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Formulation of PCA/ICA
I Rows of Z are unknown samples of sources which are

independent and not Gauß distributed.

Z =

 z1(t1) z1(t2) · · · z1(tn)
...

...
...

zm(t1) zm(t2) · · · zm(tn)



I Rows of Y are measured samples of unknown mixtures of
the sources

Y = AZ

no longer independent and now more Gauß distributed.

I Goal is to undo the trend toward Gaußianity to recover the
sources

X = WY

with W = UΛ−
1
2 V T ≈ A−1 but unavoidable ambiguities.



Formulation of PCA/ICA
I Rows of Z are unknown samples of sources which are

independent and not Gauß distributed.

Z =

 z1(t1) z1(t2) · · · z1(tn)
...

...
...

zm(t1) zm(t2) · · · zm(tn)


I Rows of Y are measured samples of unknown mixtures of

the sources
Y = AZ

no longer independent and now more Gauß distributed.

I Goal is to undo the trend toward Gaußianity to recover the
sources

X = WY

with W = UΛ−
1
2 V T ≈ A−1 but unavoidable ambiguities.



Formulation of PCA/ICA
I Rows of Z are unknown samples of sources which are

independent and not Gauß distributed.

Z =

 z1(t1) z1(t2) · · · z1(tn)
...

...
...

zm(t1) zm(t2) · · · zm(tn)


I Rows of Y are measured samples of unknown mixtures of

the sources
Y = AZ

no longer independent and now more Gauß distributed.

I Goal is to undo the trend toward Gaußianity to recover the
sources

X = WY

with W = UΛ−
1
2 V T ≈ A−1 but unavoidable ambiguities.



Formulation of PCA/ICA
Summary of Steps:

I Centering:
Yc = Y − Y

I Rotation:
K = 1

n YcY T
c , KV = V Λ, Yr = V TYc

I Scaling:
Ys = Λ−

1
2 Yr

I Rotation:
Xs = UYs, UT = {u1, . . . ,um}

where each uk minimizes Gaußianity.

For example, kurtosis

K(x) = M4(x)− 3M2
2 (x)

satisfies K(n) = 3σ4 − 3σ4 = 0 for n ∼ N(µ, σ2).

So J(u) = [K(Y T
s u)]2 may be maximized with uT

k ul = δkl .
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Formulation of PCA/ICA

(PCA) Let the data be so decomposed,

Yc = Y − Y , K = 1
n YcY T

c , KV = V Λ, Ys = Λ−
1
2 V TYc

Let Λ = diag{λ1, . . . , λm} with λ1 ≥ · · · ≥ λm. With P ∈ Rr×m,
r < m, Pi,j = δi,j , the data Y are so projected to its r strongest
principal components,

Y ≈ YP = Y + V Λ
1
2 PTPYs = Y + 1

n (PYs)
T(PYs)

(ICA) Let the data be further so decomposed,

Xs = UYs

With Q ∈ Rr×m, r < m, Qi,j = δqi ,j , the data Y are so projected
to the r independent components {q1, . . . ,qr},

Y ≈ YQ = Y + V Λ
1
2 UTQTQXs = Y + 1

n (QXs)
T(QXs)
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`2 and `1 Formulations of Centering

Given data x = 〈0,1, . . . ,1〉 ∈ Rm,

mean(x) = argmin
µ

m∑
j=1

(µ− xj)
2

= argmin
µ

[
(µ− 0)2 + (m − 1)(µ− 1)2

]
= (m − 1)/m

median(x) = argmin
µ

m∑
j=1

|µ− xj |

= argmin
0≤µ≤1

[(µ− 0) + (m − 1)(1− µ)] = 1 (robust!)

Generalization for higher dimensional data,
Y = {y1, . . . ,yn} ∈ Rm×n,

geometric median(Y ) = argmin
µ∈Rm

M(µ), M(µ) =
n∑

j=1

‖µ− y j‖`2
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`2 and `1 Formulations of Centering
The data:

Y =

[
0 1

2 1 0
0 1

2 1 1

]
, Ȳ = argmin

µ∈Rm
M(µ)

Data with Averages
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`2 and `1 Formulations of Sphering
Sphered data:

Ys = Λ−
1
2 V TYc, Yc = Y − Ȳ = {yc

j }
where

Λ = diag{λi}, V = {v̂ i}, V TV = I.

`2 formulation:

v̂1 = argmin
‖v̂‖`2 =1

H̃(v̂)

λ1 = ‖v̂TYc/
√

n‖2`2
where H̃(v̂) =

n∑
j=1

‖(v̂ v̂T − I)yc
j ‖

2
`2

and similarly in orthogonal complements for {(v̂ i , λi)}i>1.

`1 formulation:

v̂1 = argmin
‖v̂‖`2 =1

H(v̂)

λ1 = ‖v̂TYc/
√

n‖2`1
where H(v̂) =

n∑
j=1

‖(v̂ v̂T − I)yc
j ‖`2

and similarly in orthogonal complements for (v̂ i , λi)i>1.
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, Ȳ =

[ 1
2
1
2

]
, Yc = Y−Ȳ , Ys = Λ−
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`2 and `1 Formulations of Independence
Independent data:

Xs = UYs where U = {ûi}, UTU = I.

`2 formulation:

û1 = argmax
‖û‖`2 =1

K 2
ν (ûTYs) where Kν(ν) = 0 for ν ∼ N(0, ·), e.g.,

Kp(x) = E[|x|p]− κpE[x2]p/2

Ke(x) = E[−1
2x2]− 1/

√
1 + E[x2]

κp =

{
(p − 1)!!, p even√

2
π (p − 1)!!, p odd

and similarly in orthogonal complements for {ûi}i>1.

`1 formulation:

û1 = argmax
‖û‖`2 =1

G(û) where G(û) = ‖ûTYs‖`1

and similarly in orthogonal complements for {ûi , λi}i>1.
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G(û) where G(û) = ‖ûTYs‖`1
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`2 and `1 Formulations of Independence
Independent data:

Xs = UYs where U = {ûi}, UTU = I.
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`2 formulation:
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`2 and `1 Formulations of Independence
The data: r = 20, k = 2, σ(t) = sign(t), i = −r , . . . , r ,

Y =

[
−1 . . . σ( i

r )| ir |
k . . . 1 0 . . . . . . 0

0 . . . . . . 0 −1 . . . σ( i
r )| ir |

k . . . 1

]

Data with Axes

Rotation Landscape

P(x1(θ) = α and x2(θ) = β)
?
= P(x1(θ) = α)·P(x2(θ) = β), ∀α, β ∈ R
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Numerical Optimization and Convergence
Geometric Median: Y = {y j}, y j ,d j,l ∈ Rm, µl ∈ Rm, τ > 0,

d j,l+1 =
d j,l + τ(µl − y j)

1 + τ‖µl − y j‖`2
, j = 1, . . . ,n

µl+1 =
n∑

j=1

(d j,l − τy j)

1 + τ‖µl − y j‖`2

/ n∑
j=1

−τ
1 + τ‖µl − y j‖`2

.

Theorem: Suppose the columns {y j}nj=1 = Y ∈ Rm×n are not
colinear. Let {d?

1, . . . ,d
?
n,µ

?} satisfy the necessary optimality
condition for the geometric median merit function,

µ?−y j = ‖µ?−y j‖`2d?
j , ‖d?

j ‖`2 ≤ 1, j = 1, . . . ,n,
n∑

j=1

d?
j = 0.

with µ? 6∈ {y j}nj=1. Then {d?
1, . . . ,d

?
n,µ

?} is a fixed point for the
iteration which is locally asymptotically stable for τ large enough.
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Numerical Optimization and Convergence
Given previous calculations, Y1 = Yc,S1 = Rm

Vk = {v̂ i}ki=1, Yk = (I − Vk−1V T
k−1)Yc, Sk = R(Vk−1)⊥.

Sphering: Yk = {y j,k}, y j,k ,d j,l ∈ Sk , v̂l ∈ Sk , τ, ρ > 0

d j,l+1 =
(v̂l v̂T

l − I)(τy j,k − d j,l)

1 + τ‖(v̂l v̂T
l − I)y j,k‖`2

, j = 1, . . . ,n

v̂l+1 =
vl+1

‖vl+1‖`2
with vl+1 = v̂l−ρ

n∑
j=1

(v̂T
l y j,k )(τy j,k − d j,l)

1 + τ‖(v̂l v̂T
l − I)y j,k‖`2

.

Theorem: Let {d?
1, . . . ,d

?
n, v̂

?} satisfy for 1 ≤ j ≤ n, ‖d?
j ‖`2 ≤ 1,

(v̂?v̂?T−I)y j,k = ‖(v̂?v̂?T−I)y j,k‖`2d?
j , v̂?Td?

j = 0,
n∑

j=1

(v̂?Ty j,k )d?
j = 0

with v̂? ∈ Sk , ‖v̂?‖`2 = 1, and suppose

v̂?Ty j,k 6= 0, (v̂?v̂?T − I)y j,k 6= 0, j = 1, . . . ,n.

Then {d?
1, . . . ,d

?
n, v̂

?} is a fixed point of the iteration which is
locally asymptotically stable for τ large enough and ρ small enough.



Numerical Optimization and Convergence
Given previous calculations, Y1 = Yc,S1 = Rm

Vk = {v̂ i}ki=1, Yk = (I − Vk−1V T
k−1)Yc, Sk = R(Vk−1)⊥.

Sphering: Yk = {y j,k}, y j,k ,d j,l ∈ Sk , v̂l ∈ Sk , τ, ρ > 0

d j,l+1 =
(v̂l v̂T

l − I)(τy j,k − d j,l)

1 + τ‖(v̂l v̂T
l − I)y j,k‖`2

, j = 1, . . . ,n

v̂l+1 =
vl+1

‖vl+1‖`2
with vl+1 = v̂l−ρ

n∑
j=1

(v̂T
l y j,k )(τy j,k − d j,l)

1 + τ‖(v̂l v̂T
l − I)y j,k‖`2

.

Theorem: Let {d?
1, . . . ,d

?
n, v̂

?} satisfy for 1 ≤ j ≤ n, ‖d?
j ‖`2 ≤ 1,

(v̂?v̂?T−I)y j,k = ‖(v̂?v̂?T−I)y j,k‖`2d?
j , v̂?Td?

j = 0,
n∑

j=1

(v̂?Ty j,k )d?
j = 0

with v̂? ∈ Sk , ‖v̂?‖`2 = 1, and suppose

v̂?Ty j,k 6= 0, (v̂?v̂?T − I)y j,k 6= 0, j = 1, . . . ,n.

Then {d?
1, . . . ,d

?
n, v̂

?} is a fixed point of the iteration which is
locally asymptotically stable for τ large enough and ρ small enough.



Numerical Optimization and Convergence
Given previous calculations, Y1 = Ys,T1 = Rm

Ul = {ûi}li=1, Yl = (I − UT
l−1Uk−1)Ys, Tl = R(UT

l−1)⊥.

Independence: ûk ∈ Tl , τ > 0,

ûk+1 =
uk+1

‖uk+1‖`2
with uk+1 = ûk +τ

[
Yl σ(Y T

l ûk )− ûk‖ûT
k Yl‖`1

]
where

{
σ(t) = sign(t), t ∈ R
σ(v) = {σ(vj)}nj=1, v = {vj}nj=1 ∈ Rm.

Theorem: Let û? ∈ Tl with ‖û?‖`2 = 1 satisfy

Ylσ(Y T
l û?) = ‖Y T

l û?‖`1û?

with S = {j : êT
j Y T

l û? = 0} = ∅. Then û? is a fixed point of the
iteration which is locally asymptotically stable for τ small enough.
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Application to DCE-MRI sequences
For each time t = 1, . . . ,T , let the matrix of pixel values,

I(t) = {Ii,j(t)}1≤i,j≤N

be an image in a DCE-MRI sequence.

Eliminate noise? motion?

With n = T = 134 and m = N2 = 4002 the images are
represented as long vectors, and PCA/ICA is carried out with

Y = {〈I1,1(t), . . . , IN,1(t), I1,2(t), . . . , IN,2(t), . . . , I1,N (t), . . . , IN,N (t)〉T : t = 1, . . . , T}

To the left is the first column of V (displayed as an image), and
to the right is the first row of Ys.
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Application to DCE-MRI sequences

Basis: v̂ i = V êi , i = 1,2, (êi)j = δij ,

Ȳ v̂1 v̂2

e.g., Ȳ + V Λ
1
2 eij , i , j = ±1, eij = (i , j ,0, . . . ,0)T

exhale before inhale before exhale after inhale after
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Application to DCE-MRI sequences
Decomposition with `2 PCA/ICA and outlier at t = 40:

v̂T
i Y temporal v̂T

i Y phase

v̂T
i Ys temporal v̂T

i Ys phase



Application to DCE-MRI sequences
Decomposition with `2 PCA/ICA and outlier at t = 40:

v̂T
i Xs temporal v̂T

i Xs phase

X1 X2

Xi = V Λ
1
2 UTQiXs, Qi = diag{êi}, i = 1,2



Application to DCE-MRI sequences
Decomposition with `1 PCA/ICA and outlier at t = 40:
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Application to DCE-MRI sequences
Decomposition with `1 PCA/ICA and outlier at t = 40:

v̂T
i Xs temporal v̂T

i Xs phase

X1 X2

Xi = V Λ
1
2 UTQiXs, Qi = diag{êi}, i = 1,2



Application to DCE-MRI sequences
With motion component removed:

Original Iterative Template PCA/ICA

where Iterative Template sequence is given by iterating:

Itime(x , ·) = argmin
I

∫ T

0

{
|I − Istat|2 + α|∂t I|2

}
dt (init: Istat ← Iorig)

uspace(·, t) = argmin
u

∫
Ω

{
|Iorig ◦ (Id + u)− Itime|2 + µ|∇uT +∇u|2

}
dx

Istat ← Iorig ◦ (Id + uspace)
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