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Outline

e What is Image Registration?

e How should image similarity be measured?

e How should registration be regularized?

e Variational formulation: optical flow with maximal rigidity:.
e Numerical solution of optimality system.

e Results and directions.



Image Registration Defined

Definition: Coordinate transformation identifying like points in images.
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Top left: 1y(&). Top right: [1(&).
Bottom left:

orid deformation, G(x(&)).
Bottom right:

morphing, I1(x(§)).

Related processes:

e Image warping.
e Interpolation of images.

e Superposition of modalities.




Registration within Temporal Sequences

Leading application: pathology tracking in mammography.

(a) before injection,
(b) after injection,
(¢) difference without registration.
Image (a) after
(d) rigid,

(e) affine, and
(f) non-rigid registration,
with corresponding differences

from (b) in (g), (h), and (i).

D. Rueckert, 1998




The Coordinate System

e Physical coordinates:
(z,y,2), © = (2,y).
e Curvilinear coordinates:
(&m,¢), &= (&)
e Initially, &(x,0) = x.
Otherwise, ((x, z) = 2.
e Point (x(&, (), z) on trajectory with
z(€,0) =&
e Displacement: d =x — .
e Optical flow: uw = (u,v) = (&, ().

e Trajectory tangent: (u,v,1).




Proposed Formulation
Minimize:
J(I,00,00,w) = [} o |V -w+ LPdedz + [ fo(|Vu' + Vul?) + afu. |*dedz

subject to:
I(x,0) = oo(lo(x)),  I(x,1)=o1(li(x)),

and possible landmark constraints:

A

z(€; 1) =x;, j=1,....j wheree  x(£,() =&+ [ u(@(& p),p)dp.

e Similarity: |V -w + I.|* and I(x,0) = oo(ly(x)), I(x,1) = o1([1(x)).
e Rigidity: [V, u|" + [V,u| =0= [Vex]' [Vex] = 1.

e Excision: ¢(s) =+/s+¢e (reg TV).

.

e Depth regularization: |

e Independent of image order.



Image Similarity Measures

e The engineering standard: mutual information. e Simple example:

e For example [Rueckert et al],

1010 (1011
A'l BO

Seek (spline-based) transformation 1 1011
minimizing: {a;} ={0,0,1,1} = {b;}
J($> — S(]O7 ]1($>> + /LR<£U) {(aiv b]>} — {<17 O): (17 1)7 <07 O>7 (07 1>}
where: H(A)=H(B)=-21log!
R(x)= [, ¥ |D%(&)*d¢
(@) /Q\Oé\=2| ) H(A B)=—4-1log} >
and similarity measure S is mutual information: -2'% 10%% = H(A, A)

S(A,B)=H(A,B)— H(A) — H(B).
H(A) is entropy of image A with intensities {a;}:
H(A) = — %p@z‘) log p(a;)

H(A, B) is joint entropy of (A, B) with pairs
{(ai b))}
H(A, B) = — %p(&i, b]> 1ng<CLZ', b]>



Proposed Image Similarity Measure

Simplest:
o l10(&) — In(a(€, 1)I°d€ = [y f, 1dI/d¢[ddC
subject to:
I(@,0) = Ix), I(x,1) = L)

Lagrangian to Eulerian:
0 lpldljdCPdgdc — [} fy [V 1w+ 1 [Pdwdz
without 1/ det(Vex). With scaling:
foloo(1o(€)) = on(Lu(@(€,1))Pde — fj oIV - w+ 1. dadz

subject to:

I(z,0) = oy(Io(x)), I(z,1)=0y(l(z))

Alternatively differential operator to match level curves:

Delo(§) — Deli(x(€,1))

or else Gauss Maps (level set normal vector fields).

Mumford-Shaw formulation forthcoming.



Reciprocal Scaling

I I
=T P
Iy = xs
L =(1+v)xs
x
S
I I I oi(h)#1
—luﬁuhx\—'hu_l\_ oo(lo) = Io J Iy
Scaling 1 Scaling I,
not Iy not I
x x




Registration Regularization

e Rueckert, et al.

J(x) = H(ly, () — H(lp) = H(L(z) *w%zZ\Da(Hmﬁ

|f=2
e Modersitzki, Fischer.
= b 11§ +d) = (&)PdE + [, AV - d) + 5p V" + Vd['dé
e Hinterberger, Scherzer.
= [V hall(e, 1) — I(x, 2)Pdzdz + | [, |Vul*dzd-
where I(x, z) is subject to:

BINI +L)+VI-u+1 —Iy=1,

e Proposed Formulation: subject to I(x,0) = og(ly(x)), I(x,1) = o1([1(x)),
J(I,00,01,u) /0 JoIVI-u+1, |2d:1:dz+ /O /Q \Vu + Vul?) + o|u.|*dedz

x(é,1) =€+ [ u ,p)dp



Lagrangian Regularization
hin(d) = fo[1o(€) — (€ + d(€, 1)) d€
o [N (Vg - d) L Ved" + Ved!| dedc
Jr/0 /Q (d¢ - dec) dfdf
Jui(@) = fo [Lo(€) — I (m(€,1))]° d&

<||V§£I]Z||2—1> +Z§] (Vgﬂfz Vgi@) dfdc

M=
=

A
+Z/0/Q

(19l )| dedc+ 4 5 |

v i o (@ - ®ece)’ d€dC

Rigid versus collapse:



Eulerian Regularization
Rigidity: [V, u|" + [V,u] =0 = [Vex|! [Vex] = 1.

Local u = @, instead of global d = ® — & displacements:
J(Iw) = [ (Val -ut L) dadz + |6 (Vou" + Vaou[ ) + a |u.[] dod:

With rigid field:
w(x,z)=x.=W(x —a), R'(z)=WR(2)

[ =Rz ~a)+a), &)= I(x(E1)
follows J(I, 1) = 0. For the class:
(&, ¢) = R(¢)(§ —a) + (a + b()
u(x,z) = W(@x—a—>bz)+b

need o(|Vzu.|?) and |u..|* instead of |u.|?.

For autonomous flows:

(L u) = [, (Val - u+ L) dwdz + ¢ ([Vau" + Voul ) da



Optimality Conditions for Intensity

(V,0.)- (VI -u—+1,)(u,l)] =

d*I dl
d—Cﬁ(V'u)d—C—O, Q
Options:
I =0,

n-u=0, or
VI-u+1,=0, T
n - u = 0 rules out rigidity.
VI -u+ I, =0 creates trivial solution:

I

Take / = 0 on I'. Lagrangian solution:

I(x(&,¢),C) =

(&)1 -UE, ¢, 1)+ Li(x(&,1)UE. ¢, 1),
Ly
I(&)[1 - U(§,¢, ¢, / |
x(§, ) el § ey

or scaled with oy(ly) and o1(/), and:

_ UE,0) —U(£,0) ,
U(S?C?C) — ﬁ(&,é) B [](5,0)75 S QO?C S [Oad

U(E,C) = fyexp = [£V - u(z(€, p), p)dp| do




Optimality Conditions for Scaling

Lagrangian form of I inserted in J reveals optimal scaling:

where:

In words:

Jo(e)= L1 (ENU(E)dE
Jiye)= U(&)dE

oo(t) = u(f)
her- %a i
i~ v,

L € K

L e K§

|V[0‘ =01 {€ : ]()(£> c KQ}, Ky C [O, 1]
Li(x(€,1)), £ € &,

7€) = 0, :B(&C) cl, £ Qb
/01 UC2<€7 Ca 1) det (V€£E> dc; € c QS
ue = |
[ UR(g, ¢, C(€)) det (Vem) dC, € € Q)

oo(¢) is weighted average over {Iy(€) = ¢} of morphing 7,



Optimality Conditions for Optical Flow

B(u,u,v) = F(v), YveC™Q)

where:

Bw,u,v) = [,[(VI-u)(VI -v)+a(u, v.) dedz
+ Jpo (\VwT + Vfw\z) (Vu' +Vu) : (Vo' + Vo) dzdz
F(v) = — J, .VI - vdzdz
Theorem. Suppose I € WH*(Q) manifests sufficiently few symmetries that for every a € R?

and ¢ € R:
JoIVI - (a+ cWea)|*dxdz > 0

unless @ = 0 = ¢. Then with ¢(s) = F(x, 2)s, 0 < By < B(z, 2) < 61 < oo, there exists a unique
u € HY(Q) such that B(-,u,v) = F(v), Vv € C%(Q).
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Here TV cost is finite (and stationary), Gaussian not.



Optimality Conditions for Landmarks

Lagrangian functional:

L(u,A) = 3J(u) + A E(u),

where:
Eu) = =z, 1)—=x, = §&—x,+ [ ulx&,p),pdp, 7=1,...,J
i (€, ) 52(€,.p)
m&f (w;v) = [ |Vu(z(E,, p), p) m(h‘i’p (u; v) +v(z(€,,p),p)| dp.
define the solution operator:
Su,)(C,0)Su, (0, p) = SuylC,p), 0§p§g§c§1
Suy(CaC) — ] [O ]
SUJ(C7P) — v ( <€]7C> C) U,](Cap)
OpSuy(C,p) = =Suy(C, p)Vul(x(§), p), p)
Stationarity conditions:
oL B F AG =0, Yove O™ oL _ By =0
5’U,(u ’U) (’U,, u, ’U> o (’U) + (’U,,’U) — Y (NS (Q)a (9—)\ — (’LL) —
where:

G,(u,v) = [} Suy(L, p)v(z(£,, p), p)dp



Numerical Treatment of Intensity

Simple translation problem:

with FEulerian discretization:



Numerical Treatment of Optical Flow

Lumped Finite Elements with Conjugate Gradient:

n u E ! ! ! - - - L'-errors: 0.0094 on subdomains;,
b L il L L L. g

R 0.014 on full domains
L°-errors: 0.52 on subdomains,
1y(€), 7:1(€) 110(&) — Z1(&)] 1.0 on full domains
e | | Em

Optical flow and morphed uniform grids:
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Here nontrivial pixels reach I'. Extend images by zero to sufficiently large ).



Object Excision

24

Gaussian: ¢(s) = s - - Reg DTV:S gb(s) - \/}230%—&8‘ ‘5
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Strongly and Weakly R

11(&), Zo(&), |11(&) — Zo(€)|

11(&), Zo(§), |11(&) — Zo(€)]
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MRI Application — Images
10(57 Z,(€), [1o(&) — Z1(§)| ]0(57 7,(€)

| Lo(&) — Z1(8)]

1,(§), Zo(§), [11(8) — Zo(E)] 1,(§), Zo(§), [11(&) — Zo(8)]
strongly rigid weakly rigid
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Minimize:

where:

and:

Forthcoming Mumford-Shaw Formulation

J(Iw) = S = LoPde+3f, |1 — 1) da
+ 30 fy dz for) IVIPdz + o HN (D)
+ v /01 dz |, Vu' + Vu|*dz

+ %9 /01 dz /Qz 0| *da

x(£,¢) = &+ [P u(x(€, p), p)dp

Fz) =z, 2) -z =x(§,2),§ €T}



