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The Registration and Interpolation Framework

e Physical coordinates:
(2,y,2), x = (z,y).
e Curvilinear coordinates:
(&m,¢), &€= (&)
e [nitially, &(x,0) = x.
Otherwise, ((x, z) = 2.
e Point (x(&, (), z) on trajectory with
z(&,0) =&
e Displacement: d =x — §.
e Optical flow: u = (u,v) = x(&, ().

e Trajectory tangent: (u,v,1).

['= 00\ {2, {4}
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The Variational Formulation
Minimize:

J(I,00,00,u) = [} |y |VI-u+ L|*dedz + [} [, o(|Vu! + Vul?) + ~|u.|*ded:

subject to:
I(x,0) = oo(lo(x)),  I(x,1)=o1(li(x)),

and possible landmark constraints:
x(€; 1) =a;, j=1....j wheree  x(£,() =&+ [ u(@(&, p). p)dp.
e Similarity: |dI/dC|?> = |VI-w+ I.1?, I(x,0) = oo(ly(x)), I(x,1) = o1(L1(x)).
e Generalized Rigidity: [V,u]" + [Vou] =0 = [Vex]! [Vex] = 1.
e Excision: ¢(s) = /s (TV). Linear optimality: ¢(s) = s (Gaussian).

2 Autonomous field: u. = 0.

e Depth regularization: |w.

e Generalized Affine: R(u) = ,u| |Z /01 Iy |0%u|*dadz
=2

e Independent of image order.



Intensity Determination

Lagrangian formulation (trajectory oriented, & fixed):

5 Iee+ (V- w) = 0, 0< (<1
5—] =0 = [(O) = O'Q([O), C =0
](1) = 01<I1>, Czl

I[(¢) = oo(Lp)U(C) + oy(I))[1 = U(C)], U — ¢ when rigid

and discretization:

Results from (local, in &) Eulerian formulation and discretization:




Image Similarity: Intensity Scaling

Using the Lagrangian formulation for Intensity:

Interpolation: Z(x, z) = (1 — z) - Above(z, z) + z - Below(z, 2)
Regularization: Tikhonov instead of Basis Functions
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From Displacements to Autonomous Flows

FLIRT [Modersitzkil:
J(@) = [y 1o(€) — Io(®(€))I*d€ + J, (A[Ve - + Ju|Vea' + Vex|*| d€
+ 5y q(a:'){ > 2/04!\82‘:1:\2 - \[Vgaz]T[Vgaz] — I|* 4 | det Vex — 1\2} d€

=2

to obtain Generalized Rigid Displacement



From Displacements to Autonomous Flows

FLIRT [Modersitzkil:
J(@) = fo[1o(€) — Io(®(€))I*d€ + J, {A[Ve - + ju|Vea' + Vex|*| d€
+ By q(a:){ > 2/04!\82‘:13\2 - \[ng]T[Vga}] — I|* 4 | det Vex — 1\2} d€

=2

to obtain Generalized Rigid Displacement as opposed to Generalized Rigid Optical Flow:
J(u) = [ IV -u+ LPdzdz + [} [, {o(|Vu' + Vul?) + y|u.?) dedz



From Displacements to Autonomous Flows

FLIRT [Modersitzkil:
J@) = fy (&) — Li@@)PdE + [, (MNVe- 2 + 1l Vea™ + Veal?) de

+ 6 ha(z) { ‘2_2 2/al|0g |’ + |[Vex]' [Vex] — I + | det Vex — 1]2} d€

to obtain Generalized Rigid Displacement as opposed to Generalized Rigid Optical Flow:
J(u) = [ | IVI-u+ LPdzdz + [} [, {o(|Vu! + Vul?) + y|u.?) dedz

Higher dimensional formulation creates only autonomous flows?



From Displacements to Autonomous Flows

FLIRT [Modersitzkil:
J@) = fy (&) — Li@@)PdE + [, (MNVe- 2 + 1l Vea™ + Veal?) de

+ 6 ha(z) { ‘2_2 2/al|0g |’ + |[Vex]' [Vex] — I + | det Vex — 1]2} d€

to obtain Generalized Rigid Displacement as opposed to Generalized Rigid Optical Flow:
J(u) = [ | IVI-u+ LPdzdz + [} [, {o(|Vu! + Vul?) + y|u.?) dedz

Higher dimensional formulation creates only autonomous flows? Counterexample:

but in applications w. 1s negligible.



From Displacements to Autonomous Flows

FLIRT [Modersitzkil:
J@) = fy[h(€) — Li@@)PdE + [, (NVe- o + 1l Vea™ + Veal?) de

+ B ha(z) { ‘2_2 2/al|0f x| + |[Vex] [Vex] — I + | det Ve — 1]2} d€

to obtain Generalized Rigid Displacement as opposed to Generalized Rigid Optical Flow:
J(u) = [ IV -u+ LPdzdz + [} [, {o(|Vu! + Vul?) + y|u.?) dedz

Higher dimensional formulation creates only autonomous flows? Counterexample:

but in applications w. is negligible. Optical Flow henceforth assumed autonomous (7 = 0o):
e Dimension of optical flow problem reduced by one.
e Dimension of trajectory integration reduced by one.

e Interpolation obtained for the cost of registration.



Discrete Operators for Optical Flow

e Interpolation Operator: F : Sy — Sy,
Sy C S, C H (S, ¢ Hy), pointwise: Ex = x, X € Sy
e Restriction Operator: R: Sy, — Sy, R=FE*

AN RS0
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Discrete Operators for Optical Flow

e Interpolation Operator: F : Sy — Sy,
Sy C S, C H (S, ¢ Hy), pointwise: Ex = x, X € Sy
e Restriction Operator: R: Sy, — Sy, R=FE*

e Differential Operator: Ly, : Sy, — Sy,

(LhX7 '(p)LQ — B(X? ’(:b)? X 1:0 S Sh
For Optical Flow, B = B + BO) Ln=LM+1" 1,>0, Li">0 L >0,

BO(X. ) = oo (VXT+VX) (Vo + V)  (Lyx ¥)n, = B (x. )

BO(x, ) = [,(VITx)(VI") (L% )1, = B (x, %)

Larger data support = better conditioning of Lj,.

Clamped boundary Zh = [2;7/1) > (), better conditioning of Zh? but with boundary disturbance.



Discrete Operators for Optical Flow
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Discrete Operators for Optical Flow

e Interpolation Operator: E : Sy — Sy,
Sy cCS,c H! (Sh ¢ H&), pointwise: Ex = x, X € Sy
e Restriction Operator: R: S, — Sy, R=FE*

e Differential Operator: Ly, : S;, — Sy,

(LhXJ ¢>L2 — B(X) ¢>7 X Qp S Sh
e Relaxation: IDL-vectorized, multi-colored SSOR,

Ucolor = WUcolor T w[dlag(A>_1<f _ Au)]color

e Multigrid Convergence: proved within Hackbusch framework.
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Treating Discontinuous Data

e Data Terms: Lumped for discontinuous data,

<L§LO)X2'7 X)L, — 5731'([/510)9(@'7 X)Ly Xis Xj € Sh
1D Example:
J(u) = /01 imu — r|*dx + u/ol u”|?
Comparing FEM with DG:
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Treating Discontinuous Data

e Data Terms: Lumped for discontinuous data,

(L% X )10 — 05(L X Xi)res XX € Sh

1D Example:
J(u) = /01 imu — r|*dx + u/ol u”|?
Comparing FEM with DG:

FEM & DG: Large 4

FEM: Small DG: Small p
0.3 ‘ ‘ ‘ ‘

0.3 0.3

T Uy [Ux] T Urx [ux]

(o] = v —vy) + o] + AT [ug][vd]



Pyramidal and Multigrid Scheme

Pyramid:
From coarsest to finest level:
Loop (e.g., 2X) over:
Solve oy and oy, then I, then wu.

Solve u:
Picard:
Loop (e.g., 2X) over:
Update nonlinear coefficients (lagged diffusivities)
Solve linear system

Solve linear system:
Full Multigrid:
From coarsest to current level
Relax (e.g., 2X) before and after coarse grid correction
Interpolation to finer level



Strongly and Weakly Rigid Registration

morph(/y),  error on ) I morph(/ly),  error on

)

morph(/y),  error on () morph(/y),  error on {4

strongly rigid weakly rigid



Strongly and Weakly Rigid Registration

morph (/) error on () morph (/) error on ()

morph(/y),  error on ) morph(/y),  error on )

strongly rigid weakly rigid



Strongly and Weakly Rigid Registration

morph(/y),  error on ) morph(/;),  error on )

morph(/y),  error on ) morph(/y),  error on )

strongly rigid weakly rigid



.
AL
L5427 27
LA 777777
.h.hhhh#hh##.\#ﬁh##hhhh 1"
R ARLA427 7772 A
4507 777
e ey 0yl S e e
AR S AT
A

hhhi.i..hh

error on ()
error on {2y

)

)

/)

(

a8
19! !!ﬂd“ﬂ“““

-
N
~
(\
RS ST S S &
S ST ST T NS S S SO
S ST NS S S ST S :
eeNusSerly)
pm RN
Sy "“""""“ "4““““
o o ST st
jeSfas i us
Retsstus EE
s8gete®
jusases
uslusiaet
SRRt

o

5
o
o

24

16

weakly rigid

d Registration

igi

Strongly and Weakly R

morph (/)

)

error on ()

)

0

I

Iy

error on {2y

morph(Iy),

24

strongly rigi



Object Excision
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Object Excision

I, morph(/y) error on () I, morph(/y) error on ()
I morph(/y),  error on ) I, morph(/y),  error on )

Gaussian: ¢(s)=s  RegTV:g(s) = /5T ¢



Applications: Rescaling Contrast Agent

Original Images Scaled Images

Scaling Functions
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Applications: Rescaling Sensitivity Modulation

Scaled Images

Original Images Scaling Functions

sO(tau)

tau

s1(tau)

tau



Applications: Reconstructing Anatomy from Histological Data

Images [1, [2, [;, ]3Z

where [} is the registration of I to (I} + I3).

Processing an entire sequence of histological sections:

First centered, then I, registered to %([,,/1 + 1),



Applications: Interpolating through Physiological Motion

Contrast agent appears between first and last images:

Scaling functions: - .
e Rigid and nonrigid components.

e Contrast agent appears.

e Fxpected benefit from TV.

e Negligible difference from Gaussian.
e Gaussian penalty used for film.

sO(tau)
s1(tau)

tau tau



Applications: Interpolating through Physiological Motion

Contrast agent appears between first and last images:

Scaling functions: o o
e Rigid and nonrigid components.

e Contrast agent appears.

e Expected benefit from TV.

e Negligible difference from Gaussian.
e Gaussian penalty used for film.

sO(tau)
s1(tau)

e Pre-dual treatment forthcoming.
e [low decomposition: moving and rigid.

tau tau



Approaches Investigated and Work under Development

e Natural generalizations of e Landmark Constraints
x Rigid registration * Analysis of optimality system
x Affine registration x Implemented with optical flow
Chosen globally when one fits the data. +* Automatic identification

e Treatment of Intensity Modulations e Predual Treatment of TV penalties
+ Intensity scaling * Non-differentiable Costs
« Intensity modulation * Pointwise constrained predual
x Differential measures of simularity e Bilinear Structure
* Mutual information « Non-convex Closts

e Numerical Solution Procedures x Lagrangian formulation of TV
« Multigrid and pyramidal schemes x Simple nonlinearity for optimization
* Vectorized smoothers e Decomposition of Image Sequences
* Discontinuous Galerkin + Moving and non-moving

* Rigid and non-rigid
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Landmark Constraints

Lagrangian functional, L(wu, A) = £.J(u) + X' E(u), where:

E]<u> :m<£j7 1>_ £] wj—i_/() €j7p> >dp7 J= 17"'7j'
For:

&1 0 0) = |Vulale, )0

define the solution operator:

(u;v) +v(z(€,,p),p)| dp.

Suy(C,0)Suy(0.p) = Suy(Cip)y 0<p<L o< (L1
Suy(C:¢) = 1, ¢ el0,1]
OcSuy(C, p) = Vu(z(€,, (), ()Su,ylC, p)
0pSuy(C,p) = —Suy(C, p)Vu(z(E,,p), p)

and the gradient:
G(,0) = fy Su,(L, p)o((€,, ), p)dp
Stationarity conditions:
oL
5u< oA
There exist Lagrange Multipliers A* € RY when J () is minimized subject to E(u) = 0 at
u* € WHe(Q).

u;v) = Blu,u,v) — F(v) + A'G(u,v) =0, Yove O®(Q), = FE(u)=0



