VuT)

(£v) = — /Q £ovdx— /r gvds oz o

.

X,0€S = LZ(Q;Rdefnd), ue V= H%D(Q;Rd), [u=0o0nTp]

|
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B _ Kinematic Hardening Model: Yield Condition m

Von Mises yield condition (linear kinematic hardening)

K= {(U’X) € ngﬁd : ’UD +XD‘Frob S 50 =V 2/30’0}
K={X=(o,x)€SxS:(o(x),x(x)) € Kae inQ}

Roland Herzog

AP = A — L (traceA)I

Ovyield

von Mises

~Ovyield

Tresca

(Maximal

shear)
G2

~Glyield
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B _ Kinematic Hardening Model: Yield Condition m

Von Mises yield condition (linear kinematic hardening)

K={(o,x) R |DX| <& :=/2/300}

sym

K={X=(o,x) €S xS:(0(x),x(x)) € K ae.inQ}

Roland Herzog

AP = A —L(traceA)l | DE=0P+xP

Ovyield

von Mises

~Ovyield

Tresca

(Maximal

shear)
G2

~Glyield
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B Two Ways to Write the Forward Problem M

The unique minimizer (o, x,u) € S X S x V is characterized by X € I,

AZ, T-X)+bT—-X,u)>0 forall T=(7r,pn) ekl
b(X,v) = (¢,v) forallveV J
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B Two Ways to Write the Forward Problem m

The unique minimizer (o, x,u) € S X S x V is characterized by X € I,

A, T—-X)+b(T—-—X,u)>0 forall T=(r,pn) e
b(X,v) = (¢,v) forallveV J

Note: The displacement field u acts as a Lagrange multiplier.
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B Two Ways to Write the Forward Problem M

The unique minimizer (o, x,u) € S X S x V is characterized by X € I,

A, T-X)+b(T—X,u)>0 forall T=(r,pn) e
b(X,v) = (¢,v) forallveV J

Equivalently, there exists A\ € L?(2) (plastic multiplier) such that

a(X, T)+ b(T,u) +c(\, X, T)
b(X,v)
0<A L F(DEP-33) <

0 forall T=(r,p)eSxS
(6,v) forallveV
0

a.e. in Q

c(/\,Z,T):/)\ DX : DT dx
Q

[Herzog, Meyer, Wachsmuth (GAMM, 2011)]
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B Two Ways to Write the Forward Problem M

The unique minimizer (o, x,u) € S X S x V is characterized by X € I,

A, T-X)+b(T—X,u)>0 forall T=(r,pn) e
b(X,v) = (¢,v) forallveV J

Equivalently, there exists A\ € L?(2) (plastic multiplier) such that

a(X, T)+ b(T,u) +c(\, X, T)
b(X,v)
0<A L F(DEP-33) <

0 forall T=(r,p)eSxS
(6,v) forallveV
0

a.e. in Q

c(/\,Z,T):/)\ DX : DT dx
Q

L[ 9| L?

[Herzog, Meyer, Wachsmuth (GAMM, 2011)]
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.2 Comparison to the Obstacle Problem m

Static Plasticity Problem

A(E,T—X)+b(r—o,u)>0 VT
b(o,v) = ({{,v) YWweV
with  (¢,v) = —(f,v), — (g, V)rN

K={X=(o,x):|DX| <50}
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.2 Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem

aZ, T-X)+b(r—o,u)>0 VTek aly,z—y)>(f,z—y)a VzeK

b(o,v) = ({{,v) YWweV

with  (¢,v) = —(f,v), — (g, V)rN with a(y,z) = (Vy,Vz),
K={Z£=(o,x): |DE| <50} K={yeH(Q):y=>0}
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.8B_ Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
a(E, T—X)+b(tr—0o,u)>0 VTEK a(ly,z—y)>(f,z—y)a Vzek
b(o,v) = ({l,v) WweV
with  (¢,v) = —(f,v), — (g, V)rN with a(y,z) = (Vy,Vz),
K={Z£=(o,x): |DE| <50} K={yeH(Q):y=>0}
@ VI in mixed form o elliptic VI
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.8B_ Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
aZ, T-X)+b(r—o,u)>0 VTEK aly,z—y)>(f,z—y)a Vzek
b(o,v) = ({l,v) WweV
with  (¢,v) = —(f,v), — (g, V)rN with a(y,z) = (Vy,Vz),
K={X=(o,x):|DE| <50} K={yeH(Q):y>0}
@ VI in mixed form o elliptic VI
@ a algebraic, b 1st order @ a 2nd order
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.8B_ Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
a(X, T-X)+b(r —0o,u) >0 VTeK aly,z—y) > (f,z—y)a VzeK
b(o,v) = (l,v) WweV
with (¢, v) = —(f, V)Q - (s V)rN with a(y,z) = (Vy,Vz)Q
K={X=(o,x):|DE| <50} K={yeH(Q):y>0}
@ VI in mixed form o elliptic VI
@ a algebraic, b 1st order @ a 2nd order
@ no regularity gain: @ substantial regularity gain:
2>5f—Xel? [2> f sy € H} or even H?
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.8B_ Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
(X, T-X)+b(t—0o,u)>0 VTEK aly,z—y)>(f,z—y)a VzeKk
b(o,v) = (l,v) WweV
with (¢, v) = —(f, V)Q - (s V)rN with a(y,z) = (Vy,Vz)Q
K={X=(o,x):|DE| <50} K={yeH(Q):y=>0}
@ VI in mixed form o elliptic VI
@ a algebraic, b 1st order @ a 2nd order
@ moderate regularity gain: @ substantial regularity gain:
25f—XelP [2> f sy € H} or even H?

[Herzog, Meyer, Wachsmuth (JMAA, 2011)]



.8B_ Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
aZ, T-X)+b(r—0o,u)>0 VTeK aly,z—y)>(f,z—y)a VzeK
b(o,v) = (l,v) WweV
with  (¢,v) = —(f, V)Q - (s V)rN with a(y,z) = (Vy,Vz)Q
K={X=(o,x):|DE| <50} K={yeHiQ):y>0}
@ VI in mixed form o elliptic VI
@ a algebraic, b 1st order @ a 2nd order
@ moderate regularity gain: @ substantial regularity gain:
[2>5f—XelP [2> f sy € H} or even H?
@ admissible set L more involved @ admissible set K simple

[Herzog, Meyer, Wachsmuth (JMAA, 2011)]



.2 Comparison to the Obstacle Problem m

Static Plasticity Problem Obstacle Problem
aZ, T-X)+b(r—0o,u)>0 VTeK aly,z—y)>(f,z—y)a VzeK
b(o,v) = (l,v) WweV
with  (¢,v) = —(f,v), — (g, V)rN with a(y,z) = (Vy,Vz),
K={X=(o,x):|DE| <50} K={yeH(Q):y=>0}
@ VI in mixed form o elliptic VI
@ a algebraic, b 1st order @ a 2nd order
@ moderate regularity gain: @ substantial regularity gain:

[2>5f—XelP [2> f sy € H} or even H?
@ admissible set I more involved

admissible set IC simple
Lagr. multiplier A :=f + Ay

o Lagr. multiplier A non-trivial

[Herzog, Meyer, Wachsmuth (JMAA, 2011)]



.8 OQOutline m

© An Elastoplastic Control Problem
o MPCCs
o C-Stationarity
@ B-Stationarity
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B Application: Control of Springback ‘s |

Deep drawing

@ car body parts
[ ] [ ] @ plane body parts
1] ] @ packings
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Application: Control of Springback m

Deep drawing

@ car body parts

[ [ @ plane body parts
]

] @ packings

Springback

\ @ release of stored elastic energy once the
/\ﬁ/ \ loads are withdrawn
/\Y. / @ partial restoration away from the desired
. / shape
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B _ A Control Problem in Plasticity m

Upper-level problem

Minimize % lu— ud”/_z(g RI) T 2 HfHLz (Q:RY) -+ = > ||gHL2(FN RY)
st. (4v) = —fo-vdx— Jr, 8 vds and

Lower-level problem

Minimize a(X,X), ek
st. b(X,v)=({,v) forallveV

Roland Herzog Optimality Conditions in Plasticity Control



B _ A Control Problem in Plasticity m

Upper-level problem

Minimize % lu— ud”/_z(g RY) + 5 HfHLz (Q:RY) -+ = ||gHL2(FN RY)
st. (lv)=— [of -vdx— [ g-vds and

K={Z:¢(X) <0}

Variational inequality Complementarity system
AZ,T-X)+bT-X,u)=0 | a(X,T)+b(T,u)+(A¢(X),T)=0
forall T=(r,p) ek forall T=(r,p)eS xS

b(X,v) = (¢,v) forallveV b(X,v) = (¢,v) forallveV
0<A L ¢(X)<0

MPEC

MPCC
MPEC: Non-smooth control-to-state map. MPCC: Classical Lagrange
multiplier approach for upper-level problem unsuitable, several stationarity
concepts exist.

Roland Herzog Optimality Conditions in Plasticity Control



B MPECs & MPCCs in Function Space m

Contributors:
@ Mignot, Puel
@ Barbu

o Bermudez, Saguez

Bonnans, Casas

@ Bergounioux

Mordukhovich

Ito, Kunisch

D. Wachsmuth

°
°
@ Hintermiiller, Kopacka, Rautenberg, Surowiec, Tber, Wegner
°
@ Farshbaf-Shaker
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Example (MPCC) m

Minimize f(x) st. x31>0, x>0, x3x=0
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Example (MPCC) m

Minimize f(x) st. x31>0, x>0, x3x=0

singly active point

ﬁin(X*) = TX(X*)
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

singly active point

ﬁin(X*) = TX(X*)
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

singly active point bi-active point

A
Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

\j
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

singly active point bi-active point

A
Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

»
L

IZTi (X*)o _ TX(X*)O
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.8 Example (MPCCQ) m
Minimize f(x) st. x31>0, x>0, x3x=0

LA = F(x)—p'x  +Axix

v

singly active point bi-active point

A
Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

»
L

IZTi (X*)o _ Tx(X*)O

Roland Herzog Optimality Conditions in Plasticity Control



.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

VxL(x, 1, A) = VF(x) = (Z;) A (ﬁ)

v

singly active point bi-active point
A

Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

IZTi (X*)o _ Tx(X*)O
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

VxL(x, 1, A) = VF(x) = (Z;) A (ﬁ)

v

singly active point bi-active point
A

Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

IZTi (X*)o _ Tx(X*)O
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

VxL(x, 1, A) = VF(x) = (Z;) A (ﬁ)

v

singly active point bi-active point
A

Tin(x*) = Tx(x") Tin(x*) 2 Tx(x")

-
L !

Tiin(x*)° = Tx(x*)°
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.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

VxL(x, 1, A) = VF(x) = (Z;) A (ﬁ)

v

P
Tiin(x*) = Tx(x*) Tiin(x*) 2 Tx(x*)

| ﬁin(x*)o :TX(X*)O )

VF(x*) — <£2> +A <)?1> = VF(x*) — (Z;) + A <8) =0

redundant multiplier A\, MFCQ does not hold

Roland Herzog Optimality Conditions in Plasticity Control



.8 Example (MPCCQ) m

Minimize f(x) st. x31>0, x>0, x3x=0

VxL(x, 1, A) = VF(x) = (Z;) A (ﬁ)

v

P
Tiin(x*) = Tx(x*) Tiin(x*) 2 Tx(x*)

| ﬁin(x*)o :TX(X*)O

VF(x*) — <£2> +A <)?1> = VF(x*) — (Z;) + A <8) =0

~> algorithmic difficulties

[Fletcher, Leyffer (2004)]
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B _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions

L=1(x)—p'x+ Axxo

VoL = VF(x) — (Z;) +A (Z)

p1=>0, x>0, pix3=0

p2 >0, x2>0, poxx=0

Roland Herzog Optimality Conditions in Plasticity Control



B _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions

L=1(x)—p'x+ Axxo

VoL = VF(x) — (Z'D + A ()X:)

p1=>0, x>0, pix3=0

p2 >0, x2>0, poxx=0
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B _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions

L=1(x)—p'x+ Axxo

VoL = VF(x) — (5;) + A (2)

p1=>0, x>0, pix3=0

p2 >0, x2>0, poxx=0
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.8 _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions MPCC: stationarity

L= f(x)—p'x+ Axix L=f(x)—1'x
_ p1 X2 = 11
VL =VIf(x)— + A — —
=9t () 2 (2) | we=vim-(3)
p1=>0, x>0, pix3=0 g1 €R, x3>0, f1x=0
2 >0, x>0, pox=0 ) meER, x>0, [xx=0

Roland Herzog Optimality Conditions in Plasticity Control



.8 _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions MPCC: weak stationarity

E:f(x)—p—rx—i—)\xlxz E:f(x)_ﬁTX
_ I X2 =~ i
V.L=Vf(x)— + A L= — (&
() (u2> <X1> VlE= <u2>
p1=>0, x>0, pix3=0 g1 €R, x>0, f1x=0
2 >0, x>0, puoxx=0 meER, x>0, [xx=0

V.

MPCC stationarity concepts

weak stat.

Roland Herzog Optimality Conditions in Plasticity Control



B _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions MPCC: weak stationarity

E:f(x)—u—rx—i—)\xlxz Z:f(x)—ﬂTx
_ I X2 =~ i
V.L=Vf(x)— + A L= — (&
() (uz> <X1> VlE= <u2>
p1=>0, x>0, pix3=0 g1 €R, x>0, f1x=0
2 >0, x>0, puoxx=0 meER, x>0, [xx=0

V.

MPCC stationarity concepts

strong stat. = M-stationarity = C-stationarity = weak stat.
e differ only in conditions for ji1, iz, if x1 = x2 =0

[Scheel, Scholtes (2000) |
Roland Herzog Optimality Conditions in Plasticity Control



B _ Some Stationarity Concepts for MPCCs m

Minimize f(x) st. x31>0, x>0, x3x=0

KKT conditions MPCC: weak stationarity

E:f(x)—u—rx—i—)\xlxz Z:f(x)—ﬂTx
_ I X2 =~ i
V.L=Vf(x)— + A L= — (&
() (uz> <X1> VlE= <u2>
p1=>0, x>0, pix3=0 g1 €R, x>0, f1x=0
2 >0, x>0, puoxx=0 meER, x>0, [xx=0

V.

MPCC stationarity concepts

strong stat. = M-stationarity = C-stationarity = weak stat.
e differ only in conditions for ji1, iz, if x1 = x2 =0
@ "Limits of regularized MPCCs satisfy C-(or M-)stationarity”

[Scheel, Scholtes (2000); Kanzow, Schwartz (2010)]
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.B_ Regularization by Penalization m

Lower level (forward) problem
Minimize 3a(¥X,X), T eK
st. b(X,v)=({v) forallveV
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.B_ Regularization by Penalization m

Lower level (forward) problem

Minimize 3a(X,X)+ /,(X) (penalize constraint violation)
st. b(X,v)=({v) forallveV
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B Regularization by Penalization

Lower level (forward) problem

Minimize 3a(X,X)+ /,(X) (penalize constraint violation)
st. b(X,v)=({v) forallveV

Regularized optimality conditions
a(Z,T)+b(T,u)+ [[(X) T=0 forall T=(r,p)cS?
b(X,v) = (¢,v) forallveV
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B Regularization by Penalization

Lower level (forward) problem

Minimize 3a(X,X)+ /,(X) (penalize constraint violation)
st. b(X,v)=({,v) forallveV

Regularized optimality conditions
a(Z,T)+b(T,u)+ [[(X) T=0 forall T=(r,p)cS?
b(X,v) = (¢,v) forallveV

| \

L (X) = 3|IZ — Pe(X)||> — Moreau-Yosida regularization
() =7 (X - Pc(%))

v
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.B_ Regularization by Penalization

Lower level (forward) problem

Minimize 3a(X,X)+ [,(X) (penalize constraint violation)
st. b(X,v)=({,v) forallveV

Regularized optimality conditions
a(Z,T)+ b(T,u)+ [(X) T=0 forall T=(r,p)cS?
b(X,v) = (¢,v) forallveV

| \

(X) = 3||IZ — Pe(X)||> — Moreau-Yosida regularization
D, D
= - o+
H(E) = (2 = Pe(E) = 7 max 0.1 - 50l0® + 3717} (257 %o )

v
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.B_ Regularization by Penalization m

This regularization corresponds to a visco-plastic model!

Regularized optimality conditions
a(Z,T)+b(T,u)+ J(X)T=0 forall T=(r,p)ecSs?
b(X,v) = (¢,v) forallveV

I (X) = 3|IZ — Pe(X)||> — Moreau-Yosida regularization
D D
~ | D Di-1y (O°+X
IfY(Z) =v(X - P(X)) =~ max{O, 1-6¢9lo” +x"| } <0'D +XD>

. a 0.D+XD
Jy(£) = max- {0,7 (1 — &0 |o® + x| 1)} <O.D+XD>

v

Roland Herzog Optimality Conditions in Plasticity Control



.B_ Regularization by Penalization m

This regularization corresponds to a visco-plastic model!

o

Regularized optimality conditions
a(Z,T)+b(T,u)+ J(E)T=0 forall T=(r,p)ecSs?
b(X,v) = (¢,v) forallveV

D
DX =oP +xP Dt = <"D)

I (X) = 3|IZ — Pe(X)||> — Moreau-Yosida regularization
D D
~ | D Di-1y (O°+X
IfY(Z) =v(X - P(X)) =~ max{O, 1-6¢9lo” +x"| } <0_D +XD>

. a UD+XD
Jy(Z) = max. {0,7 (1 - 6o |o® +xP|™1)} <0.D+XD>

v
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.B_ Regularization by Penalization m

This regularization corresponds to a visco-plastic model!

o

Regularized optimality conditions/ |\ ]
a(Z,T)+ b(T,u)+ J(E)T=0 forall T=(r,p)cSs?
b(X.,v) = (¢,v) forallveV

D
DX =oP +xP Dt = <"D)

(X) = 3|IZ — Pc(X)||> — Moreau-Yosida regularization
D D
~ | D Di-1y (O°+X
IfY(Z) =v(X - P(X)) =~ max{O, 1-6¢lo” +x"| } <0'D +XD>

J(X) = max. {0,7(1 — 50 |DX|™ 1)} D*DX

v
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions
a(Z, T)+ b(T,u) + L(E)T=0 forall T=(r,pu)cS>
b(X,v) = (¢,v) forallveV
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions
a(Z, T)+ b(T,u) + L(E)T=0 forall T=(r,pu)cS>
b(X,v) = (¢,v) forallveV

@ Quasi-linear elasticity system

.
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions
a(Z, T)+ b(T,u) + L(E)T=0 forall T=(r,pu)cS>
b(X,v) = (¢,v) forallveV

@ Quasi-linear elasticity system

@ The control to state map G : £ — (X, u) is Lipschitz to LP x WP

v

[Herzog, Meyer, Wachsmuth (JMAA, 2011)]
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions
a(Z, T)+ b(T,u) + L(E)T=0 forall T=(r,pu)cS>
b(X,v) = (¢,v) forallveV

@ Quasi-linear elasticity system

° J,: S$%2 — S?is a Nemytskii operator, differentiable LP — [% p > 2
@ The control to state map G : £ — (X, u) is Lipschitz to LP x WP

v

[Herzog, Meyer, Wachsmuth (JMAA, 2011)]
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions
a(Z, T)+ b(T,u) + L(E)T=0 forall T=(r,pu)cS>
b(X,v) = (¢,v) forallveV

@ Quasi-linear elasticity system

° J,: S$%2 — S?is a Nemytskii operator, differentiable LP — [% p > 2
@ The control to state map G : £ — (X, u) is differentiable to L? x W?

[Herzog, Meyer, Wachsmuth (JMAA, 2011); Herzog, Meyer, Wachsmuth (in revision)]
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.8 _ Differentiability of the Control-to-State Map m

Regularized optimality conditions

a(X,T)+b(T,u) + J(E)T=0 forall T=(r,u)cS?
b(X,v) = (¢,v) forallveV

@ Quasi-linear elasticity system

° J,: 52 — S2% is a Nemytskii operator, differentiable LP — L2, p > 2
@ The control to state map G : £ — (X, u) is differentiable to L? x W2

Derivative
The derivative (60X, u) of (X, u) in the direction 0/ solves the system
a(0X, T) + b(T,0u) + J(X)(0X,T) =0 forall T=(r,p) € S
b(6X,v) = (§¢,v) forallve V

[Herzog, Meyer, Wachsmuth (JMAA, 2011); Herzog, Meyer, Wachsmuth (in revision)]
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B Optimality Cond. for Regularized Problem m

Regularized optimal control problem
- . . 1
Minimize 3 [lu — ud”%2(Q;Rd) + %Hg”%z(rN;Rd)

s.t. the regularized static plasticity problem

(P5)
with <€,v>:—/ g-vds=:Rg
Y

v

AX, + J,(X,)+ B*u, =0
B, =Rg,
(A+ (X)) T + B*'w, =0
BT, =u, —uy
R'w, +vg, =0

V.
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B Approximability of Solutions ‘Bla |

Global Minimizers
If {g,} are global solutions to regularized problems with
Y — o0 and e —0 as k — o0

then every weak accumulation point g is a global minimizer of the
unregularized problem (and in fact a strong accumulation point).
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B Approximability of Solutions ‘Bla |

Global Minimizers

If {g,} are global solutions to regularized problems with
Y — o0 and e, —0 as k— o0

then every weak accumulation point g is a global minimizer of the
unregularized problem (and in fact a strong accumulation point).

Strict Local Minimizers

If g is a strict local minimizer of the unregularized problem, then there
exists a sequence {g, } of local optimal solutions to regularized problems
which converges to g.

| \
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B Approximability of Solutions m

Global Minimizers

If {g,} are global solutions to regularized problems with
Y — o0 and e, —0 as k— o0

then every weak accumulation point g is a global minimizer of the
unregularized problem (and in fact a strong accumulation point).

w

Strict Local Minimizers

If g is a strict local minimizer of the unregularized problem, then there
exists a sequence {g, } of local optimal solutions to regularized problems
which converges to g.

v

Local Minimizers

If g is a local minimizer of the unregularized problem then there exists a
sequence {g, } of local optimal solutions to a perturbed and regularized
problem which converges to g.
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B Passage to the Limit m

A + AD'DX + B*u=0
BY = Rg
0<A L ¢(X)<0

DX =0l +xP, (Rg,v):= —erg~vds
[Herzog, Meyer, Wachsmuth (submitted)]
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B Passage to the Limit m

AT +AXD*DT +0D*DX + B*'w =0 Ly =
BT =u—uy4 Ly,=0
DT DX —u=0 Ly=0
AX + \D*DX + B*u =0
BY = Rg

0<A L ¢(X)<0

DX =0l +xP, (Rg,v):= —erg~vds
[Herzog, Meyer, Wachsmuth (submitted)]
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B Passage to the Limit m

AT + AD*DT + 0 D*DX + B*w =0 Ly =
BT =u—uy L,=0
DT DX —u=0 Ly=0
AZ + AD*DX + B*u=0
BY = Rg
0<XA L1 ¢(X)<0
4L 4L
7 0

DX =0l +xP, (Rg,v):= —erg~vds
[Herzog, Meyer, Wachsmuth (submitted)]
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B Passage to the Limit m

AT + AD*DT + 0 D*DX + B*w =0 Ly =
BT =u—uy L,=0
DT DX —u=0 Ly=0

AX + AD*DX + B*u =0
BY = Rg
0<XA L ¢(X)<0

1 1
7 0

l R'w+rvg=0 I Lg=0

DX =0l +xP, (Rg,v):= —erg~vds

[Herzog, Meyer, Wachsmuth (submitted)]
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B Passage to the Limit m

AT + AD*DT +60D*DX 4+ B*'w =0 Ly =
BT =u—uy L,=0
DT : DX —u=0 Ly=0
AX + A\D*DX + B*u=0
BY = Rg
0<XA 1L ¢(X)<0
L L
w0 >0 C-stationarity

l R'w+rvg=0 I Lg=0

DX =0l +xP, (Rg,v):= —erg~vds
[Herzog, Meyer, Wachsmuth (submitted)]
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B Some Remarks on the Proof m

@ derive bounds on adjoint states and 'regularized multipliers’:

1T lls2 + [lwyllv < C(I[(F, 8)l[lu + 1)

10+ 1120) < 555 11Qslls2 where Q, = —AT,, — B*w,

Hav D*DZWHSQ + H)‘v D*DT’Y‘|§2 < HQV‘%Q

1N allizey < Cle 97 1(Fr.8) u (IDT s +11Q4 s2)
165 &(Z)llix) < € 1165 1120ag) + C2(Fro8) 110 Q4 52

@ it is particularly hard to prove the C-stationarity relation
1w >0 ae inQ

since only px — p and 6 — 6 in L2()

[Herzog, Meyer, Wachsmuth (submitted)]
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.8 OQOutline m

@ The Elastoplastic Forward Problem

© An Elastoplastic Control Problem

@ B-Stationarity

Roland Herzog Optimality Conditions in Plasticity Control



.8 _ Differentiability of the Control-to-State Map? m
Optimal control problem

Minimize 3 [lu — ugl32 g0y + 51IEI1 ()

s.t. the static plasticity problem

(P)
with (Z,v)_—/r g-vds

Unregularized forward problem
(AL, T-X)+(B'u, T-X)>0 forall T=(7r,pn) ekl
(BX, v) = ({,v) forallveV

| A\

MPEC point of view (implicit approach):
@ exploit properties of the control-to-state map ¢ — (X, u)
@ to show that the reduced objective j is directionally differentiable
@ then B-stationarity holds:

Jj(g;g—8) >0 forall g admissible



B Weak Directional Differentiability m

For some p > 2, the map

WP R?) 5 € — (E,u) € S x V

is weakly directionally differentiable (even for all directions §¢ € V').

[Herzog, Meyer, Wachsmuth (in revision)]
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B _ Weak Directional Differentiability m

For some p > 2, the map

WP R?) 5 € — (E,u) € S x V

is weakly directionally differentiable (even for all directions §¢ € V).
This derivative is the unique solution (X' u’) € Sy x V of

(AZ’, T- Z') + (B*u’, T- Z’) + ()\,DZ' :D(T — Z’))Q >0
BY' = ¢
for all T in the convex cone

S ={TeS?:VADT €S, DE:DT <0 where(X)=\=0,
DX : DT = 0 where A > 0}.

[Herzog, Meyer, Wachsmuth (in revision)]
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&8 B-Stationarity m

Theorem (B-stationariy)
Let g be a local optimal solution of (P). Then

/ (U—ug)-u'dx+ 1// g-(g—g)ds >0 forall g admissible,
Q Y

where (X', u’) solves the derivative problem with 6¢ generated by g — g.

Remark
@ purely primal concept
@ equivalent to notion of B-stationarity, e.g., in [Scheel, Scholtes]

@ weak directional derivative of ¢ — )\ exists as well

@ algorithmic exploitation unknown

Roland Herzog Optimality Conditions in Plasticity Control



2 Concluding Remarks m

Conclusions

optimal control problem for a static plasticity problem

@ regularization () and smoothing (&) of the lower-level problem
@ passage to the limit ~ optimality conditions of C-stationary type
@ analysis more involved than for obstacle control problems

@ B-stationarity based on weak directional differentiability of the

control-to-state map

Both results required extra regularity for nonlinear elasticity systems shown
in [Herzog, Meyer, Wachsmuth (JMAA, 2011)].
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2 Concluding Remarks m

Conclusions

@ optimal control problem for a static plasticity problem
regularization () and smoothing (&) of the lower-level problem
passage to the limit ~ optimality conditions of C-stationary type

analysis more involved than for obstacle control problems

B-stationarity based on weak directional differentiability of the
control-to-state map

Both results required extra regularity for nonlinear elasticity systems shown
in [Herzog, Meyer, Wachsmuth (JMAA, 2011)].

This talk: static (incremental) setting
See talk by Gerd Wachsmuth (Tue, 9:30) for quasi-static setting and
numerics
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