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Nonlinear Anisotropi
 Di�usion
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S
alar g(jruj) � 0 in
reases/de
reases

diffusion for small/large jruj.

Obje
tives

� improve images qualitatively,

� remove noise,

� preserve details and even:

enhan
e edges.

Blurring and Sharpening Models

Blurring by forward diffusion:
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Sharpening by ba
kward diffusion:
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Ba
kward diffusion is unstable!

Nonlinear Models 
an be Stable

The 1D problem:
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is well-posed! [Osher & Rudin, 90℄

Defining the flux:

�(s) = sg(s)

the general PDE 
an be written:
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Diffusion normal

to level sets of u.

Ba
kward if �

0

< 0.

Diffusion tangent

to level sets of u.

Forward: g � 0.
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Diffusion is anisotropi
:
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Forward underlying ba
kward diffusion.

Approa
hes to Edge Enhan
ement

Sho
k Filtering [Osher & Rudin, 90℄:
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Based upon level set methods.

Variational Filtering:
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Optimality 
ondition in steady state:
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� Gaussian [Tikhonov & Arsenin, 77℄:
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� Total Variation (TV) [Rudin et al., 92℄:
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� Unifi
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Perona-Malik Filters
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u = r � (g(jruj)ru)

� Diffusivity g(s) is bell-shaped.

� Flux �(s)=sg(s) in
reases then de
reases.

g(jruj) � 0

�

0

(�) = 0
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Normal diffusion forward for jruj < �.

Normal diffusion ba
kward for jruj > �.

Tangential diffusion forward for jruj � 0.

� Perona-Malik Paradox:

Te
hni
al ill-posedness{see referen
es.

Numeri
s stable{besides stair
asing.

� Regularizations: [Catt�e et al., 92℄ spatial,
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Established Perona-Malik Filters
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More rapid/gradual de
ay: longer/briefer

sharpening over narrower/wider range.

Sensitivity to Parameters

PM2: Very pre
ise tuning of �

required to sharpen a given edge.

Weaker edge smoothed.

Stronger edge stair
ased.

Continuum analysis predi
ts sharpening

only for � � ju
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Test Problem
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Cannot use PM to sharpen all edges.

Two methods to fix:

� adjust � lo
ally,

� s
ale ju

x

j lo
ally.

Su

ess in 1D, not robust in 2D.

Limits of Edge Enhan
ement

Even edge derivatives vanish:

Odd edge derivatives alternate in sign:
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In pra
ti
e: same (�; �), different results.

Widely Sharpening Filters

� Spe
ulation from 
omputations:

need uniformly: �
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(s) � �1.

� Su

ess in 1D, ex
ess smoothing in 2D:
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p > 2 unstable, p = 2 ex
ellent!
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Balan
ed Forward-Ba
kward (BFB).

� Treatment of noise:
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Gradually Balan
ed Forward-Ba
kward (GBFB).
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� BFB & GBFB are globally 
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ave:
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Numeri
al Dis
retization

� Spatial dis
retization:
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Solved inexpensively by Ja
obi

pre
onditioned 
onjugate gradient.

Perona-Malik Filters in 1D
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Con
ave Filters in 1D
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Summary

� Perona-Malik filters:

. only one edge pair a

urate,

. PM1 best (parameter limit: BFB).

� Con
ave filters:

. all edges sharpened well,

. rapid and simultaneous sharpening.

� Spatial regularization (for both):

. rounds steps (and 2D level 
urves),

. flattens small-slope regions,

. retards edge sharpening.

Perona-Malik Filters in 2D
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Con
ave Filters in 2D
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Summary

2D results parallel 1D results.
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