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A SELF-CONCORDANT INTERIOR POINT APPROACH FOR
OPTIMAL CONTROL WITH STATE CONSTRAINTS*

FLORIAN KRUSE! AND MICHAEL ULBRICH?

Abstract. We propose an infeasible interior point method for pointwise state constrained opti-
mal control problems with linear elliptic PDEs. A smoothed constraint violation functional is used
to develop a self-concordant barrier approach in an infinite-dimensional setting. We provide a de-
tailed convergence analysis in function space for this approach. The quality of the smoothing is
described by a parameter. By fixing this parameter we obtain a perturbed version of the original
problem. We establish complexity estimates and convergence rates for the methods that we propose
to solve a given perturbed problem. We also estimate the distance between the optimal solution of
the perturbed problem and the optimal solution of the original problem. Moreover, our approach
yields a rigorous measure for the proximity of the actual iterate to the minimizer of the perturbed
and the original problems. We report on numerical experiments to illustrate efficiency and mesh
independence.
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1. Introduction. In this paper, we present a new class of interior point methods
for pointwise state constrained optimal control problems that are governed by linear
elliptic PDEs. To simplify the presentation, we consider problems of the form

. ! -
(Peun) " ur)nelng(y, u) + EHUHQU st. y>y,inQ, Ay+Bu=g.

Here, a > 0, Y is a Banach space with Y < C%#(Q) continuously for a given 5 > 0
and a bounded domain  C R? with d € N; Z is a Banach space; U is a Hilbert space;
QY x U — R is quadratic and convex, y, € C*#(Q); A € L(Y,Z) is invertible,
B e L(U,Z); and g € Z. Also, we assume that (y°,u°) € Y x U and a constant
7° > 0 exist with Ay° + Bu® = g as well as y° — 7° > 7, in Q. In section 3.1, we
provide examples that fulfill these assumptions and discuss possible generalizations of
(Pun)- _

It is well known that the pointwise state constraints y(z) > yq(z) for all z € €2
complicate the solution of (Pg,) since the associated Lagrange multiplier is, in gen-
eral, only a measure; see, e.g., [7] and [8]. Currently, there exist mainly three types
of Newton-based algorithms that can deal with (Pgy) and for which an infinite-
dimensional analysis is available: Moreau—Yosida regularization [17, 18, 21], Lavren-
tiev regularization and the closely related virtual control concept [25, 28, 29, 39, 40],
and interior point methods [33, 38, 36, 37]. In all of these approaches, a family of
regularized problems is introduced. This family induces a path of solutions that the
respective algorithm follows. For a fixed regularization parameter, the corresponding
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regularized problem is solved using a (possibly semismooth) Newton method. Al-
though all of these approaches are quite successful in practice and their convergence
analyses are sophisticated, there are still several open questions. For methods based
on Moreau—Yosida and Lavrentiev-type regularizations, the convergence of the New-
ton method for a fixed regularized problem as well as the convergence of the path
of solutions to the solution of the original problem have been established. However,
complexity results for convergence to a desired accuracy are not yet available. For
interior point methods it has been shown that it is possible to decrease the regulariza-
tion parameter in such a way that the iterates converge to the optimal solution of the
original problem; cf. [38]. However, complexity estimates are not yet available. Fur-
thermore, estimates regarding Holder continuity of the path of solutions are available
for all three approaches; cf., e.g., [19], [11, 25], and [37].

For our approach, we are able to develop comparably quite strong results. The
main idea is to replace the pointwise state constraints by the constraint min.(y —
Ya) > 0. Here, min. denotes a smoothed version of the minimum functional min_ g,
and € > 0 is the smoothing parameter. This yields smoothed versions of (Pgn),
parametrized by . In this paper, we develop interior point methods for fixed €. Since
we provide an estimate for the error between the solution of a given smoothed problem
and the solution of (Pg,1), this approach is viable to solve (Pgp). In a forthcoming
paper, we extend these methods so that e is driven to zero at a provable rate and
the iterates converge to the solution of (Pg,y). The current paper develops a detailed
analysis for the new approach. This includes

e a proximity measure through which we can control, in theory and practice,
the distance between the actual iterate and the solution of the smoothed
problem,

e linear convergence of the iterates to the solution of the smoothed problem,
and

e convergence of the solutions of the smoothed problems to the solution of
(Pfun), with order almost /e.

Our approach relies in part on the theory of interior point methods for self-
concordant barrier functions, which Nesterov and Nemirovski introduced to finite-
dimensional optimization in [31]. Since the optimization variables y and w in (Pg),
however, belong to infinite-dimensional function spaces, we need to generalize the con-
cept of self-concordance to infinite-dimensional Hilbert spaces. Contrary to what one
might expect, some of the finite-dimensional results do not carry over in a straightfor-
ward manner. Moreover, compared to existing literature, we generalize some results,
since this enables us to prove better convergence rates in the case where ¢ is driven to
zero. Therefore, we develop a rigorous treatment of self-concordance in Hilbert spaces
in this paper.

To the best of our knowledge, self-concordance in an infinite-dimensional setting
was only considered in [12] and [13]. However, there the constraints are quadratic,
which is rather restrictive and, in fact, not satisfied in our approach. Also, a uniform
convexity assumption that is not required in finite-dimensional theory is employed in
[12] and [13]. We are able to dispense with this assumption.

This paper is organized as follows: In section 2 we develop the theory of self-
concordance in Hilbert spaces. We obtain short-step and long-step interior point
methods, for which we prove convergence and complexity results. In section 3 we
turn to the optimal control problem (Pgy1). We present our approach to solving it
and provide the aforementioned thorough convergence analysis. In section 4 we report
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on numerical experiments to illustrate the efficiency and mesh independence of the
new approach.

2. Self-concordance in Hilbert spaces. We consider the problem

(Psc) irélg](x) s.t. xz € K.

As a standing assumption in section 2 we impose the following.
AssuMPTION 2.1. X is a Hilbert space with norm ||-||y, K C X is nonempty,
open, and convex, and j : K — R is thrice Fréchet differentiable and convez.

2.1. Self-concordant functions.

DEFINITION 2.2 (see [23] and [31]). Let f : K — R be thrice Fréchet differentiable.
We call f self-concordant on K iff f is conver and there holds
" (x)[h, hyh) < 2(f" (x)[h, h])% for allz € K and all h € X.

DEFINITION 2.3. Let f : K — R be self-concordant on K. We call f pd self-
concordant on K iff the symmetric bilinear form f”(x) is positive definite for every
x € K, de., iff f'(x)[h,h] >0 holds for all z € K and all h € X \ {0}.

Remark 2.4. Note that f’(z) : X x X - Rand f”(z) : X x X x X — R are
symmetric bi-/trilinear forms due to the Schwarz theorem; cf. [3, Satz, pp. 125]. We
mention this technicality since it does not seem to be widely known that symmetry
can be proven without continuity of the highest derivative.

Example 2.5. The prime example for a self-concordant function is —In : K —
R on K := Rsg. More generally, we prove in Lemma 2.15 that —In(q(x)) is self-
concordant on K := {zr € X : q(z) > 0} if ¢ : X — R is quadratic and concave.
While —Int is even pd self-concordant, this is not necessarily true for —In(g(z)), as
we see from ¢ = ¢ > 0. In the fundamental Lemma 3.12, we show self-concordance of
a functional that contains the smoothed minimum.

DEFINITION 2.6. Let f : K — R be pd self-concordant on K. For all x €
K, f"(x) induces a scalar product via (v,w)sr ) = f"(z)[v,w] and a norm via
V[l () == /(V,0) prr(2), the local norm of v at z. Abusing this notation slightly, we
also employ it for self-concordant functions that are not pd, i.e., in cases where it is
only a seminorm.

DEFINITION 2.7. Let f : K — R be a function. For v € K and h € X we define

Lp={teR:x+the K} and fon:ILon—R, fuon(t):= f(x+th).

LEMMA 2.8. A thrice Fréchet differentiable function f : K — R is self-concordant
on K iff fon is self-concordant on I, for all x € K and all h € X.

Proof. Convexity of f on K is equivalent to convexity of f , on I, p for all z € K,
h € X, as is readily seen. The inequality for self-concordance of f, j is equivalent to
(2.1) |7+ th) [, by h| < 2 (f" (x + th)[h, h])*
being satisfied for all ¢t € I, j,. Since I, D {0} holds, we obtain self-concordance of
f by the use of t = 0 in this inequality.

Conversely, fix x € K, h € X, and t € I }. Then x 4+ th € K is valid. Using the
defining inequality of self-concordance of f with = + th as a first argument, and both
h and —h as a second argument, we obtain (2.1). This finishes the proof. d

LEMMA 2.9. Let K1, K> C X be open and convex sets with K := K1 N Ko # (.
Let fi : K1 — R and fo : Ko — R be self-concordant on Ky and Ko, respectively.
Then f(x) := fi(x) + fa(x) is self-concordant on the open and conver set K # ().
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Proof. Using Lemma 2.8 it suffices to argue for the finite-dimensional case. In this
case, the assertion follows from the inequality a®/2+b%2 < (a+b)*/? for a,b > 0. 0O

2.2. Self-concordant barrier functions.

DEFINITION 2.10 (see [23]). We say that a continuous function f: K = R is a
barrier function for K iff it satisfies

() C K, lim 2F =z € 0K = lim f(2*) = +o0.
k—o0 k—o00

Here, 0K denotes the boundary of K. We call f : K — R a (pd) self-concordant
barrier function for K iff f is (pd) self-concordant on K and a barrier function for K.

Remark 2.11. In [31], (pd) self-concordant barrier functions are called (nonde-
generate) strongly 1-self-concordant functions.

We examine the behavior of the local seminorm at x with respect to perturbations
in z. For self-concordant barrier functions, local norms contain feasibility information.

LEMMA 2.12 (see [31, Theorem 2.1.1]). Let f : K — R be self-concordant on K.
Letx € K and h € X with HiLHfu(z) <1 and x+h € K. Then the following holds for
allh € X:

1
L= [[hll ()
If, in addition, f is a barrier function for K, then ||iLHfu(z) < 1 implies © +h € K.
Proof. The inequalities can be proven exactly as in [31, Theorem 2.1.1 (i)]. In

doing so, it is used that self-concordance of f implies for all x € K and all hy, ho, hg €
X

(= WAl oy) 1ol < Wl ooy < 18] o) -

|f" (€)1, ho, hs]| < 24/ f7 (@) [ha, hal /" (2)[h2, ha] /7 (x) [hs, hs].

This is an inequality between symmetric bilinear and trilinear forms. Fixing x € K
and hy, ho, hs € X it suffices to establish this inequality on the vector space spanned by
{h1, ha, h3}. This shows that only a finite-dimensional version of the above inequality
is required. Such a version together with a proof can be found, e.g., in [22, Appendix].

For the second part of the proof, let # € K and h € X with ||iL||fu(r) < 1 be
given. We have to show 1 € I ;. Since fxﬁ I, > Risa self-concordant bar-
rier function for I ;, we infer from the finite-dimensional version of Lemma 2.12
(see [31, Theorem 2.1.1 (if)]) that 1 € I_; holds if |1 g7 < 1is valid. This

follows with ”1”?;/,;;(0) = ;'JL(O) = f"(x)[h,h] = ||iLH2,,(z) from the prerequisite
IAllfr@y <1. O

Remark 2.13. The inequalities of the previous lemma are sometimes used to
define the class of (strongly nondegenerate) self-concordant functions; see, e.g., [34,
section 2.2.1]. This broadens the class of self-concordant functions slightly since, then,
self-concordant functions are allowed to be only twice continuously differentiable in-
stead of thrice Fréchet differentiable. The definition of self-concordance we employ
is, however, more suitable if one wants to check whether a given function is self-
concordant. And indeed, proving self-concordance of certain barrier functions is an
important part of this paper. Furthermore, it can be shown that in the case of thrice
Fréchet differentiable functions, the definition via the inequalities of Lemma 2.12 to-
gether with f being pd is equivalent to the definition of a pd self-concordant barrier
function in the sense of Definition 2.10; see [34, section 2.5].

LEMMA 2.14. Let f : K — R be self-concordant on K. If there exists v € K
such that f"(x) is positive definite, then f is pd self-concordant on K.
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Furthermore, if K does not contain a straight line, then every self-concordant
barrier function for K is pd self-concordant on K.

Proof. Let there be € K, h € X \ {0} such that f”(&)[h, h] = 0 holds. We show
that this implies f”(z)[h,h] = 0 for all x € K. This suffices. Let € K, and denote
I=100,1,v:1 = K,~v(t):=&+t(x — ), and ¢ : I — Rxq, ¢(t) := f"(v(¢))[h, h)].
Then we have

&(t) = £ (1(0) [ b — 3 < 20 (1(8) [ Bl £ (10) la — & — &)

for all ¢t € I, where we used the same inequality for trilinear forms as in the proof of
Lemma 2.12. Due to the extreme value theorem there exists M > 0 such that ¢'(t) <
Mf"(v(t))[h,h] = Me(t) holds for all t € I. Thus, Gronwall’s inequality together
with ¢(0) = 0 yields ¢ = 0 on I. In particular, it holds that 0 = ¢(1) = f”(x)[h, h].

For the second part, let there againbe € K, h € X\{0} such that " (Z)[h, h] =0
holds. We have shown in the first part that this implies f”(z)[h,h] =0 for all z € K.
Now fix « € K, and consider f, 5 : I, — R. Since there holds f” =0on I,
fz,n is affine linear on I ;. Hence, the barrier property of f yields Iw n=R; ie., K
contains the straight line x + th, t € R. O

LEMMA 2.15. Let ¢ : X — R be quadratic and concave, and suppose that K :=
{zx € X : q(x) > 0} is nonempty. Then f : K — R, f(z) := —In(q(z)), is a
self-concordant barrier function for K.

Proof. Let € K and h € X. Using ¢’ = 0 and the notation ¢ := q(z),
q = ¢ (x)[h], ¢’ == q"(z)[h, h], we obtain

349'q" —2(¢)°

7 '
Hence, it is enough to show that (3qq’q” —2(¢')%)* < 4((¢')*> —qq")?. For the left-hand
side we have (3qq'q" —2(¢')?)? < 4(¢")® — 12q( g /" + 12(gq'q")?. For the right-hand
side we use g¢”" < 0 to deduce 4((¢')? —qq")® > 4(¢")® —12q(¢")*¢"" +12(gq'q"")*. These
estimates imply that f is self-concordant on K. Eventually, f is a barrier function
for K since it holds that 0K C {x € X : ¢(x) = 0}. O

If K does not contain a straight line and if f : K — R is a self-concordant
barrier function for K, then f is pd self-concordant on K according to Lemma 2.14.
If X is finite-dimensional, then this implies that f”(z) is invertible for all x € K.
However, since we allow infinite-dimensional choices for X, it may occur that f is a
pd self-concordant barrier function for K, but f”(x) fails to be continuously invertible
nonetheless.

Ezample 2.16. Consider the separable Hilbert space X := 62( ), i.e., the space
of square summable real sequences with scalar product (v, w),, = Y12, vgpwy and
corresponding induced norm. Let ¢ : X — R denote the concave quadratlc function
q(x) :==1— 137 k™27, By Lemma 2.15, f(z) := —In(q(z)) is a self-concordant
barrier function for K := {z € X : ¢(x) > 0}. Since K does not contain a straight line,
f is pd self-concordant on K. In particular, f”(z) is positive definite at 7 := 0 € K.
We now demonstrate that f”(z) € £(X,X™*) is not continuously invertible. In fact,
(@) (h1)(h2) = 372, k™ 2highay, holds. Hence, f”(Z)(j%e;) = (ej, )g,» and thus the
preimage of the unit ball is not bounded. In conclusion, f”(Z) is not continuously
invertible.

The previous example shows that we require a stronger condition than pd self-
concordance if we want to apply Newton’s method.

DEFINITION 2.17. Let f : K — R be self-concordant on K. We call f nondegen-

F"()[h, h] = qugqq >0 on K, f"(z)hhh] =



AN INTERIOR POINT METHOD FOR STATE CONSTRAINTS 775

erate self-concordant on K iff f"(x) € L(X, X™) is invertible for every x € K.

Remark 2.18. For finite-dimensional X, pd self-concordance and nondegenerate
self-concordance coincide.

The following quantity is crucial for interior point methods in the framework of
self-concordance.

DEFINITION 2.19. Let f : K — R be nondegenerate self-concordant on K. Here
and in the following, denote by n, € X the Newton step for f at x. Then \(x) =
Ar(@) := [nall gy is called the Newton decrement of f at .

LEMMA 2.20. Let f: K — R be a nondegenerate self-concordant barrier function
for K. Let x € K, and define 0 := ﬁ(w) Then there hold x 4+ on, € K and

f(@) = fl@+ong) > Mz) —In(1+ \z)).

Proof. Due to ||ong|| y7(z) = Az)/(14+X(z)) < 1, Lemma 2.12 implies 2+o0n, € K.
Defining h := n, it hence suffices to argue that the asserted estimate follows from the
finite-dimensional counterpart of Lemma 2.20. To this end, let h # 0. This implies

wn(0) = [|A]|%,,) > 0. Hence, the Newton step h for fy 5 at ¢t := 0 € R is given

by h = —f,(0)/f/,(0). We have h = 1 due to [/ ,(0) = f'(x)[h] = ||k}, =
~£2,(0). Defining & := 1/(1+ ||hl 17, (o)) it holds that [[2ll s, o) = [[Lllgr o) = M),

which shows that & = ¢ by definition of ¢ and &. In particular, & < min{1, 1/X\} is
satisfied with A := [[h]|s~ (o). The finite-dimensional version of Lemma 2.20, which

can be found in [31, Theorem 2.2.1; the inequality & < min{1,1/A} is used to apply
this theorem], yields the estimate

fon(t) = fon(t+6h) > X —In(1+ X).

Using t =0, h=1,5 =0, and A = A(zx) this establishes the assertion. O
LEMMA 2.21. Let f : K — R be a nondegenerate self-concordant barrier function
for K, and let v € K with A\(z) < 1 be given. Seto := ﬁ(w), and denote x+ := x+n,

and x° := x + on,. Then there hold x+,2° € K together with the estimates

x 2 333
P5) - A DwR e < 25

(22) @) < <

Proof. We number the three estimates in (2.2) as (1), (2), and (3). Combining
ideas of [24, pp. 366-370] and [30, Chapter 2, IX], we demonstrate these three estimates
simultaneously. To this end, denote by n,, n,-, and n,+ the Newton steps at x, x7,
and xT. Furthermore, we abbreviate A := A(z), A% := A(z?), and A(zt) := AT.
Defining I :=[0,1] and v : I — X, v(t) := x + tn,, we conclude that y(I) C K from
Lemma 2.12. In particular, we have 27,27 € K. Lemma 2.12 also implies for all
heXandalltel

1" " 1
(2.3) £ (v(®) [h, B = £ () [h, B]| < <m - 1) 17 o-

Here, we used 1 — (1 —s)? < ﬁ — 1 for all s € [0,1) with s :=t\. For h € X, set

on I =R, u(t) =1 —t)f"()[h] = f'(v(1))[h].
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Due to (2.3) and the positive definiteness of f”(x), we can apply the generalized

Cauchy—Schwarz inequality; see [22, Appendix A.1.] or [26, Lemma C.1.5]. This

yields for all t € T
en(t) = (@) [nz, h] = 7 (v(t)) [0, A

< () V(@) e, na] V7 (@)[hy B = Ar@)|1B] g2,

with r: I = R, 7(t) := r=jxyz — 1. We now prove (1) and (3). Since we have

(2.4)

Pn, 4 (1) = _f/(er)[nw‘*'] = ()‘+)2 and (pnz(l) = _f/(er)[nw]a

it suffices to establish ¢, , (1) <A™ (ﬁ)Q as well as |gy, (1)] < % Hence, (2.4)
and Lemma 2.12 imply (1) via

L 1 AT
= < " < T N 3
on_, (1) jﬁ P, . () dt < Alng+ | u>j€ r@)dt <A— 1%

and (3) follows from |, (1)] < A2 fol r(t)dt = A°_ Tt remains to prove (2). With

I-X-
the definition of o we obtain ¢,,_, (o) = (A7)? — ?A)\f”(x)[nm7 ngo). Using
A A2 A2 1

f”(x)[nw,nwo] <

b\ Hnwa ||f//(ma) = )\2)\0

e —— o 1" <——
1+ 1+ﬂmwm(”*1+A1—a

it thus suffices to prove ¢, (o) < A7\2. Analogously as for (1) and (3), this follows
from ¢, (0) < A|nge || pri [y 7(t)dt < 225 [ﬁ — t]g =2 O

DEFINITION 2.22. Let f : K — R be nondegenerate self-concordant on K. For
t > 0 we denote A(t) :={z € K : A(z) < t}. Moreover, we set A :=A(1).

LeEMMA 2.23. Let f: K — R be a nondegenerate self-concordant barrier function
for K with A # (). Then there exists a unique and global minimizer T € K of
the barrier problem mingcr f(x). Moreover, Newton’s method with starting point
20 € A generates a sequence (z¥) C A that converges strongly to T. Also, we have the
estimates
2

(A=)

° -2 —
1-— (?/\(x ))

oy SWOAE)T and (") - f(@)] <

Proof.  Preliminaries: Since f is nondegenerate, f”(z°) is boundedly invert-

ible. In particular, we have ||h| 0y < ||f”(x0)|\1ﬁ/(2X X+

h||x and, by use of the

Cauchy—Schwarz inequality, [|h]|x < ||f”($0)_1||£(X*7X)||f”($0)||2/(§(7X*)HthN(wO) for

every h € X. Hence, |-||x and ||-||f(50) are equivalent. Moreover, we deduce from

Lemma 2.21 that A(z") < 1 holds true for all k, i.e., (z*) C A. We argue for the case

where Newton’s method does not terminate finitely; the case of finite termination can

be treated analogously but is simpler. Thus, we have ||n,« ||f~(mi) # 0 for all k,i € Ng.

Since f is strictly convex, there exists at most one (necessarily global) minimizer .
Part 1. We prove existence of Z, limg_. oo z¥ = Z, and the first asserted estimate.
Part a. We show by induction for all k € Ny that A(z**!) < 4. (%)Hl A(z9)2.
For k = 0, the application of Lemma 2.21 with + = 2! provides

20 ?
Mzt < (%) < E/\(a:o)2 =4. g)\(xo)2,
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where we used the prerequisite 2° € A, i.e., A(20) < 1.
For k € N, Lemma 2.21 and the induction hypothesis yield

Mt < [%] : [4- <g)kA(a:0)2] <4 <g)k+l A(z°)2,

where we used A(z¥) < 1 due to (2¥) C A; see preliminaries.

Part b. We prove by induction for all k € No that [[nge+1]] 41 oy < 4- (32 )kJrl A(x0)2.
In fact, using Lemma 2.12 and [[ng« ||y, # 0 for all k,i € No, we deduce
sl ooy = lImasss H e R AT) |
k41| prr 0y = k1 || prr (it = PR TR
f(x9) fr(xkt1) Hn k+1||f”(w’L+1) bl 1-— ||7’LriH‘f”(wi)

Here, we employed ||n,

Py = Ma') < % < 1for all i € Nyg. This also implies

k

1 4 k+1
k | | k
||nzk+1||f//(r()) S /\({E +1) —_— S )\($ +1) <§) .

=0 1-— HanHfN(zz)

Together with the estimate from part a, this concludes part b.

Part c. The estimate in part b shows that (z*) is a Cauchy sequence w.r.t.
||| #(z0 since we have ||z — ™| pr(zoy < S 11| prraoy < 4X(20)2 0 (36)°
for all m,n € Ny with 0 < m < n. Since ||| y#(,0) and [|-||x are equivalent, we can
define 7 := limy_, o, 2¥. In particular, (z*) converges strongly to Z, and for m = 0 and
n — 0o we obtain [|20 — Z| 40y < 4A(20)2 307 (52 ) < 10A(z?)?, which establishes
the first of the two asserted estimates and implies Z € K via Lemma 2.12 and 20 € A.

Part d. By demonstrating f/(Z) = 0 we prove that Z is a minimizer of f.
Due to |f/(z*)[n]| = |f"(@*)[nge, h]| < Na®)||hllprier) for all h € X, k € Ny,
and limy 0o A(z%) = 0 (see part a), it suffices to show boundedness of (||h|[ yr(yn)).
Lemma 2.12 yields |[|h]|pr(zr) < (]_[ic 01 — zl))||h||f~(w0) Hence it is sufficient to
show that » .;°In #(IL) exists. From A(z') < 1 we infer ; <1+ 2)(z?) for
all 7. Thus, there holds

Zml_ <Zln1+2)\ Zm

where we used In(1+¢) < ¢. The existence of >~ In #(I) now follows from part a.

Part II. It remains to establish the second estimate. The convexity of f yields
f@® +nge) > f(@%) + £/ (aF)[nge] = f(a*) — A(2*)? for all k € Ng. From Lemma 2.21
we infer A(z%) < (2(20))%"~*A(2) for all k € No. With f(z*) — f(Z) this implies

F@) = f@) =3 (f(a¥) - f(a*)) Z
=0

(0”)

k=0

202 i [(%ﬁA(zO))Qk

thereby concluding the proof. O
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2.3. Self-bounded functions.
DEFINITION 2.24 (see [23]). We say that a twice continuously differentiable
function b: K — R is self-bounded on K iff there exists a constant 9, > 0 with

(¥ ()[A])* < Oy - b"(2)[h, B]

for all x € K and all h € X. We call 9y the constant of self-boundedness of b and
also refer to b as a Yp-self-bounded function. If b is, in addition, self-concordant on
K, we then speak of a Vy-self-concordant function on K.

LEMMA 2.25. A twice continuously differentiable function b : K — R is self-
bounded on K with constant ¥, > 0 iff for every x € K and every h € X the function

bon:Ion = R, byp(t) :=bx+th)

is Up-self-bounded on I, = {t e R:x +th € K}.

Proof. This follows readily from the definition. d

Remark 2.26. Obviously, every self-bounded function is convex. The converse,
however, is not true, as the example b: R — R, b(z) := 2% implies for z — oc.

LEMMA 2.27. A twice continuously differentiable function b : K — R s self-
bounded on K with constant 9y > 0 iff ¥ : K — R, U(z) := e~ 2@/ js concave.

Proof. Since VU is concave on K iff U”(x)[h,h] < 0 holds for all € K and all
h € X, the assertion becomes evident by computing " (x)[h, . O

COROLLARY 2.28. Let B : X — R be twice continuously differentiable and
concave, and let C > 0. Suppose that K := {x € X : B(z) > 0} is nonempty. Then
b: K =R, b(x):=—Cln(B(x)) is C-self-bounded on K.

LEMMA 2.29. Letb: K — R be Uy-self-bounded on K. Then we have

b (z)y —x] < and b(y) — b(z) < 9y |ln(1 — wm(y))‘

for all z,y € K, where w, : K — [0,1) denotes w,(y) :=inf{t > 0: x4+ F € K}.

Proof. First estimate. Define h := y — x, and consider b, ;. We need to show

% »(0) <y and assume b/, ;,(0) > 0 without loss of generality. This implies b/, , (t) >

0 for all t € I := I, N [0,00) via monotonicity of v, ;. Thus, the definition of
self-boundedness ensures b, , (t)/ (b;,h(t))Q > 19%7 for all ¢ € I. Integration yields
b, (0)~1 =0, (1) > 19%7 for all ¢ € I, which establishes b], ,(0) < 9;/t. The
assertion follows for t =1 € I.

Second estimate. We define b, : I, — R as above. It follows as in the proof
of the first estimate that b/, , (t1) < 19b/(t2 — t1) holds for all t1,ty € I, with t1 < to
and bw n(t1) > 0. Obv10usly7 bw p(t1) < Uy/(ta —t1) is also true for all ti,te € Ip
with ¢; < to and b' A(t1) <0. This yields for all to € I, 5, with to > 1

1
bz,n(1) = be,n (0 /b dt</ ﬁbtdtzﬁb‘ln(l—tglﬂ.

tog —

Choosing for t2 a sequence that converges to the (possibly infinite) supremum of I j,
we obtain t, ' — w,(y) < 1. By continuity, this implies the assertion. 0

We present a sophisticated method to construct self-concordant barrier functions.
It works for appropriate functions.

DEFINITION 2.30 (see [30] and [41]). A thrice Fréchet differentiable concave
function A : K — R is said to be p-appropriate for Rsq iff there is § > 0 with
A" (x)[h, h,h] < =3BA"(x)[h, k] for all x € K and all h € X that satisfy z+h € K.

LeEMMA 2.31. Let A: K — R be B-appropriate for R~q, and let f : K — R be a
V¢-self-concordant barrier function for K. Moreover, let E = {x € K : A(z) > 0} be
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nonempty, and let C > 1 and C > max{1, 3%}. Then E is open and convez, and
G:E—R, Gz):=-Ch(A))+Cf(x)

s a U-self-concordant barrier function for E, where 9 is given by ¥ = C + C’ﬁf.
Remark 2.32. Roughly speaking, this result shows that for an appropriate map-
ping A it is possible to create a self-concordant and self-bounded barrier function via
x — —1In(A(x)) if a suitably weighted ¥ ¢-self-concordant barrier function f is added.
The importance of this result lies in the fact that 2 — —C'In(A(x)) is, in general, not
self-concordant. It is, however, self-bounded with constant C; cf. Corollary 2.28.
Proof. Clearly, E is open and convex. To show that G is a barrier function for F,
let (2F) C E satisfy limy_,o, #¥ = 7 € OE. We need to establish limy,_,o, G(z¥) = cc.
Due to (z*) C K, there holds either # € 9K or # € K. If Z € K holds, we then have
limg o0 A(2*) = A(z) = 07, which implies —C'In(A(z*)) — oo for k — oco. Since
limy 00 C'f(2F) = Cf(Z) is true, we obtain limy o, G(2¥) = oo. In the case z € IK,
we have f(z") — oo for k — oo. Thus, it suffices to show that (A(z")) is bounded from
above. Since (z*) is convergent, this follows from A(z*) < A(z°) + A’ (2°)[2F — 29].
It remains to establish that G is ¥-self-concordant on E. To this end, it suffices
to show for x € F and h € X that G, is self-concordant and self-bounded with
constant ¢ on I, = {t € R :  +th € E}; cf. Lemmas 2.8 and 2.25. Since we
have Gy i (t) = —C'In(Ay (1) + Cfun(t), self-concordance and self-boundedness of
Gg.n on IE , with constant ¢ follow from the finite-dimensional counterpart of the
assertion. More precisely, we apply [30, Theorem 9.1.1] with F'* = —C'ln, A = A, ,

- Cfaon - TE ]
F- = W Gt =Ry, G~ =15, G=1F,, 9, = C, 9 = il Here,
as required in [30], F'~ is a 9 _-self-concordant barrier for G~ and A, p, : IS, — R is

B-appropriate for G*. The latter holds true since

gfh(t)[s, s,8] = A" (x + th)[sh, sh, sh] < —=3BA" (z + th)[sh, sh] = —BﬁAg,h(t) [s, s]

is valid for all t € IS, and all s € R with t + s € IS, O
2.4. Barrier methods.

2.4.1. Preliminaries. We want to develop a barrier method to solve (Pgc), i.e.,

(Psc) ;nel;(l](x) st. xe€ K.
To this end, we impose the following assumption.
ASSUMPTION 2.33.
e K C X is a nonempty, open, and convex subset of the Hilbert space (X, ||| x)-
e The objective j : K — R is thrice Fréchet differentiable and convex.
e The function b : K — R is Jp-self-bounded with 9, > 1, and there exists
s > 0 such that for every p € I := (0, ps) the function

fu: K =R, fuz):= ](733) + b(x)

is a nondegenerate self-concordant barrier function for K.

o For € I, and x € K we denote \,(x) := Ay, (x). Moreover, we define
Au(t) == {z € K : M\y(z) <t} and Ay = Ay(%) for p € I, and t > 0.
Equipped with this notation, we suppose, finally, that A, # 0 holds.
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Remark 2.34. The assumption A, # () is, e.g., fulfilled if a minimizer of f,,, on K
exists. If f,,, : K — R is a self-concordant barrier function for K, then the existence
of such a minimizer follows if f,,, possesses at least one nonempty and bounded lower
level set. This is, in particular, satisfied if K is bounded.

Remark 2.35. Since one would expect minimizers of (Pgc) to lie on the boundary
0K of K, it seems unnatural to require K to be open. However, when we apply the
results of this section, j is a barrier function for K. In that setting, minimizers of
(Psc) do not belong to 0K, and j is not real-valued on 0K. Therefore, we work with
K open. In [26, section 2.4], the feasible set is allowed to be open or closed with
nonempty interior. However, this comes at the expense of additional technicalities.

LEMMA 2.36. Let Assumption 2.33 hold. Fir 0 € (O,i] and & € [0,4/Jp). Let

wels and x € Ay(0). Define f:=1— \/%Tb, at =2 +n,, and py == Bu. Then

92
itgy + 6
aoz

/\M+ ($+) S ﬂ

0(1——0
holds true. In particular, x* € A, (0) is satisfied for all § > 0 with § < %

Vo
Proof. Tt suffices to establish the first estimate. We may assume A\, () > 0.
Fix 2 € K and h € X. Let n; and nz denote the Newton steps for f,, and f, at

#. A simple computation shows f;/, (Z)[nt,n] - ﬁ 1 (Z)[nz, h] = (ﬁ — 1)b/(2)[h].

Inserting Z = 27 and h = n;, we obtain
+\2 Mo+ + H 1A+
M = L e+ (A 1) Vi)
M H+
The Cauchy—-Schwarz inequality, self-boundedness of b, and convexity of j yield
1 1
Ay (21)2 < 5)‘#(33+)/\u+ (™) + E\/ﬁb (1= B) A, (z7).

Dividing by A, (z7) > 0 the assertion follows from Lemma 2.21 with 2 € A,,(0). 0
COROLLARY 2.37. Let Assumption 2.33 hold. Then A, # 0 for all p € I.
Proof. Due to Assumption 2.33 there exists x € K with A, (z) < %. Hence, the

0(1—-—2=)

: : . _ 1 _ (1—6) )
previous lemma applied with u = s, 0 = 3, 6 = I %b >0,and g € [1— oI 1)
yields A, # 0 for all p € [(1 — —%b Vs, ts]. Applying this lemma again, we obtain

A, #0forall pe[(l— \/%)Qus, is]. By iteration of this argument we thus conclude

A, # 0 for all pe (0, us) = L. O

COROLLARY 2.38. Let Assumption 2.33 hold. Then f, possesses exactly one
minimizer for every p € Ig, denoted by x, € K. In addition, this minimizer is
global.

Proof. For every fixed u € I, Corollary 2.37 shows that there exists x € K with
Au(z) < 1. Hence, Lemma 2.23 implies the assertion. O

DEFINITION 2.39. We call Iy > 1 +— Z, € X the central path.

LEMMA 2.40. Let Assumption 2.33 be valid. For p € I, and 2° € A, it holds
that

) L A (20 Uy + A\ (2)?
e R = we
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Proof. We set = := 2° and denote by n, the Newton step at z. First, we prove
iz +ne) —j(@)| _ Aul(@)® + V0 ()

2.5 < .
25) p T\
Since j is convex on K, we have
(2.6) J'(@)[na] <z +ng) —jl) < j'(x 4 ng)ng.
From the structure of f,, we derive ]/(‘T% = =X\, (2)? =V (z)[ns]. Self-boundedness of

b and convexity of j imply j/(w% > ()2 — \/191, - [1/(x)[ng, ng]. This establishes

(2.7) PO > o = Vi At

Analogously, we obtain
3@+ ng)[ng]

P < f;(x + nw)[nw] + v ﬁb””%”f[[(z+nz)'

Lemma 2.21 yields f/ (z + ng)[n.] < 1{*3(52;), while Lemma 2.12 allows us to infer
Au (1)

nell f7@4na) < =5, () From these results we deduce

Il _ M(@)® + Vi Au(a)
M B 1= Au(x)
In combination with (2.7), this estimate implies via (2.6)

j z) — ] A 3 Tp - A
e 40) 300 3, 02 4 73,00, VTl
1 1= Au(2)

Using 9, > 1 it is readily shown that the maximum in the above expression is given by
Au(@)° +V0p- Ny ()

1-Au(z)
Newton’s method to f, with starting point 29, This yields a sequence (z*) C Ay
with limy_eo zF = Z, € K; see Lemma 2.23. We argue only for the case when
(z%) c A, is infinite; the finite case can be treated similarly. Continuity of j implies

. In conclusion, we proved (2.5). To obtain the assertion, we apply

limys00 7 (2%) = j(Z,). Also, we infer from Lemma 2.21 via t > (ﬁ)z for ¢ € [0, 1]

that A\, (z%) < A, (2°) holds for all k € Ny. In combination with (2.5), this implies

) ‘j(ffo) _j(fu)| _ l
[ [

oo

D (") = it)

k=0

(2.8

From Lemma 2.21 with 2t = 2% we deduce readily by induction that there holds
A2k < (%x\”(xo))?’l)\u(xo) for all & € Ny. Hence,

k
> = [ /16 (2°-1) Au(2?)
k 0 0 "
(2.9) Do) < [(g)\u(x )) ()| < T- 16,y (20)
k=0 k=0 9 "\

Together, (2.8) and (2.9) establish the assertion. O

LEMMA 2.41. Let Assumption 2.33 hold. For all pn € Iy we have

(@) = j| < pd,

where j denotes j = inf,cx j(x).

Proof. Fix p € I, and z € K. From the convexity of j, f/(z,) = 0, and

o
Lemma 2.29, we obtain j(z,) — j(z) < j'(z,)[Z, — 2] = ub' (z,)[z — z,] < pds. O
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2.4.2. A short-step method.

Algorithm SSM (short-step method)

Input:

Parameters (0, o) € (0, 3] x I, starting point 2° € A, (6).

o(1——2—
Set 5::<(%79)2> and f:=1-— -2

FOR k=0,1,2,...:
Compute the Newton step s* € X by solving f;, (z")[s"] = —f., (z¥) in X
Set 2Ft! := 2% + s* and M1 = Bl

Remark 2.42. To find 2° € A, (), a phase one may be employed. For details,
and in particular for complexity estimates, we refer the reader to [26, 31, 34] and
Remark 2.52.

THEOREM 2.43. Let Assumption 2.33 be satisfied. Then Algorithm SSM gener-
ates a sequence (z*) C K with 2% € A, (0) for all k € Ny, and for every k € Ny we
have the following:

(1)
(2)

To reach iteration k (more precisely, to reach the FOR statement in SSM for
the (k + 1)th time), Algorithm SSM requires exactly k Newton steps.

The sequence (j(x*)) converges with r-linear rate 3 to the optimal value j :=
infrex j(z) of (Psc). More precisely, there holds

(2.10) (") =31 < (9 + Vo) = (O + /1) B 0.
For every € > 0 we have the complexity estimate
(2.11) k> \/(;g_bln (“Owl’;‘/ﬁ—b)> = |i"-j|<e

If the objective function j is uniformly conver on K with respect to a norm
[l - |l| and if (Psc) possesses a minimizer T € K, then it holds that

(2.12) |||x’“—x|||<@\/z9b+w9_bm,

where o > 0 denotes the convexity modulus of j with respect to |||-|||; i.e., it
holds that j"(x)[h,h] > a|||h|||* for all x € K, h € X. In particular, (z*)
then converges r-linearly with rate /B and ||||||-strongly to Z, and we have
for every € > 0 the complexity estimate

27 VAV TV
é 5

(2.13) k> —  |llF -3l <&

Proof. Lemma 2.36 implies (%) ¢ K with 2% € A, (0) for all k € No. (1) is
evident. With Lemma 2.40, Lemma 2.41, and ¥, > 1, we obtain (2.10):

15(2*) = 41 < 13(@*) = (@)l + 15(@0,) = I

+ 1y

Mk

< [ Aup (F)V/ Ty 4 Ay, (293
- (1 - 1#96/\;% (xk)) : (1 - /\Mk (xk))
T la-5-0-9

+ 9

e < [V + 9] o = [V + 9] 5o



AN INTERIOR POINT METHOD FOR STATE CONSTRAINTS 783

Here, Lemma 2.40 is applicable since 2% € A, holds for all k € No.

Assertion (2.11) follows from (2.10) by use of —ﬁ < ﬁ

In view of (2.10), to establish (2.12) it suffices to prove |||z—Z||| < \/g\/j(x) —j(T)

for all x € K. From the uniform convexity of j we infer
e} _ . L (T T : o
il =2l < j@) +i@) =2 (5 + ) <@ —i@),

where we used that € K is a global minimizer for j.

Eventually, (2.13) follows from |||z —Z||| < \/g«/j(a:) — j(Z) by use of (2.11). O
Remark 2.44. Based on (2.10), (2.11), (2.12), or (2.13), various termination
criteria are conceivable for Algorithm SSM.

2.4.3. A long-step method.

Algorithm LSM (long-step method)
Input: Parameters (6, p0) € (0, 1] X Is, Bumin, Bmax € (0,1) with Bmin < Bmax,
starting point 2° € Ay, (1) with 7 := max{1 — %7 \/g}
FOR k—=0,1,2,...:
Compute the Newton step s* € X by solving f/,, (z*)[s"] = —f5,, (z¥) in X ™.
CALL Algorithm LSMSUB with (z*, s*, u, 6) and denote its return value by 2.
Choose Bk € [Bmin, Bmax] and set g1 1= Brfik.

Algorithm LSMSUB (subroutine for Algorithm LSM)

Input: (z,s,4,0) € K x X x Rsg x (0, 1], where s is the Newton step for f, at .
Output: z € A,(6).

Set #° =z, 3% =5, 7y = \/g, and 75 := min{1 — %,7—1}.
FOR [ =0,1,2,...:

~ ~ ~ gl
IF )\p,(fl,'l) S T1, THEN xTr = fI,'l + m

IF A\, (3') <™ AND f,(z' +§") < f.(&), THEN z := &' + 3.
IF \,(#') <7, THEN RETURN 3.

Set 2Tt =z + st

IF A\.(2') <1— 25 AND [, (' +3§') < fu(2'*!), THEN 3" = ' + 3.
IF A\, (3') <1— Z5 AND f, (' +3') > fu(2'*!), THEN &' .= 2!+
IF A\.(&') > 1 — Z5, THEN choose #'*' € K such that f,,(z'*!) < f.(&'"") holds.

Compute the Newton step 87" € X by solving fi/ (718" = — f/ (') in X,

Remark 2.45. Lemma 2.12 implies that LSMSUB is well defined.

Remark 2.46. If )\, (') > 1 — \/Li holds, we are then free to apply heuristics
to find &1 with f,(z't1) < f.(2'*!). For instance, we can employ line search
strategies, which may (significantly) increase the effectiveness of Algorithm LSMSUB
in comparison to the use of #t! = &1 In practical optimization problems, the
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numerical costs for a line search are often negligible in comparison to the computation
of a Newton step.

LEMMA 2.47. Let Assumption 2.33 hold. Let Algorithm LSMSUB be started with
(z,s,1,0) € K x X x I x (0, i], where s is the Newton step for f, at x. Denote by
#,1=0,1,2,..., the (possibly finitely many) iterates that LSMSUB generates. Then
there hold the following for every L € Ny for which &* exists:

(1) Ma@) > 1L = fu(@h) = fu@) > AE5) — (L + Au(35)) >

0.036. v
(2) A (@h) < 1—% —  LSMSUB takes maximal L+[1.13 + 1.451n [In 27 |]

Newton steps to terminate.
Proof. (1) The first inequality follows from Lemma 2.20 and f,,(z171) < f,(251).
The second inequality follows by monotonicity of ¢t — In(1 + t).
(2) By A\u(2") <1 — 5, Lemma 2.21 yields A, (Z5") < 2X,(25F71)? for all

I € N such that #-+! exists. From this it follows that A, (Z5) < 1. (2)2"" for all
I € No. Hence, it suffices to determine | € Ng with 2/=1 > In(271)/In(£), since this

implies )\M(;%L”) < 715 i.e., Algorithm LSMSUB terminates after the computation of
nln 3 n|ln 27 .
at most L + [ Newton steps. This is ensured if [ > 1 — ! 111]22 + % holds, which
proves the assertion. a
COROLLARY 2.48. Let Assumption 2.33 hold. When started with (z,s,u,0) €
K x X x Iy x (0, i], where s is the Newton step for f, at x, LSMSUB computes

L < |27.77 (fu(@) — fu(7,))] + [1.13 + 1.451n |In 274

Newton steps and terminates with a point & € A, (6). If, in addition to Assump-
tion 2.33, f, is 9,-self-bounded, then we also have

L < 27779, |In(1 — wz, (x)) || 4+ [1.134 1.45In[In 27|,

where wz, denotes the Minkowski function from Lemma 2.29.
Proof. By virtue of Lemma 2.29 the second estimate is a direct consequence of
the first, so it remains to prove the first assertion.

If A\, (2°) <1- % holds, then the asserted estimate follows from the previous

lemma. Hence, let A, (z°) > 1 — \/ié be satisfied, and denote by L € Ny a number
with A\, (7)) > 1 — LQ for all | < L. From z = 7° and Lemma 2.47 (1) we infer

v
L

(214)  fule) = L@ ) =D (fu@) = fu@ ) = A =In(1+ ) - (L+1)
1=0

with A == 1 — % The function f, has a global minimizer z,; see Corollary 2.38.

Hence, (2.14) implies L+1 < |(f.(z) — f.(Z,))-27.77]. Now, let L* € Ny denote the
mazimal number that satisfies A, (Z!) > 1— % for all | < L*. Hence, \,(3!) <1— \/ié
for I = L* + 1 so that we can apply Lemma 2.47 (2). This shows that LSMSUB
requires at most L* + 1+ [1.13 4 1.45 In|ln 271 |] iterations, which concludes the proof
of the asserted estimate. When LSMSUB terminates, there holds A, (%) < 2, (3)? <
272 = 0, as follows from Lemma 2.21. O

Remark 2.49. The second estimate in the corollary above displays the complexity
of LSMSUB if it is used as a phase one method, i.e., if LSM is started with 20 ¢
AMO (T)

LEMMA 2.50. Let Assumption 2.33 hold. Let u € I and B € (0,1]. Set py = Bu.



AN INTERIOR POINT METHOD FOR STATE CONSTRAINTS 785

Let z € A, (6) with 6 € (0, %] Denote fy := f,, and 4 =T, . Then we have

A Ty + 0
f() = fo(z4) < % + % (1092\/19_b+19b) < %

Proof. Let Z denote the minimizer of f := f,. Furthermore, let n, and n} denote
the Newton steps for f, and f,  at x. Set h:=z — Z. Then the following holds:

219)  fa) = £u(e) < @] =~ e+ (12 ) v
M M
This implies fi(z) — f4(z) < % ONlAll prry + 55\/_ 2] () Lemma 2.23 prov1des
(Al ¢ 2y < 10A(x)?. Hence, we have fi(2) — fy(z) < 109 + L= B 1062/, < Yo
Due to j(Z)—j(z4) < j'(Z)[z —Z4] = b/ (ZT)[T+ —a:] we deduce from Lemma 2 29

fe@)-futen) = LI o) —viay) < (Lo -1 ) v@e —al < 2500,
s Py p

Together with (2.15) this yields the assertion. O

THEOREM 2.51. Let Assumption 2.33 be satisfied. Then Algorithm LSM gener-
ates a sequence (x*) C K with 2**t1 € A, (0) for all k € Ny, and for each k € Ny we
have the following:

(1) To reach iteration k (more precisely, to reach the FOR statement in LSM for

the (k+ 1)th time), Algorithm LSM requires at most

27.77

(2.16) kqﬁ = (9 + /7 )J 213+1451n|1n27‘1ﬂ>
Newton steps, including the Newton steps from LSMSUB.

(2) The sequence (j(z*)) converges with r-linear rate By in iteration k to the
optimal value j := inf,cr j(x) of (Psc). More precisely, there holds

(2.17) [j(a*+) y|<(m+f)uoﬂﬂj—(m+m)uk.

(3) For every é > 0 we have the complexity estimate

In (Ho(ﬁb + /D)

é

1
ln ﬁmax

(4) This part is identical to part (4) from Theorem 2.43, with x*, B, and (in the
complexity estimate) 2‘{;97” replaced by x**1, By, and |1nl3ﬁ|

Proof. Corollary 2.48 implies z¢t1 € A, () for all k € Np. Assertions (2),

(3), and (4) can be proven as their counterparts in Theorem 2.43, so it suffices to

establish (1). For k = 0, there is nothing to prove. To determine z!, no more

than 1 + [1.13 + 1.451n|ln 271|] Newton steps are required by LSM and LSMSUB

combined, as follows from Lemma 2.47 (2) and the requirement z° € A, (1) with

(2.18) k>

) = b

7 = max{l — %, \/g} To determine z**! for k € N we note that, during each

iteration of LSM, exactly one Newton step is computed if we do not count the Newton
steps from LSMSUB. If LSMSUB is called to determine zFt!, k € N, then no more
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than [27.77(fu, (%) — fur (Z,,))] + [1.13 4+ 1.451n|In 271 |] Newton steps are required;

cf. Corollary 2.48. Hence, (1) is a consequence of f,, (z%) — fu, (Zu,) < %;k—\_/fib,

which follows from Lemma 2.50. To apply this lemma, we used z* € A,, () for
ke N. 0

Remark 2.52. Theorem 2.51 stays valid if LSM is started with 20 ¢ A, (1), but
(2.16) needs to be slightly changed. Corollary 2.48 shows that in this case, (2.16)
needs to be replaced by

2777 (00 = @)+ 1) | 50

= (9 + vm)J +k[2.13 + 1.45In|In 27 []
for k € N. If f,, is 9,,-self-bounded, then |27.77(f,,(x°) — fuo(Ty,))] can be substi-
tuted by |27.770,,[In(1 — wz, (22))|].

3. Application to optimal control with state constraints. We are inter-
ested in deriving interior point methods for the following state constrained optimal
control problem:

. « o
(Peun) " ul?elngQ(y’ u) + §||u||2U st. y>wy,inQ, Ay+ Bu=yg,

where a > 0, Y is a Banach space such that Y < C%#(Q) continuously for a given
B > 0 and a bounded domain Q C R? with d € N, Z is a Banach space, U is a
Hilbert space, Q : Y x U — R is quadratic and convex, y, € C%%(Q), A € L(Y, Z) is
invertible, B € L(U, Z), and g € Z. Also, we assume that (y°,u°) € Y xU and 7° > 0
exist with Ay°® + Bu® = g as well as y° — 7° > y, in Q. Furthermore, we require
that Q satisfy the cone condition. However, since this is a somewhat technical and
very weak assumption (it is, for instance, satisfied by Lipschitz domains), we refer the
reader to [1, p. 66f] for details. Eventually, we set .J(y, u) := Q(y, u) + Sull?.

LEMMA 3.1. There exists a constant Cgy > 0 with HA_lBuHY < Coy ||ully for
allu e U and ||A_1g||y < Coy |lgllz- Moreover, there is a constant Cy o) > 0 with
[ A" Bul| o) < Coc@llully for allu € U and [|[A™ g q) < Cy o 9l

Proof. The first two estimates are a consequence of the boundedness of A~! and B.
The boundedness of A=t follows from the bounded inverse theorem. The remaining
two estimates are implied by the embeddings Y < C*#(Q) < C(Q?). O

3.1. Examples and generalizations. As a simple example for (Pg,) we con-
sider Y = H2(Q) N H}Q), U = Z = L*Q), where Q C R4 1 < d < 3,is a
nonempty, open, and bounded domain that is either of class C? or convex. Both
types of domains are Lipschitz domains and, hence, satisfy the cone condition. By
Sobolev embeddings, there exists 8 € (0,1] such that Y is continuously embedded in
C%#(Q). Furthermore, we take A = —A, B = —I, and g = 0. Standard regularity
results for linear elliptic PDEs of second order (cf. [14, Theorem 8.12] for domains
with C?-boundary and [15, Theorem 3.2.1.2] for convex domains) show that the solu-
tion y = y(u) of Poisson’s equation with right-hand side v € L?(£2) and homogeneous
Dirichlet boundary conditions indeed belongs to Y. In this example, every y € Y
that satisfies y > y, in Q yields a pair (y°,u°) via (y°,u°) := (y, —Ay). A standard
choice for Q is Q(y,u) = 1|y — yd||2L2(Q) with y4 € L?(2). However, other choices
are possible in our framework—for instance, Q(y,u) = > i, y(z;) with n € Ny and

r; € Qforallie{1,...,n}.
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Let us mention that (Pgy) also comprises boundary control, e.g., —Ay +y = g,
% = u with g € L?(Q), u € U = L?(99) on a (nonconvex) Lipschitz domain  C R?;
the unique solution y = y(u) of this equation belongs to Y = H29(Q) «— C%2-9(1),
where § > 0 is arbitrarily small; cf. [35, Theorem 4]. Also, it is possible to consider in
Rd, 1 < d < 4, linear elliptic PDEs of second order with mized boundary conditions
on Lipschitz domains that satisfy a certain regularity property; cf. [16, Theorem 3.3].

The theory we develop for (Pg,1) can be generalized. For instance, the objective
is allowed to be self-concordant if a bound on the norm is known for at least one
solution of (Pgy). Also, it is possible to impose the state constraints only on a set
V' € Q or to allow more general state constraints. A more general setting is worked
out in [26].

3.2. Reduced problem and optimality.

DEFINITION 3.2. For u € U, let y = y(u) € Y be the unique solution of the
equality constraint in (Pg). We denote by}' : U — R the reduced objective j(u) =
J(y(u),u). The reduced problem reads

(Prea) rréllrjlj(u) st ylu)(x) > yu(z) for allw e Q.

Since @ is a solution of (Pyeq) iff (y(@), @) is a solution of (Pg,y), we can work
with the reduced problem instead of (Pguy).

The next result can be established by standard arguments.

LEMMA 3.3. Problem (Pyeq) possesses a unique and global minimizer u.

Let us now consider the following reformulation of the reduced problem:

(P) 51611[1)1 ju) st yu)(z) > yl(r) forallz € Q,

with
D ={uelU: C; —7(u) > 0}, C; = j(u®) +1, and j(u) = —C, 1n(05 —j(u))

Here, C; > 0 denotes a constant that, roughly speaking, has to be large enough; in
Lemma 3.12 we show how large C; has to be. Since (P) also has the unique and global
minimizer @, we can work with (P) in the following. But first, let us comment on why
we reformulate (Peq) in this way. To apply interior point methods from section 2, we
need the function that arises from coupling the state constraints to the objective to be
a self-concordant, self-bounded barrier for the feasible set. This cannot be ensured for
(a weighted) j as an objective but holds true if j and D; are used with a sufficiently
large weight Cj; cf. Lemma 3.12. For more on the role of the weight C; consider also
Lemma 2.31 and Remark 2.32.

A simple computation shows that j is uniformly convex on every set W C D;

with convexity modulus & > #Cng(u)’ i.e., it holds that j”(u)[h,h] > al|lhl?
i ue

for all w € W, h € U. It is often possible to derive a lower bound for infuewj'(u).
For instance, in the case Q(y(u),u) > 0 for all u € D; we have inf,cw j(u) >
inf e p, (QUy(w), u) + & [ull?) > 0.
The following necessary and sufficient optimality conditions are fulfilled for (P).
LEMMA 3.4. Denote y := y(u). Only the pair (y,u) € Y xU satisfies the following
KKT conditions: There exists A € C(Q)* with

7 (@)[h] + (O, A_lBh>c(§)*)c(§) =0 forallheU,
¥>9a MNYo@ecom =0 foralyeY withy>0, (N7 —ya)o@yc@ =0

Proof. This is a well-known result. 0
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3.3. Associated barrier problems. Using the minimum functional

min : C(Q) — R,
z€Q

we can rewrite (P) as

min j(u)  s.t. min (y(u)(z) — ya(x)) > 0.
ueDj z€EQ
To obtain differentiability, we smooth the minimum function.
DEFINITION 3.5. For e > 0 we call the mapping

. e as
min, : C(2) - R, min.(y):=—¢ln (T(Q)

the smoothed minimum with smoothing parameter €. Here, vol(Q2) denotes the Lebesgue
measure of ).

Remark 3.6. The finite-dimensional version of this function is well known in
optimization. It has been used in [2, 4, 9, 10], for instance.

The smoothed minimum induces a family of minimization problems:
(Po) JIEHDHJ](U) st. mine (y(u) — ya) > 0.
In these problems, the infinitely many inequality constraints of (P) are replaced by
a single inequality constraint that approximates the constraints from (P). The un-
derlying idea is that we want to find a self-concordant, self-bounded barrier for the
constraints. Such a barrier cannot exist for infinitely many constraints since the con-
stant of self-boundedness would be infinite. This follows from the fact that for m linear
constraints, this constant cannot be smaller than m; cf. [34, section 2.3.3]. Therefore,
it is not possible to construct a suitable barrier for the constraints in (P). Functions
like fQ —In(y) dz and fQ y~?dx with ¢ € N, which are, for instance, employed in [38]
and [37], are not suited since it is not possible to construct a self-concordant, self-
bounded barrier function from them. The advantage of the smoothing approach we
use is that such a construction is possible. This smoothing approach was introduced
by Tuncel and Nemirovski in [41], where it is used in a finite-dimensional setting to
replace a large number of inequality constraints by just one inequality constraint.

Our aim is to solve (P.) for fixed € via an interior point method. We also provide
an estimate for the error between the solution of (P.) and the solution of (P).

DEFINITION 3.7. For e > 0 we denote

BE

S C@) =R, BZ g (y) = mine(y - ya)

C

and

B*:U =R, B(u):= Bé@) (y(u)).

DEFINITION 3.8. For e > 0 we define Dy :={u € U : B5(u) > 0} and set
b°: Dpe = R, b°(u) :== —7(e)In (B (u)),

where T(g) > 0 denotes a constant.
We employ the barrier f. , := % +b° on Uynd(€) := D;j N Dye. By construction, we
have u® € U,a(g). Moreover, we denote Yia(e) := {y(u) € Y : u € Uaa(e)}.
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3.4. Self-concordance and self-boundedness. We show that f. , is a self-
concordant barrier for U,q(e) if C; is chosen suitably. Also, we demonstrate that b
is self-bounded. The approach in this section is inspired by [41, section 2.1].

LEMMA 3.9. Let X be a Hilbert space, let D C X be open, let K C D be convez,
and let f: D — R be Gateauz differentiable. In addition, let f be uniformly convex
with modulus o > 0 on K, and let Z,x € K. Then the following holds:

201 £"(@) |l x~

fl@)<f@) = ollx < "

+ 1|17 x-

Proof. We may assume x # Z. The uniform convexity and f(z) — f(Z) < 0 imply

IN

%(f(x) — f(@) - (f (g + g) —f(f))

1 - ~ « - 1 - - o N
< —§f’(x)[x — 1] - ghe - % < sIF@Exelle - 2] x — gl - 2%

« ~
S lw - %

To derive the second inequality we used an equivalent characterization of uniformly
convex functions via their first Gateaux derivative. From the above estimate we obtain
Sl — 2l x <||f'(%)||x-. The reverse triangle inequality yields the assertion. O

To demonstrate concisely that BEC 5) 1s an appropriate mapping in the sense of
Definition 2.30, we establish the following result.
LEMMA 3.10. Let e > 0 be given. For fized y,h € Y define

—((x)—ya(x))/e h(x)
& x
p(x) 1= fQ o~ W@ —va@)/e 43 Ho= /Qp(x) - ——du, and s(z) == ——= —p.
Then there hold
) . , . " 3
(Bc(ﬁ)) (y)[h, h] = _5/Qp5 dz and (Bc(ﬁ)) (y)[h, b, h] = E‘/st da.

e~ (Y—va)/e 4, .
Proof. By definition, we have Bé@) (y) = —¢ ln(f"VOWd). Hence, setting

H(y) := In( [, e ¥~¥)/= dz) it suffices to prove

ps® dx and (2) H"(y)[h,h,h] = —/st?’ dz.

(1) Bt = |
Q
In the following, we abbreviate f := e~ (¥~¥)/c,

Proof of (1). From ps? =p (%)2 —2pl [ ptda+p ([, pE da:)2 and [, pdz =1
we infer

(1) da B e\’
H”(y)[h, h] _ fQ fllfﬂgts(ix d _ (f}lﬂffsddx )

:/Qp. (S)de— (/ngdx)zz/ﬂps2dx.



790 FLORIAN KRUSE AND MICHAEL ULBRICH
Proof of (2). For the third directional derivative we obtain
H" (y)[h, h, 1]

:3fo%dx-fo(%)2 d$_2<f9f§dx>3_fﬂf(%)3 dz
(fo, fdz)? Jo fde Jo fda

=3 ([ s +maz) ([ pts-+pa) —2(/Qp<s+u>dx>3—/ﬂp<s+u>3dx
=3</qudx) </Qp52dx+/ﬂpu2dx) —2</qudx)3—/ﬂp(s+u)3dx.

Here, we used [, psdz = 0. From [, pude = p [, pde = p we deduce

H"'(y)[h, h, h] = 3p </Q ps?dz + MQ) —2u3 — /Qp(s?’ + 382+ 3sp® 4 p3) dx

:—/psde—3u2/psdx:—/ps3dx,
Q Q Q

where we used fQ psdx = 0 again. d

LEMMA 3.11. Fiz ¢ > 0. Let C,C' € R with C < C. Lety,h € Y withy < C
and y+£ h > C in Q be given. Then the following holds:

(Bem) b bl < 25— By ) ln L

Proof. There holds |o| < y —C < C —C in Aﬁ. Defining p, p, and s as in
Lemma 3.10, we compute [ep| < [, p|h|dz < C — C. Together, these imply |es| =

\h —ep| < |h| + |ep| < 2(C = C) in Q. With Lemma 3.10 we deduce the asserted
inequality

" O — CA’ "
(Be) @)lhihoh] < / p’lesldr < 27— (Beg ) W)HL O
We demonstrate self-concordance of f. , and self-boundedness of b°.
LEMMA 3.12. Lete > 0 and 7(¢) > 1 be given. Let C,, > 0, and let

c, ) lg' @l - ’
C; > E—Qmax € ,1608’0@) o + llallo + gl

be satisfied, where @ € U fulfills j(i1) > C; and ¢ : U — R denotes q(u) =

Qy(u),u). Then f., = % +b° is a (% + 7(€))-self-concordant barrier for Ugq(e)
if € (0,C,] holds. Moreover, b° is T(c)-self-bounded on Ugq(e). In particular, the
family (ffv#)ue(O,C“] satisfies Assumption 2.33 with self-boundedness constant Vpe 1=
7(e).

Proof. Self-concordance and self-boundedness of f.,. We argue that Lemma 2.31
is applicable. Using Lemma 2.15 as well as Corollary 2.28 it follows that j/Cj; is a
1-self-concordant barrier for D;. From Lemma 3.9 we deduce that D; = {u € U :
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Jlu) < C;} is bounded by 2017 (@)= /e + ||it]|r, where @ satisfies j(@) > C;. Due to
ly(llcm < Cocm (lullu + llgllz) (see Lemma 3.1), we have for all u € D

2§ @lo-
(3.1) lvllem < Coom (Tﬂwwﬂgnz .

=y

Define T := —A"'B € L(U,Y), and let u € D; and h € U with u =+ h € D; be given.
From (3.1) we infer

[y (u) + (h)HC(ﬁ) = lly(u+ h)”c(ﬁ) <7 and ||Z/(U)||C(§) =7

Together with Lemma 3.11 this implies
(B (W)l b, ] = (Bey)) " (@) [T(R), T(R), T(R)

| /\

—4"/ 47
T (B ) ) (1), T()] = 22 (B) ()l ]
This shows that B* : D; — R is S-appropriate for R.q if 3 satisfies 3 > 1 Hence,
all prerequisites of Lemma 2.31 are fulfilled (use A = B®, F = ]/CJ7 K = Dy,
E = Usle), C = 7(¢) > 1, C = Cj/p in this lemma). This yields that f. , is

(Q + 7(¢))-self-concordant barrier function for U,q(e) if C; is chosen according to

’ > max{1, ( ) }. In particular, it is sufficient to choose C; such that the following

holds:
49\ ? C 1672
c;>C, rnax{l, <§) } = E—gmax{az, 5 [

Inserting the definition of v then implies the assertion via
+lll).

(s ey 1
« « «

Self-boundedness of b°. It follows directly from Corollary 2.28 that b is a 7(¢)-
self-bounded function.

Validity of Assumption 2.33. The well-known Lax—Milgram theorem implies that
fe,u is nondegenerate for all e,x > 0. Furthermore, f. , possesses a unique and
global minimizer on Uyq(e). The existence of such a minimizer follows from standard
arguments using, in particular, the boundedness of U,q(e) and the barrier property
of fe - O

Remark 3.13. For the example Q(y,u) = illy — yd||L2(Q with yq € L?(Q)
and Ay = u with homogeneous Dirichlet boundary conditions, we readily compute
g’ (@)l = [Ipllz2(0), where p = p(@) € H?(2) N Hq () solves —Ap = y(i) — ya.

Since the algorithms we develop require Cj, we need to find a priori estimates for
Ca,c(ﬁ)' First, let us present an example for the case d = 1.

LEMMA 3.14. Let Q := (a,b) C R, Y := H3(Q) N H}(Q), U := Z := L*(Q),
3

A:=-A, B:=-I and g = 0. Then Cy o) < % since for u € L*(Q) the

following holds:

(-

(b—a)?
ly(@lo@ < 1Ayl 20 " [l 20 -

43
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Proof. For Q = (0, 1) the assertion is proven in [6, Theorem 1]. For Q = (a,b), the
result then follows easily by use of an affine transformation; cf. [26, Lemma 3.6.1]. d

For d € {2,3}, bounds on Cj g are derived in [32]. We use this to obtain
estimates for the two numerical examples that we employ.

LEMMA 3.15. Let Q := (0,1) x (0,1) C R?, Y = H*(Q)NH(Q), U := Z :=
L?(Q), A:=—-A+1, B=—1, and g =0. Then we have ly(w)llcm) < 1.14[|ul 20
for all u € L?(Q); i.e., Co.c@) < 1.14 holds.

Proof. From [32, Theorem 1, part (b)], [32, Theorem 4], and [27, p. 164, for-
mula (3.2)], we infer that Oa,C(ﬁ) < 1.14. To argue more precisely, we use the notation
from [32]. Then we have the following:

e In [32, Theorem 1, part (b)], we use meas(Q) = 1, M,(Q,zo) < v/2¥, and
= /2; this Value for 71 is contained in the proof. ThlS ylelds that the ch01ce
Co =0, C; =2, Cy = 0.71 is possible in [32, Theorem 4], i 5 lle@ <
2|yzll2,0 + 0.71||yzz]|2,0 holds for y € Y.
e In [32, Theorem 4], we use Q = Q = (0,1) x (0,1),c=¢=1,Co =0, C; = 2,
Cy = 0.71, and 7 = 1 to obtain K < 1.14; for puy we employ the smallest
eigenvalue pu of —A on € with respect to Dirichlet boundary conditions. It is
well known that u = 27%; see, e.g., [27, p. 164, formula (3.2)].
In conclusion, this yields K < 1.14, i.e., [[y(u)[| o) < 1.14/ul[z2(o) forallu € U. 0

LEMMA 3.16. Let Q := B1(0) C R2, Y := H2(Q) N HL(Q), U := Z := L*(Q),
A:=—-A, B:=—1I, and g=0. Then we have OaC(Q) < 1.47.

Proof The reasoning is very similar to that in the proof of Lemma 3.15. Hence,
we mention only that in [32, Theorem 4] we take @ = Q, ¢ = ¢ = 0, Cy = 0,
Cy =2 2/m < 1.6, Co=4- 0.35356/y/7 < 0.8, and 7 = 0, and that the smallest
eigenvalue of —A on ) is greater than 2.4%; cf. [27, p. 3]. 0

Remark 3.17. The estimate in Lemma 3.16 can be improved; see [6, Theorem 2].

3.5. The smoothed problems (P.). We tacitly use Dy = {u € U : B*(u) >
0}, which holds since Dye is convex.

LEMMA 3.18. Fore >0, (P.) has a unique and global solution @. € D; N Dye.

Proof. Using, in particular, D; N Dy # 0, the concavity of u — B®(u), and the
fact that j is a barrier for the bounded set Dj, this can be argued in a standard
way. a

To examine the maximal pointwise infeasibility of functions y € Y,q(e) with
respect to the constraint y > y,, we need the following auxiliary result.

LEMMA 3.19. Let p >0, and define v, : R0 = R, 3,(s) == [5 e "tP~ 1 dt. Then

there holds ~y,(s) >
Proof. Integratlon by parts ylelds p($) ptp dt for all s > 0. d
LEMMA 3.20. Let S C C%8(Q) be bounded. Then there exists C' > 0 such that

0 < min.(y) — min(y) < e (C + % |ln€|>

holds for alle > 0 and ally € S.

Proof. Let y € S be given. Using the definition of min. it is easy to see that
min, (y) > min. () = min(y) holds, where § denotes the constant function § := min(y).
Moreover, for € > 1 there holds min. (y) —min(y) < max(y) +yllc@ < E(C’+%|1na|)
with C := 2[|y[|¢(q)- Here, we employed min.(y) < max(y). Since C' is independent
of € and y due to boundedness of S, it suffices to argue for £ € (0, 1) in the following.
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_ Let € € (0,1]. The function y possesses a minimizer x* on the compact set
2. By assumption, there exists a constant C' > 0 that is independent of y, with
[9llco.smy < €. Setting w := min.(y) it holds that [, e ¥/edx = vol(Q)e /s, We

have —(y(z) — y(2*)) > —C ||z — 2*||” for all z € Q. This implies

(3.2) vol(Q)e¥(@) =)/ = /

o~ W@ —y(=")) /e dxz/e—énm—m*nﬁ/s da.
Q

Q

Due to the cone condition there exist ¢ > 0 and § > 0, which only depend on €2, such
that [, e~ Cle=="17/= qz > ¢ B2 e=Cll==="1/¢ 4z holds. Dividing (3.2) by vol(2),
we deduce

~ )

(@) —w)/e L/ —Cle—="11°/e g > L/ —Crffe,d-1 g

e > e T > e T r
vol(2) /g, (2% vol(Q2) Jo

with ¢ := dvol(B1(0)), B1(0) C R?. Here, we used integration of rotational symmetric
functions. Substituting ¢ := %rﬂ into the above inequality, we infer

~ d C 58 ~ 0 &
(ya)-wy/e 5 (€ F/f T z/ 4,8
‘ = Bvol(Q) (5) A ST (2) Lot d

with ¢ := C§P < g&ﬂ due to € < 1. Clearly, ¢ is independent of y, w, €, and x*.
From Lemma 3.19 with p := % > (0 we conclude

& ~ d
W )—fe o (ENF_ o & (eNEB 4
¢ = Byol() (C) (¢) (&) g

Hence, for

_ . c&e‘éé% 1
ci=mny ——, =
dvol(Q)CH 2

we obtain eW®)-w)/e > Ea%, where ¢ < % is independent of y, w, €, and z*. This
implies y(z*) —w < aln(Ea%) =e(lnc+ % Ine). We set C':= —In¢ and note that this
constant is independent of y, w, €, and x*. Furthermore, we have C' > 0. Thus, we
finish the proof with the conclusion

min, (y) — min(y) =w —y(z*) <e <C + % |ln€|> . a

Denoting (y)~(z) := min{0,y(x)} for y € C(Q), we obtain the following result.
COROLLARY 3.21. There exists C' > 0 such that for every e >0

_ d
||(y(u) ~ Ya) Hc(ﬁ) <e (C+ E |ln5|>

holds for all u € D N Dye. In particular, this is valid for u := .; i.e., for every e >0

_ d
(33) 15 = 90) Ny <= (€ + §mel )
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Proof. 1t suffices to prove the first assertion. Since this assertion is trivial for
min(y(u) — ya) > 0, we assume min(y(u) — y,) < 0. Boundedness of D; implies
boundedness of {y(u) € Y :u € D;} — C%P(Q). Lemma 3.20 yields for all u € D;

(6600 = 30) oy =~ min(ytu) = ) < & (C+ 5 el ) = B (w0

For u € Dy there holds BEC@) (y(u)) > 0. This implies the first assertion. O

Remark 3.22. The estimate of this lemma is, in general, optimal with respect to
the order in ¢; cf. [26, Lemma 4.4.5].

From the previous result we infer an estimate for the length of the path of solutions.
Recall that j = —C} ln(Cj- — 5) depends on the choice of C; > 0. Note, however, that
U, the optimal solution of (P.), does not depend on the choice of Cj.

THEOREM 3.23. There exists C > 0 such that there hold

lj(ae) —j(u)] < CjCe (1 +|lnel)  and |t —ully < CVe/1+ |Ingl

for all e > 0 and all C; > 0.

Proof. First inequality. Dividing the asserted estimate by C;, we see that it
suffices to argue for the case C; = 1. To this end, define T := A~'B € L(U,C(Q)).
We have & € Dy = {u € U : B¥(u) > 0} since there holds B¢ (%) > min(y(a)—y,) > 0;
cf. Lemma 3.20. Convexity of j and @ € D; N Dy yield via Lemma 3.4

lj(ae) — j(w)] = j(a) — j(ue) —j'(@[ae —a] = (N, T(te — @) @)~ 0@
= (N (T(ue) — A7 g) — (T(a) — Ailg»c(n)* c©@)
= NG9 )o@ .c@) = (=X 9 — Ya) c(@)+,0@)-

By Lemma 3.4 we have (=, y)cm) o < 0 for all y € C(Q) with y > 0. From
this we infer (@) — §(@)] < (—), (7 — o) Doy < Mo 1@ — ) o
Using Corollary 3.21, we obtain the assertion.

Second inequality. Since 1. is the global minimizer of the uniformly convex func-
tion j = —In(C; —j), i.e., Cj = 1, on the convex set D;N Dy > 4, we deduce as in the

proof of Theorem 2.43 (4) that ||a — @.||y < \/7\/ ) — j(u.) holds. Here, & > 0

denotes the convexity modulus of j on D;, which satisfies & > ———%——— and is,
Cs *lnfueD J(u)

thus, independent of ¢ and €. Using C; = 1, the second 1nequality now follows from
the first. d

Remark 3.24. In the above estimate for the path of optimal solutions, we have
order O(1/e(1 + |Ine|)) regardless of d (recall that Q € R?). For interior point meth-
ods and Lavrentiev regularization, similar estimates have been proven; cf., e.g., [37,
Theorem 6.3] and [25, Theorem 3.4]. In Moreau—Yosida regularization for state con-
strained optimal control problems, the length of the path of optimal solutions can also
be bounded by some power of the regularization parameter, but this power depends
on d; cf. [19, Theorem 2.9].

3.6. The central path. In this section, we investigate the central path of (P.)
for fixed € > 0. For 1 > 0 and u € Unq(e) the Newton decrement is denoted A; ,,(u) :=

2 (W)[ny,ny). Moreover, we employ Ac, = {u € Un(e) : A p(u) < $} and
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denote by & the convexity modulus of j on Uyq(e).
LEMMA 3.25. Let € > 0, and let C;,7(e) be chosen according to Lemma 3.12.
Then for all p € Iy = (0,C,] and all u € A, ,, we have

. L _ 4
lj(u) = j(ae)| < 2u0  and  flu— v < \/gvzm%e.

Proof. The first estimate follows from Lemmas 2.40 and 2.41 and A, (u) < 1.
The second estimate follows, as in the proof of Theorem 2.43 (4), from the global
optimality of @. for j on (Dj N Dpe) D Uaa(e) D u. 0

Remark 3.26. The proof shows that the order O(uty-) cannot be improved by
the use of v with small Newton decrement.

We present an estimate for the overall error with respect to (P). Clearly, choosing
a smaller € should enable us to decrease this error. However, since a smaller ¢ may
require the choice of a larger C; (cf. Lemma 3.12), the following result also displays
the influence of C);.

LEMMA 3.27. Let € > 0, and let C;,7(e) be chosen according to Lemma 3.12.
Then there exists C > 0 that is independent of €, C;, and 7(c) such that there hold
forall p eI, =(0,C,] and all uw € A, ,

j(w) — j(@)] _ 2 8
) — 3@ 207 | o4 4 ine)) and Ju—ifo <y PTE Lo /E 0T e,
Cj Oj (0%
Proof. Both estimates follow from Theorem 3.23 together with Lemma 3.25. The
constant in Theorem 3.23 is independent of 7(¢) since this is true for j, 4., and @. O

Remark 3.28. The estimate for j may look discouraging since C; has order e 2.

" e fes M@ —i@) W) =j() \| o JW) =) ¢ %
However, the definition of j implies o [In(1+4 ep—Tey )| ep=Te for j(u)

close to j(v). Thus, for |j(u) — j(@)| small we can expect this error—which is the one

we are interested in—to behave like M This shows that the error for j is not
J
affected negatively by the order of Cj.

3.7. Two barrier methods for the solution of (P.). We fix ¢ > 0 and
abbreviate f,, 1= fe 4, Ay = Acp, and Ay = A .

3.7.1. Algorithm SSM..

Algorithm SSM, (short-step method to solve (P.))

Input: Parameters ¢ >0, o >0, 6 € (0,1], 7(¢) > 1, starting point u’ € Ay, (6).

Set C,, := po and select C; according to Lemma 3.12.
9(1-%)
Set ¥ = d define § := ~——S9°7 and g:=1— —.
et ¥y := 7(¢) and define - and 8 e
FOR k =0,1,2,...:
Compute the Newton step s* € U by solving f// (u")[s"] = —f/,, (u*) in U*.
Set u**t! := u* + s* and M1 = Bk

Remark 3.29. Choosing 7(¢) large may be helpful in finding a starting point since
it increases the weight of the barrier term at the beginning of the algorithm.

THEOREM 3.30. Algorithm SSM. generates a sequence (uF) C Uaa(e) with u* €
Ay, (0) for all k € Ng. Moreover, for every k € Ng we have the following:
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(1) To reach iteration k (more precisely, to reach the FOR statement in SSM.
for the (k + 1)th time), Algorithm SSM. requires exactly k Newton steps.

(2) The sequence (j(u¥)) converges with r-linear rate 3 to the optimal value of
(P2). More precisely, the following holds:

() = 5| < (9 + Vo) = (O + v/00) B -
(3) For every é > 0 we have the complexity estimate

Vi m(MO(ﬁb : \/19_b)>

>
k*é

li(uF) = j(ue)| < e

(4) It holds that ||u* —a. ||y < \/g\/ﬁb + VOp\/lik, where & denotes the converity

modulus of j on Uaq(e). In particular, (u*) converges r-linearly with rate /B
and ||-||u-strongly to ., the unique minimizer of (P.), and we have for every
€ > 0 the complexity estimate

. Q\Qﬁ_bln<\/g\/uo(f9b+\/l9—b)>
é

= |uf — .o < é.

(5) There exists a constant C' > 0 that is independent of e, C;, 7(¢), and k such
that

() — @I _ 2t

1+ |1
c; =75 + Ce(1+|Ine))

and

80
o —ally < /= + Cv/E U+ Tne])

are satisfied. Here, & denotes the convexity modulus of j on Ugq(e).

Proof. (1)-(4) are derived from their counterparts in Theorem 2.43, which is
applicable due to Lemma 3.12. The estimates in (5) follow from Lemma 3.27. O

Remark 3.31. All constants that appear in (1)—(4) are known explicitly. Thus,
we can determine in advance how many iterations of SSM, suffice to ensure a given
accuracy for j(u®) — j(@.) and ||u* — a.||y.

Remark 3.32. By use of U(%ﬂ = |In(1+ %)L estimates for j may be
transferred to j. For instance, if k is large enough, then j(u*)—7j(a.) < 2.5(C; —j(ut))

holds. If, in addition, j > 0 is valid, then LUl > B0OZ @ i satisfied for

all k large enough. In particular, this implies that (j(u"*)) is 7-linear convergent. In
section 3.8 we sketch a barrier that yields convergence results for ; instead of j.
Remark 3.33. The estimates in (5) indicate that it is not sensible to choose
9y = 7(g) too small, since then the first term on the right-hand side may already be
smaller than the second for p = po. This matches the observation from our numerical
experiments that phase one may become excessively long for small 7(¢) if € is small.
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3.7.2. Algorithm LSM..

Algorithm LSM. (long-step method to solve (P.))

Input: Parameters e > 0, po > 0, 0 € (0, ], Bmin, Bmax € (0,1) with Bumin < Bmax, T(¢) > 1,
starting point u® € A, (1) with 7 := max{1 — %, \/g}

Set C, := po and select C; according to Lemma 3.12.
FOR k=0,1,2,...:
Compute the Newton step s* € U by solving f/, (u*)[s"] = —f.,, (u*) in U*.
CALL Algorithm LSMSUB with (u”, s*, ur, 0) (use X := U, K := Uaa(e) in LSMSUB),
and denote its return value by u 1.

Choose Bk € [Bmin, Bmax|, and set pr41 = Brpik.

THEOREM 3.34. Algorithm LSM. generates a sequence (u¥) C Uqq(e) with uFt €
Ay, (0) for all k € Ng. Also, with ¥y := 7(¢) we have the following for each k € Ny:
(1) To reach iteration k (more precisely, to reach the FOR statement in LSM;.
for the (k + 1)th time), Algorithm LSM,. requires at most

k ({257'77 (9 + \/19_b)J +[2.13+ 1.451n‘1n\/%H>

min

Newton steps, including the Newton steps from LSMSUB.
(2) The sequence (j(u*)) converges with r-linear rate By in iteration k to the
optimal value of (P.). More precisely, the following holds:

(W) = j(a)| < (191) + \/19_17) Molﬁﬁj = (1917 + \/19_17) Pk
j=0

(3) For every é > 0 we have the complexity estimate

1 1n<uo(19b;\/19_b)>

In Bmax

(4) This part is identical to (4) from Theorem 3.30, with u*, B, and (in the
complezity estimate) 27‘/19_*’ replaced by u**t, By, and |1116%|
(5) This part is identical to (5) from Theorem 3.30, with u* replaced by u*+!.
Proof. (1)-(4) follow directly from their counterparts in Theorem 2.51, which is
applicable due to Lemma 3.12. Assertion (5) is implied by Lemma 3.27. O
Remark 3.35. With small modifications in (1), Theorem 3.34 stays valid for
u® & Ay, (7); cf. Remark 2.52.

k>

[ (u™ 1) = j(ue)

<E.

3.8. A slightly different barrier function. As a special case, Lemma 3.12
shows that b : Uaa(e) = R, b(u) := fo1(u) is (C; + 7(¢))-self-concordant if C},7(e)
are chosen according to this lemma with C,, = 1. Since quadratic functions are
obviously self-concordant, it is easy to infer from this that fg)u = L 4 b satisfies
Assumption 2.33 for all 4 > 0. The theory of section 3 can then be developed for
fe,, without any problems. For instance, Theorem 3.34 for Algorithm LSM. (with
fs,# instead of f. ) stays exactly the same except that j needs to be replaced by J
(which implies & = «), and ¥, = C; + 7(¢) holds. Furthermore, the denominator C;
in (5) is not required in this case. This demonstrates both the advantage and the
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disadvantage of this version of LSM.: While all convergence results are now phrased
for j, i.e., the original objective, they contain a larger constant of self-boundedness
since ¥, = Cj + 7(¢) has at least order O(Z). This affects the complexity results
negatively. In our numerical experiments we observed that both variants of LSM.
require similar numbers of Newton steps, with a slight advantage for the variant with
fe.u- In a forthcoming paper we will develop an algorithm to drive € and g to zero
simultaneously; cf. [26]. There, we again work with f; , since we are able to prove
better convergence rates than for fa,u.

4. Numerical results. It is well known that short-step methods are usually
inferior to long-step methods in practice. Therefore, we employ the long-step method
LSM;. to demonstrate the practical performance of our approach. We implemented
LSM, in MATLARB using a standard regular five-point finite difference stencil with
mesh width h and the trapezoidal rule for integration. To develop fast code, several
techniques are helpful. For instance, by suitably rewriting the Newton system and
using structural properties of the corresponding Hessian, the computation of a Newton
step in our test problems requires two solves of a linear system of the form (A*A +
vy = f, with v € C%?(Q) and A as before. Moreover, in these two solves only
f varies, which further diminishes the computational costs. More details as well as
additional numerical experiments can be found in [26, section 8§].

4.1. Test problem I. We use the first problem to investigate different errors
with respect to € and . We consider (Pg,n) with Y = H2(Q)NH(Q), U = Z = L*(Q),
and Q = B1(0) € R% As a Lipschitz domain, 2 satisfies the cone condition. By
Sobolev embeddings, Y is continuously embedded in C%#(Q) for every 8 < 1. We
take A = —A, B = -1, Q(y,u) = ||y — yd||2L2(Q), and o = 1072, The functions yq4
and y, are given in polar coordinates: y4(r) = g=(1 + r?(In(r) — 1)) and y,(r) =
8m(l — 2r). This problem is also considered in [11, sec. 5.1] and [5, sec. 5.3], and

in a slightly different form in [28, sec. 6.2] and [20, sec. 3.3.1.4]. It is easy to check
In(r)
2mo

are optimal. The corresponding multiplier \ is a

Dirac measure concentrated in the origin. Throughout, we use 0 =0.25,C; = 3';205,

7(e) =3-107- %, po=1,and C; =1 + 7(u®) with u° Via Lemma 3.16
and @ = 1.1u°, Lemma 3.12 yields self-concordance of f,, for p € (0, uo]. To compute
the quantity Hq (@)||y~ in Lemma 3.12, we use mesh width h = 279, This shows that

that ¥ = yq and u(r) = —

- 271'(1

every C; > E% ensures self-concordance.

We start by examining the convergence of (j(u*)) and (j(u*)) to j(u.) and j(u.),
respectively. We recall that j is the objective of the reduced original problem. We
use mesh width A = 278, In Figure 1, we display Ci(](uk) —j(@.)) and j(u®) — j(a.)
for k € N, where a. is computed with h = 278 and pgna = 10712, We have 1 <
C; —juk) =1 +5(u®) — j(uF) <1+ 5(u®) < L in this experiment. Hence,

% k _ ey S k o ey
b — (@) = Gy G A.J(us) %ij(u ) A.J(Us)
C; —j(uk) C; — j(uk)

shows that we can expect c% |j(u*) — j ()| to range roughly from 2 |j(u*) — j(i.)| to

|7 (u®) — j(@.)| for large k and to behave similarly to | (u*) — j(@)|. Figure 1 confirms
this. It also shows that the convergence rate of (j(u*)) is linear, in accordance with
the developed theory; cf. Theorem 3.34 (2). In addition, this theorem provides a
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FI1G. 1. Test problem I: Error in j and j w.r.t. Gie computed on the same grid as the iterates.

fairly good estimate for |j(u*) — j(@.)|. For instance, it yields Cl]|j(u1) —j(me)] <
5.61,0.8,0.11 for ¢ = 10234, which matches Figure 1 quite well.

In Figure 2, we display C%U(uk) — j(@.)| and |j(u*) — j(@.)| for k € N, where .
is now computed with A = 279, while the iterates are still computed with h = 278,
In [5], the discretization error for the objective value is estimated using linear finite
elements on uniform triangulations and the trapezoidal rule for integration (we use the
same discretization strategy). For a mesh with roughly 8-10* nodes, the discretization
error is around 8 - 1073, We use mesh width h = 278, i.e., roughly 2 - 10° nodes, and
observe in Figure 2 that [ (u*) — j(@.)| lies in [1-1073,3-1073] for large k. As before,
the two depicted errors behave similarly, and C%| §(u*) — j(.)| ranges roughly from
%|§(uk) —j(@.)| to |7(u*) — j(@.)| for large k. Note that since LSM. is an infeasible
method, the values for j(@.) and j(@.) using h = 278 may be smaller than those
obtained with A = 272, This is what causes the regions of nonmonotonic convergence
in Figure 2.

We now focus on the infeasibility of y(u*). The results are displayed in Figure 3.
The iterates are feasible at the beginning of the algorithm and become infeasible for
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FIG. 2. Test problem I: Error in j and j w.r.t. e computed on a finer grid than the iterates.

pe A~ 5.5-1073, up ~ 4-1073, and py, ~ 3-1073, respectively. From the plot we suspect
that the infeasibility of y(@.) is of order O(e), which is slightly better than the estimate
provided in Corollary 3.21. We observe that the last iterates, which approximate y(u.),
violate feasibility more than the other iterates. This is not surprising since . can be
expected to lie on the boundary of Dye.

Next, we examine the error ||u* — [|;2(). Recall that @ is known exactly. For
this experiment we employ mesh width i = 2719, The results are depicted in Figure 4.
Since (u¥) converges to @ for k — oo, the last iterates display the error ||ic — @l 12(q)-
The choice h = 2719 is motivated by the fact that we want to take a look at the
asymptotic for ||z — @l|p2(q) as € decreases. Therefore, we choose h so small that
||te — | r2(q) does not change if h is further diminished. This makes it most likely
that the error ||%. — 1|/ z2(q) does not stem from discretization. We conjecture that
for this problem the error ||t. — [/ 12(q) has order O(y/(1 + [Ing()), as predicted by
the estimate from Theorem 3.34 (5). Note also that for ¢ = 107* this estimate seems
to be sharp during the entire course of the algorithm.

In Figure 5 we display —i. for ¢ = 107% i = 2,3,4, together with —u (we use
negative functions to generate good-looking plots). Apparently, the structure of the
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F1G. 4. Test problem 1: L2-error of the control.

optimal control u is well replicated by ..

4.2. Test problem II. We now illustrate the efficiency of LSM.. Let us mention
that we use test problem II and not test problem I here because test problem II is
harder to solve for LSM..

We consider (Pgy) with Y = H2(Q) N H(Q), U = Z = L?(Q), Q = (0,1)%,
A=-A+1, B=—1Qu) = 5|y —vallj2(q) With ya(z) = —3(sin(2mz1) + 22),
a=10"2, and y, = —0.01 on . Inspection of the numerical solution reveals that the
optimal state touches the bound y, on a rather large, connected set. Optimal state
and optimal control are displayed in Figure 6.

We use mesh sizes up to h = 270 and choose ¢ > 107°. We employ 6 = 0.25,
Cj = 8';—203, 7(e) =8-10%- %M, C; =1 + 5(u®) with u® = 0, o = 1, Brin = 1074,
Bmax = 0.5, and By = 0.1. Lemma 3.12 implies via Lemma 3.15 and @ = 15 that f. ,
is self-concordant for p € (0, 10]. The choice 7(¢) = Cje(1 + |Inel)/10 also produced
good efficiency results for other test problems.
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—u, for e =102

—u, for e =103

—7, for e = 1074

FIG. 5. Test problem I: —ie for ¢ = 10~{2:3:4} together with the negative optimal control —1.
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F1G. 6. Test problem 1I: Optimal state (left, with inverted z-azxis) and optimal control (right).

TABLE 1
Test problem 1I: Total number of Newton steps required by LSMe, computed with pifinq = 10~4;
the Newton steps from LSMSUB and phase one are included; displayed in parentheses is the number
of Newton steps required by phase one; K denotes the last iteration.

€ Mesh size h =277, i = 16X —ya) o 19@S) = @) C%,U(UK) —j(u)]
5 6 7 8 9 10 (on finest mesh)  (on finest mesh)  (on finest mesh)
1072 19 19 19 19 19 19(5) 1.46 x 102 1.34 x 103 1.34 x 103
1073 23 23 23 23 23 23(5) 2.45 x 1073 2.69 x 104 2.69 x 1074
107% 26 26 26 28 25 26(8) 3.12 x 1074 3.45 x 107° 3.44 x 107°
107 38 36 43 37 38 40(14) 4.14 x 1075 4.01 x 106 4.00 x 106

To adaptively determine the update S for u, we use the following simple rule:
Decrease g if LSMSUB takes fewer than m — 2 iterations, and increase it if LSMSUB
takes more than m + 2 iterations. We employ m = 4.

Theorem 3.34 tells us that it is not sensible to decrease p too far. Until stated
otherwise, we use the rather conservative value pgpa = 10~%; cf. the estimate in
Theorem 3.34 (5). As optimal values j(*), j(@) we take the final values for j(u"),
j(uF) obtained by LSM, with ¢ = 10~7 and h = 2719, We first display the mesh
independence of LSM. along with the errors [|(7 = ¥a) ™ |l o) %;j(ﬂ)', and |7 (@) —

j(@)]. To this end, we apply LSM, for different values of ¢ and different mesh sizes.
The total numbers of Newton steps that have to be computed during the course of
LSM; can be found in Table 1 and clearly indicate that LSM. is mesh independent. We
used separate experiments to confirm that the infeasibilities and the objective errors
displayed in Table 1 do not change when smaller values of pgna are employed. With
the infeasibilities from Table 1 we compute g; := [|(Js — ¥a) ™ lo(m)/(e(1 + [Inel)) for
e=10"%4=2,3,4,5. We obtain ¢z = 0.25, g3 = 0.31, ¢4 = 0.31, and ¢5 = 0.33. This
shows that the infeasibility of 7. behaves roughly like O((1 + |Inel)e), which matches
the theoretical result in Corollary 3.21. For M we see the order O((1+|Ine|)e)
even more clearly, as the quotients are 0.023, 0. 034 0.034, and 0.032. We stress that
due to u® & A, (1), the overall iteration numbers displayed in Table 1 contain a phase
one. The Newton steps required by phase one are, furthermore, displayed in brackets
for the finest mesh; for coarser mesh sizes this number is basically the same.

As an alternative to prescribing pigna;, we also tried a different termination cri-

terion: Motivated by Theorem 3.34 (5), we required max{w, j(ub7) —
JWkh)} < % for ¢ = 1,2. This slightly lowers the iteration numbers displayed
in Table 1 while maintaining the same accuracy.

In Table 2, we display in detail for ¢ = 10~* how uk is decreased to ftfinal. In
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TABLE 2

Test problem 1I: Development of u, required Newton steps for each p, and errors after these

Newton steps; computed with pifinq = 1074, e =10%, and h = 2710,

we #steps | —ya)Tllo) @) - @] i@ = (@)

1 8 0 6.67 x 10~° 6.66 x 10~°
10~1 5 2.37 x 1074 2.42 x 10~° 2.42 x 107°
10—2 4 3.04 x 10~4 3.34 x 10~° 3.34 x 107°
10—3 5 3.11 x 10~* 3.44 x 10~° 3.43 x 1075
10— 4 3.12 x 1074 3.45 x 1075 3.44 x 107°

particular, we observe that the errors with respect to j and j increase for p < 1072
This can be attributed to the fact that (u*) converges to @. and not to .

If we employ figna1 = 1072, we obtain the iteration numbers and errors displayed

in Table 3. As before, we observe mesh independence. We mention that these iteration

k—iN ok
numbers are comparable to the numbers we obtain by requiring max{w

. )
J

(uF ") = j(WP)[} < e(1+ [Inel) for i = 1,2.

TABLE 3

Test problem 1I: Total number of Newton steps required by LSMe, computed with pifiyq = 10-2;

the Newton steps from LSMSUB and phase one are included; K denotes the last iteration.

€ Mesh size h =277, i = IS —va) o @) —i@) c%.lj(uK) —j(@)]

5 6 7 8 9 10 (on finest mesh) (on finest mesh) (on finest mesh)
10-2 13 13 13 13 13 13 1.41 x 102 1.28 x 103 1.28 x 103
10-3 15 15 15 15 15 15 2.39 x 10~3 2.61 x 10~ 2.61 x 10~4
10-4 18 17 17 17 17 17 3.04 x 10~% 3.34 x 1075 3.34 x 107°
107 24 24 25 25 25 25 4.05 x 10~° 3.89 x 10~ 3.88 x 106

Finally, we remark that nested grid techniques and goal-oriented discretization

refinements may very likely improve the practical performance of LSM,.
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