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Task: Reconstruct the sensitivity from the given datia.
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Keywords:

» The vanishing regularization solution u* fore — 0 is
analogous to vanishing viscosity solutions, i.e.,

» One wants to avoid averaging across discontinuities.
» Governing system for u* is a saddle point problem.



Another Motivating Problem
Segmentation: For a fixed segment, the optimality condition for
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Noisy data /, the characteristic function  for the current
segment and the estimated model function p are shown:
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Accurate estimation and extrapolation of p feeds back for an
accurate determination of y in the next iteration.
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Numerical Results: Finite Element Method
Divergence clear from the discretization? Important terms drop
out for discontinuous data:
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Deciding factor in the analysis of the saddle point problem is,
the form b(u, u) = [, x7uu fails the LBB criterion:

sup b(p, u)

> Bllull y-2
uere(@) 1Ulle(q) lill-2@)



Numerical Results: Mixed Finite Element Method
Difference Scheme:
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Numerical Results: Mixed Finite Element Method
Difference Scheme:
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Numerical Results: Mixed Finite Element Method

0, otherwise xy = 1.
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Example: 8 cells, r4
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Summary of Numerical Results
Computationally demonstrated for the model problem,

eu® +k2u = kb, Q
u® =uy® = 0, 9Q

Results which are

Highly non-robust for a standard FE method
Highly robust for a FD method

Moderately robust for a DG method

Highly robust for a mixed FE method
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Summary of Theoretical Results
To minimize:
J(u) = / {lsu— 0P +([DPul}  d(u) = min ()
Q u
Characterization of u* (and analogously of uy):

0 : N
uc =5 u* =arg mJn/ |D?u?> suchthat ku=10
Q

or/ {%|Dzu\2 + A(kU — D)} — saddle =
Q

(1-P,) k? A | kO
K2 D* ul | O
> Theorem: Unique H2(Q) limits exist: u¢ =3 u* and uj, =3 uj,.

h—0 .
» Theorem: uj 2% u*, all methods, « and & given exactly.

» Theorem: uj h—_ﬂg u* for the mixed FEM, even when the

data x, and iy, are pixelwise constant approximations!



Thank you for your attention!



Numerical Results: Discontinuous Galerkin Method

The forms:
;
F(v) = rlvax {u} = J(u +uy)
0

1 X1
= "?2 € xx Vxx
B(u,v) = /o uvdx + Ek:/)(k Uyx Vxx dX
+ € Z{Uxxx}[v] + {Vaox U] — {Usx V] — { Viox }Ux]

V]=v. —v, +yh 3 [u][v] + A [u] [vi]
discretized with local cubic Legendre polynomials & v = ~(e)!

0.25 0.25

0 0 S
0 1 0 1

e moderate e—>0,v =00,y —0



Numerical Results: Finite Difference Method
Difference Scheme:
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