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A SELF-CONCORDANT INTERIOR POINT APPROACH FOR
OPTIMAL CONTROL WITH STATE CONSTRAINTS∗

FLORIAN KRUSE† AND MICHAEL ULBRICH‡

Abstract. We propose an infeasible interior point method for pointwise state constrained opti-
mal control problems with linear elliptic PDEs. A smoothed constraint violation functional is used
to develop a self-concordant barrier approach in an infinite-dimensional setting. We provide a de-
tailed convergence analysis in function space for this approach. The quality of the smoothing is
described by a parameter. By fixing this parameter we obtain a perturbed version of the original
problem. We establish complexity estimates and convergence rates for the methods that we propose
to solve a given perturbed problem. We also estimate the distance between the optimal solution of
the perturbed problem and the optimal solution of the original problem. Moreover, our approach
yields a rigorous measure for the proximity of the actual iterate to the minimizer of the perturbed
and the original problems. We report on numerical experiments to illustrate efficiency and mesh
independence.
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1. Introduction. In this paper, we present a new class of interior point methods
for pointwise state constrained optimal control problems that are governed by linear
elliptic PDEs. To simplify the presentation, we consider problems of the form

(Pfull) min
(y,u)∈Y×U

Q(y, u) +
α

2
‖u‖2U s.t. y ≥ ya in Ω, Ay +Bu = g.

Here, α > 0, Y is a Banach space with Y ↪→ C0,β(Ω) continuously for a given β > 0
and a bounded domain Ω ⊂ R

d with d ∈ N; Z is a Banach space; U is a Hilbert space;
Q : Y × U → R is quadratic and convex, ya ∈ C0,β(Ω); A ∈ L(Y, Z) is invertible,
B ∈ L(U,Z); and g ∈ Z. Also, we assume that (y◦, u◦) ∈ Y × U and a constant
τ◦ > 0 exist with Ay◦ + Bu◦ = g as well as y◦ − τ◦ ≥ ya in Ω. In section 3.1, we
provide examples that fulfill these assumptions and discuss possible generalizations of
(Pfull).

It is well known that the pointwise state constraints y(x) ≥ ya(x) for all x ∈ Ω
complicate the solution of (Pfull) since the associated Lagrange multiplier is, in gen-
eral, only a measure; see, e.g., [7] and [8]. Currently, there exist mainly three types
of Newton-based algorithms that can deal with (Pfull) and for which an infinite-
dimensional analysis is available: Moreau–Yosida regularization [17, 18, 21], Lavren-
tiev regularization and the closely related virtual control concept [25, 28, 29, 39, 40],
and interior point methods [33, 38, 36, 37]. In all of these approaches, a family of
regularized problems is introduced. This family induces a path of solutions that the
respective algorithm follows. For a fixed regularization parameter, the corresponding
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regularized problem is solved using a (possibly semismooth) Newton method. Al-
though all of these approaches are quite successful in practice and their convergence
analyses are sophisticated, there are still several open questions. For methods based
on Moreau–Yosida and Lavrentiev-type regularizations, the convergence of the New-
ton method for a fixed regularized problem as well as the convergence of the path
of solutions to the solution of the original problem have been established. However,
complexity results for convergence to a desired accuracy are not yet available. For
interior point methods it has been shown that it is possible to decrease the regulariza-
tion parameter in such a way that the iterates converge to the optimal solution of the
original problem; cf. [38]. However, complexity estimates are not yet available. Fur-
thermore, estimates regarding Hölder continuity of the path of solutions are available
for all three approaches; cf., e.g., [19], [11, 25], and [37].

For our approach, we are able to develop comparably quite strong results. The
main idea is to replace the pointwise state constraints by the constraint minε(y −
ya) ≥ 0. Here, minε denotes a smoothed version of the minimum functional minx∈Ω,
and ε > 0 is the smoothing parameter. This yields smoothed versions of (Pfull),
parametrized by ε. In this paper, we develop interior point methods for fixed ε. Since
we provide an estimate for the error between the solution of a given smoothed problem
and the solution of (Pfull), this approach is viable to solve (Pfull). In a forthcoming
paper, we extend these methods so that ε is driven to zero at a provable rate and
the iterates converge to the solution of (Pfull). The current paper develops a detailed
analysis for the new approach. This includes

• a proximity measure through which we can control, in theory and practice,
the distance between the actual iterate and the solution of the smoothed
problem,

• linear convergence of the iterates to the solution of the smoothed problem,
and

• convergence of the solutions of the smoothed problems to the solution of
(Pfull), with order almost

√
ε.

Our approach relies in part on the theory of interior point methods for self-
concordant barrier functions, which Nesterov and Nemirovski introduced to finite-
dimensional optimization in [31]. Since the optimization variables y and u in (Pfull),
however, belong to infinite-dimensional function spaces, we need to generalize the con-
cept of self-concordance to infinite-dimensional Hilbert spaces. Contrary to what one
might expect, some of the finite-dimensional results do not carry over in a straightfor-
ward manner. Moreover, compared to existing literature, we generalize some results,
since this enables us to prove better convergence rates in the case where ε is driven to
zero. Therefore, we develop a rigorous treatment of self-concordance in Hilbert spaces
in this paper.

To the best of our knowledge, self-concordance in an infinite-dimensional setting
was only considered in [12] and [13]. However, there the constraints are quadratic,
which is rather restrictive and, in fact, not satisfied in our approach. Also, a uniform
convexity assumption that is not required in finite-dimensional theory is employed in
[12] and [13]. We are able to dispense with this assumption.

This paper is organized as follows: In section 2 we develop the theory of self-
concordance in Hilbert spaces. We obtain short-step and long-step interior point
methods, for which we prove convergence and complexity results. In section 3 we
turn to the optimal control problem (Pfull). We present our approach to solving it
and provide the aforementioned thorough convergence analysis. In section 4 we report
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on numerical experiments to illustrate the efficiency and mesh independence of the
new approach.

2. Self-concordance in Hilbert spaces. We consider the problem

(PSC) min
x∈X

j(x) s.t. x ∈ K.

As a standing assumption in section 2 we impose the following.
Assumption 2.1. X is a Hilbert space with norm ‖·‖X , K ⊂ X is nonempty,

open, and convex, and j : K → R is thrice Fréchet differentiable and convex.

2.1. Self-concordant functions.
Definition 2.2 (see [23] and [31]). Let f : K → R be thrice Fréchet differentiable.

We call f self-concordant on K iff f is convex and there holds

f ′′′(x)[h, h, h] ≤ 2 (f ′′(x)[h, h])
3
2 for all x ∈ K and all h ∈ X.

Definition 2.3. Let f : K → R be self-concordant on K. We call f pd self-
concordant on K iff the symmetric bilinear form f ′′(x) is positive definite for every
x ∈ K, i.e., iff f ′′(x)[h, h] > 0 holds for all x ∈ K and all h ∈ X \ {0}.

Remark 2.4. Note that f ′′(x) : X ×X → R and f ′′′(x) : X × X ×X → R are
symmetric bi-/trilinear forms due to the Schwarz theorem; cf. [3, Satz, pp. 125]. We
mention this technicality since it does not seem to be widely known that symmetry
can be proven without continuity of the highest derivative.

Example 2.5. The prime example for a self-concordant function is − ln : K →
R on K := R>0. More generally, we prove in Lemma 2.15 that − ln(q(x)) is self-
concordant on K := {x ∈ X : q(x) > 0} if q : X → R is quadratic and concave.
While − ln t is even pd self-concordant, this is not necessarily true for − ln(q(x)), as
we see from q ≡ c > 0. In the fundamental Lemma 3.12, we show self-concordance of
a functional that contains the smoothed minimum.

Definition 2.6. Let f : K → R be pd self-concordant on K. For all x ∈
K, f ′′(x) induces a scalar product via (v, w)f ′′(x) := f ′′(x)[v, w] and a norm via

‖v‖f ′′(x) :=
√
(v, v)f ′′(x), the local norm of v at x. Abusing this notation slightly, we

also employ it for self-concordant functions that are not pd, i.e., in cases where it is
only a seminorm.

Definition 2.7. Let f : K → R be a function. For x ∈ K and h ∈ X we define

Ix,h := {t ∈ R : x+ th ∈ K} and fx,h : Ix,h → R, fx,h(t) := f(x+ th).

Lemma 2.8. A thrice Fréchet differentiable function f : K → R is self-concordant
on K iff fx,h is self-concordant on Ix,h for all x ∈ K and all h ∈ X.

Proof. Convexity of f on K is equivalent to convexity of fx,h on Ix,h for all x ∈ K,
h ∈ X , as is readily seen. The inequality for self-concordance of fx,h is equivalent to

(2.1) |f ′′′(x+ th)[h, h, h]| ≤ 2 (f ′′(x + th)[h, h])
3
2

being satisfied for all t ∈ Ix,h. Since Ix,h ⊃ {0} holds, we obtain self-concordance of
f by the use of t = 0 in this inequality.

Conversely, fix x ∈ K, h ∈ X , and t ∈ Ix,h. Then x+ th ∈ K is valid. Using the
defining inequality of self-concordance of f with x+ th as a first argument, and both
h and −h as a second argument, we obtain (2.1). This finishes the proof.

Lemma 2.9. Let K1,K2 ⊂ X be open and convex sets with K := K1 ∩K2 �= ∅.
Let f1 : K1 → R and f2 : K2 → R be self-concordant on K1 and K2, respectively.
Then f(x) := f1(x) + f2(x) is self-concordant on the open and convex set K �= ∅.
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Proof. Using Lemma 2.8 it suffices to argue for the finite-dimensional case. In this
case, the assertion follows from the inequality a3/2+b3/2 ≤ (a+b)3/2 for a, b ≥ 0.

2.2. Self-concordant barrier functions.
Definition 2.10 (see [23]). We say that a continuous function f : K → R is a

barrier function for K iff it satisfies

(xk) ⊂ K, lim
k→∞

xk = x ∈ ∂K =⇒ lim
k→∞

f(xk) = +∞.

Here, ∂K denotes the boundary of K. We call f : K → R a (pd) self-concordant
barrier function forK iff f is (pd) self-concordant on K and a barrier function for K.

Remark 2.11. In [31], (pd) self-concordant barrier functions are called (nonde-
generate) strongly 1-self-concordant functions.

We examine the behavior of the local seminorm at x with respect to perturbations
in x. For self-concordant barrier functions, local norms contain feasibility information.

Lemma 2.12 (see [31, Theorem 2.1.1]). Let f : K → R be self-concordant on K.
Let x ∈ K and h̃ ∈ X with ‖h̃‖f ′′(x) < 1 and x+ h̃ ∈ K. Then the following holds for
all h ∈ X: (

1− ‖h̃‖f ′′(x)
) ‖h‖f ′′(x) ≤ ‖h‖f ′′(x+h̃) ≤

1

1− ‖h̃‖f ′′(x)
‖h‖f ′′(x) .

If, in addition, f is a barrier function for K, then ‖h̃‖f ′′(x) < 1 implies x+ h̃ ∈ K.
Proof. The inequalities can be proven exactly as in [31, Theorem 2.1.1 (i)]. In

doing so, it is used that self-concordance of f implies for all x ∈ K and all h1, h2, h3 ∈
X

|f ′′′(x)[h1, h2, h3]| ≤ 2
√
f ′′(x)[h1, h1]

√
f ′′(x)[h2, h2]

√
f ′′(x)[h3, h3].

This is an inequality between symmetric bilinear and trilinear forms. Fixing x ∈ K
and h1, h2, h3 ∈ X it suffices to establish this inequality on the vector space spanned by
{h1, h2, h3}. This shows that only a finite-dimensional version of the above inequality
is required. Such a version together with a proof can be found, e.g., in [22, Appendix].

For the second part of the proof, let x ∈ K and h̃ ∈ X with ‖h̃‖f ′′(x) < 1 be
given. We have to show 1 ∈ Ix,h̃. Since fx,h̃ : Ix,h̃ → R is a self-concordant bar-
rier function for Ix,h̃, we infer from the finite-dimensional version of Lemma 2.12
(see [31, Theorem 2.1.1 (ii)]) that 1 ∈ Ix,h̃ holds if ‖1‖f ′′

x,h̃
(0) < 1 is valid. This

follows with ‖1‖2f ′′
x,h̃

(0) = f ′′
x,h̃

(0) = f ′′(x)[h̃, h̃] = ‖h̃‖2f ′′(x) from the prerequisite

‖h̃‖f ′′(x) < 1.
Remark 2.13. The inequalities of the previous lemma are sometimes used to

define the class of (strongly nondegenerate) self-concordant functions; see, e.g., [34,
section 2.2.1]. This broadens the class of self-concordant functions slightly since, then,
self-concordant functions are allowed to be only twice continuously differentiable in-
stead of thrice Fréchet differentiable. The definition of self-concordance we employ
is, however, more suitable if one wants to check whether a given function is self-
concordant. And indeed, proving self-concordance of certain barrier functions is an
important part of this paper. Furthermore, it can be shown that in the case of thrice
Fréchet differentiable functions, the definition via the inequalities of Lemma 2.12 to-
gether with f being pd is equivalent to the definition of a pd self-concordant barrier
function in the sense of Definition 2.10; see [34, section 2.5].

Lemma 2.14. Let f : K → R be self-concordant on K. If there exists x ∈ K
such that f ′′(x) is positive definite, then f is pd self-concordant on K.
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Furthermore, if K does not contain a straight line, then every self-concordant
barrier function for K is pd self-concordant on K.

Proof. Let there be x̃ ∈ K, h ∈ X \ {0} such that f ′′(x̃)[h, h] = 0 holds. We show
that this implies f ′′(x)[h, h] = 0 for all x ∈ K. This suffices. Let x ∈ K, and denote
I := [0, 1], γ : I → K, γ(t) := x̃ + t(x − x̃), and ϕ : I → R≥0, ϕ(t) := f ′′(γ(t))[h, h].
Then we have

ϕ′(t) = f ′′′(γ(t))[h, h, x− x̃] ≤ 2f ′′(γ(t))[h, h]√f ′′(γ(t))[x− x̃, x− x̃]

for all t ∈ I, where we used the same inequality for trilinear forms as in the proof of
Lemma 2.12. Due to the extreme value theorem there exists M ≥ 0 such that ϕ′(t) ≤
Mf ′′(γ(t))[h, h] = Mϕ(t) holds for all t ∈ I. Thus, Gronwall’s inequality together
with ϕ(0) = 0 yields ϕ ≡ 0 on I. In particular, it holds that 0 = ϕ(1) = f ′′(x)[h, h].

For the second part, let there again be x̃ ∈ K, h ∈ X\{0} such that f ′′(x̃)[h, h] = 0
holds. We have shown in the first part that this implies f ′′(x)[h, h] = 0 for all x ∈ K.
Now fix x ∈ K, and consider fx,h : Ix,h → R. Since there holds f ′′

x,h ≡ 0 on Ix,h,
fx,h is affine linear on Ix,h. Hence, the barrier property of f yields Ix,h = R; i.e., K
contains the straight line x+ th, t ∈ R.

Lemma 2.15. Let q : X → R be quadratic and concave, and suppose that K :=
{x ∈ X : q(x) > 0} is nonempty. Then f : K → R, f(x) := − ln(q(x)), is a
self-concordant barrier function for K.

Proof. Let x ∈ K and h ∈ X . Using q′′′ ≡ 0 and the notation q := q(x),
q′ := q′(x)[h], q′′ := q′′(x)[h, h], we obtain

f ′′(x)[h, h] =
(q′)2 − qq′′

q2
≥ 0 on K, f ′′′(x)[h, h, h] =

3qq′q′′ − 2 (q′)3

q3
.

Hence, it is enough to show that (3qq′q′′−2(q′)3)2 ≤ 4((q′)2−qq′′)3. For the left-hand
side we have (3qq′q′′ − 2(q′)3)2 ≤ 4(q′)6 − 12q(q′)4q′′ +12(qq′q′′)2. For the right-hand
side we use qq′′ ≤ 0 to deduce 4((q′)2−qq′′)3 ≥ 4(q′)6−12q(q′)4q′′+12(qq′q′′)2. These
estimates imply that f is self-concordant on K. Eventually, f is a barrier function
for K since it holds that ∂K ⊂ {x ∈ X : q(x) = 0}.

If K does not contain a straight line and if f : K → R is a self-concordant
barrier function for K, then f is pd self-concordant on K according to Lemma 2.14.
If X is finite-dimensional, then this implies that f ′′(x) is invertible for all x ∈ K.
However, since we allow infinite-dimensional choices for X , it may occur that f is a
pd self-concordant barrier function for K, but f ′′(x) fails to be continuously invertible
nonetheless.

Example 2.16. Consider the separable Hilbert space X := 
2(R), i.e., the space
of square summable real sequences with scalar product (v, w)�2 :=

∑∞
k=1 vkwk and

corresponding induced norm. Let q : X → R denote the concave quadratic function
q(x) := 1 − 1

2

∑∞
k=1 k

−2x2
k. By Lemma 2.15, f(x) := − ln (q(x)) is a self-concordant

barrier function for K := {x ∈ X : q(x) > 0}. Since K does not contain a straight line,
f is pd self-concordant on K. In particular, f ′′(x̄) is positive definite at x̄ := 0 ∈ K.
We now demonstrate that f ′′(x̄) ∈ L(X,X∗) is not continuously invertible. In fact,
f ′′(x̄)(h1)(h2) =

∑∞
k=1 k

−2h1kh2k holds. Hence, f ′′(x̄)(j2ej) = (ej , ·)�2 , and thus the
preimage of the unit ball is not bounded. In conclusion, f ′′(x̄) is not continuously
invertible.

The previous example shows that we require a stronger condition than pd self-
concordance if we want to apply Newton’s method.

Definition 2.17. Let f : K → R be self-concordant on K. We call f nondegen-
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erate self-concordant on K iff f ′′(x) ∈ L(X,X∗) is invertible for every x ∈ K.
Remark 2.18. For finite-dimensional X , pd self-concordance and nondegenerate

self-concordance coincide.
The following quantity is crucial for interior point methods in the framework of

self-concordance.
Definition 2.19. Let f : K → R be nondegenerate self-concordant on K. Here

and in the following, denote by nx ∈ X the Newton step for f at x. Then λ(x) :=
λf (x) := ‖nx‖f ′′(x) is called the Newton decrement of f at x.

Lemma 2.20. Let f : K → R be a nondegenerate self-concordant barrier function
for K. Let x ∈ K, and define σ := 1

1+λ(x) . Then there hold x+ σnx ∈ K and

f(x)− f(x+ σnx) ≥ λ(x) − ln
(
1 + λ(x)

)
.

Proof. Due to ‖σnx‖f ′′(x) = λ(x)/(1+λ(x)) < 1, Lemma 2.12 implies x+σnx ∈ K.
Defining h := nx it hence suffices to argue that the asserted estimate follows from the
finite-dimensional counterpart of Lemma 2.20. To this end, let h �= 0. This implies
f ′′
x,h(0) = ‖h‖2f ′′(x) > 0. Hence, the Newton step h̃ for fx,h at t := 0 ∈ R is given

by h̃ = −f ′
x,h(0)/f

′′
x,h(0). We have h̃ = 1 due to f ′

x,h(0) = f ′(x)[h] = −‖h‖2f ′′(x) =

−f ′′
x,h(0). Defining σ̃ := 1/(1+ ‖h̃‖f ′′

x,h(0)
) it holds that ‖h̃‖f ′′

x,h(0)
= ‖1‖f ′′

x,h(0)
= λ(x),

which shows that σ̃ = σ by definition of σ and σ̃. In particular, σ̃ < min{1, 1/λ̃} is
satisfied with λ̃ := ‖h̃‖f ′′

x,h
(0). The finite-dimensional version of Lemma 2.20, which

can be found in [31, Theorem 2.2.1; the inequality σ̃ < min{1, 1/λ̃} is used to apply
this theorem], yields the estimate

fx,h(t)− fx,h(t+ σ̃h̃) ≥ λ̃− ln(1 + λ̃).

Using t = 0, h̃ = 1, σ̃ = σ, and λ̃ = λ(x) this establishes the assertion.
Lemma 2.21. Let f : K → R be a nondegenerate self-concordant barrier function

for K, and let x ∈ K with λ(x) < 1 be given. Set σ := 1
1+λ(x) , and denote x+ := x+nx

and xσ := x+ σnx. Then there hold x+, xσ ∈ K together with the estimates

(2.2) λ(x+) ≤
(

λ(x)

1− λ(x)

)2

, λ(xσ) ≤ 2λ(x)2, and f ′(x+)[nx] ≤ λ(x)3

1− λ(x)
.

Proof. We number the three estimates in (2.2) as (1), (2), and (3). Combining
ideas of [24, pp. 366-370] and [30, Chapter 2, IX], we demonstrate these three estimates
simultaneously. To this end, denote by nx, nxσ , and nx+ the Newton steps at x, xσ,
and x+. Furthermore, we abbreviate λ := λ(x), λσ := λ(xσ), and λ(x+) := λ+.
Defining I := [0, 1] and γ : I → X , γ(t) := x + tnx, we conclude that γ(I) ⊂ K from
Lemma 2.12. In particular, we have xσ, x+ ∈ K. Lemma 2.12 also implies for all
h ∈ X and all t ∈ I

(2.3)
∣∣f ′′(γ(t))[h, h]− f ′′(x)[h, h]

∣∣ ≤
(

1

(1− tλ)
2 − 1

)
‖h‖2f ′′(x).

Here, we used 1− (1− s)2 ≤ 1
(1−s)2 − 1 for all s ∈ [0, 1) with s := tλ. For h ∈ X , set

ϕh : I → R, ϕh(t) := (1− t)f ′(x)[h]− f ′(γ(t))[h].
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Due to (2.3) and the positive definiteness of f ′′(x), we can apply the generalized
Cauchy–Schwarz inequality; see [22, Appendix A.1.] or [26, Lemma C.1.5]. This
yields for all t ∈ I

ϕ′
h(t) = f ′′(x)[nx, h]− f ′′(γ(t))[nx, h]

≤ r(t)
√

f ′′(x)[nx, nx]
√
f ′′(x)[h, h] = λr(t)‖h‖f ′′(x),

(2.4)

with r : I → R, r(t) := 1
(1−tλ)2 − 1. We now prove (1) and (3). Since we have

ϕnx+ (1) = −f ′(x+)[nx+ ] =
(
λ+

)2
and ϕnx(1) = −f ′(x+)[nx],

it suffices to establish ϕnx+ (1) ≤ λ+
(

λ
1−λ

)2
as well as |ϕnx(1)| ≤ λ3

1−λ . Hence, (2.4)
and Lemma 2.12 imply (1) via

ϕnx+ (1) =

∫ 1

0

ϕ′
nx+

(t) dt ≤ λ‖nx+‖f ′′(x)

∫ 1

0

r(t) dt ≤ λ
λ+

1− λ

λ

1− λ
,

and (3) follows from |ϕnx(1)| ≤ λ2
∫ 1

0 r(t) dt = λ3

1−λ . It remains to prove (2). With

the definition of σ we obtain ϕnxσ (σ) = (λσ)
2 − λ

1+λf
′′(x)[nx, nxσ ]. Using

λ

1 + λ
f ′′(x)[nx, nxσ ] ≤ λ2

1 + λ
‖nxσ‖f ′′(x) ≤ λ2

1 + λ

1

1− σλ
‖nxσ‖f ′′(xσ) = λ2λσ

it thus suffices to prove ϕnxσ (σ) ≤ λσλ2. Analogously as for (1) and (3), this follows
from ϕnxσ (σ) ≤ λ‖nxσ‖f ′′(x)

∫ σ

0
r(t) dt ≤ λλσ

1−σλ

[
1

λ(1−tλ) − t
]σ
0
= λσλ2.

Definition 2.22. Let f : K → R be nondegenerate self-concordant on K. For
t ≥ 0 we denote Λ(t) := {x ∈ K : λ(x) ≤ t}. Moreover, we set Λ := Λ

(
1
4

)
.

Lemma 2.23. Let f : K → R be a nondegenerate self-concordant barrier function
for K with Λ �= ∅. Then there exists a unique and global minimizer x̄ ∈ K of
the barrier problem minx∈K f(x). Moreover, Newton’s method with starting point
x0 ∈ Λ generates a sequence (xk) ⊂ Λ that converges strongly to x̄. Also, we have the
estimates

∥∥x0 − x̄
∥∥
f ′′(x0)

≤ 10
(
λ(x0)

)2
and |f(x0)− f(x̄)| ≤

(
λ(x0)

)2
1− (

16
9 λ(x0)

)2 .
Proof. Preliminaries: Since f is nondegenerate, f ′′(x0) is boundedly invert-

ible. In particular, we have ‖h‖f ′′(x0) ≤ ‖f ′′(x0)‖1/2L(X,X∗)‖h‖X and, by use of the

Cauchy–Schwarz inequality, ‖h‖X ≤ ‖f ′′(x0)−1‖L(X∗,X)‖f ′′(x0)‖1/2L(X,X∗)‖h‖f ′′(x0) for

every h ∈ X . Hence, ‖·‖X and ‖·‖f ′′(x0) are equivalent. Moreover, we deduce from

Lemma 2.21 that λ(xk) ≤ 1
4 holds true for all k, i.e., (xk) ⊂ Λ. We argue for the case

where Newton’s method does not terminate finitely; the case of finite termination can
be treated analogously but is simpler. Thus, we have ‖nxk‖f ′′(xi) �= 0 for all k, i ∈ N0.

Since f is strictly convex, there exists at most one (necessarily global) minimizer x̄.
Part I. We prove existence of x̄, limk→∞ xk = x̄, and the first asserted estimate.

Part a. We show by induction for all k ∈ N0 that λ(xk+1) ≤ 4 · ( 49)k+1
λ(x0)2.

For k = 0, the application of Lemma 2.21 with x+ = x1 provides

λ(x1) ≤
(

λ(x0)

1− λ(x0)

)2

≤ 16

9
λ(x0)2 = 4 · 4

9
λ(x0)2,
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where we used the prerequisite x0 ∈ Λ, i.e., λ(x0) ≤ 1
4 .

For k ∈ N, Lemma 2.21 and the induction hypothesis yield

λ(xk+1) ≤
[

λ(xk)

(1− λ(xk))
2

]
·
[
4 ·

(
4

9

)k

λ(x0)2

]
≤ 4 ·

(
4

9

)k+1

λ(x0)2,

where we used λ(xk) ≤ 1
4 due to (xk) ⊂ Λ; see preliminaries.

Part b. We prove by induction for all k ∈ N0 that ‖nxk+1‖f ′′(x0) ≤ 4·(1627)k+1
λ(x0)2.

In fact, using Lemma 2.12 and ‖nxk‖f ′′(xi) �= 0 for all k, i ∈ N0, we deduce

‖nxk+1‖f ′′(x0) = ‖nxk+1‖f ′′(xk+1)

k∏
i=0

‖nxk+1‖f ′′(xi)

‖nxk+1‖f ′′(xi+1)

≤ λ(xk+1)
k∏

i=0

1

1− ‖nxi‖f ′′(xi)

.

Here, we employed ‖nxi‖f ′′(xi) = λ(xi) ≤ 1
4 < 1 for all i ∈ N0. This also implies

‖nxk+1‖f ′′(x0) ≤ λ(xk+1)
k∏

i=0

1

1− ‖nxi‖f ′′(xi)

≤ λ(xk+1)

(
4

3

)k+1

.

Together with the estimate from part a, this concludes part b.
Part c. The estimate in part b shows that (xk) is a Cauchy sequence w.r.t.

‖·‖f ′′(x0) since we have ‖xn − xm‖f ′′(x0) ≤ ∑n−1
i=m‖nxi‖f ′′(x0) ≤ 4λ(x0)2

∑n−1
i=m

(
16
27

)i
for all m,n ∈ N0 with 0 ≤ m < n. Since ‖·‖f ′′(x0) and ‖·‖X are equivalent, we can

define x̄ := limk→∞ xk. In particular, (xk) converges strongly to x̄, and for m = 0 and

n → ∞ we obtain ‖x0− x̄‖f ′′(x0) ≤ 4λ(x0)2
∑∞

k=0

(
16
27

)k ≤ 10λ(x0)2, which establishes
the first of the two asserted estimates and implies x̄ ∈ K via Lemma 2.12 and x0 ∈ Λ.

Part d. By demonstrating f ′(x̄) = 0 we prove that x̄ is a minimizer of f .
Due to |f ′(xk)[h]| = |f ′′(xk)[nxk , h]| ≤ λ(xk)‖h‖f ′′(xk) for all h ∈ X , k ∈ N0,

and limk→∞ λ(xk) = 0 (see part a), it suffices to show boundedness of (‖h‖f ′′(xk)).

Lemma 2.12 yields ‖h‖f ′′(xk) ≤ (
∏k−1

i=0
1

1−λ(xi) )‖h‖f ′′(x0). Hence, it is sufficient to

show that
∑∞

i=0 ln
1

1−λ(xi) exists. From λ(xi) ≤ 1
4 we infer 1

1−λ(xi) ≤ 1 + 2λ(xi) for

all i. Thus, there holds

∞∑
i=0

ln
1

1− λ(xi)
≤

∞∑
i=0

ln
(
1 + 2λ(xi)

) ≤ ∞∑
i=0

2λ(xi),

where we used ln(1+ t) ≤ t. The existence of
∑∞

i=0 ln
1

1−λ(xi) now follows from part a.

Part II. It remains to establish the second estimate. The convexity of f yields
f(xk +nxk) ≥ f(xk)+ f ′(xk)[nxk ] = f(xk)−λ(xk)2 for all k ∈ N0. From Lemma 2.21

we infer λ(xk) ≤ (169 λ(x
0))2

k−1λ(x0) for all k ∈ N0. With f(xk) → f(x̄) this implies

f(x0)− f(x̄) =

∞∑
k=0

(
f(xk)− f(xk+1)

) ≤ ∞∑
k=0

(
λ(xk)

)2

≤ λ(x0)2
∞∑
k=0

[(
16

9
λ(x0)

)2k−1
]2

≤ λ(x0)2
∞∑
k=0

[(
16

9
λ(x0)

)2
]k

,

thereby concluding the proof.



778 FLORIAN KRUSE AND MICHAEL ULBRICH

2.3. Self-bounded functions.
Definition 2.24 (see [23]). We say that a twice continuously differentiable

function b : K → R is self-bounded on K iff there exists a constant ϑb ≥ 0 with

(b′(x)[h])2 ≤ ϑb · b′′(x)[h, h]
for all x ∈ K and all h ∈ X. We call ϑb the constant of self-boundedness of b and
also refer to b as a ϑb-self-bounded function. If b is, in addition, self-concordant on
K, we then speak of a ϑb-self-concordant function on K.

Lemma 2.25. A twice continuously differentiable function b : K → R is self-
bounded on K with constant ϑb ≥ 0 iff for every x ∈ K and every h ∈ X the function

bx,h : Ix,h → R, bx,h(t) := b(x+ th)

is ϑb-self-bounded on Ix,h = {t ∈ R : x+ th ∈ K}.
Proof. This follows readily from the definition.
Remark 2.26. Obviously, every self-bounded function is convex. The converse,

however, is not true, as the example b : R → R, b(x) := x2 implies for x → ∞.
Lemma 2.27. A twice continuously differentiable function b : K → R is self-

bounded on K with constant ϑb > 0 iff Ψ : K → R, Ψ(x) := e−b(x)/ϑb is concave.
Proof. Since Ψ is concave on K iff Ψ′′(x)[h, h] ≤ 0 holds for all x ∈ K and all

h ∈ X , the assertion becomes evident by computing Ψ′′(x)[h, h].
Corollary 2.28. Let B : X → R be twice continuously differentiable and

concave, and let C ≥ 0. Suppose that K := {x ∈ X : B(x) > 0} is nonempty. Then
b : K → R, b(x) := −C ln(B(x)) is C-self-bounded on K.

Lemma 2.29. Let b : K → R be ϑb-self-bounded on K. Then we have

b′(x)[y − x] ≤ ϑb and b(y)− b(x) ≤ ϑb

∣∣ln(1− ωx(y)
)∣∣

for all x, y ∈ K, where ωx : K → [0, 1) denotes ωx(y) := inf{t > 0 : x+ y−x
t ∈ K}.

Proof. First estimate. Define h := y − x, and consider bx,h. We need to show
b′x,h(0) ≤ ϑb and assume b′x,h(0) > 0 without loss of generality. This implies b′x,h(t) >
0 for all t ∈ I := Ix,h ∩ [0,∞) via monotonicity of b′x,h. Thus, the definition of

self-boundedness ensures b′′x,h(t)/(b
′
x,h(t))

2 ≥ 1
ϑb

for all t ∈ I. Integration yields

b′x,h(0)
−1 − b′x,h(t)

−1 ≥ t
ϑb

for all t ∈ I, which establishes b′x,h(0) ≤ ϑb/t. The
assertion follows for t = 1 ∈ I.

Second estimate. We define bx,h : Ix,h → R as above. It follows as in the proof
of the first estimate that b′x,h(t1) ≤ ϑb/(t2 − t1) holds for all t1, t2 ∈ Ix,h with t1 < t2
and b′x,h(t1) > 0. Obviously, b′x,h(t1) ≤ ϑb/(t2 − t1) is also true for all t1, t2 ∈ Ix,h
with t1 < t2 and b′x,h(t1) ≤ 0. This yields for all t2 ∈ Ix,h with t2 > 1

bx,h(1)− bx,h(0) =

∫ 1

0

b′x,h(t) dt ≤
∫ 1

0

ϑb

t2 − t
dt = ϑb

∣∣ln(1− t−1
2

)∣∣ .
Choosing for t2 a sequence that converges to the (possibly infinite) supremum of Ix,h,
we obtain t−1

2 → ωx(y) < 1. By continuity, this implies the assertion.
We present a sophisticated method to construct self-concordant barrier functions.

It works for appropriate functions.
Definition 2.30 (see [30] and [41]). A thrice Fréchet differentiable concave

function A : K → R is said to be β-appropriate for R>0 iff there is β ≥ 0 with
A′′′(x)[h, h, h] ≤ −3βA′′(x)[h, h] for all x ∈ K and all h ∈ X that satisfy x±h ∈ K.

Lemma 2.31. Let A : K → R be β-appropriate for R>0, and let f : K → R be a
ϑf -self-concordant barrier function for K. Moreover, let E := {x ∈ K : A(x) > 0} be
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nonempty, and let C ≥ 1 and Ĉ ≥ max{1, β2}. Then E is open and convex, and

G : E → R, G(x) := −C ln (A(x)) + Ĉf(x)

is a ϑ-self-concordant barrier function for E, where ϑ is given by ϑ := C + Ĉϑf .
Remark 2.32. Roughly speaking, this result shows that for an appropriate map-

ping A it is possible to create a self-concordant and self-bounded barrier function via
x �→ − ln(A(x)) if a suitably weighted ϑf -self-concordant barrier function f is added.
The importance of this result lies in the fact that x �→ −C ln(A(x)) is, in general, not
self-concordant. It is, however, self-bounded with constant C; cf. Corollary 2.28.

Proof. Clearly, E is open and convex. To show that G is a barrier function for E,
let (xk) ⊂ E satisfy limk→∞ xk = x̄ ∈ ∂E. We need to establish limk→∞ G(xk) = ∞.
Due to (xk) ⊂ K, there holds either x̄ ∈ ∂K or x̄ ∈ K. If x̄ ∈ K holds, we then have
limk→∞ A(xk) = A(x̄) = 0+, which implies −C ln(A(xk)) → ∞ for k → ∞. Since
limk→∞ Ĉf(xk) = Ĉf(x̄) is true, we obtain limk→∞ G(xk) = ∞. In the case x̄ ∈ ∂K,
we have f(xk) → ∞ for k → ∞. Thus, it suffices to show that (A(xk)) is bounded from
above. Since (xk) is convergent, this follows from A(xk) ≤ A(x0) +A′(x0)[xk − x0].

It remains to establish that G is ϑ-self-concordant on E. To this end, it suffices
to show for x ∈ E and h ∈ X that Gx,h is self-concordant and self-bounded with
constant ϑ on IEx,h := {t ∈ R : x + th ∈ E}; cf. Lemmas 2.8 and 2.25. Since we

have Gx,h(t) = −C ln(Ax,h(t)) + Ĉfx,h(t), self-concordance and self-boundedness of
Gx,h on IEx,h with constant ϑ follow from the finite-dimensional counterpart of the

assertion. More precisely, we apply [30, Theorem 9.1.1] with F+ ≡ −C ln, A ≡ Ax,h,

F− ≡ Ĉfx,h

max{1,β2} , G
+ = R≥0, G

− = IKx,h, G = IEx,h, ϑ+ = C, ϑ− =
Ĉϑf

max{1,β2} . Here,

as required in [30], F− is a ϑ−-self-concordant barrier for G− and Ax,h : IKx,h → R is

β-appropriate for G+. The latter holds true since

A′′′
x,h(t)[s, s, s] = A′′′(x+ th)[sh, sh, sh] ≤ −3βA′′(x+ th)[sh, sh] = −3βA′′

x,h(t)[s, s]

is valid for all t ∈ IKx,h and all s ∈ R with t± s ∈ IKx,h.

2.4. Barrier methods.

2.4.1. Preliminaries. We want to develop a barrier method to solve (PSC), i.e.,

(PSC) min
x∈X

j(x) s.t. x ∈ K.

To this end, we impose the following assumption.
Assumption 2.33.

• K ⊂ X is a nonempty, open, and convex subset of the Hilbert space (X, ‖·‖X).
• The objective j : K → R is thrice Fréchet differentiable and convex.
• The function b : K → R is ϑb-self-bounded with ϑb ≥ 1, and there exists
μs > 0 such that for every μ ∈ Is := (0, μs] the function

fμ : K → R, fμ(x) :=
j(x)

μ
+ b(x)

is a nondegenerate self-concordant barrier function for K.
• For μ ∈ Is and x ∈ K we denote λμ(x) := λfμ (x). Moreover, we define
Λμ(t) := {x ∈ K : λμ(x) ≤ t} and Λμ := Λμ

(
1
4

)
for μ ∈ Is and t ≥ 0.

Equipped with this notation, we suppose, finally, that Λμs �= ∅ holds.
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Remark 2.34. The assumption Λμs �= ∅ is, e.g., fulfilled if a minimizer of fμs on K
exists. If fμs

: K → R is a self-concordant barrier function for K, then the existence
of such a minimizer follows if fμs possesses at least one nonempty and bounded lower
level set. This is, in particular, satisfied if K is bounded.

Remark 2.35. Since one would expect minimizers of (PSC) to lie on the boundary
∂K of K, it seems unnatural to require K to be open. However, when we apply the
results of this section, j is a barrier function for K. In that setting, minimizers of
(PSC) do not belong to ∂K, and j is not real-valued on ∂K. Therefore, we work with
K open. In [26, section 2.4], the feasible set is allowed to be open or closed with
nonempty interior. However, this comes at the expense of additional technicalities.

Lemma 2.36. Let Assumption 2.33 hold. Fix θ ∈ (0, 14 ] and δ ∈ [0,
√
ϑb). Let

μ ∈ Is and x ∈ Λμ(θ). Define β := 1− δ√
ϑb
, x+ := x+ nx, and μ+ := βμ. Then

λμ+(x
+) ≤

θ2

(1−θ)2 + δ

β

holds true. In particular, x+ ∈ Λμ+(θ) is satisfied for all δ ≥ 0 with δ ≤ θ
(
1− θ

(1−θ)2

)
1+ θ√

ϑb

.

Proof. It suffices to establish the first estimate. We may assume λμ+(x
+) > 0.

Fix x̃ ∈ K and h ∈ X . Let n+
x̃ and nx̃ denote the Newton steps for fμ+ and fμ at

x̃. A simple computation shows f ′′
μ+

(x̃)[n+
x̃ , h] − μ

μ+
f ′′
μ (x̃)[nx̃, h] = ( μ

μ+
− 1)b′(x̃)[h].

Inserting x̃ = x+ and h = n+
x+ , we obtain

λμ+(x
+)2 =

μ

μ+
f ′′
μ (x

+)[nx+ , n+
x+ ] +

(
μ

μ+
− 1

)
b′(x+)[n+

x+ ].

The Cauchy–Schwarz inequality, self-boundedness of b, and convexity of j yield

λμ+(x
+)2 ≤ 1

β
λμ(x

+)λμ+ (x
+) +

1

β

√
ϑb (1− β)λμ+(x

+).

Dividing by λμ+(x
+) > 0 the assertion follows from Lemma 2.21 with x ∈ Λμ(θ).

Corollary 2.37. Let Assumption 2.33 hold. Then Λμ �= ∅ for all μ ∈ Is.
Proof. Due to Assumption 2.33 there exists x ∈ K with λμs(x) ≤ 1

4 . Hence, the

previous lemma applied with μ = μs, θ = 1
4 , δ =

θ(1− θ
(1−θ)2

)

1+ θ√
ϑb

> 0, and β ∈ [1− δ√
ϑb
, 1)

yields Λμ �= ∅ for all μ ∈ [(1 − δ√
ϑb
)μs, μs]. Applying this lemma again, we obtain

Λμ �= ∅ for all μ ∈ [(1− δ√
ϑb
)2μs, μs]. By iteration of this argument we thus conclude

Λμ �= ∅ for all μ ∈ (0, μs] = Is.
Corollary 2.38. Let Assumption 2.33 hold. Then fμ possesses exactly one

minimizer for every μ ∈ Is, denoted by x̄μ ∈ K. In addition, this minimizer is
global.

Proof. For every fixed μ ∈ Is, Corollary 2.37 shows that there exists x ∈ K with
λμ(x) ≤ 1

4 . Hence, Lemma 2.23 implies the assertion.
Definition 2.39. We call Is � μ �→ x̄μ ∈ X the central path.
Lemma 2.40. Let Assumption 2.33 be valid. For μ ∈ Is and x0 ∈ Λμ it holds

that

∣∣j(x0)− j(x̄μ)
∣∣ ≤ λμ(x

0)

1− 16
9 λμ(x0)

·
√
ϑb + λμ(x

0)2

1− λμ(x0)
· μ.
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Proof. We set x := x0 and denote by nx the Newton step at x. First, we prove

(2.5)
|j(x+ nx)− j(x)|

μ
≤ λμ(x)

3 +
√
ϑb · λμ(x)

1− λμ(x)
.

Since j is convex on K, we have

(2.6) j′(x)[nx] ≤ j(x+ nx)− j(x) ≤ j′(x+ nx)[nx].

From the structure of fμ we derive j′(x)[nx]
μ = −λμ(x)

2−b′(x)[nx]. Self-boundedness of

b and convexity of j imply j′(x)[nx]
μ ≥ −λμ(x)

2−
√
ϑb · f ′′

μ (x)[nx, nx]. This establishes

(2.7)
j′(x)[nx]

μ
≥ −λμ(x)

2 −
√
ϑb · λμ(x).

Analogously, we obtain

j′(x+ nx)[nx]

μ
≤ f ′

μ(x+ nx)[nx] +
√
ϑb‖nx‖f ′′

μ (x+nx).

Lemma 2.21 yields f ′
μ(x + nx)[nx] ≤ λμ(x)

3

1−λμ(x)
, while Lemma 2.12 allows us to infer

‖nx‖f ′′
μ (x+nx) ≤ λμ(x)

1−λμ(x)
. From these results we deduce

j′(x+ nx)[nx]

μ
≤ λμ(x)

3 +
√
ϑb · λμ(x)

1− λμ(x)
.

In combination with (2.7), this estimate implies via (2.6)

|j(x+ nx)− j(x)|
μ

≤ max

{
λμ(x)

2 +
√
ϑb · λμ(x),

λμ(x)
3 +

√
ϑb · λμ(x)

1− λμ(x)

}
.

Using ϑb ≥ 1 it is readily shown that the maximum in the above expression is given by
λμ(x)

3+
√
ϑb·λμ(x)

1−λμ(x)
. In conclusion, we proved (2.5). To obtain the assertion, we apply

Newton’s method to fμ with starting point x0. This yields a sequence (xk) ⊂ Λμ

with limk→∞ xk = x̄μ ∈ K; see Lemma 2.23. We argue only for the case when
(xk) ⊂ Λμ is infinite; the finite case can be treated similarly. Continuity of j implies

limk→∞ j(xk) = j(x̄μ). Also, we infer from Lemma 2.21 via t ≥ (
t

1−t

)2
for t ∈ [0, 1

4 ]

that λμ(x
k) ≤ λμ(x

0) holds for all k ∈ N0. In combination with (2.5), this implies

(2.8)

∣∣j(x0)− j(x̄μ)
∣∣

μ
=

1

μ
·
∣∣∣∣∣
∞∑
k=0

(
j(xk)− j(xk+1)

)∣∣∣∣∣ ≤ λμ(x
0)2 +

√
ϑb

1− λμ(x0)
·

∞∑
k=0

λμ(x
k).

From Lemma 2.21 with x+ = xk we deduce readily by induction that there holds

λμ(x
k) ≤ (169 λμ(x

0))2
k−1λμ(x

0) for all k ∈ N0. Hence,

(2.9)

∞∑
k=0

λμ(x
k) ≤

∞∑
k=0

[(
16

9
λμ(x

0)

)(2k−1)
· λμ(x

0)

]
≤ λμ(x

0)

1− 16
9 λμ(x0)

.

Together, (2.8) and (2.9) establish the assertion.
Lemma 2.41. Let Assumption 2.33 hold. For all μ ∈ Is we have

|j(x̄μ)− j̄| ≤ μϑb,

where j̄ denotes j̄ := infx∈K j(x).
Proof. Fix μ ∈ Is and x ∈ K. From the convexity of j, f ′

μ(x̄μ) = 0, and
Lemma 2.29, we obtain j(x̄μ)− j(x) ≤ j′(x̄μ)[x̄μ − x] = μb′(x̄μ)[x − x̄μ] ≤ μϑb.
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2.4.2. A short-step method.

Algorithm SSM (short-step method)

Input: Parameters (θ, μ0) ∈ (0, 1
4
]× Is, starting point x0 ∈ Λμ0(θ).

Set δ :=
θ

(
1− θ

(1−θ)2

)

1+ θ√
ϑb

and β := 1− δ√
ϑb

.

FOR k = 0, 1, 2, . . . :

Compute the Newton step sk ∈ X by solving f ′′
μk

(xk)[sk] = −f ′
μk

(xk) in X∗.

Set xk+1 := xk + sk and μk+1 := βμk.

Remark 2.42. To find x0 ∈ Λμ0(θ), a phase one may be employed. For details,
and in particular for complexity estimates, we refer the reader to [26, 31, 34] and
Remark 2.52.

Theorem 2.43. Let Assumption 2.33 be satisfied. Then Algorithm SSM gener-
ates a sequence (xk) ⊂ K with xk ∈ Λμk

(θ) for all k ∈ N0, and for every k ∈ N0 we
have the following:

(1) To reach iteration k (more precisely, to reach the FOR statement in SSM for
the (k + 1)th time), Algorithm SSM requires exactly k Newton steps.

(2) The sequence (j(xk)) converges with r-linear rate β to the optimal value j̄ :=
infx∈K j(x) of (PSC). More precisely, there holds

(2.10) |j(xk)− j̄| ≤ (
ϑb +

√
ϑb

)
μk =

(
ϑb +

√
ϑb

)
βkμ0.

(3) For every ε̂ > 0 we have the complexity estimate

(2.11) k ≥
√
ϑb

δ
ln

(
μ0(ϑb +

√
ϑb)

ε̂

)
=⇒ ∣∣j(xk)− j̄

∣∣ ≤ ε̂.

(4) If the objective function j is uniformly convex on K with respect to a norm
||| · ||| and if (PSC) possesses a minimizer x̄ ∈ K, then it holds that

(2.12) |||xk − x̄||| ≤
√

4

α

√
ϑb +

√
ϑb

√
μk,

where α > 0 denotes the convexity modulus of j with respect to |||·|||; i.e., it
holds that j′′(x)[h, h] ≥ α|||h|||2 for all x ∈ K, h ∈ X. In particular, (xk)
then converges r-linearly with rate

√
β and |||·|||-strongly to x̄, and we have

for every ε̂ > 0 the complexity estimate

(2.13) k ≥ 2
√
ϑb

δ
ln

⎛
⎝
√

4
α

√
μ0(ϑb +

√
ϑb)

ε̂

⎞
⎠ =⇒ |||xk − x̄||| ≤ ε̂.

Proof. Lemma 2.36 implies (xk) ⊂ K with xk ∈ Λμk
(θ) for all k ∈ N0. (1) is

evident. With Lemma 2.40, Lemma 2.41, and ϑb ≥ 1, we obtain (2.10):

|j(xk)− j̄| ≤ |j(xk)− j(x̄μk
)|+ |j(x̄μk

)− j̄|

≤
[

λμk
(xk)

√
ϑb + λμk

(xk)3(
1− 16

9 λμk
(xk)

) · (1− λμk
(xk))

+ ϑb

]
μk

≤
[

1
4

√
ϑb +

1
64

√
ϑb

(1− 4
9 ) · (1− 1

4 )
+ ϑb

]
μk ≤

[√
ϑb + ϑb

]
μk =

[√
ϑb + ϑb

]
βkμ0.
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Here, Lemma 2.40 is applicable since xk ∈ Λμk
holds for all k ∈ N0.

Assertion (2.11) follows from (2.10) by use of − 1
ln β ≤ 1

1−β .

In view of (2.10), to establish (2.12) it suffices to prove |||x−x̄||| ≤
√

4
α

√
j(x) − j(x̄)

for all x ∈ K. From the uniform convexity of j we infer

α

4
|||x− x̄|||2 ≤ j(x) + j(x̄)− 2 j

(x
2
+

x̄

2

)
≤ j(x)− j(x̄),

where we used that x̄ ∈ K is a global minimizer for j.

Eventually, (2.13) follows from |||x−x̄||| ≤
√

4
α

√
j(x)− j(x̄) by use of (2.11).

Remark 2.44. Based on (2.10), (2.11), (2.12), or (2.13), various termination
criteria are conceivable for Algorithm SSM.

2.4.3. A long-step method.

Algorithm LSM (long-step method)

Input: Parameters (θ, μ0) ∈ (0, 1
4
]× Is, βmin, βmax ∈ (0, 1) with βmin ≤ βmax,

starting point x0 ∈ Λμ0(τ ) with τ := max{1− 1√
2
,
√

θ
2
}.

FOR k = 0, 1, 2, . . . :

Compute the Newton step sk ∈ X by solving f ′′
μk

(xk)[sk] = −f ′
μk

(xk) in X∗.

CALL Algorithm LSMSUB with (xk, sk, μk, θ) and denote its return value by xk+1.

Choose βk ∈ [βmin, βmax] and set μk+1 := βkμk.

Algorithm LSMSUB (subroutine for Algorithm LSM)

Input: (x, s, μ, θ) ∈ K ×X × R>0 × (0, 1
4
], where s is the Newton step for fμ at x.

Output: x̃ ∈ Λμ(θ).

Set x̃0 := x, s̃0 := s, τ1 :=
√

θ
2
, and τ2 := min

{
1− 1√

2
, τ1

}
.

FOR l = 0, 1, 2, . . . :

IF λμ(x̃
l) ≤ τ1, THEN x̃ := x̃l + s̃l

1+λμ(x̃l)
.

IF λμ(x̃
l) ≤ τ2 AND fμ(x̃

l + s̃l) ≤ fμ(x̃), THEN x̃ := x̃l + s̃l.

IF λμ(x̃
l) ≤ τ1, THEN RETURN x̃.

Set x̂l+1 := x̃l + 1
1+λμ(x̃l)

s̃l.

IF λμ(x̃
l) ≤ 1− 1√

2
AND fμ(x̃

l + s̃l) ≤ fμ(x̂
l+1), THEN x̃l+1 := x̃l + s̃l.

IF λμ(x̃
l) ≤ 1− 1√

2
AND fμ(x̃

l + s̃l) > fμ(x̂
l+1), THEN x̃l+1 := x̂l+1.

IF λμ(x̃
l) > 1− 1√

2
, THEN choose x̃l+1 ∈ K such that fμ(x̃

l+1) ≤ fμ(x̂
l+1) holds.

Compute the Newton step s̃l+1 ∈ X by solving f ′′
μ (x̃

l+1)s̃l+1 = −f ′
μ(x̃

l+1) in X∗.

Remark 2.45. Lemma 2.12 implies that LSMSUB is well defined.

Remark 2.46. If λμ(x̃
l) > 1 − 1√

2
holds, we are then free to apply heuristics

to find x̃l+1 with fμ(x̃
l+1) ≤ fμ(x̂

l+1). For instance, we can employ line search
strategies, which may (significantly) increase the effectiveness of Algorithm LSMSUB
in comparison to the use of x̃l+1 = x̂l+1. In practical optimization problems, the
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numerical costs for a line search are often negligible in comparison to the computation
of a Newton step.

Lemma 2.47. Let Assumption 2.33 hold. Let Algorithm LSMSUB be started with
(x, s, μ, θ) ∈ K ×X × Is × (0, 1

4 ], where s is the Newton step for fμ at x. Denote by
x̃l, l = 0, 1, 2, . . ., the (possibly finitely many) iterates that LSMSUB generates. Then
there hold the following for every L ∈ N0 for which x̃L exists:

(1) λμ(x̃
L) > 1 − 1√

2
=⇒ fμ(x̃

L) − fμ(x̃
L+1) ≥ λμ(x̃

L) − ln(1 + λμ(x̃
L)) >

0.036.
(2) λμ(x̃

L) ≤ 1− 1√
2

=⇒ LSMSUB takes maximal L+�1.13 + 1.45 ln |ln 2τ1|�
Newton steps to terminate.

Proof. (1) The first inequality follows from Lemma 2.20 and fμ(x̃
L+1) ≤ fμ(x̂

L+1).
The second inequality follows by monotonicity of t− ln(1 + t).

(2) By λμ(x̃
L) ≤ 1 − 1√

2
, Lemma 2.21 yields λμ(x̃

L+l) ≤ 2λμ(x̃
L+l−1)2 for all

l ∈ N such that x̃L+l exists. From this it follows that λμ(x̃
L+l) ≤ 1

2 · (25 )2
l−1

for all
l ∈ N0. Hence, it suffices to determine l ∈ N0 with 2l−1 ≥ ln(2τ1)/ ln(

2
5 ), since this

implies λμ(x̃
L+l) ≤ τ1; i.e., Algorithm LSMSUB terminates after the computation of

at most L+ l Newton steps. This is ensured if l ≥ 1 − ln ln 5
2

ln 2 + ln|ln 2τ1|
ln 2 holds, which

proves the assertion.
Corollary 2.48. Let Assumption 2.33 hold. When started with (x, s, μ, θ) ∈

K ×X × Is × (0, 1
4 ], where s is the Newton step for fμ at x, LSMSUB computes

L ≤ �27.77 (fμ(x) − fμ(x̄μ))�+ �1.13 + 1.45 ln |ln 2τ1|�
Newton steps and terminates with a point x̃ ∈ Λμ(θ). If, in addition to Assump-
tion 2.33, fμ is ϑμ-self-bounded, then we also have

L ≤ ⌊
27.77ϑμ

∣∣ln(1− ωx̄μ(x)
)∣∣⌋+ �1.13 + 1.45 ln |ln 2τ1|� ,

where ωx̄μ denotes the Minkowski function from Lemma 2.29.
Proof. By virtue of Lemma 2.29 the second estimate is a direct consequence of

the first, so it remains to prove the first assertion.
If λμ(x̃

0) ≤ 1 − 1√
2
holds, then the asserted estimate follows from the previous

lemma. Hence, let λμ(x̃
0) > 1 − 1√

2
be satisfied, and denote by L ∈ N0 a number

with λμ(x̃
l) > 1− 1√

2
for all l ≤ L. From x = x̃0 and Lemma 2.47 (1) we infer

(2.14) fμ(x) − fμ(x̃
L+1) =

L∑
l=0

(
fμ(x̃

l)− fμ(x̃
l+1)

) ≥ (λ− ln(1 + λ)) · (L+ 1)

with λ := 1 − 1√
2
. The function fμ has a global minimizer x̄μ; see Corollary 2.38.

Hence, (2.14) implies L+1 ≤ �(fμ(x)− fμ(x̄μ)) · 27.77�. Now, let L∗ ∈ N0 denote the
maximal number that satisfies λμ(x̃

l) > 1− 1√
2
for all l ≤ L∗. Hence, λμ(x̃

l) ≤ 1− 1√
2

for l = L∗ + 1 so that we can apply Lemma 2.47 (2). This shows that LSMSUB
requires at most L∗+1+ �1.13+1.45 ln|ln 2τ1|� iterations, which concludes the proof
of the asserted estimate. When LSMSUB terminates, there holds λμ(x̃) ≤ 2λμ(x̃

l)2 ≤
2τ21 = θ, as follows from Lemma 2.21.

Remark 2.49. The second estimate in the corollary above displays the complexity
of LSMSUB if it is used as a phase one method, i.e., if LSM is started with x0 �∈
Λμ0(τ).

Lemma 2.50. Let Assumption 2.33 hold. Let μ ∈ Is and β ∈ (0, 1]. Set μ+ := βμ.
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Let x ∈ Λμ(θ) with θ ∈ (0, 14 ]. Denote f+ := fμ+ and x̄+ := x̄μ+ . Then we have

f+(x)− f+(x̄+) ≤ 10θ3

β
+

1− β

β

(
10θ2

√
ϑb + ϑb

)
≤

√
ϑb + ϑb

β
.

Proof. Let x̄ denote the minimizer of f := fμ. Furthermore, let nx and n+
x denote

the Newton steps for fμ and fμ+ at x. Set h := x− x̄. Then the following holds:

(2.15) f+(x) − f+(x̄) ≤ f ′
+(x)[h] = − μ

μ+
f ′′(x)[nx, h] +

(
1− μ

μ+

)
b′(x)[h].

This implies f+(x)− f+(x̄) ≤ 1
β θ ‖h‖f ′′(x) +

1−β
β

√
ϑb ‖h‖f ′′(x). Lemma 2.23 provides

‖h‖f ′′(x) ≤ 10λ(x)2. Hence, we have f+(x)− f+(x̄) ≤ 10θ3

β + 1−β
β 10θ2

√
ϑb ≤

√
ϑb

β .

Due to j(x̄)−j(x̄+) ≤ j′(x̄)[x̄− x̄+] = μb′(x̄)[x̄+− x̄], we deduce from Lemma 2.29

f+(x̄)−f+(x̄+) =
j(x̄)− j(x̄+)

μ+
+b(x̄)−b(x̄+) ≤

(
μ

μ+
− 1

)
b′(x̄)[x̄+− x̄] ≤ 1− β

β
ϑb.

Together with (2.15) this yields the assertion.
Theorem 2.51. Let Assumption 2.33 be satisfied. Then Algorithm LSM gener-

ates a sequence (xk) ⊂ K with xk+1 ∈ Λμk
(θ) for all k ∈ N0, and for each k ∈ N0 we

have the following:
(1) To reach iteration k (more precisely, to reach the FOR statement in LSM for

the (k + 1)th time), Algorithm LSM requires at most

(2.16) k

(⌊
27.77

βmin

(
ϑb +

√
ϑb

)⌋
+ �2.13 + 1.45 ln |ln 2τ1|�

)
Newton steps, including the Newton steps from LSMSUB.

(2) The sequence (j(xk)) converges with r-linear rate βk in iteration k to the
optimal value j̄ := infx∈K j(x) of (PSC). More precisely, there holds

(2.17)
∣∣j(xk+1)− j̄

∣∣ ≤ (
ϑb +

√
ϑb

)
μ0

k−1∏
j=0

βj =
(
ϑb +

√
ϑb

)
μk.

(3) For every ε̂ > 0 we have the complexity estimate

(2.18) k ≥
∣∣∣∣ 1

lnβmax

∣∣∣∣ ln
(
μ0(ϑb +

√
ϑb)

ε̂

)
=⇒ ∣∣j(xk+1)− j̄

∣∣ ≤ ε̂.

(4) This part is identical to part (4) from Theorem 2.43, with xk, β, and (in the

complexity estimate) 2
√
ϑb

δ replaced by xk+1, βk, and | 2
ln βmax

|.
Proof. Corollary 2.48 implies xk+1 ∈ Λμk

(θ) for all k ∈ N0. Assertions (2),
(3), and (4) can be proven as their counterparts in Theorem 2.43, so it suffices to
establish (1). For k = 0, there is nothing to prove. To determine x1, no more
than 1 + �1.13 + 1.45 ln|ln 2τ1|� Newton steps are required by LSM and LSMSUB
combined, as follows from Lemma 2.47 (2) and the requirement x0 ∈ Λμ0(τ) with

τ = max{1 − 1√
2
,
√

θ
2}. To determine xk+1 for k ∈ N we note that, during each

iteration of LSM, exactly one Newton step is computed if we do not count the Newton
steps from LSMSUB. If LSMSUB is called to determine xk+1, k ∈ N, then no more
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than �27.77(fμk
(xk)− fμk

(x̄μk
))�+ �1.13+ 1.45 ln|ln 2τ1|� Newton steps are required;

cf. Corollary 2.48. Hence, (1) is a consequence of fμk
(xk) − fμk

(x̄μk
) ≤ ϑb+

√
ϑb

βk−1
,

which follows from Lemma 2.50. To apply this lemma, we used xk ∈ Λμk−1
(θ) for

k ∈ N.
Remark 2.52. Theorem 2.51 stays valid if LSM is started with x0 �∈ Λμ0(τ), but

(2.16) needs to be slightly changed. Corollary 2.48 shows that in this case, (2.16)
needs to be replaced by

⌊
27.77

(
fμ0(x

0)− fμ0(x̄μ0 )
)⌋

+(k−1)

⌊
27.77

βmin

(
ϑb +

√
ϑb

)⌋
+k �2.13 + 1.45 ln |ln 2τ1|�

for k ∈ N. If fμ0 is ϑμ0 -self-bounded, then �27.77(fμ0(x
0)− fμ0(x̄μ0 ))� can be substi-

tuted by
⌊
27.77ϑμ0|ln(1 − ωx̄μ0

(x0))|⌋.
3. Application to optimal control with state constraints. We are inter-

ested in deriving interior point methods for the following state constrained optimal
control problem:

(Pfull) min
(y,u)∈Y×U

Q(y, u) +
α

2
‖u‖2U s.t. y ≥ ya in Ω, Ay +Bu = g,

where α > 0, Y is a Banach space such that Y ↪→ C0,β(Ω) continuously for a given
β > 0 and a bounded domain Ω ⊂ R

d with d ∈ N, Z is a Banach space, U is a
Hilbert space, Q : Y × U → R is quadratic and convex, ya ∈ C0,β(Ω), A ∈ L(Y, Z) is
invertible, B ∈ L(U,Z), and g ∈ Z. Also, we assume that (y◦, u◦) ∈ Y ×U and τ◦ > 0
exist with Ay◦ + Bu◦ = g as well as y◦ − τ◦ ≥ ya in Ω. Furthermore, we require
that Ω satisfy the cone condition. However, since this is a somewhat technical and
very weak assumption (it is, for instance, satisfied by Lipschitz domains), we refer the
reader to [1, p. 66f] for details. Eventually, we set Ĵ(y, u) := Q(y, u) + α

2 ‖u‖2U .
Lemma 3.1. There exists a constant C∂,Y > 0 with

∥∥A−1Bu
∥∥
Y
≤ C∂,Y ‖u‖U for

all u ∈ U and
∥∥A−1g

∥∥
Y
≤ C∂,Y ‖g‖Z . Moreover, there is a constant C∂,C(Ω) > 0 with∥∥A−1Bu

∥∥
C(Ω)

≤ C∂,C(Ω) ‖u‖U for all u ∈ U and
∥∥A−1g

∥∥
C(Ω)

≤ C∂,C(Ω) ‖g‖Z .
Proof. The first two estimates are a consequence of the boundedness of A−1 and B.

The boundedness of A−1 follows from the bounded inverse theorem. The remaining
two estimates are implied by the embeddings Y ↪→ C0,β(Ω) ↪→ C(Ω).

3.1. Examples and generalizations. As a simple example for (Pfull) we con-
sider Y = H2(Ω) ∩ H1

0 (Ω), U = Z = L2(Ω), where Ω ⊂ R
d, 1 ≤ d ≤ 3, is a

nonempty, open, and bounded domain that is either of class C2 or convex. Both
types of domains are Lipschitz domains and, hence, satisfy the cone condition. By
Sobolev embeddings, there exists β ∈ (0, 1] such that Y is continuously embedded in
C0,β(Ω). Furthermore, we take A = −Δ, B = −I, and g ≡ 0. Standard regularity
results for linear elliptic PDEs of second order (cf. [14, Theorem 8.12] for domains
with C2-boundary and [15, Theorem 3.2.1.2] for convex domains) show that the solu-
tion y = y(u) of Poisson’s equation with right-hand side u ∈ L2(Ω) and homogeneous
Dirichlet boundary conditions indeed belongs to Y . In this example, every y ∈ Y
that satisfies y > ya in Ω yields a pair (y◦, u◦) via (y◦, u◦) := (y,−Δy). A standard
choice for Q is Q(y, u) = 1

2‖y − yd‖2L2(Ω) with yd ∈ L2(Ω). However, other choices

are possible in our framework—for instance, Q(y, u) =
∑n

i=1 y(xi) with n ∈ N0 and
xi ∈ Ω for all i ∈ {1, . . . , n}.
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Let us mention that (Pfull) also comprises boundary control, e.g., −Δy + y = g,
∂y
∂ν = u with g ∈ L2(Ω), u ∈ U = L2(∂Ω) on a (nonconvex) Lipschitz domain Ω ⊂ R

2;

the unique solution y = y(u) of this equation belongs to Y = H
3
2−δ(Ω) ↪→ C0, 12−δ(Ω),

where δ > 0 is arbitrarily small; cf. [35, Theorem 4]. Also, it is possible to consider in
R

d, 1 ≤ d ≤ 4, linear elliptic PDEs of second order with mixed boundary conditions
on Lipschitz domains that satisfy a certain regularity property; cf. [16, Theorem 3.3].

The theory we develop for (Pfull) can be generalized. For instance, the objective
is allowed to be self-concordant if a bound on the norm is known for at least one
solution of (Pfull). Also, it is possible to impose the state constraints only on a set
Ω′ ⊂ Ω or to allow more general state constraints. A more general setting is worked
out in [26].

3.2. Reduced problem and optimality.
Definition 3.2. For u ∈ U , let y = y(u) ∈ Y be the unique solution of the

equality constraint in (Pfull). We denote by ĵ : U → R the reduced objective ĵ(u) :=
Ĵ(y(u), u). The reduced problem reads

(Pred) min
u∈U

ĵ(u) s.t. y(u)(x) ≥ ya(x) for all x ∈ Ω.

Since ū is a solution of (Pred) iff (y(ū), ū) is a solution of (Pfull), we can work
with the reduced problem instead of (Pfull).

The next result can be established by standard arguments.
Lemma 3.3. Problem (Pred) possesses a unique and global minimizer ū.
Let us now consider the following reformulation of the reduced problem:

(P) min
u∈Dj

j(u) s.t. y(u)(x) ≥ ya(x) for all x ∈ Ω,

with

Dj :=
{
u ∈ U : Cĵ − ĵ(u) > 0

}
, Cĵ := ĵ(u◦) + 1, and j(u) := −Cj ln

(
Cĵ − ĵ(u)

)
.

Here, Cj > 0 denotes a constant that, roughly speaking, has to be large enough; in
Lemma 3.12 we show how large Cj has to be. Since (P) also has the unique and global
minimizer ū, we can work with (P) in the following. But first, let us comment on why
we reformulate (Pred) in this way. To apply interior point methods from section 2, we
need the function that arises from coupling the state constraints to the objective to be
a self-concordant, self-bounded barrier for the feasible set. This cannot be ensured for
(a weighted) ĵ as an objective but holds true if j and Dj are used with a sufficiently
large weight Cj ; cf. Lemma 3.12. For more on the role of the weight Cj consider also
Lemma 2.31 and Remark 2.32.

A simple computation shows that j is uniformly convex on every set W ⊂ Dj

with convexity modulus α̃ ≥ αCj

Cĵ−infu∈W ĵ(u)
; i.e., it holds that j′′(u)[h, h] ≥ α̃‖h‖2U

for all u ∈ W , h ∈ U . It is often possible to derive a lower bound for infu∈W ĵ(u).
For instance, in the case Q(y(u), u) ≥ 0 for all u ∈ Dj we have infu∈W ĵ(u) ≥
infu∈Dj (Q(y(u), u) + α

2 ‖u‖2U) ≥ 0.
The following necessary and sufficient optimality conditions are fulfilled for (P).
Lemma 3.4. Denote ȳ := y(ū). Only the pair (ȳ, ū) ∈ Y ×U satisfies the following

KKT conditions: There exists λ̄ ∈ C(Ω)∗ with

j′(ū)[h] + 〈λ̄, A−1Bh〉C(Ω)∗,C(Ω) = 0 for all h ∈ U,

ȳ ≥ ya, 〈λ̄, y〉C(Ω)∗,C(Ω) ≥ 0 for all y ∈ Y with y ≥ 0, 〈λ̄, ȳ − ya〉C(Ω)∗,C(Ω) = 0.

Proof. This is a well-known result.
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3.3. Associated barrier problems. Using the minimum functional

min
x∈Ω

: C(Ω) → R,

we can rewrite (P) as

min
u∈Dj

j(u) s.t. min
x∈Ω

(
y(u)(x)− ya(x)

) ≥ 0.

To obtain differentiability, we smooth the minimum function.
Definition 3.5. For ε > 0 we call the mapping

minε : C(Ω) → R, minε(y) := −ε ln

(∫
Ω e−y(x)/ε dx

vol(Ω)

)

the smoothed minimum with smoothing parameter ε. Here, vol(Ω) denotes the Lebesgue
measure of Ω.

Remark 3.6. The finite-dimensional version of this function is well known in
optimization. It has been used in [2, 4, 9, 10], for instance.

The smoothed minimum induces a family of minimization problems:

(Pε) min
u∈Dj

j(u) s.t. minε
(
y(u)− ya

) ≥ 0.

In these problems, the infinitely many inequality constraints of (P) are replaced by
a single inequality constraint that approximates the constraints from (P). The un-
derlying idea is that we want to find a self-concordant, self-bounded barrier for the
constraints. Such a barrier cannot exist for infinitely many constraints since the con-
stant of self-boundedness would be infinite. This follows from the fact that form linear
constraints, this constant cannot be smaller than m; cf. [34, section 2.3.3]. Therefore,
it is not possible to construct a suitable barrier for the constraints in (P). Functions
like

∫
Ω − ln(y) dx and

∫
Ω y−q dx with q ∈ N, which are, for instance, employed in [38]

and [37], are not suited since it is not possible to construct a self-concordant, self-
bounded barrier function from them. The advantage of the smoothing approach we
use is that such a construction is possible. This smoothing approach was introduced
by Tunçel and Nemirovski in [41], where it is used in a finite-dimensional setting to
replace a large number of inequality constraints by just one inequality constraint.

Our aim is to solve (Pε) for fixed ε via an interior point method. We also provide
an estimate for the error between the solution of (Pε) and the solution of (P).

Definition 3.7. For ε > 0 we denote

Bε
C(Ω)

: C(Ω) → R, Bε
C(Ω)

(y) := minε(y − ya)

and

Bε : U → R, Bε(u) := Bε
C(Ω)

(
y(u)

)
.

Definition 3.8. For ε > 0 we define Dbε := {u ∈ U : Bε(u) > 0} and set

bε : Dbε → R, bε(u) := −τ(ε) ln (Bε(u)) ,

where τ(ε) > 0 denotes a constant.
We employ the barrier fε,μ := j

μ + bε on Uad(ε) := Dj ∩Dbε . By construction, we

have u◦ ∈ Uad(ε). Moreover, we denote Yad(ε) := {y(u) ∈ Y : u ∈ Uad(ε)}.
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3.4. Self-concordance and self-boundedness. We show that fε,μ is a self-
concordant barrier for Uad(ε) if Cj is chosen suitably. Also, we demonstrate that bε

is self-bounded. The approach in this section is inspired by [41, section 2.1].

Lemma 3.9. Let X be a Hilbert space, let D ⊂ X be open, let K ⊂ D be convex,
and let f : D → R be Gâteaux differentiable. In addition, let f be uniformly convex
with modulus α > 0 on K, and let x̃, x ∈ K. Then the following holds:

f(x) ≤ f(x̃) =⇒ ‖x‖X ≤ 2‖f ′(x̃)‖X∗

α
+ ‖x̃‖X .

Proof. We may assume x �= x̃. The uniform convexity and f(x)− f(x̃) ≤ 0 imply

α

8
‖x− x̃‖2X ≤ 1

2
(f(x)− f(x̃))−

(
f

(
x

2
+

x̃

2

)
− f (x̃)

)
≤ −1

2
f ′(x̃)[x− x̃]− α

8
‖x− x̃‖2X ≤ 1

2
‖f ′(x̃)‖X∗‖x− x̃‖X − α

8
‖x− x̃‖2X .

To derive the second inequality we used an equivalent characterization of uniformly
convex functions via their first Gâteaux derivative. From the above estimate we obtain
α
2 ‖x− x̃‖X ≤ ‖f ′(x̃)‖X∗ . The reverse triangle inequality yields the assertion.

To demonstrate concisely that Bε
C(Ω)

is an appropriate mapping in the sense of

Definition 2.30, we establish the following result.

Lemma 3.10. Let ε > 0 be given. For fixed y, h ∈ Y define

p(x) :=
e−(y(x)−ya(x))/ε∫

Ω
e−(y(x̃)−ya(x̃))/ε dx̃

, μ :=

∫
Ω

p(x) · h(x)
ε

dx, and s(x) :=
h(x)

ε
− μ.

Then there hold

(
Bε

C(Ω)

)′′
(y)[h, h] = −ε

∫
Ω

ps2 dx and
(
Bε

C(Ω)

)′′′
(y)[h, h, h] = ε

∫
Ω

ps3 dx.

Proof. By definition, we have Bε
C(Ω)

(y) = −ε ln(
∫
Ω
e−(y−ya)/ε dx

vol(Ω) ). Hence, setting

H(y) := ln
(∫

Ω
e−(y−ya)/ε dx

)
it suffices to prove

(1) H ′′(y)[h, h] =
∫
Ω

ps2 dx and (2) H ′′′(y)[h, h, h] = −
∫
Ω

ps3 dx.

In the following, we abbreviate f := e−(y−ya)/ε.

Proof of (1). From ps2 = p
(
h
ε

)2 − 2ph
ε

∫
Ω
ph
ε dx + p

(∫
Ω
ph
ε dx

)2
and

∫
Ω
p dx = 1

we infer

H ′′(y)[h, h] =

∫
Ω
f · (hε )2 dx∫
Ω
f dx

−
(∫

Ω
f h

ε dx∫
Ω
f dx

)2

=

∫
Ω

p ·
(
h

ε

)2

dx−
(∫

Ω

p
h

ε
dx

)2

=

∫
Ω

ps2 dx.
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Proof of (2). For the third directional derivative we obtain

H ′′′(y)[h, h, h]

= 3

∫
Ω f h

ε dx · ∫Ω f
(
h
ε

)2
dx(∫

Ω
f dx

)2 − 2

(∫
Ω f h

ε dx∫
Ω
f dx

)3

−
∫
Ω f

(
h
ε

)3
dx∫

Ω
f dx

= 3

(∫
Ω

p(s+ μ) dx

)(∫
Ω

p(s+ μ)2 dx

)
− 2

(∫
Ω

p(s+ μ) dx

)3

−
∫
Ω

p(s+ μ)3 dx

= 3

(∫
Ω

pμ dx

)(∫
Ω

ps2 dx+

∫
Ω

pμ2 dx

)
− 2

(∫
Ω

pμ dx

)3

−
∫
Ω

p(s+ μ)3 dx.

Here, we used
∫
Ω
ps dx = 0. From

∫
Ω
pμ dx = μ

∫
Ω
p dx = μ we deduce

H ′′′(y)[h, h, h] = 3μ

(∫
Ω

ps2 dx+ μ2

)
− 2μ3 −

∫
Ω

p(s3 + 3s2μ+ 3sμ2 + μ3) dx

= −
∫
Ω

ps3 dx− 3μ2

∫
Ω

ps dx = −
∫
Ω

ps3 dx,

where we used
∫
Ω ps dx = 0 again.

Lemma 3.11. Fix ε > 0. Let C, Ĉ ∈ R with Ĉ ≤ C. Let y, h ∈ Y with y ≤ C
and y ± h ≥ Ĉ in Ω be given. Then the following holds:

(
Bε

C(Ω)

)′′′
(y)[h, h, h] ≤ −2

C − Ĉ

ε

(
Bε

C(Ω)

)′′
(y)[h, h].

Proof. There holds |h| ≤ y − Ĉ ≤ C − Ĉ in Ω. Defining p, μ, and s as in
Lemma 3.10, we compute |εμ| ≤ ∫

Ω
p|h| dx ≤ C − Ĉ. Together, these imply |εs| =

|h − εμ| ≤ |h| + |εμ| ≤ 2(C − Ĉ) in Ω. With Lemma 3.10 we deduce the asserted
inequality

(
Bε

C(Ω)

)′′′
(y)[h, h, h] ≤

∫
Ω

ps2|εs| dx ≤ −2
C − Ĉ

ε

(
Bε

C(Ω)

)′′
(y)[h, h].

We demonstrate self-concordance of fε,μ and self-boundedness of bε.

Lemma 3.12. Let ε > 0 and τ(ε) ≥ 1 be given. Let Cμ > 0, and let

Cj ≥ Cμ

ε2
max

{
ε2, 16C2

∂,C(Ω)

(‖q′(ũ)‖U∗

α
+ ‖ũ‖U + ‖g‖Z

)2
}

be satisfied, where ũ ∈ U fulfills ĵ(ũ) ≥ Cĵ and q : U → R denotes q(u) :=

Q(y(u), u). Then fε,μ = j
μ + bε is a (

Cj

μ + τ(ε))-self-concordant barrier for Uad(ε)

if μ ∈ (0, Cμ] holds. Moreover, bε is τ(ε)-self-bounded on Uad(ε). In particular, the
family (fε,μ)μ∈(0,Cμ]

satisfies Assumption 2.33 with self-boundedness constant ϑbε :=

τ(ε).

Proof. Self-concordance and self-boundedness of fε,μ. We argue that Lemma 2.31
is applicable. Using Lemma 2.15 as well as Corollary 2.28 it follows that j/Cj is a
1-self-concordant barrier for Dj . From Lemma 3.9 we deduce that Dj = {u ∈ U :
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ĵ(u) < Cĵ} is bounded by 2‖ĵ′(ũ)‖U∗/α+ ‖ũ‖U , where ũ satisfies ĵ(ũ) ≥ Cĵ . Due to
‖y(u)‖C(Ω) ≤ C∂,C(Ω) (‖u‖U + ‖g‖Z) (see Lemma 3.1), we have for all u ∈ Dj

(3.1) ‖y(u)‖C(Ω) ≤ C∂,C(Ω)

(
2‖ĵ′(ũ)‖U∗

α
+ ‖ũ‖U + ‖g‖Z

)
︸ ︷︷ ︸

=:γ

.

Define T := −A−1B ∈ L(U, Y ), and let u ∈ Dj and h ∈ U with u± h ∈ Dj be given.
From (3.1) we infer

‖y(u)± T (h)‖C(Ω) = ‖y(u± h)‖C(Ω) ≤ γ and ‖y(u)‖C(Ω) ≤ γ.

Together with Lemma 3.11 this implies

(Bε)′′′(u)[h, h, h] =
(
Bε

C(Ω)

)′′′
(y(u))[T (h), T (h), T (h)]

≤ −4γ

ε

(
Bε

C(Ω)

)′′
(y(u))[T (h), T (h)] =

−4γ

ε

(
Bε

)′′
(u)[h, h].

This shows that Bε : Dj → R is β-appropriate for R>0 if β satisfies β ≥ 4γ
3ε . Hence,

all prerequisites of Lemma 2.31 are fulfilled (use A = Bε, F = j/Cj , K = Dj,

E = Uad(ε), C = τ(ε) ≥ 1, Ĉ = Cj/μ in this lemma). This yields that fε,μ is

a (
Cj

μ + τ(ε))-self-concordant barrier function for Uad(ε) if Cj is chosen according to
Cj

μ ≥ max{1, (4γ3ε )2}. In particular, it is sufficient to choose Cj such that the following
holds:

Cj ≥ Cμ max

{
1,

(
4γ

3ε

)2
}

=
Cμ

ε2
max

{
ε2,

16γ2

9

}
.

Inserting the definition of γ then implies the assertion via

2‖ĵ′(ũ)‖U∗

α
+ ‖ũ‖U ≤ 2 ‖q′(ũ)‖U∗

α
+ 3‖ũ‖U ≤ 3

(‖q′(ũ)‖U∗

α
+ ‖ũ‖U

)
.

Self-boundedness of bε. It follows directly from Corollary 2.28 that bε is a τ(ε)-
self-bounded function.

Validity of Assumption 2.33. The well-known Lax–Milgram theorem implies that
fε,μ is nondegenerate for all ε, μ > 0. Furthermore, fε,μ possesses a unique and
global minimizer on Uad(ε). The existence of such a minimizer follows from standard
arguments using, in particular, the boundedness of Uad(ε) and the barrier property
of fε,μ.

Remark 3.13. For the example Q(y, u) = 1
2‖y − yd‖2L2(Ω) with yd ∈ L2(Ω)

and −Δy = u with homogeneous Dirichlet boundary conditions, we readily compute
‖q′(ũ)‖U∗ = ‖p‖L2(Ω), where p = p(ũ) ∈ H2(Ω) ∩H1

0 (Ω) solves −Δp = y(ũ)− yd.
Since the algorithms we develop require Cj , we need to find a priori estimates for

C∂,C(Ω). First, let us present an example for the case d = 1.

Lemma 3.14. Let Ω := (a, b) ⊂ R, Y := H2(Ω) ∩ H1
0 (Ω), U := Z := L2(Ω),

A := −Δ, B := −I, and g ≡ 0. Then C∂,C(Ω) ≤ (b−a)
3
2

4
√
3

since for u ∈ L2(Ω) the

following holds:

‖y(u)‖C(Ω) ≤
(b− a)

3
2

4
√
3

‖Δy‖L2(Ω) =
(b − a)

3
2

4
√
3

‖u‖L2(Ω) .
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Proof. For Ω = (0, 1) the assertion is proven in [6, Theorem 1]. For Ω = (a, b), the
result then follows easily by use of an affine transformation; cf. [26, Lemma 3.6.1].

For d ∈ {2, 3}, bounds on C∂,C(Ω) are derived in [32]. We use this to obtain
estimates for the two numerical examples that we employ.

Lemma 3.15. Let Ω := (0, 1) × (0, 1) ⊂ R
2, Y := H2(Ω) ∩ H1

0 (Ω), U := Z :=
L2(Ω), A := −Δ+ I, B = −I, and g ≡ 0. Then we have ‖y(u)‖C(Ω) ≤ 1.14‖u‖L2(Ω)

for all u ∈ L2(Ω); i.e., C∂,C(Ω) ≤ 1.14 holds.

Proof. From [32, Theorem 1, part (b)], [32, Theorem 4], and [27, p. 164, for-
mula (3.2)], we infer that C∂,C(Ω) ≤ 1.14. To argue more precisely, we use the notation

from [32]. Then we have the following:
• In [32, Theorem 1, part (b)], we use meas(Ω) = 1, Mν(Q, x0) ≤ √

2ν , and
γ1 =

√
2; this value for γ1 is contained in the proof. This yields that the choice

Ĉ0 = 0, Ĉ1 = 2, Ĉ2 = 0.71 is possible in [32, Theorem 4], i.e., ‖y‖C(Ω) ≤
2‖yx‖2,Ω + 0.71‖yxx‖2,Ω holds for y ∈ Y .

• In [32, Theorem 4], we use Ω̂ = Ω = (0, 1)× (0, 1), c = c = 1, Ĉ0 = 0, Ĉ1 = 2,
Ĉ2 = 0.71, and τ = 1 to obtain K ≤ 1.14; for μ0 we employ the smallest
eigenvalue μ of −Δ on Ω with respect to Dirichlet boundary conditions. It is
well known that μ = 2π2; see, e.g., [27, p. 164, formula (3.2)].

In conclusion, this yieldsK ≤ 1.14, i.e., ‖y(u)‖C(Ω) ≤ 1.14‖u‖L2(Ω) for all u ∈ U .

Lemma 3.16. Let Ω := B1(0) ⊂ R
2, Y := H2(Ω) ∩ H1

0 (Ω), U := Z := L2(Ω),
A := −Δ, B := −I, and g ≡ 0. Then we have C∂,C(Ω) ≤ 1.47.

Proof. The reasoning is very similar to that in the proof of Lemma 3.15. Hence,
we mention only that in [32, Theorem 4] we take Ω̂ = Ω, c = c = 0, Ĉ0 = 0,
Ĉ1 = 2

√
2/π ≤ 1.6, Ĉ2 = 4 · 0.35356/√π ≤ 0.8, and τ = 0, and that the smallest

eigenvalue of −Δ on Ω is greater than 2.42; cf. [27, p. 3].
Remark 3.17. The estimate in Lemma 3.16 can be improved; see [6, Theorem 2].

3.5. The smoothed problems (Pε). We tacitly use Dbε = {u ∈ U : Bε(u) ≥
0}, which holds since Dbε is convex.

Lemma 3.18. For ε > 0, (Pε) has a unique and global solution ūε ∈ Dj ∩Dbε .
Proof. Using, in particular, Dj ∩ Dbε �= ∅, the concavity of u �→ Bε(u), and the

fact that j is a barrier for the bounded set Dj , this can be argued in a standard
way.

To examine the maximal pointwise infeasibility of functions y ∈ Yad(ε) with
respect to the constraint y ≥ ya, we need the following auxiliary result.

Lemma 3.19. Let p > 0, and define γp : R≥0 → R, γp(s) :=
∫ s

0 e−ttp−1 dt. Then

there holds γp(s) ≥ e−ssp

p for all s ≥ 0.

Proof. Integration by parts yields γp(s) =
e−ssp

p +
∫ s

0
e−ttp

p dt for all s ≥ 0.

Lemma 3.20. Let S ⊂ C0,β(Ω) be bounded. Then there exists C > 0 such that

0 ≤ minε(y)−min(y) ≤ ε

(
C +

d

β
|ln ε|

)

holds for all ε > 0 and all y ∈ S.
Proof. Let y ∈ S be given. Using the definition of minε it is easy to see that

minε(y) ≥ minε(ỹ) = min(y) holds, where ỹ denotes the constant function ỹ := min(y).
Moreover, for ε ≥ 1 there holds minε(y)−min(y) ≤ max(y)+‖y‖C(Ω) ≤ ε(C+ d

β |ln ε|)
with C := 2‖y‖C(Ω). Here, we employed minε(y) ≤ max(y). Since C is independent

of ε and y due to boundedness of S, it suffices to argue for ε ∈ (0, 1) in the following.
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Let ε ∈ (0, 1]. The function y possesses a minimizer x∗ on the compact set
Ω. By assumption, there exists a constant C̄ > 0 that is independent of y, with
‖y‖C0,β(Ω) ≤ C̄. Setting ω := minε(y) it holds that

∫
Ω
e−y/ε dx = vol(Ω)e−ω/ε. We

have −(y(x)− y(x∗)) ≥ −C̄ ‖x− x∗‖β for all x ∈ Ω. This implies

(3.2) vol(Ω)e(y(x
∗)−ω)/ε =

∫
Ω

e−(y(x)−y(x∗))/ε dx ≥
∫
Ω

e−C̄‖x−x∗‖β/ε dx.

Due to the cone condition there exist c > 0 and δ > 0, which only depend on Ω, such

that
∫
Ω e−C̄‖x−x∗‖β/ε dx ≥ c

∫
Bδ(x∗) e

−C̄‖x−x∗‖β/ε dx holds. Dividing (3.2) by vol(Ω),

we deduce

e(y(x
∗)−ω)/ε ≥ c

vol(Ω)

∫
Bδ(x∗)

e−C̄‖x−x∗‖β/ε dx ≥ cc̃

vol(Ω)

∫ δ

0

e−C̄rβ/εrd−1 dr

with c̃ := d vol(B1(0)), B1(0) ⊂ R
d. Here, we used integration of rotational symmetric

functions. Substituting t := C̄
ε r

β into the above inequality, we infer

e(y(x
∗)−ω)/ε ≥ cc̃

β vol(Ω)

( ε

C̄

) d
β

∫ C̄
ε δβ

0

e−tt
d−β
β dt ≥ cc̃

β vol(Ω)

( ε

C̄

) d
β

∫ ĉ

0

e−tt
d−β
β dt

with ĉ := C̄δβ ≤ C̄
ε δ

β due to ε ≤ 1. Clearly, ĉ is independent of y, ω, ε, and x∗.
From Lemma 3.19 with p := d

β > 0 we conclude

e(y(x
∗)−ω)/ε ≥ cc̃

β vol(Ω)

( ε

C̄

) d
β

γp(ĉ) ≥ cc̃

β vol(Ω)

( ε

C̄

) d
β β

d
e−ĉĉ

d
β .

Hence, for

c := min

{
cc̃e−ĉĉ

d
β

d vol(Ω)C̄
d
β

,
1

2

}

we obtain e(y(x
∗)−ω)/ε ≥ cε

d
β , where c ≤ 1

2 is independent of y, ω, ε, and x∗. This

implies y(x∗)−ω ≤ ε ln(cε
d
β ) = ε(ln c+ d

β ln ε). We set C := − ln c and note that this
constant is independent of y, ω, ε, and x∗. Furthermore, we have C > 0. Thus, we
finish the proof with the conclusion

minε(y)−min(y) = ω − y(x∗) ≤ ε

(
C +

d

β
|ln ε|

)
.

Denoting (y)−(x) := min{0, y(x)} for y ∈ C(Ω), we obtain the following result.
Corollary 3.21. There exists C > 0 such that for every ε > 0

∥∥(y(u)− ya)
−∥∥

C(Ω)
≤ ε

(
C +

d

β
|ln ε|

)

holds for all u ∈ Dj ∩Dbε . In particular, this is valid for u := ūε; i.e., for every ε > 0

(3.3)
∥∥(ȳε − ya)

−∥∥
C(Ω)

≤ ε

(
C +

d

β
|ln ε|

)
.
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Proof. It suffices to prove the first assertion. Since this assertion is trivial for
min(y(u) − ya) ≥ 0, we assume min(y(u) − ya) < 0. Boundedness of Dj implies
boundedness of {y(u) ∈ Y : u ∈ Dj} ↪→ C0,β(Ω). Lemma 3.20 yields for all u ∈ Dj

∥∥(y(u)− ya)
−∥∥

C(Ω)
= −min

(
y(u)− ya

) ≤ ε

(
C +

d

β
|ln ε|

)
−Bε

C(Ω)

(
y(u)

)
.

For u ∈ Dbε there holds Bε
C(Ω)

(y(u)) ≥ 0. This implies the first assertion.

Remark 3.22. The estimate of this lemma is, in general, optimal with respect to
the order in ε; cf. [26, Lemma 4.4.5].

From the previous result we infer an estimate for the length of the path of solutions.
Recall that j = −Cj ln(Cĵ − ĵ) depends on the choice of Cj > 0. Note, however, that
ūε, the optimal solution of (Pε), does not depend on the choice of Cj .

Theorem 3.23. There exists C > 0 such that there hold

|j(ūε)− j(ū)| ≤ CjCε (1 + |ln ε|) and ‖ūε − ū‖U ≤ C
√
ε
√
1 + |ln ε|

for all ε > 0 and all Cj > 0.

Proof. First inequality. Dividing the asserted estimate by Cj , we see that it
suffices to argue for the case Cj = 1. To this end, define T := A−1B ∈ L(U,C(Ω)).
We have ū ∈ Dbε = {u ∈ U : Bε(u) ≥ 0} since there holds Bε(ū) ≥ min(y(ū)−ya) ≥ 0;
cf. Lemma 3.20. Convexity of j and ū ∈ Dj ∩Dbε yield via Lemma 3.4

|j(ūε)− j(ū)| = j(ū)− j(ūε) ≤ −j′(ū)[ūε − ū] = 〈λ, T (ūε − ū)〉C(Ω)∗,C(Ω)

= 〈λ, (T (ūε)−A−1g)− (T (ū)−A−1g)〉C(Ω)∗,C(Ω)

= 〈λ, ȳ − ȳε〉C(Ω)∗,C(Ω) = 〈−λ̄, ȳε − ya〉C(Ω)∗,C(Ω).

By Lemma 3.4 we have 〈−λ̄, y〉C(Ω)∗,C(Ω) ≤ 0 for all y ∈ C(Ω) with y ≥ 0. From

this we infer |j(ūε)− j(ū)| ≤ 〈−λ̄, (ȳε − ya)
−〉C(Ω)∗,C(Ω) ≤ ‖λ̄‖C(Ω)∗‖(ȳε − ya)

−‖C(Ω).
Using Corollary 3.21, we obtain the assertion.

Second inequality. Since ūε is the global minimizer of the uniformly convex func-
tion j = − ln(Cĵ− ĵ), i.e., Cj = 1, on the convex set Dj∩Dbε � ū, we deduce as in the

proof of Theorem 2.43 (4) that ‖ū − ūε‖U ≤
√

4
α̃

√
j(ū)− j(ūε) holds. Here, α̃ > 0

denotes the convexity modulus of j on Dj , which satisfies α̃ ≥ α
Cĵ−infu∈Dj

ĵ(u)
and is,

thus, independent of ε and Cj . Using Cj = 1, the second inequality now follows from
the first.

Remark 3.24. In the above estimate for the path of optimal solutions, we have
order O(

√
ε(1 + |ln ε|)) regardless of d (recall that Ω ⊂ R

d). For interior point meth-
ods and Lavrentiev regularization, similar estimates have been proven; cf., e.g., [37,
Theorem 6.3] and [25, Theorem 3.4]. In Moreau–Yosida regularization for state con-
strained optimal control problems, the length of the path of optimal solutions can also
be bounded by some power of the regularization parameter, but this power depends
on d; cf. [19, Theorem 2.9].

3.6. The central path. In this section, we investigate the central path of (Pε)
for fixed ε > 0. For μ > 0 and u ∈ Uad(ε) the Newton decrement is denoted λε,μ(u) :=√
f ′′
ε,μ(u)[nu, nu]. Moreover, we employ Λε,μ := {u ∈ Uad(ε) : λε,μ(u) ≤ 1

4} and
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denote by α̃ the convexity modulus of j on Uad(ε).
Lemma 3.25. Let ε > 0, and let Cj , τ(ε) be chosen according to Lemma 3.12.

Then for all μ ∈ Is = (0, Cμ] and all u ∈ Λε,μ we have

|j(u)− j(ūε)| ≤ 2μϑbε and ‖u− ūε‖U ≤
√

4

α̃

√
2μϑbε .

Proof. The first estimate follows from Lemmas 2.40 and 2.41 and λε,μ(u) ≤ 1
4 .

The second estimate follows, as in the proof of Theorem 2.43 (4), from the global
optimality of ūε for j on (Dj ∩Dbε) ⊃ Uad(ε) � u.

Remark 3.26. The proof shows that the order O(μϑbε) cannot be improved by
the use of u with small Newton decrement.

We present an estimate for the overall error with respect to (P). Clearly, choosing
a smaller ε should enable us to decrease this error. However, since a smaller ε may
require the choice of a larger Cj (cf. Lemma 3.12), the following result also displays
the influence of Cj .

Lemma 3.27. Let ε > 0, and let Cj , τ(ε) be chosen according to Lemma 3.12.
Then there exists C > 0 that is independent of ε, Cj, and τ(ε) such that there hold
for all μ ∈ Is = (0, Cμ] and all u ∈ Λε,μ

|j(u)− j(ū)|
Cj

≤ 2μτ(ε)

Cj
+Cε (1 + |ln ε|) and ‖u−ū‖U ≤

√
8μτ(ε)

α̃
+C

√
ε (1 + |ln ε|).

Proof. Both estimates follow from Theorem 3.23 together with Lemma 3.25. The
constant in Theorem 3.23 is independent of τ(ε) since this is true for j, ūε, and ū.

Remark 3.28. The estimate for j may look discouraging since Cj has order ε−2.

However, the definition of j implies |j(u)−j(v)|
Cj

= |ln(1+ ĵ(u)−ĵ(v)

Cĵ−ĵ(u)
)| ≈ ĵ(u)−ĵ(v)

Cĵ−ĵ(u)
for ĵ(u)

close to ĵ(v). Thus, for |ĵ(u)− ĵ(ū)| small we can expect this error—which is the one

we are interested in—to behave like |j(u)−j(ū)|
Cj

. This shows that the error for ĵ is not

affected negatively by the order of Cj .

3.7. Two barrier methods for the solution of (Pε). We fix ε > 0 and
abbreviate fμ := fε,μ, λμ := λε,μ, and Λμ := Λε,μ.

3.7.1. Algorithm SSMε.

Algorithm SSMε (short-step method to solve (Pε))

Input: Parameters ε > 0, μ0 > 0, θ ∈ (0, 1
4
], τ (ε) ≥ 1, starting point u0 ∈ Λμ0(θ).

Set Cμ := μ0 and select Cj according to Lemma 3.12.

Set ϑb := τ (ε) and define δ :=
θ

(
1− θ

(1−θ)2

)

1+ θ√
ϑb

and β := 1− δ√
ϑb

.

FOR k = 0, 1, 2, . . . :
Compute the Newton step sk ∈ U by solving f ′′

μk
(uk)[sk] = −f ′

μk
(uk) in U∗.

Set uk+1 := uk + sk and μk+1 := βμk.

Remark 3.29. Choosing τ(ε) large may be helpful in finding a starting point since
it increases the weight of the barrier term at the beginning of the algorithm.

Theorem 3.30. Algorithm SSMε generates a sequence (uk) ⊂ Uad(ε) with uk ∈
Λμk

(θ) for all k ∈ N0. Moreover, for every k ∈ N0 we have the following:
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(1) To reach iteration k (more precisely, to reach the FOR statement in SSMε

for the (k + 1)th time), Algorithm SSMε requires exactly k Newton steps.
(2) The sequence (j(uk)) converges with r-linear rate β to the optimal value of

(Pε). More precisely, the following holds:

|j(uk)− j(ūε)| ≤
(
ϑb +

√
ϑb

)
μk =

(
ϑb +

√
ϑb

)
βkμ0.

(3) For every ε̂ > 0 we have the complexity estimate

k ≥
√
ϑb

δ
ln

(
μ0(ϑb +

√
ϑb)

ε̂

)
=⇒ ∣∣j(uk)− j(ūε)

∣∣ ≤ ε̂.

(4) It holds that ‖uk−ūε‖U ≤
√

4
α̃

√
ϑb +

√
ϑb
√
μk, where α̃ denotes the convexity

modulus of j on Uad(ε). In particular, (uk) converges r-linearly with rate
√
β

and ‖·‖U -strongly to ūε, the unique minimizer of (Pε), and we have for every
ε̂ > 0 the complexity estimate

k ≥ 2
√
ϑb

δ
ln

(√
4
α̃

√
μ0(ϑb +

√
ϑb)

ε̂

)
=⇒ ‖uk − ūε‖U ≤ ε̂.

(5) There exists a constant C > 0 that is independent of ε, Cj, τ(ε), and k such
that

|j(uk)− j(ū)|
Cj

≤ 2μkϑb

Cj
+ Cε (1 + |ln ε|)

and

‖uk − ū‖U ≤
√

8μkϑb

α̃
+ C

√
ε (1 + |ln ε|)

are satisfied. Here, α̃ denotes the convexity modulus of j on Uad(ε).

Proof. (1)–(4) are derived from their counterparts in Theorem 2.43, which is
applicable due to Lemma 3.12. The estimates in (5) follow from Lemma 3.27.

Remark 3.31. All constants that appear in (1)–(4) are known explicitly. Thus,
we can determine in advance how many iterations of SSMε suffice to ensure a given
accuracy for j(uk)− j(ūε) and ‖uk − ūε‖U .

Remark 3.32. By use of |j(u)−j(v)|
Cj

= |ln(1 + ĵ(u)−ĵ(v)

Cĵ−ĵ(u)
)|, estimates for j may be

transferred to ĵ. For instance, if k is large enough, then ĵ(uk)− ĵ(ūε) ≤ 2.5(Cĵ− ĵ(uk))

holds. If, in addition, ĵ ≥ 0 is valid, then |j(uk)−j(ūε)|
Cj

≥ |ĵ(uk)−ĵ(ūε)|
2Cĵ

is satisfied for

all k large enough. In particular, this implies that (ĵ(uk)) is r-linear convergent. In
section 3.8 we sketch a barrier that yields convergence results for ĵ instead of j.

Remark 3.33. The estimates in (5) indicate that it is not sensible to choose
ϑb = τ(ε) too small, since then the first term on the right-hand side may already be
smaller than the second for μ = μ0. This matches the observation from our numerical
experiments that phase one may become excessively long for small τ(ε) if ε is small.
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3.7.2. Algorithm LSMε.

Algorithm LSMε (long-step method to solve (Pε))

Input: Parameters ε > 0, μ0 > 0, θ ∈ (0, 1
4
], βmin, βmax ∈ (0, 1) with βmin ≤ βmax, τ (ε) ≥ 1,

starting point u0 ∈ Λμ0(τ ) with τ := max{1− 1√
2
,
√

θ
2
}.

Set Cμ := μ0 and select Cj according to Lemma 3.12.

FOR k = 0, 1, 2, . . . :
Compute the Newton step sk ∈ U by solving f ′′

μk
(uk)[sk] = −f ′

μk
(uk) in U∗.

CALL Algorithm LSMSUB with (uk, sk, μk, θ) (use X := U , K := Uad(ε) in LSMSUB),
and denote its return value by uk+1.

Choose βk ∈ [βmin, βmax], and set μk+1 := βkμk.

Theorem 3.34. Algorithm LSMε generates a sequence (uk) ⊂ Uad(ε) with uk+1 ∈
Λμk

(θ) for all k ∈ N0. Also, with ϑb := τ(ε) we have the following for each k ∈ N0:
(1) To reach iteration k (more precisely, to reach the FOR statement in LSMε

for the (k + 1)th time), Algorithm LSMε requires at most

k

(⌊
27.77

βmin

(
ϑb +

√
ϑb

)⌋
+
⌈
2.13 + 1.45 ln

∣∣∣ln√2θ
∣∣∣⌉)

Newton steps, including the Newton steps from LSMSUB.
(2) The sequence (j(uk)) converges with r-linear rate βk in iteration k to the

optimal value of (Pε). More precisely, the following holds:

∣∣j(uk+1)− j(ūε)
∣∣ ≤ (

ϑb +
√
ϑb

)
μ0

k−1∏
j=0

βj =
(
ϑb +

√
ϑb

)
μk.

(3) For every ε̂ > 0 we have the complexity estimate

k ≥
∣∣∣∣ 1

lnβmax

∣∣∣∣ ln
(
μ0(ϑb +

√
ϑb)

ε̂

)
=⇒ ∣∣j(uk+1)− j(ūε)

∣∣ ≤ ε̂.

(4) This part is identical to (4) from Theorem 3.30, with uk, β, and (in the

complexity estimate) 2
√
ϑb

δ replaced by uk+1, βk, and | 2
ln βmax

|.
(5) This part is identical to (5) from Theorem 3.30, with uk replaced by uk+1.
Proof. (1)–(4) follow directly from their counterparts in Theorem 2.51, which is

applicable due to Lemma 3.12. Assertion (5) is implied by Lemma 3.27.
Remark 3.35. With small modifications in (1), Theorem 3.34 stays valid for

u0 �∈ Λμ0(τ); cf. Remark 2.52.

3.8. A slightly different barrier function. As a special case, Lemma 3.12
shows that b : Uad(ε) → R, b(u) := fε,1(u) is (Cj + τ(ε))-self-concordant if Cj , τ(ε)
are chosen according to this lemma with Cμ = 1. Since quadratic functions are

obviously self-concordant, it is easy to infer from this that f̃ε,μ := ĵ
μ + b satisfies

Assumption 2.33 for all μ > 0. The theory of section 3 can then be developed for
f̃ε,μ without any problems. For instance, Theorem 3.34 for Algorithm LSMε (with

f̃ε,μ instead of fε,μ) stays exactly the same except that j needs to be replaced by ĵ
(which implies α̃ = α), and ϑb = Cj + τ(ε) holds. Furthermore, the denominator Cj

in (5) is not required in this case. This demonstrates both the advantage and the
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disadvantage of this version of LSMε: While all convergence results are now phrased
for ĵ, i.e., the original objective, they contain a larger constant of self-boundedness
since ϑb = Cj + τ(ε) has at least order O( 1

ε2 ). This affects the complexity results
negatively. In our numerical experiments we observed that both variants of LSMε

require similar numbers of Newton steps, with a slight advantage for the variant with
fε,μ. In a forthcoming paper we will develop an algorithm to drive ε and μ to zero
simultaneously; cf. [26]. There, we again work with fε,μ since we are able to prove

better convergence rates than for f̃ε,μ.

4. Numerical results. It is well known that short-step methods are usually
inferior to long-step methods in practice. Therefore, we employ the long-step method
LSMε to demonstrate the practical performance of our approach. We implemented
LSMε in MATLAB using a standard regular five-point finite difference stencil with
mesh width h and the trapezoidal rule for integration. To develop fast code, several
techniques are helpful. For instance, by suitably rewriting the Newton system and
using structural properties of the corresponding Hessian, the computation of a Newton
step in our test problems requires two solves of a linear system of the form (A∗A +
γI)y = f , with γ ∈ C0,β(Ω) and A as before. Moreover, in these two solves only
f varies, which further diminishes the computational costs. More details as well as
additional numerical experiments can be found in [26, section 8].

4.1. Test problem I. We use the first problem to investigate different errors
with respect to ε and μ. We consider (Pfull) with Y = H2(Ω)∩H1

0 (Ω), U = Z = L2(Ω),
and Ω = B1(0) ⊂ R

2. As a Lipschitz domain, Ω satisfies the cone condition. By
Sobolev embeddings, Y is continuously embedded in C0,β(Ω) for every β < 1. We
take A = −Δ, B = −I, Q(y, u) = 1

2‖y − yd‖2L2(Ω), and α = 10−2. The functions yd

and ya are given in polar coordinates: yd(r) = 1
8πα (1 + r2(ln(r) − 1)) and ya(r) =

1
8πα (1 − 2r). This problem is also considered in [11, sec. 5.1] and [5, sec. 5.3], and
in a slightly different form in [28, sec. 6.2] and [20, sec. 3.3.1.4]. It is easy to check

that ȳ ≡ yd and ū(r) = − ln(r)
2πα are optimal. The corresponding multiplier λ̄ is a

Dirac measure concentrated in the origin. Throughout, we use θ = 0.25, Cj = 3·105
ε2 ,

τ(ε) = 3 · 107 · 1+|ln ε|
ε , μ0 = 1, and Cĵ = 1 + ĵ(u0) with u0 ≡ 1

2πα . Via Lemma 3.16

and ũ ≡ 1.1u0, Lemma 3.12 yields self-concordance of fε,μ for μ ∈ (0, μ0]. To compute
the quantity ‖q′(ũ)‖U∗ in Lemma 3.12, we use mesh width h = 2−9. This shows that

every Cj ≥ 105

ε2 ensures self-concordance.

We start by examining the convergence of (j(uk)) and (ĵ(uk)) to j(ūε) and ĵ(ūε),
respectively. We recall that ĵ is the objective of the reduced original problem. We
use mesh width h = 2−8. In Figure 1, we display 1

Cj
(j(uk)− j(ūε)) and ĵ(uk)− ĵ(ūε)

for k ∈ N, where ūε is computed with h = 2−8 and μfinal = 10−12. We have 1 ≤
Cĵ − ĵ(uk) = 1 + ĵ(u0)− ĵ(uk) ≤ 1 + ĵ(u0) ≤ 11

2 in this experiment. Hence,

j(uk)− j(ūε) = Cj ln

(
1 +

ĵ(uk)− ĵ(ūε)

Cĵ − ĵ(uk)

)
≈ Cj

ĵ(uk)− ĵ(ūε)

Cĵ − ĵ(uk)

shows that we can expect 1
Cj

|j(uk)− j(ūε)| to range roughly from 2
11 |ĵ(uk)− ĵ(ūε)| to

|ĵ(uk)− ĵ(ūε)| for large k and to behave similarly to |ĵ(uk)− ĵ(ūε)|. Figure 1 confirms
this. It also shows that the convergence rate of (j(uk)) is linear, in accordance with
the developed theory; cf. Theorem 3.34 (2). In addition, this theorem provides a
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Fig. 1. Test problem I: Error in j and ĵ w.r.t. ūε computed on the same grid as the iterates.

fairly good estimate for |j(uk) − j(ūε)|. For instance, it yields 1
Cj

|j(u1) − j(ūε)| ≤
5.61, 0.8, 0.11 for ε = 10−2,3,4, which matches Figure 1 quite well.

In Figure 2, we display 1
Cj

|j(uk)− j(ūε)| and |ĵ(uk)− ĵ(ūε)| for k ∈ N, where ūε

is now computed with h = 2−9, while the iterates are still computed with h = 2−8.
In [5], the discretization error for the objective value is estimated using linear finite
elements on uniform triangulations and the trapezoidal rule for integration (we use the
same discretization strategy). For a mesh with roughly 8·104 nodes, the discretization
error is around 8 · 10−3. We use mesh width h = 2−8, i.e., roughly 2 · 105 nodes, and
observe in Figure 2 that |ĵ(uk)− ĵ(ūε)| lies in [1 ·10−3, 3 ·10−3] for large k. As before,
the two depicted errors behave similarly, and 1

Cj
|j(uk) − j(ūε)| ranges roughly from

2
11 |ĵ(uk)− ĵ(ūε)| to |ĵ(uk)− ĵ(ūε)| for large k. Note that since LSMε is an infeasible

method, the values for j(ūε) and ĵ(ūε) using h = 2−8 may be smaller than those
obtained with h = 2−9. This is what causes the regions of nonmonotonic convergence
in Figure 2.

We now focus on the infeasibility of y(uk). The results are displayed in Figure 3.
The iterates are feasible at the beginning of the algorithm and become infeasible for
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Fig. 2. Test problem I: Error in j and ĵ w.r.t. ūε computed on a finer grid than the iterates.

μk ≈ 5.5·10−3, μk ≈ 4·10−3, and μk ≈ 3·10−3, respectively. From the plot we suspect
that the infeasibility of y(ūε) is of orderO(ε), which is slightly better than the estimate
provided in Corollary 3.21. We observe that the last iterates, which approximate y(ūε),
violate feasibility more than the other iterates. This is not surprising since ūε can be
expected to lie on the boundary of Dbε .

Next, we examine the error ‖uk − ū‖L2(Ω). Recall that ū is known exactly. For
this experiment we employ mesh width h = 2−10. The results are depicted in Figure 4.
Since (uk) converges to ūε for k → ∞, the last iterates display the error ‖ūε− ū‖L2(Ω).
The choice h = 2−10 is motivated by the fact that we want to take a look at the
asymptotic for ‖ūε − ū‖L2(Ω) as ε decreases. Therefore, we choose h so small that
‖ūε − ū‖L2(Ω) does not change if h is further diminished. This makes it most likely
that the error ‖ūε − ū‖L2(Ω) does not stem from discretization. We conjecture that

for this problem the error ‖ūε − ū‖L2(Ω) has order O(
√

ε(1 + |ln ε|)), as predicted by
the estimate from Theorem 3.34 (5). Note also that for ε = 10−4 this estimate seems
to be sharp during the entire course of the algorithm.

In Figure 5 we display −ūε for ε = 10−i, i = 2, 3, 4, together with −ū (we use
negative functions to generate good-looking plots). Apparently, the structure of the
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Fig. 3. Test problem I: Infeasibility of y(uk).

Fig. 4. Test problem I: L2-error of the control.

optimal control ū is well replicated by ūε.

4.2. Test problem II. We now illustrate the efficiency of LSMε. Let us mention
that we use test problem II and not test problem I here because test problem II is
harder to solve for LSMε.

We consider (Pfull) with Y = H2(Ω) ∩ H1
0 (Ω), U = Z = L2(Ω), Ω = (0, 1)2,

A = −Δ + I, B = −I, Q(y, u) = 1
2‖y − yd‖2L2(Ω) with yd(x) = − 1

2 (sin(2πx1) + x2),

α = 10−2, and ya ≡ −0.01 on Ω. Inspection of the numerical solution reveals that the
optimal state touches the bound ya on a rather large, connected set. Optimal state
and optimal control are displayed in Figure 6.

We use mesh sizes up to h = 2−10 and choose ε ≥ 10−5. We employ θ = 0.25,

Cj = 8·103
ε2 , τ(ε) = 8 · 102 · 1+|ln ε|

ε , Cĵ = 1 + ĵ(u0) with u0 ≡ 0, μ0 = 1, βmin = 10−4,
βmax = 0.5, and β0 = 0.1. Lemma 3.12 implies via Lemma 3.15 and ũ ≡ 15 that fε,μ
is self-concordant for μ ∈ (0, μ0]. The choice τ(ε) = Cjε(1 + |ln ε|)/10 also produced
good efficiency results for other test problems.
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Fig. 5. Test problem I: −ūε for ε = 10−{2,3,4} together with the negative optimal control −ū.
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Fig. 6. Test problem II: Optimal state (left, with inverted z-axis) and optimal control (right).

Table 1

Test problem II: Total number of Newton steps required by LSMε, computed with μfinal = 10−4;
the Newton steps from LSMSUB and phase one are included; displayed in parentheses is the number
of Newton steps required by phase one; K denotes the last iteration.

ε Mesh size h = 2−i, i = ‖(yK − ya)−‖C(Ω) |ĵ(uK)− ĵ(ū)| 1
Cj

|j(uK)− j(ū)|
5 6 7 8 9 10 (on finest mesh) (on finest mesh) (on finest mesh)

10−2 19 19 19 19 19 19(5) 1.46× 10−2 1.34× 10−3 1.34× 10−3

10−3 23 23 23 23 23 23(5) 2.45× 10−3 2.69× 10−4 2.69× 10−4

10−4 26 26 26 28 25 26(8) 3.12× 10−4 3.45× 10−5 3.44× 10−5

10−5 38 36 43 37 38 40(14) 4.14× 10−5 4.01× 10−6 4.00× 10−6

To adaptively determine the update β for μ, we use the following simple rule:
Decrease β if LSMSUB takes fewer than m− 2 iterations, and increase it if LSMSUB
takes more than m+ 2 iterations. We employ m = 4.

Theorem 3.34 tells us that it is not sensible to decrease μ too far. Until stated
otherwise, we use the rather conservative value μfinal = 10−4; cf. the estimate in
Theorem 3.34 (5). As optimal values j(ū), ĵ(ū) we take the final values for j(uk),
ĵ(uk) obtained by LSMε with ε = 10−7 and h = 2−10. We first display the mesh

independence of LSMε along with the errors ‖(ȳε−ya)
−‖C(Ω),

|j(ūε)−j(ū)|
Cj

, and |ĵ(ūε)−
ĵ(ū)|. To this end, we apply LSMε for different values of ε and different mesh sizes.
The total numbers of Newton steps that have to be computed during the course of
LSMε can be found in Table 1 and clearly indicate that LSMε is mesh independent. We
used separate experiments to confirm that the infeasibilities and the objective errors
displayed in Table 1 do not change when smaller values of μfinal are employed. With
the infeasibilities from Table 1 we compute qi := ‖(ȳε − ya)

−‖C(Ω)/(ε(1 + |ln ε|)) for
ε = 10−i, i = 2, 3, 4, 5. We obtain q2 = 0.25, q3 = 0.31, q4 = 0.31, and q5 = 0.33. This
shows that the infeasibility of ȳε behaves roughly like O((1 + |ln ε|)ε), which matches

the theoretical result in Corollary 3.21. For |j(ūε)−j(ū)|
Cj

we see the order O((1+|ln ε|)ε)
even more clearly, as the quotients are 0.023, 0.034, 0.034, and 0.032. We stress that
due to u0 �∈ Λμ0(τ), the overall iteration numbers displayed in Table 1 contain a phase
one. The Newton steps required by phase one are, furthermore, displayed in brackets
for the finest mesh; for coarser mesh sizes this number is basically the same.

As an alternative to prescribing μfinal, we also tried a different termination cri-

terion: Motivated by Theorem 3.34 (5), we required max{ |j(uk−i)−j(uk)|
Cj

, |ĵ(uk−i) −
ĵ(uk)|} ≤ ε(1+|ln ε|)

100 for i = 1, 2. This slightly lowers the iteration numbers displayed
in Table 1 while maintaining the same accuracy.

In Table 2, we display in detail for ε = 10−4 how μk is decreased to μfinal. In
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Table 2

Test problem II: Development of μ, required Newton steps for each μ, and errors after these
Newton steps; computed with μfinal = 10−4, ε = 10−4, and h = 2−10.

μk #steps ‖(yk+1 − ya)−‖C(Ω) |ĵ(uk+1)− ĵ(ū)| 1
Cj

|j(uk+1)− j(ū)|
1 8 0 6.67× 10−5 6.66× 10−5

10−1 5 2.37× 10−4 2.42× 10−5 2.42× 10−5

10−2 4 3.04× 10−4 3.34× 10−5 3.34× 10−5

10−3 5 3.11× 10−4 3.44× 10−5 3.43× 10−5

10−4 4 3.12× 10−4 3.45× 10−5 3.44× 10−5

particular, we observe that the errors with respect to j and ĵ increase for μ ≤ 10−2.
This can be attributed to the fact that (uk) converges to ūε and not to ū.

If we employ μfinal = 10−2, we obtain the iteration numbers and errors displayed
in Table 3. As before, we observe mesh independence. We mention that these iteration

numbers are comparable to the numbers we obtain by requiring max{ |j(uk−i)−j(uk)|
Cj

,

|ĵ(uk−i)− ĵ(uk)|} ≤ ε(1 + |ln ε|) for i = 1, 2.

Table 3

Test problem II: Total number of Newton steps required by LSMε, computed with μfinal = 10−2;
the Newton steps from LSMSUB and phase one are included; K denotes the last iteration.

ε Mesh size h = 2−i, i = ‖(yK − ya)−‖C(Ω) |ĵ(uK)− ĵ(ū)| 1
Cj

|j(uK)− j(ū)|
5 6 7 8 9 10 (on finest mesh) (on finest mesh) (on finest mesh)

10−2 13 13 13 13 13 13 1.41× 10−2 1.28× 10−3 1.28× 10−3

10−3 15 15 15 15 15 15 2.39× 10−3 2.61× 10−4 2.61× 10−4

10−4 18 17 17 17 17 17 3.04× 10−4 3.34× 10−5 3.34× 10−5

10−5 24 24 25 25 25 25 4.05× 10−5 3.89× 10−6 3.88× 10−6

Finally, we remark that nested grid techniques and goal-oriented discretization
refinements may very likely improve the practical performance of LSMε.
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