A hybrid semismooth quasi-Newton method for
structured nonsmooth operator equations in
Banach spaces

Florian Mannel* Armin Rund*

Preprint, April 20, 2021

Abstract

We present an algorithm for the solution of structured nonsmooth operator equations
in Banach spaces. Specifically, we seek roots of mappings that involve the composition
of a smooth outer and a semismooth inner map. To exploit this structure we propose
a hybrid approach in which the semismooth part is linearized in the same way as in
semismooth Newton methods while the smooth part is handled by a Broyden-like method.
The resulting algorithm is a semismooth Newton-type method that does not require the
evaluation of the derivative of the smooth part.

We prove local g-linear and g-superlinear convergence results for the hybrid algorithm.
In particular, this is the first work that establishes superlinear convergence of a semismooth
quasi-Newton method in an infinite-dimensional setting. The convergence results also
extend known finite-dimensional ones in that the structure of the equation and the algorithm
under consideration are more general than those available in the literature. In addition, it
is shown that g-linear convergence of the iterates and compactness of the initial operator
discrepancy of the smooth part implies g-superlinear convergence without the assumption
that the initial operator discrepancy is small in norm, which is a new type of result for
semismooth quasi-Newton methods. The convergence theory is developed under mild
assumptions, which yields extensions of available results for semismooth quasi-Newton
methods as well as for Broyden-like methods.

The benefit of the method in practical applications is addressed in a complementary paper.
There, we show on problems from optimal control that the assumptions for g-superlinear
convergence are satisfied and that the hybrid approach leads to highly competitive numerical
schemes that have substantially lower runtimes than state-of-the-art semismooth Newton
methods.
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1 Introduction

In this paper we combine a quasi-Newton and a semismooth Newton method to form a
superlinearly convergent algorithm for the solution of structured nonsmooth operator equations
in Banach spaces. Throughout this work we consider equations of the form

H(q) :== F(G(q)) + Glg) =0, (P)

where G : Q — U and G : Q — V are semismooth, F : U — V is smooth, Q and V
are Banach spaces, and U is a Hilbert space; more details are provided in Section 3. The
structure of (P) is related to Robinson’s normal maps, cf. [Rob92], and there is a vast amount
of practically relevant problems that lead to equations of this form, including generalized
variational inequalities as well as problems from nonsmooth optimization and optimal control.
Examples can be found in [HS97, MR20], for instance.

Under a mild additional assumption the mapping H : Q — V is semismooth, which can be
used to establish local g-superlinear convergence of semismooth Newton methods applied to
(P). These methods require the evaluation of F” in each iteration since the step s* in iteration
k solves

[F'(G(a") My + V| s* = —H (¢"), (1)

where M, € 0G(¢") and M, € 0G (¢*) for appropriate generalized derivatives G and 0G. In
the semismooth Newton-type method that we develop in this paper the operator F’(G(¢*)) in
(1) is replaced by a quasi-Newton approximation By, while M} and M, are left unchanged.
This eliminates the need to evaluate F’, but still yields local g-superlinear convergence as we
will show. Accordingly, the runtime of the hybrid method can be expected to be lower than
that of semismooth Newton methods whenever the evaluation of F’ is expensive. Such is the
case, for instance, in optimal control, where the hybrid approach is several times faster than
state-of-the-art semismooth Newton methods. The application to optimal control including
numerous numerical results is presented in the complementary work [MR20]. The present
paper, however, is devoted to the convergence analysis of the method. It is the first work
that proves superlinear convergence of a semismooth quasi-Newton method in an infinite-
dimensional setting, and this is done under the same assumptions on G and G’, respectively,
F that semismooth Newton methods, respectively, quasi-Newton methods require to achieve
this rate of convergence. That is, the combination of the two methods does not introduce
additional assumptions. In fact, the assumptions that we impose on F' are quite mild, which
yields extensions of well-known convergence results for semismooth quasi-Newton methods
and for Broyden—like methods.

We also obtain a type of result that seems to be new for semismooth quasi-Newton methods:
We show that if By — F'(G(q)) is compact and (¢*) converges g-linearly to ¢ with H(q) = 0,
then (qk) converges g-superlinearly even if the initial point ¢° and the initial operator By
are not close in norm to g, respectively, to F'(G(q)), provided the linear operators that are
generated have uniformly bounded inverses or satisfy a Dennis—Moré-type condition. It is also
noteworthy that (P) is quite general; several available semismooth quasi-Newton methods are
analyzed for special cases of (P), but we have not seen a discussion of (P) in this context.

We emphasize that the choice to apply the quasi-Newton method only to the smooth part F,
but not to the entire mapping H, is deliberate. In fact,
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o standard quasi-Newton methods applied to semismooth equations cannot provide fast
local convergence, in general;

o modified quasi-Newton methods for semismooth equations that are superlinearly con-
vergent in infinite-dimensional spaces require strong assumptions and do not result in
widely applicable numerical algorithms.

The first point is underlined by simple counterexamples which show that classical quasi-Newton
methods—e.g., Broyden’s method—do generally not converge superlinearly on semismooth
equations, not even under favorable additional assumptions that ensure the superlinear con-
vergence of semismooth Newton methods, cf. [Gri87, Introduction], [[S14, Example 2.40] and
[AN18, Example 1]. For this reason several authors have developed modified quasi-Newton
updates when dealing with nonsmooth problems. However, all but one of these methods are
designed for finite-dimensional spaces and cannot be readily extended to infinite-dimensional
spaces while retaining fast local convergence. The single exception is presented in [AN18],
where a sound theoretical investigation of Newton-type methods for generalized equations with
semismooth base mapping in Banach spaces is undertaken. Still, the proposed algorithms are
not directly implementable except for particular problems, cf. [AN18, Remark 4]. In contrast,
the hybrid method that we develop in this paper converges superlinearly and applies to the
plethora of problems that amount to solving an equation of the form (P).

Let us set our work in perspective with the literature. Although the main focus of this
paper is on infinite-dimensional settings, we start with what is available for finite-dimensional
problems. There are many contributions on modified and unmodified quasi-Newton methods
for nonsmooth equations in finite dimensions, e.g. [IK92, CQ94, Qi97, Che90, LF00, SH97,
HS97, PQS98, AB03, Che97, LF01, QJ97, WML11, CY92|. In particular, the idea to apply
a quasi-Newton method to the smooth part of a structured nonsmooth equation appears
in [CY92, WML11, QJ97, HS97, SH97]. Among these five papers, [HS97] is the closest to
our work. However, [HS97] does not address the infinite-dimensional setting and, in finite
dimensions, is less general than the approach that we present here. On the other hand, [HS97]
offers a deeper treatment of the specific setting that is investigated there, which is normal maps
with polyhedral sets. Concerning the use of quasi-Newton methods on nonsmooth equations in
infinite-dimensional spaces, we are only aware of the two recent papers [AN18, MHMP13], the
former of which we discussed above. In [MHMP13] the authors propose to use a quasi-Newton
method on the smooth part of a structured nonsmooth equation, but the structure of the
equation is different from the one we use and superlinear convergence is not established. For
completeness we mention that the results on linear convergence in [Gri87] also allow a certain
degree of nonsmoothness, cf. [Gri87, (1.12) and (1.13)].

Infinite-dimensional quasi-Newton methods and semismooth Newton methods are studied in
[Sac86, KS91, Gri®7, HK92, ABDL14], respectively, [Ulb11]. Since semismooth Newton—type
methods can be viewed as inexact semismooth Newton methods and vice versa, we also mention
the works [MQ95, CQ10, Ulb11, LGO06] on inexact semismooth Newton methods.

This paper is organized as follows. In Section 2 we provide necessary concepts and auxiliary
results. In Section 3 we introduce the hybrid method and discuss the assumptions that
underlie its convergence analysis. Section 4 is devoted to proving local linear and superlinear
convergence, and the final Section 5 contains a summary of this paper as well as an outlook on
the complementary paper [MR20].
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Notation We use N for the natural numbers and Ny := N U {0}. The open ball with radius §
around z is Bg(x), respectively, Bj(z) := Bs(x) \ {z} if  is excluded. Given normed linear
spaces X and Y, the space of continuous linear mappings from X to Y is indicated by £(X,Y).
In a Hilbert space U we use (v, w)y for the scalar product and (v, )y for the linear functional
w = (v,w)y.

2 Preliminaries

We collect definitions and results that are used in this work. Throughout Section 2, X,Y, Z
are normed linear spaces.

2.1 Semismoothness and a stronger version of strict differentiability

We use semismoothness in the sense of Ulbrich [Ulb11] in this work.

Definition 2.1 (Cf. [Ulbl1, Definition 3.1]). Let £ € X and let g : X — Y be continuous in
an open neighborhood of Z € X. Moreover, let 0g : X = L(X,Y) satisfy dg(z) # 0 for all
x € X. We call g semismooth at T with respect to Og iff

sup [lg(z +h) — g(z) — Mhlly = o(|[h]lx)  for [[A]lx — 0.
Medg(z+h)

The set-valued mapping dg : X = L(X,Y) is called a generalized derivative of g.

Remark 2.2. Definition 2.1 includes as special cases Newton differentiability, cf. [IK08, Defi-
nition 8.10], semismoothness based on slant derivatives, cf. [CNQO0], as well as most finite-
dimensional notions of semismoothness. At the expense of additional technicalities it is possible

to extend the results of this paper to the more general notion of semismoothness introduced in
[Krul8, Definition 3].

We will use the following differentiability concept that is inspired by [Qi97].

Definition 2.3. Let £ € X and n > 0. We say that f: X — Y is n-strictly differentiable at T
iff there exist f'(z) € £(X,Y) and Cy,d; > 0 such that

1£ () = f(2) = f'(@)(y = 2)lly < Cplly — 2]lx max{lly — z||x, [l= — zl|x}"
is satisfied for all z,y € B, (7).

We state properties of n-strictly differentiable functions. For the concept of strict differentiability
we refer to [Mor05, Definition 1.13] and [DR14, Section 1.4].
Lemma 2.4.

1) If f satisfies Definition 2.3, then it is semismooth at T wrt. df(z) := {f'(z)}, v € X,
strictly differentiable at T, and Fréchet differentiable at T. In particular, f'(Z) is unique.

2) If f: X =Y is Holder continuously Fréchet differentiable in a neighborhood of &, then
it is n-strictly differentiable at T with n equal to the Holder exponent.

Proof. All claims follow from the respective definitions. O
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2.2 Local calmness and local metric subregularity

We introduce local calmness and local metric subregularity, cf. [DR14, Section 1.3 and
Section 3.8], and provide sufficient conditions for these properties in case of semismooth
mappings.

Definition 2.5. Let DC X, g: D — Y ,and z € D.

1) g is calm at z iff there exists Ly > 0 such that for all x € D

lg(z) = 9(@)|ly < Lgllz—z[x.

2) g is metrically subregular at x iff there exists k, > 0 such that for all x € D

[z = 2|l x < Kgllg(z) = g(Z)l]y-

3) g is locally calm (locally metrically subregular) at Z iff there exists 64 > 0 such that g
restricted to By () is calm (metrically subregular) at .

We provide sufficient conditions for local calmness and local metric subregularity in the presence
of semismoothness based on the following concepts.

Definition 2.6. Let g: X — Y be semismooth at z € X.

1) We say 0g has a uniformly bounded selection near x iff there are Cyy, dps > 0 such that
for every x € By (Z) there is M € dg(x) with [[M|zxy) < Cum.

2) If the inequality in 1) holds for all z € B} () (z € B;,, (7)) and all M € dg(x), then dg
is called uniformly* (uniformly) bounded near .

3) We say dg has a uniformly* (uniformly) invertible selection near z iff there are C;-1,dp-1 >
0 such that for every x € IB%EM_I (@) (z € IB%5M_1 (%)) there is an invertible M € dg(z)

with [| M| zv.x) < Cyere

4) If the inequality in 3) holds for all = € IB%;;M_I(Q%) (z € IBB(;M_l(:E)) and all M € 9g(z),
then Og is called uniformly* (uniformly) invertible near .

Lemma 2.7. Let g : X — Y be semismooth at x € X. Then:
1) g is locally calm at T if Og admits a uniformly bounded selection near .

2) g is locally metrically subregular at T if Og admits a uniformly* invertible selection near
x.
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Proof. The proofs are quite simple, so we prove only 2). By the selection property there are
Cur-1,0p-1 > 0 such that for every x € BEM—l(i’) there is at least one M, € dg(x) that is

invertible with || M, 2y, x) < Cp-1. The semismoothness yields 6 € (0,8,-1] such that

2t < e - )l < llo@) - o) = Malo = Dy + () — o @y
M—l
< B2 4 g - g@ly

is satisfied for all # € B4(z), which implies the claim. O

Corollary 2.8. Let f: X — Y be n-strictly differentiable at x € X. Then:
1) f is locally calm at z.

2) [ is locally metrically subregular at T if f'(Z) is invertible.

Proof. Apply Lemma 2.7 to f and df(x) := {f'(z)}, z € X. O

2.3 A chain rule for semismooth mappings

The following chain rule for semismooth mappings generalizes [Ulb11, Proposition 3.8].

Lemma 2.9. Let g: X — Y be semismooth at & € X and locally calm at x. Let f:Y — Z
be semismooth at y = g(x) with uniformly bounded generalized derivative mear y. Then
h:X — Z, h:= f(g(x)) is semismooth at T with respect to

Oh: X = L(X,Z),  Oh(z):={MsoM,: M;€df(g(z)), M, € dg(z)}.

In addition, h is locally calm at T.

Proof. The semismoothness can be proven as in [Ulb11, Proposition 3.8]. Since f is locally
calm at y by Lemma 2.7, it follows readily that h = f o g is locally calm at . ]

3 The hybrid semismooth quasi-Newton method

3.1 Problem setting and algorithm

In the remainder of this work we consider the following setting. Given Banach spaces Q,V
and a Hilbert space U as well as mappings G: Q — U, F: U — V and G:Q — V, we want
to find ¢ € @ such that

H(q) =0, (P)

where H : Q — V, H(q) := F(G(q)) + G(g). F shall be smooth and G, G shall be semismooth
at q with respect to generalized derivatives 0G and dG. For concrete problem classes that are
covered by (P) we refer to [HS97, MR20].
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3 The hybrid semismooth quasi-Newton method

The hybrid semismooth quasi-Newton method is obtained by replacing the operator F’(u*) in
semismooth Newton methods by a Broyden—like approximation.

Algorithm SQN: Hybrid semismooth quasi-Newton method
Input: ¢ €Q, Bye L(U,V).

Let u® := G(q°).

for k=0,1,2,... do

if H(q") =0 then let ¢* := ¢*; STOP.

Choose M, € dG(q*) and M;, € dG(q¥).

Let Mk = By M, + Mk

Solve Mj,s* = —H(¢¥) for s*.

Let ¢**1 := ¢* + s* and v**! .= G(¢").

Let s& := vt — ¥ and y* := F(uF*1) — F(uF).
Choose oy, € [0, 2].

k.
if s& £ 0 then let By := By + o (y* — Bysk) (HS;%”)Q;’,

else let By := By.
end
Output: ¢*.

Since By, is used instead of F’(u¥) in Line 5, the evaluation of F” is not required. Practical
aspects of Algorithm SQN including globalization and application in large-scale optimal control,
where the evaluation of F’ is expensive, are treated in [MR20)].

The idea to generalize the Broyden update through the parameter oj is well-known, cf.
[MT76], [Sac85, Section 6], [HK92], and [LF00, Algorithm 1]; the use of o} ensures that By
will be invertible if B;, is invertible. For semismooth quasi-Newton methods, however, this
generalized update has not been considered before. Under appropriate assumptions we will
show g-linear convergence for arbitrary choices of (0y) C [0, 2] and g-superlinear convergence
if lim infy_ o ok > 0 and limsup;_, ., ox < 2 hold.

3.2 Main assumptions and consequences

The convergence analysis rests on two sets of assumptions. The first one reads as follows.

Assumption 3.1. Suppose that
e @,V are Banach spaces and U is a Hilbert space;
. mappingsG:Q—>U,F:U—>Vand(§':Q—>Varegiven;
o there is ¢ € Q with H(q) = 0, where H := FoG+G;
e G and G are semismooth at ¢ wrt. generalized derivatives G and dG;
e JG is uniformly* bounded near g with constants Cas, dpr > 0;

o F is n-strictly differentiable at u := G(q) with constants Cp,dp > 0;



3 The hybrid semismooth quasi-Newton method

o the generalized derivative 0H : Q = L(Q, V) is given by

OH(q) = {F'(w) o M + N[ : M € dG(q), M € 9G(q)} . (2)

Remark 3.2. Since 0H involves the unknown point @, we stress that 0H is not used in
Algorithm SQN, but for the convergence analysis only. Using u instead of a full neighborhood
reduces the requirements for F' and 0H.

We will prove two types of superlinear convergence results. In the first type we assume that
all My, generated by Algorithm SQN are invertible and that the sequence (|| M, || Lv,Q)) is
bounded. In the second type we prove that these properties are satisfied under an additional
assumption. The first type holds under Assumption 3.1, while the second requires the following
stronger assumption.

Assumption 3.3. Assumption 3.1 holds and 0H is uniformly™* invertible near ¢ with constants
CM717(5M—1 > 0.

Remark 3.4. If ¢ — OH/(q) is upper semicontinuous at ¢, then 0H is uniformly invertible near
q if there exists Cy;—1 > 0 such that every M € dH(q) is invertible with [|M 1| zv,0) < Cyp1.
This follows from the Banach lemma.

It is fundamental for the convergence analysis that H is semismooth at g.

Lemma 3.5. Let Assumption 3.1 hold. Then H is semismooth at q§ with respect to OH defined
in (2), and F, G, and F o G are locally calm at u and q, respectively.

Proof. The uniform* boundedness of G near ¢ implies by Lemma 2.7 that G is locally calm
at ¢. Corollary 2.8 shows that F is locally calm at u. To prove semismoothness of H, note that
G is semismooth at g by assumption, hence it is sufficient to show that F'o G is semismooth at
g. By Lemma 2.4, F is semismooth at u wrt. OF (u) := {F'(u)}, uw € U. Since 9F is trivially
uniformly bounded near u, the semismoothness of F' o G at ¢ follows from Lemma 2.9. In
addition, this lemma yields that F' o G is locally calm at q. O

The previous lemma implies that we can assume without loss of generality that the constant
oy in Assumption 3.1 is so small that G is locally calm at ¢ in Bs ().

Notation 3.6. If Assumption 3.1 holds, then we write Ly for the constant of local calmness
of F at u and L¢ for the constant of local calmness of G at ¢ in By, ().

For later use let us also record the following properties of H.

Lemma 3.7. If Assumption 3.3 holds, then H is locally metrically subreqular at q. If
Assumption 3.1 holds and G is locally calm at q, then H is locally calm at q.

Proof. Under Assumption 3.1, F o G is locally calm at ¢ by Lemma 3.5. Together with the
calmness of G at ¢ this implies the claimed calmness of H. Under Assumption 3.3, 0H is
uniformly™ invertible near g. Thus, Lemma 2.7 yields that H is locally metrically subregular
at q, where we used that H is semismooth at ¢ by Lemma 3.5. O
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This is the main section of this work, where we develop the local convergence theory for
Algorithm SQN. We use the following notation.

Notation 4.1. Whenever Assumption 3.1 holds and Algorithm SQN has generated iterates

¢t ¢F, wFt1 wF and an operator By, we define
k. k+1 k k., k+1 k k. K ~ k. k -
s =(q —-q, Su'_u —u, s =q —4q, Su.—u —u,
as well as .
A~ S . ~ .
sfb = o if sﬁ #0 and sﬁ =0 if sfb =0,
st llo
and

Ek = Bk - F/(?TL)

4.1 Linear convergence

In this section we prove local g-linear convergence of Algorithm SQN. The proof uses the
following consequence of Banach’s lemma.

Lemma 4.2. Let Q and V' be Banach spaces and A, B € L(Q,V). If A is invertible with
A7 zv.g) < C for some C > 0 and B satisfies || A—Bl|zo,vy < (2C) 7, then B is invertible
with ||B_1Hl:(V,Q) S 20

Proof. This follows readily from [Cial3, Theorem 3.6-3]. O

A common tool to show linear convergence of Broyden-like methods is the bounded deterioration
principle, cf., e.g., [BDM73, Theorem 3.2], [Kel95, Section 7.2.1], and the set-valued version
[AN18, Theorem 4]. We will use the following variant of it.

Lemma 4.3. Let U be a Hilbert space and V' be Banach space. Let F': U — V be n-strictly
differentiable at u with constants Cr,0p > 0. Then for all u,uy € B, (), all o € [0,2], and
all B € L(U,V) the linear operator

3 B if s =0,
T ) B+o(y— Bs) Gy else,

lIsllzr

where s :=uy —u and y := F(uy) — F(u), satisfies

1By = F'(@)l| oy < 1B = F' @) gy + oCrmax{flug =l Ju =l }"
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Proof. For all ui,u € B; (u) the n-strict differentiability of F' provides
[F(us) = F(u) = F'(@)(us =)y, < CF luy — ullymax{[lus —ally, lu—aly 3" (3)

Let u,uy € B; (u), o €[0,2], B € L(U, V) and set s := uy — u. Since the claim is trivial for
s =0, we can assume s # 0. Defining § := E H we readily confirm that

By~ F(a) = [B— F'@)][1 - 0% (5.)y] + o[Fluy) — Flu) — F(ays] $20.
It is elementary to see that |[I — 03 (5, )y |z, < 1. With (3) this yields

B+ — Fl@)”c(Uv <|B-Fl(u ||£ wv) T oCF max{||us. — ally, [Ju — all,}". O
As main result of this section we prove g-linear convergence of Algorithm SQN.

Theorem 4.4. Let Assumption 3.3 hold and let § € (0,1). Then:

1) There exist §,& > 0 with the following property: For every initial (¢°, By) € Q x L(U,V)
with ||¢° — qllo < 6 and ||Eollzw,y) < &, Algorithm SQN is well-defined and either
terminates with output ¢* = q or it generates an infinite sequence (¢*), and there hold

k+1

_ — 6
lg"" = dllq < Blld" — dlle. mex 1B lcwy) < gom o (4)

0<j<k+1

and .
1M o) < 2C50

whenever ¢*t1 is generated for some k € Ny.

2) If additionally F is Gateaux differentiable in a neighborhood of u and the Géteaux
derivative is continuous at u, then the condition ||Eollzw,y < € in 1) can be replaced
by |Bo — F'(u%)| cw,v) < €. In particular, this replacement is possible if F is Holder
continuously Fréchet differentiable near u.

Proof. Proof of 1): The first task is to provide suitable Values for 6 and €. By shrinking § if

necessary, we can assume without loss of generahty that 5 < 5 /n, where 7 > 0 is the constant

from Assumption 3.1. Thus, we have ﬁ =p1< ! 5. Since H is semismooth at ¢ by Lemma 3.5,
there is 5 > 0 such that

_ - _ I3 _
sup ||[H(q) — H(q) — M(q—q)||., < g — gl (5)
MedH(q) H HV 40]\’471 Q

holds for all ¢ € B;, (¢). We recall from Notation 3.6 that G is locally calm at g in Bs, (g)
with constant Lg > 0 and from Assumption 3.1 that F' is n-strictly differentiable at u with
constants Cp,dr > 0. Also, by Lemma 3.7 we have that H is locally metrically subregular at
¢, which implies that there is g > 0 such that ¢ is the only root of H in B 5R(cj). Defining

C 1= 8CyCyp-1 > 0 and C := 2CrLY, > 0 we will show that the claims hold for
1
. B } . ( 15} )n €
= (5 -~ d 6 = (5 (5 (5 T — 5 —~ —_— .
€ mln{ F’C an min RyOM,0Op-1,0H, 20C ’LG

10
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To this end, let ¢° with [|¢° — gll¢ < § and By with [|Eo||z,v) = |F' (@) — Bollz,v) < € be
given. Fix k € Ny and assume by means of induction that ¢/+! and Bj i1 have been generated
for all 0 < j < k — 1 and that there hold

| ~dlo < Bl —dlle and [|Ejll ey < 1Boll ey + C(2 - #)lla” —ally

for these j. We consider Line 2 to Line 11 in Algorithm SQN. If the algorithm terminates in
Line 3, we need only show that ¢* = ¢. Since g is the only root of H in B4(q), it is obvious that
¢* = ¢ in this case. In the remainder of the induction we may assume ¢* # ¢. Together with the
induction assumption this implies ¢* € Bj(g). In particular, we have ¢ e IB%;M(Q), which yields
Ml z(ou) < Cu by Assumption 3.1. Moreover, we have My, := F'(u) M}, + M, € 0H(q")
and

1My — Myl zo,v) = I(F' (@) — Br) Mkl cq.v)

The induction assumption yields || Ex| zv) < € + 20" < %, hence

IN

| Bkl o) | Ml 2,0

153 1
< < 6
- 4CM_1 - 2CM_1 ’ ( )

| My — Myl zio,v)

where we used the definition of C' to derive the first inequality. As ¢* € B3 (g) holds, M, is
invertible with ||Mk_1||ﬁ(\/,Q) < Cj7-1 by Assumption 3.3. From Lemma 4.2 we thus deduce
that M, is invertible with [|M, 1| £(v,@) < 2C 1. This establishes the inequality below (4)
and implies that ¢"™! is well-defined. Next we prove that ||¢*™! — ql|g < B|l¢" — q|l¢. From
= Bj(q) we deduce q* e B}, (q), which allows us to apply (5). Using H(q) = 0 we compute

9" = dllg
= s+ " —dlo = | -85 H(¢") + ¢ ~
= ||-M? [H(qk) — H(q) — My, (qk - q)} HQ
= |0t [HG) — B @) = M (¢ = @) + (V= 30 (¢ = a) |,
< g [0~ @ — 35 (2 0) |, + 0 30 (& 5),
S e T et

We have already established ||M,;1||L(VQ) < 2Cy;-1 and | My — MkHL:(Q v) < %. Inserting
) k) M_

these inequalities on the right-hand side yields ||¢*T! — qllg < Bll¢* — qllg, as desired. In

particular, we can use |¢/ — gllg < & < dp for all 0 < j < k+ 1 in the remainder of the
induction and, consequently, the local calmness of G at ¢ with constant L is available for the
iterates ¢°, ¢!, ..., ¢**1. To complete the induction we have to show

1Ekr1llzwyy < 1Bollzwvy + C@2— A% - qlle)- (7)

Due to [|Exy1llzwy) < e+ % < 2% < W and ||Eol|zw,) < € this also implies the

second claim of (4). If s* =0, then Ej,; = Ej, by definition of the update By, hence (7)
holds by induction assumption. Thus, we suppose sﬁ # 0 in the following. Since

[ —ally = |G(¢") = G@) v < Lalld™*! =l < Lad <& < ér

11



4 Convergence analysis

and since the same upper bound holds for u* instead of u**!

estimate from Lemma 4.3. This produces

, we can apply the deterioration

k+1

1Bkt 1ll iy < 1 Bkll vy + oxCrmax{|[u™ — al|u, [u* — il }"
V) wVv)

<N\ Bkl pwyy + oxCrLilld" —alld.
As |l¢* = dllq < B¥llg° — dllq and oy < 2, we find
Ak B o A ~
HEk+1H£(U,V) < HEkHL(U,V) +2CpL¢p qu - ‘JHZg = HEkHc(U,V) + Cﬁquo - qu'

Recalling that B < %, we have 1 — 3 > % > . Together with the induction assumption

1Bkl zwvy < 1Bollcvy + C(2— B¢ - gll¢), this implies

@2 - A1+ B9 - ally
¢

1Ek+1llcvy < 1Boll vy +
+C(2- 1" — ally,

< &0l zwv)

thereby concluding the induction and the proof of part 1).
Proof of 2): It is enough to show that for given 0, > 0 there are 0, > 0 such that

l® =l <& A [1Bo = F'(@O)llwy) <& = [l = dllo <8 A IEollcwy) <e-

Due to the continuity of F’ at @ there is & > 0 such that ||u® — @y < & implies ||F’(u®) —
F'(u)]| cw,v) < 5. By decreasing ¢ if necessary, we can assume that £ < 5. We recall from

Notation 3.6 that G is calm at ¢ in B;, () with constant L > 0. Defining 6 := min{é, oy, i}
it is clear that ||¢°—qllq < d yields [|¢° —gllo < &. It remains to establish I Eollzu,vy < e From
l¢®—qllg <6 < i and the calmness of G at q it follows that [|[u’—a|y = [|G(¢°)—G(q)|lo < é.
Since |Ju® —a||y < & implies || F'(u) — F'()| vy < § and since || By — F'(u®)|| cwvy < € < 5
we obtain || By — F'(u)||zw,vy < €, as desired.

O

Remark 4.5.

1) After small modifications in the previous proof it follows that Theorem 4.4 stays valid
for a given 8 € (0, 1) if the semismoothness of G and G at ¢ contained in Assumption 3.1
are replaced by (5).

2) It is possible to include a step length aj > 0 in Algorithm SQN, i.e., to put gkt =

¢" + ay,s" in Line 7. In fact, it can be shown that there are ay > 1 and 0 < a_ < 1 such
that the local linear convergence of Theorem 4.4 is preserved if ay € [a—, a] holds for
all k. The proof requires additionally that G is locally calm at g. However, our main
focus is on superlinear convergence, which requires o — 1, so we work with unit step
length for simplicity.

3) Theorem 4.4 generalizes several results in the literature, both for semismooth quasi-
Newton methods, e.g. [HS97, linear convergence part of Theorem 4], and for Broyden-like
methods, e.g. [Den71, Theorem 5 and Corollary 5. For the case of Broyden-like methods
note that with Q = U, G = id and G= 0, Algorithm SQN reduces to a Broyden—like
method for F.

12



4 Convergence analysis

4) For (o) =0, Theorem 4.4 shows local g-linear convergence of a semismooth simplified
Newton method, respectively, of a simplified Newton method.

The next result analyzes the convergence behavior of (u*), (F(u¥)), and (H(¢*)). It involves
multi-step g-linear convergence, which is stronger than r-linear convergence.

Definition 4.6. Let (z¥) € X and j € N. We say that (z¥) converges j-step g-linearly to
x € X with convergence factor B € [0, 1) iff there is K € Ny such that

k+j

|2 — 7| x < Blla" -z x

is satisfied for all £k > K. For j = 1 the term “1-step” is omitted.

Since Theorem 4.4 yields q-linear convergence of (¢*), the following result can be used to
obtain rates of convergence for (u¥), (F(u*)), and (H(q")).

Lemma 4.7. Let Assumption 3.1 hold and suppose that Algorithm SQN generates a sequence
of iterates (¢*) that converges r-linearly to q. Then:

1) (u*) and (F(u*)) converge r-linearly to i, respectively, F (), and there hold ||u* — ||y <
Lelld"—dllq. |F(W?) —F(@)|y < Lplluf —ally, and | F(u*) - F(@)|v < LrLclld® —dllq
for all k sufficiently large.

2) (H(q")) converges to zero. If G is locally calm at q, then (H(q")) converges r-linearly.
If G is locally calm at q, Assumption 3.3 holds, and (q*) converges multi-step g-linearly
to q, then (H(q")) converges multi-step g-linearly.

Proof. Proof of 1): The asserted estimates follow from the local calmness of F', G and F o G
at u, respectively, ¢, established in Lemma 3.5. The asserted r-linear convergence is an obvious
consequence of these estimates.

Proof of 2): The continuity of H implies convergence of (H(¢*)). Recalling from Lemma 3.7
that H is locally calm at ¢ if this is true for G, the r-linear convergence of (H(¢*)) follows
as in 1). To show multi-step q-linear convergence of (H(q*)) let § € [0,1) and K € N be
such that ||¢"*% — qllg < Bll¢" — qllg for all k sufficiently large. Let Ly and kg be constants
of local calmness, respectively, local metric subregularity of H at ¢; the latter exists under
Assumption 3.3, ¢f. Lemma 3.7. Let J € N be such that 8/Lyky < 1 and set K := JK.
Then we find for all k£ sufficiently large

|H (") = H(@)|lv < Lu||d"™* —dllo < Lup’|ld" - dllo
< B'Lykul|H(d") — H(@)|v- O

Remark 4.8. Similar as in the previous proof it is possible to obtain (possibly multi-step) q-
linear convergence of (u*) from multi-step q-linear convergence of (¢*) if G is locally metrically
subregular at ¢g. Yet, in many applications G is a projection or a proximal mapping, so local
metrical subregularity of G' at g and thus g-linear convergence of (u*) cannot be expected. On
the other hand, in these applications there often holds Lg = 1, so |[u* — @y < ||¢¥ — qllg, cf.
for instance [MR20, Theorem 2].

Boundedness of (||Fx||) holds under weaker conditions than those of Theorem 4.4.

13



4 Convergence analysis

Lemma 4.9. Let Assumption 3.1 hold. If Algorithm SQN generates (u) that satisfies
Selluf — ||l < oo, then 1Bkl c,v)) is bounded.

Proof. Since (u*) converges to 1, there is K € Ny such that Lemma 4.3 can be applied for all
k > K. This yields for all £ > K

k 00
1Ek+1llcwvy < 1Bkl vy +4CF Dol —allf; < 1Ex |l zw,vy +4CF >l —allf
=K =K
The right-hand side is independent of &, so the claim follows. O

4.2 Superlinear convergence

In the first part of this section we prepare and in the second part we prove the local superlinear
convergence of Algorithm SQN. Readers that are only interested in the results may directly
proceed to Section 4.2.2.

4.2.1 Preliminaries

The g-superlinear convergence of Algorithm SQN will be established by use of Dennis—Moré-
type conditions, e.g., [DM74, Ulbl1, Don12, AN18]. We provide two such conditions that will
yield two different types of results on superlinear convergence. The first condition is in the
spirit of [Ulb11, Theorem 3.18(a)].

Lemma 4.10. Let Assumption 3.3 hold and let (¢¥) be generated by Algorithm SQN. If (¢¥)
converges to ¢ and satisfies both
|| B M|y

E.M ck+1 1
lim — =0 and lim sup (L2 —k’fl Iv <
k—oo [[5lg k—oo 15" Chp-1

, (DMT1)

then (¢*) converges g-superlinearly to q.

Proof. Since Algorithm SQN has not terminated finitely, there holds ¢* # ¢ for all k € Nj.
That is, ¥ # 0 for all k € Ny, so (DMT1) is sensible. We deduce from it the existence of a
null sequence (o) C [0,00) and constants ¢ < 1 and K € Ny such that

Cir | ExMis*|lv < all5¥lq and  Cya|EeMps v < 5" (8)

are satisfied for all & > K. Moreover, since H = F o G + G is semismooth at q by Lemma 3.5
wrt. 0H(q) = {F'(a)M + M : M € 0G(q), M € dG(q)} and since (¢*) converges to g, there
is a null sequence, wlog. (ax), such that for every k € Ny

Crr—1 1 H(¢") — H(@) — Ms"|lv < ][5 [lq (9)

14



4 Convergence analysis

is satisfied for all M, € dH(¢"). In particular, this is valid for My, := F'(@)My + My, where
M, € 0G(¢*) and M;, € 0G(¢*) are the operators generated by Algorithm SQN in Line 4.
Using Mys* = —H(q*) we compute for all K sufficiently large, wlog. k > K,

15 g = l1s* + ¢* ~ dllq = || M [ (W — M) + Nes* + Mi(a* — )] |
< Cypmr [, = M)sF |1y + | =H (") + M|y ]
Since for all k£ € Ny there holds
(M, — Mk)sk = —E.Ms* = —EkMk(EkH — Ek),

we deduce for all £ > K

1541l < Crgmr [IBMS v + By + [ H(¢b) — H(@) - sl ].
Here, we have also used H(g) = 0. By means of (8) and (9) this implies

(1= 5" g < arllsll + arlls®llo

for all £ > K. Since ¢ < 1 is independent of k, we obtain the assertion. O

We now replace the limsup condition of (DMT1) by uniform invertibility of (My,). Since
uniform invertibility of (M},) is assumed, we can work with Assumption 3.1.

Lemma 4.11. Let Assumption 3.1 hold and let (¢%) be generated by Algorithm SQN. If
(HMk_lHﬁ(V,Q)) is bounded and if (¢*) converges to ¢ and satisfies

e,

_o, DMT?2
e (DMT2)

then (¢*) converges g-superlinearly to q.

Proof. As Algorithm SQN has not terminated finitely, we have 5F 0 for all k € No, so (DMT2)
is sensible. Let C;_1 > 0 denote an upper bound of (”Mk_lull(\/,Q))- Using Mys* = —H(¢")
and H(q) = 0 we compute for all k sufficiently large

5 g = lla*" — dllq = || M1 [NEs* — H(¢")]||
< Chpoa [| (Wl = My)s* |y + |~ H (") + H (@) + My v,

where My, := F'(u) M), + M, € OH (¢*). Since (M, — My)5* = E,M;,5*, the claim follows by
(DMT2) and the semismoothness of H at g wrt. 0H. O

In the remainder of this section we establish that (DMT2) is fulfilled for Algorithm SQN. As
an intermediate step we show that the classical Dennis—Moré condition is satisfied for the
iterates (u¥) = (G(q¢"*)). To this end, we use the approach of [KS91] to first prove that the
Dennis—Moré condition holds in a weak sense and then infer strong convergence from the
compactness of Ep, cf. also [HK92].
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4 Convergence analysis

Lemma 4.12. Let Assumption 3.1 hold and let (u*) be generated by Algorithm SQN with
0 < liminfy_ o0 0 < limsupy_,o 0% < 2. If 34 lluf — @||f; < oo holds, then

vievt:  lim <Z,Ek§1’j>w7v = 0.

Proof. Let | € V* and denote e* := Efl € U for all k € Ny, where Ey is the adjoint of Ej. It
is readily checked that (e) satisfies the recursion
VkeNy:  etl=ck g (@,’;‘,e’f) &+ e,
U
where ¢ € U is given by

F k+1y _ F kY _ F'(u k
Eir .

Since for sufficiently large k there holds

k+1

leelly < 2CF Uy~ max{ "+ — allv, |u* — @},

we infer that >".||ex||o < 0o. The claim now follows from [HK92, Lemma 2.1]. O
We can pass from weak convergence to strong convergence if Fy is compact.
Lemma 4.13. Let Assumption 3.1 hold and let (u*) be generated by Algorithm SQN with 0 <

lim infy o0 o < limsupy_,o 0k < 2. Let Ey be compact. If (u¥) satisfies > ||u* — ||}, < oo,
then

lim [|Ex8}||v = 0. (10)
k—o0
Proof. The proof can be carried out similarly to [HK92, proof of Theorem 3.3]. O

The Dennis—-Moré condition (10) implies convergence of the updates to zero.
Lemma 4.14. Let Assumption 3.1 hold and let (u¥) be generated by Algorithm SQN. If (u¥)
converges to u, then the following implication is true:

| Ex85]lv =0 = 1Bi+1 = Bill vy = 0-

lim lim
k—oo k—oo

Proof. We compute for all k € Ng with s¥ # 0 and any h € U with ||h||y = 1

(35’ h)U

(Bry1 — Br) h = oy, (yk - Bksﬁ) 2
HSUHU
k k
se h se h
HSuHU HSUHU
Taking norms we infer that for all k& with s* # 0 we have
1Brs1 — Billy < 2Cr max{||[u**" — @y, |u* - ally}” + 2| Exd} v

Since Byy1 = By, if s¥ = 0, cf. Lines 10 to 11 in Algorithm SQN, this estimate holds trivially
if s¥ = 0. The assertion follows by letting k go to infinity. O
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4 Convergence analysis

Remark 4.15. In [Mar00, Theorem 6] a finite-dimensional analogue of Lemma 4.14 can be
found. [ABDL14, Proof of Theorem 4.8] contains an infinite-dimensional version under stronger
assumptions than the ones we use.

The proof of (DMT2) will also use the following simple lemma.

Lemma 4.16. Let (ay), (bx) C R be bounded from above with limsupy,_, . by < 0. Moreover,
let p € [0,1) and suppose there exists K € N such that

0 <ap < b+ Par+1 (11)

1s satisfied for all k > K. Then limg_,, ar = 0.

Proof. Let a :=limsupj_,,, ax. From (11) and limsupj_, ., by < 0 we infer

a = limsup a; < limsup (b + Bakr1) < limsup by + limsup Saxy1 < Ba,

k—o0 k—o0 k—o0 k—o0

hence a < 0 since 5 < 1. Together with (11) this implies the claim. O
As main result of this section we establish (DMT?2).

Theorem 4.17. Let Assumption 3.1 hold and let (¢*) be generated by Algorithm SQN with
0 < liminfy_,o o < limsup,_,o, 0k < 2. Let Ey be compact. If (¢%) converges g-linearly to q,
then

Bt

lim ——— =0. (12)
k—00 Hsk||Q
Proof. From ¢* # ¢ for all k € Ny it follows that 5% # 0 for all k € Ny, so (12) is sensible. By qg-
linear convergence of (¢¥) there exist K € Ng and 3 € (0, 1) such that ||¢**!—gllo < Bll¢* —dllo
for all k > K. By increasing K if need be, we can also assume that ||¢* — q|lg < dps for all
k > K, so that we can use the calmness of G at ¢ for all ¢* with k > K, c¢f. Notation 3.6.
Moreover, let us introduce the sequence

ap = (14 8) Lg HEksjj

, TBLG1IBr = Brsl gy, * € No,

and observe that limg_,o oy = 0 because of Lemma 4.13 and Lemma 4.14 (the property
S ellu® — ||}, < oo holds because of 3" |¢* — cj||nQ < 00). From Lemma 4.9 we further obtain
that Cp := supyen, | Bkl zv,v) < oo. To establish (12) we compute for all k € Ny

|Bdast| | ||Bvnst + G@) - G@)|, |Gt - c@)

EPa P P —
|c@) - G@ - ms| ||EG(eh) - @)
= O B : P

Due to the semismoothness of G at ¢ it is sufficient to prove that the sequence

B - c@)|

Ry == — V., keN,
15%1lq
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converges to zero. We note that (Rj) is bounded from above since for all £k > K

e, _calpt s, _corolit~d,

Ry, < — —
15%]1o 1% g

- OpLe.

15%1o
Furthermore, for all £ > K we have
Istlle < " = ally + u* = allo < (8+ DLalld" - dllo = (1 + B)Lall5" e,

whence

1 < (1 —l—ﬁ)LG
1%l = sty

for all £ > K with sﬁ # 0. Thus, using Ey — Eyy+1 = By — Bi+1 we obtain for these k

N T s W L e T

= 151 151 o P -
<(1+ f@)LGHEkSq]j 1% HE"‘“SZHHV 4 AL IBx - Bk“”f(mﬂ qu B QHQ
[EAI [15%(| B
Ey gkt
<o+ 6W7

where we have used the definition of oy, and the g-linear convergence of (¢*) with factor j3.
Therefore, we have established that for all ¥ > K with s¥ # 0 there holds

0 < Ry <ap+ Rk (13)

In the case s¥ = 0 we have u*T! = u¥ and By, = By, thus Epy = Ej and G(¢*T!) = G(¢"),
so that the definition of Ry implies 0 < Ry < SRgy1 in this case. As ay > 0 we conclude
that (13) holds for all £ > K. Since (Rj) is bounded from above and since limy_, a = 0,
Lemma 4.16 implies limy_, R = 0. ]

Remark 4.18. The proof of Theorem 4.17 shows that the compactness of Ey and 0 <
liminfy ,eo ok < limsupy_,o, o < 2 are only needed to ensure that

| Ex3E|lv = 0. (14)

lim
k—oo
4.2.2 Results

The following two theorems on g-superlinear convergence are the main results of this paper. We
are not aware of other works that show superlinear convergence of semismooth quasi-Newton
methods in infinite dimensions.

In the first result we assume that (¢¥) exists and converges q-linearly to g. This allows to show
g-superlinear convergence without supposing that ||Eol| 2,1y is small.
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Theorem 4.19. Let Assumption 3.1 hold and let (¢*) be generated by Algorithm SQN with
0 < liminfj_,o 0% < limsupy_,o ok < 2. Let Ey be compact. If (¢¥) converges g-linearly to q,
then the convergence is g-superlinear if a) or b) is satisfied:

a) The sequence (||M,;1||£(V7Q)) is bounded.

b) Assumption 3.3 is fulfilled and there holds
HEk(Mk - Mk+1)§k+1HV 1

lim sup — < .
k—00 155+ Cir—

Proof. If a) is satisfied, then the g-superlinear convergence of (¢*) follows from Lemma 4.11,
whose prerequisites are fulfilled due to a) and Theorem 4.17. For the g-superlinear convergence
under condition b) we deduce from Lemma 4.10 and Theorem 4.17 that it suffices to establish

A P

lim sup

. 15
ko0 1551l Cir— (15)

Since || My z(@,uy < Cum for all sufficiently large k by Assumption 3.1, we have
R X R L

I g 15¥ Ml 155l

HEk(Mk - Mk+1)§k+1”‘/ HEk+1Mk+1§k+1H
= P TR

Yt On || Bk = Brll

for these k. The second term on the right-hand side converges to zero by Theorem 4.17. The
third term on the right-hand side converges to zero by Lemma 4.14, whose prerequisites are
fulfilled due to Lemma 4.13. Thus, (15) follows by b). O

In the second result we require Assumption 3.3 and that (¢°, By) be close to (g, F’(u)), but
neither q-linear convergence of (¢*) nor a) or b) from Theorem 4.19. Instead, we show in the
proof that all these properties follow from the assumptions.

Theorem 4.20. Let Assumption 3.3 hold and let Ey be compact. Then:

1) There exist §,& > 0 with the following property: For every initial (¢°, By) € Q x L(U,V)
with ||¢° — qllq < 6 and || Eollzw,yy < &, Algorithm SQN is well-defined and either
terminates with output ¢* = q or it generates (¢*) that converges g-superlinearly to q if
0 < liminfx_ o o < limsupy_,, or < 2.

2) If additionally F is Gateaux differentiable in a neighborhood of u and the Géteaux
derivative is continuous at u, then the condition ||Eollzw,vy < € in 1) can be replaced
by |Bo — F'(u%)| cw,vy < €. In particular, this replacement is possible if F is Holder
continuously Fréchet differentiable near u.
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Proof. Proof of 1): Theorem 4.4 provides d,& > 0 such that well-definition, g-linear conver-
gence of (¢¥), and a) of Theorem 4.19 are ensured. The g-superlinear convergence of (¢¥) thus
follows from Theorem 4.19. (We remark that due to (4) and the uniform* boundedness of 0G
near ¢, cf. Assumption 3.1, the numbers ¢, can be chosen such that b) of Theorem 4.19 is
satisfied, too.)

Proof of 2): Verbatim as in part 2) of Theorem 4.4. O

Remark 4.21.
1) If V is finite-dimensional, then Ej is compact regardless of the choice of By.

2) Theorem 4.19 and Theorem 4.20 stay valid if (14) replaces the condition 0 < lim infg_, o, of <
lim sup;,_, o, 0x < 2 and the compactness of Ej.

3) Theorem 4.19 and Theorem 4.20 allow to recover well-known superlinear convergence
results for semismooth Newton methods (F' = G = 0) under standard assumptions,
and they also generalize superlinear convergence results for Broyden—like methods (G =
id,G = 0), e.g. [MT76, Theorem 3.4] and [Sac85, Section 6], for instance since F’
is not required to be locally Lipschitz. Remarkably, no additional assumptions are
needed to obtain superlinear convergence when the two methods are combined in the
hybrid approach. Moreover, Theorem 4.19 seems to be the first result on superlinear
convergence for semismooth quasi-Newton methods that does not require ||Eol|z v
to be sufficiently small. Theorem 4.20 also generalizes finite-dimensional results for
semismooth quasi-Newton methods such as [HS97, Theorem 4.1].

4) As remarked by a referee, the condition || Eo||z (1) < € appears quite restrictive from a
practical point of view. To the best of our knowledge, however, all available local conver-
gence results for semismooth quasi-Newton methods for equations use an assumption of
this type, except for Theorem 4.19. In contrast, for smooth operator equations between
separable Hilbert spaces there are the strong results of Griewank [Gri87] who considers a
modified version of Broyden’s method and proves convergence results in which the initial
operator error needs to be small only in the essential norm. In finite dimensions this
means that there is no restriction on this error. In our framework, however, F' generally
maps from a Hilbert space into a Banach space.

Regarding convergence of (u*), (F(u*)) and (H(¢*)), we note the following.

Lemma 4.22. Let Assumption 3.1 hold and let (¢) be generated by Algorithm SQN. If (¢*)
converges r-superlinearly to q, then:

1) (u*) and (F(u")) converge r-superlinearly to , respectively, F(u), and there hold ||u* —
ulv < Lelld® = dllg. |FW*) = F(a)llv < Lpllv* - ally, and |[F(u*) - F(@)|ly <
LpLc|lq® — |l for all k sufficiently large.

2) (H(q*)) converges to zero. If G is locally calm at g, then (H (%)) converges r-superlinearly.
If G is locally calm at q, Assumption 3.3 holds, and (qk) converges g-superlinearly to q,
then (H(q*)) converges g-superlinearly.

8) If there is kg > 0, respectively, kp > 0 such that ||¢* — qllo < ka|G(d*) — G()||u,
respectively, ||¢* — qllo < krl|F(G(¢¥)) — F(G(Q))|lv is valid for all k sufficiently large,
then (u®), respectively, (F(u*)) converges g-superlinearly.
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5 Summary and outlook

Proof. The proof of 1) and 2) is analogue to the proof of 1) and 2) in Lemma 4.7. The proof
of 3) is also similar to 2) of Lemma 4.7. O

Remark 4.23. The inequalities for G and F o G in 3) hold, for instance, under a uniform
invertibility assumption similar to the one of Lemma 2.7 2).

5 Summary and outlook

We have presented an algorithm that combines a Broyden-like method with semismooth
Newton methods. This hybrid approach enables the use of quasi-Newton methods in infinite-
dimensional nonsmooth regimes and yields local superlinear convergence under standard
assumption, as we proved in Theorem 4.19 and Theorem 4.20. In the complementary paper
[MR20] we apply the approach to nonsmooth optimal control problems and show in an extensive
numerical study that it is significantly faster in runtime than semismooth Newton methods.
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