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Early Vision Problem

Definition: In an Early Vision Problem dense 3D Information is to be inferred from
sparse and noisy 2D imaging data.

Examples: optical flow, shape from shading, stereo reconstruction, surface estimation:

Higher order regularization:

• Generalized Affine Registration: 4th order PDE

• Coil sensitivities with exponential growth: 2ν-th order PDE



Variational Setup for Surface Estimation

Given compactly supported data r and m, seek u so that mu ≈ r:

J(u) =
∫

Ω |mu− r|2dx + µ
∑

|α|=ν



ν
α



∫

Ω |Dαu|2dx

Weak formulation:

0 =
1

2

δJ

δu
(u; v) = B(u, v)− F (v)

where:
B(u, v) = (m2u, v)0 + µ〈u, v〉ν

and:
F (v) = (rm, v)0

• meas(support(m)) > 0⇒ existence.

• m not smooth and ∂Ω not smooth for Ω = (0, 1)N .

• Regularity? L = µ(−∆)ν +m2I = L∗, Dom(L) = H2ν(Ω). Needed for convergence.



Regularity Result

Theorem: The solution u to

B(u, v) = F (v), ∀v ∈ Hν(Ω)

satisfies u ∈ H2ν(Ω) and
‖u‖2ν ≤ c(m,µ)‖r‖0.

The idea of the proof: Shift to

B̃(u, v) = µ(u, v)0 + µ〈u, v〉ν, F̃ (v) = (rm + (µ−m2)u, v)0

Friedmann: Ω′ ⊂⊂ Ω,

‖u‖H2ν(Ω′) ≤ c‖rm + (µ−m2)u‖0

∂Ω ⊂ {β ′} ⊂ {β}, β ′ ⊂⊂ β, Ω ⊂ Ω′ ∪ {β ′}, σ′ = β ′ ∩ Ω.

Extension Eu: (L̃φ,Eu)L2(β) bounded ∀φ ∈ C∞0 (β), Eu ∈ H2ν(β ′),

‖u‖H2ν(σ′) = ‖Eu‖H2ν(σ′) ≤ ‖Eu‖H2ν(β′), ‖u‖2ν ≤ ‖u‖H2ν(Ω′) +
∑

σ′=β′∩Ω
‖u‖H2ν(σ′)



Finite Element Discretization

Spline tensor products:

inf
χ∈Sνh(Ω)

‖u− χ‖ν ≤ chν‖u‖2ν, ∀u ∈ H2ν(Ω)

Inverse properties:
‖χ‖ν ≤ ch−ν‖χ‖0, ∀u ∈ Sνh(Ω)

Céa’s Lemma:
‖u− uh‖ν ≤ inf

χ∈Sνh(Ω)
‖u− χ‖ν

Regularity:
‖u‖2ν ≤ c(m,µ)‖r‖0

Convergence:
‖u− uh‖ν ≤ c(m,µ)hν‖r‖0



Naive Multigrid

The basic idea:

relaxation (stalls rapidly): AhUh ≈ Fh, uh =
∑

ı
(Uh)ıχı, fh =

∑

ı
(Fh)ıχı

defect: Dh = Fh − AhUh
restrict: DH = RDh

relax or solve: AHVH = DH

expand: Vh = EVH
correct: Uh = Uh + Vh

Choice of:
Ah =? AH =? R =? E =?

Typical image processing grids:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦



Naive Multigrid

A simple fine grid operator: Ah = −µ∆h +m2I

Ah =
µ

h2




1 −1
−1 2 −1

. . . . . . . . .
−1 2 −1
−1 1


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+




m2
1

m2
2

. . .
m2
n−1

m2
n




A coarse grid operator:

AH =
µ

H2


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
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


(m2
1 +m2

2)/2
(m2

3 +m2
4)/2
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(m2
n−3 + m2

n−2)/2
(m2
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n)/2






Naive Multigrid

A restriction operator R and an expansion operator E:

R =
1

8




5 2 1
1 3 3 1

1 3 3 1
1 2 5




E =
1

4


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Naive Multigrid

A restriction operator R and an expansion operator E:

R =
1

8



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E =
1

4


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Naive Multigrid

A restriction operator R and an expansion operator E:

R =
1

8



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1 3 3 1
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
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E =
1

4


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


◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦2 -1?◦ 1 3 3 1
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◦

does not work!



Naive Multigrid

Consider the Galerkin approximation:

AH = RAhE, R = ET ⇒ AH = AT
H

R[m2I ]E =




. . . . . .
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
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6=




(m2
1 +m2
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(m2

3 +m2
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(m2
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
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R ?−→ ET =
1

4


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Naive Multigrid

Consider the Galerkin approximation:

AH = RAhE, R = ET ⇒ AH = AT
H

R[m2I ]E =


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
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Appear unnatural?



Reasoning of the Galerkin Approximation

The quadratic to minimize: Fh(Uh) = 1
2U

T
h AhUh − UT

h Fh.

With coarse grid correction: U+
h = Uh + Vh = Uh + EVH .

Fh(U
+
h ) = 1

2(U+
h )TAhU

+
h − (U+

h )TFh

= 1
2
(Uh + Vh)

TAh(Uh + Vh)− (Uh + Vh)
TFh

= [1
2
UT
h AhUh − UT

h Fh] + [1
2
V T
h AhVh − V T

h Fh + V T
h AhUh]

= Fh(Uh) + 1
2
V T
h AhVh − V T

h (Fh − AhUh)

= Fh(Uh) + 1
2
(EVH)TAh(EVH)− (EVH)TDh

= Fh(Uh) + 1
2V

T
H [ETAhE]VH − V T

H [ETDh]

= Fh(Uh) + 1
2V

T
HAHVH − V T

HDH

= Fh(Uh) + FH(VH) ...therefore... FH(VH) = min⇒ Fh(U
+
h ) = min over ΩH



Comparison of finite differences and finite elements

For u∗ = (x− 1
2
)3(y − 1

2
)3, m = χS where S = (1

4
, 3

4
)× (1

4
, 3

4
), and r = mu∗.

finite differences finite elements exact solution

Conditions: ν = 2, FMG-V (1), lmax = 5, 2p = 256, ν = 2, N = 2, σ = 2, τ = 1,
ω = 1, and µ̃ = 2−35.



Multigrid based upon finite elements

E =
1

2




2
1 1

2
1 1

2




E =
1

4




3 1
1 3

3 1
1 3

3 1
1 3




◦ ◦ ◦

◦ ◦ ◦ ◦ ◦

1 1
2

1
2 1

6

�
�
��

@
@

@I 6

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦
1
4

3
4

��
��

��*

A
A
AK



Multigrid based upon finite elements

Formulation on finite element space: uh ∈ Sνh(Ω)

Lhuh = fh, fh = Phf, f = rm

The natural definitions on subspaces: hl = 2−pl, pl+1 = pl + 1, Sνl (Ω) = Sνhl(Ω)

Llul = fl

where fl = Plf and:

(Llχ, ψ)0 = B(χ, ψ), ∀χ, ψ ∈ Sνl (Ω), (Plf, χ)0 = F (χ), ∀χ ∈ Sνl (Ω)

Related on adjacent levels: with injection Il−1 : (Sνl−1(Ω), ‖ · ‖0)→ (Sνl (Ω), ‖ · ‖0)

(Ll−1χ, ψ)0 = B(χ, ψ) = B(Il−1χ, Il−1ψ) = (LlIl−1χ, Il−1ψ)0

= (I∗l−1LlIl−1χ, ψ)0, ∀χ, ψ ∈ Sνl−1(Ω)

or the Galerkin Approximation:

Ll−1 = I∗l−1LlIl−1

Given in terms of operators on function spaces. In terms of basis coefficients...



Multigrid based upon finite elements

Let Rl be (2pl + ν)N -dimensional coefficient space equipped with:

[Xl, Yl] = hNl
∑

ı,
Xl,ıYl,, [Xl] = [Xl, Xl]

1
2

Define bijection Kl : (Rl, [·])→ (Sνl (Ω), ‖ · ‖) so that:

ul = KlUl, fl = KlFl

and
c1[U ] ≤ ‖KlU‖0 ≤ c2[U ], ∀U ∈ Rl

Define coefficient matrix:

Al,ı = (Llχı, χ)0 = (LlKleı, Kle)0 = [K∗l LlKleı,e]

or:
Al = K∗l LlKl

Discrete problem:
AlUl = Fl



Multigrid based upon finite elements

Related on adjacent levels:

Al−1 = K∗l−1Ll−1Kl−1 = K∗l−1[I∗l−1LlIl−1]Kl−1 = [Rl−1
l K∗l ]Ll[KlE

l
l−1] = Rl−1

l AlE
l
l−1

where

El−1
l : Rl−1 → Rl and Rl

l−1 : Rl → Rl−1

are the canonical expansion and restriction:

Il−1Kl−1 = KlE
l
l−1, Rl−1

l = (El
l−1)∗

giving the Galerkin Approximation:

Al−1 = Rl−1
l AlE

l
l−1

Theorem: Provided the support of m is large enough, depending upon ν, each Al is
symmetric and positive definite.



The Relaxation Scheme

One relaxation iteration:

Uk+1
l = Uk

l − ωW−1
l (AlU

k
l − Fl) = SlU

k
l + ωW−1

l Fl, Sl = I − ωW−1
l Al

where:
Wl = (Dl + Ll)D−1

l (Dl + LT
l ), Al = Dl + Ll + LT

l

Hackbusch conditions:

0 < [AlU,U ] ≤ [WlU,U ], ∀U ∈ Rl and [Wl] ≤ θ[Al]

Note that θ is nontrivial:

u′′′′ −→ 1

h4




1 −2 −1
−2 5 −4 1
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. . . . . . . . . . . . . . .

1 −4 6 −4 1
1 −4 5 −2
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


Wl = Al + [LlD−1
l ]Dl[D−1

l LT
l ]

‖LlD−1
l ‖`1 = ‖D−1

l LT
l ‖`∞ ≤ ‖D−1

l Al‖`∞

[Dl] ≤ maxı |Al,ı| ≤ [Al]

[Wl] ≤ (1 + ‖D−1
l Al‖`∞)[Al]



The Relaxation Scheme

Estimation of θ:

D−1
l,ııAl,ı =

µ〈χı, χ〉ν + (m2χı, χ)0

µ〈χı, χı〉ν + (m2χı, χı)0

≤ |χı|ν|χ|ν + µ−1‖m‖2
∞‖χı‖0‖χ‖0

|χı|2ν

≤ (1 + µ−1‖m‖2
∞)
‖χı‖2

ν + ‖χ‖2
ν

2|χı|2ν

≤ (1 + µ−1‖m‖2
∞)

maxı ‖χı‖2
ν

minı |χı|2ν
Basis functions are translations of each other: max and min fixed for the field, near
the boundary determined by number of cases depending only upon N and ν:

[Wl] ≤ (1 + ‖D−1
l Al‖`∞)[Al] ≤ θ[Al]



The Two-Grid Cycle

TGC(l, U, F ; σ)
for k = 1, . . . , σ set U = SlU + ωW−1

l F
D = Rl−1

l (F − AlU)
V = A−1

l−1D
U = U + E l

l−1V
for k = 1, . . . , σ set U = SlU + ωW−1

l F

MTGC
l (σ) = Sσl [I − El

l−1A
−1
l−1R

l−1
l Al]S

σ
l

Hackbusch conditions: approximation property and smoothing property

Theorem: (approximation property) Under the conditions stated above:

0 ≤ A−1
l − El

l−1A
−1
l−1R

l−1
l ≤ θW−1

l

Theorem: (smoothing property) Under the conditions stated above, the smoother Sl, written

in the form Xl = I − A1/2
l SlA

−1/2
l = A

1/2
l W−1

l A
1/2
l , satisfies:

0 ≤ (I −Xl)
σXl(I −Xl)

σ ≤ η(σ)I

where η(σ) = σσ/(1 + σ)1+σ → 0, σ →∞.



The Two-Grid Cycle

With the approximation property and the smoothing property,

0 ≤ A
1/2
l MTGC

l A
−1/2
l

= [A
1/2
l SlA

−1/2
l ]σ{A1/2

l [A−1
l − El

l−1A
−1
l−1R

l−1
l ]A

1/2
l }[A1/2

l SlA
−1/2
l ]σ

≤ θ[A
1/2
l SlA

−1/2
l ]σ[A

1/2
l W−1

l A
1/2
l ][A

1/2
l SlA

−1/2
l ]σ

= θ(I −Xl)
σXl(I −Xl)

σ ≤ θη(σ)I

Convergence of the two-grid cycle:

Theorem: Under the conditions stated above, the TGC cycle satisfies:

[A
1/2
l MTGC

l (σ)A
−1/2
l ] ≤ θη(σ)



The Multi-Grid Cycle

MGC(l, U, F ; σ, τ )
if l = 0 then

U = A−1
0 F

else
for k = 1, . . . , σ set U = SlU + ωW−1

l F
D = Rl−1

l (F − AlU)
V = 0
for k = 1, . . . , τ do MGC(l − 1, V, D;σ, τ )
U = U + E l

l−1V
for k = 1, . . . , σ set U = SlU + ωW−1

l F

MMGC
l (σ, τ ) = MTGC

l (σ) + Sσl E
l
l−1[MMGC

l−1 (σ, τ )]τA−1
l−1R

l−1
l AlS

σ
l

Convergence of the multi-grid cycle:

Theorem: Under the conditions stated above, the iteration matrices M V
l (σ) = MMGC

l (σ, 1)
of the V (σ) cycle and MW

l (σ) = MMGC
l (σ, 2) of the W (σ) cycle satisfy:

[A
1/2
l MV

l (σ)A
−1/2
l ] ≤ θ

θ + σ
, [A

1/2
l MW

l (σ)A
−1/2
l ] ≤

√
θ√

θ + σ



The Full Multi-Grid Cycle

FMG(lmax, U, F ; σ, τ )
set F0 = F
for l = lmax, . . . , 1 set Fl−1 = Rl−1

l Fl
set U0 = A−1

0 F0

for l = 1, . . . , lmax

Ul = El
l−1Ul−1

for k = 1, . . . , τ do MGC(l, Ul, Fl; σ, τ )



Implementation: Lumping

Large and small µ:

Lumping:
(m2χı, χ)0 → δım

2
ı ‖χı‖2

Decomposition: Lh = Lµh + L0
h

(Lµhχı, χ) = µ〈χı, χ〉ν, (L0
hχı, χ)→ δım

2
ı‖χı‖2

0

and: Ah = Aµ
h + A0

h

Aµ
l,ı = µ〈χı, χ〉ν A0

l−1 = Rl−1
l A0

lE
l
l−1



Implementation: Vectorization with Multi-colored Ordering

Example: four (ν + 1)N colors in stencil of diameter three (2ν + 1)

Dl =




D(1)
l

D(2)
l

D(3)
l

D(4)
l




Ll =




L(21)
l

L(31)
l L(32)

l

L(41)
l L(42)

l L(43)
l




Each row/column is separate color. L(ı)
l are couplings among colors.

Smoothing U k+1
l = Uk

l − ωW−1
l (AlU

k
l − Fl) can be implemented Jacobi style.

Loop in one direction over colors:

for c = 1, . . . , (ν + 1)N

U c
l ← U c

l − ω[D−1
l (AlUl − Fl)]c

and then in opposite direction over the colors:

for c = (ν + 1)N , . . . , 1
U c
l ← U c

l − ω[D−1
l (AlUl − Fl)]c

Such vectorization is also used to compute the columns of Al in a loop of length
(2ν + 1)N .



Implementation: Floating Point Errors

Min and Max magnitudes of stencil values: n1/d and n2/d

ν min{|Aµ
l,ı|}/µ max{|Aµ

l,ı|}/µ
1 1/3 8/3
2 152/2880 24768/2880
3 135/45360 1353600/45360
4 796672/3715891200 400229580800/3715891200

Relaxation scheme found not to converge. Violates theory!

Floating point errors create inaccurate representation of Al:

• Al−1 = Rl−1
l AlE

l
l−1 computed accurately? No! Decomposition Al = Aµ

l + A0
l and

explicit representation of Aµ
l fixed the problem.

• Vector-Matrix multiplications accurate? No! Problem fixed when scalar products
computed with the IDL command total.

• For ν large, is Al stored accurately? No! Normalizing µ:

µ̃ =
µ

dh2ν

and using dyadic µ̃ fixed the problem.



Effect of Parameters on Neumann and Dirichlet Formulations

Multigrid Reduction Factors, ω = 1:
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Effect of Parameters on Neumann and Dirichlet Formulations

Multigrid Reduction Factors, log10(µ/h2ν) = 5:

compact support
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Comparison of Neumann and Dirichlet Formulations

For u∗ = exp(x− 1) exp(y − 1), m = χS where S = (1
4,

3
4)× (1

4,
3
4), and r = mu∗.

Dirichlet Neumann exact solution

Conditions: ν = 1, FMG-V (1) + MGC-V (1) until [U k
h − Uk−1

h ] < 10−7[Uk
h ], lmax = 5,

2p = 256, ν = 1, N = 2, σ = 1, τ = 1, ω = 1, and µ̃ = 2−1.



Computational Examples: The Data

m r = mu∗

Exact: u∗ = exp(x− 1) exp(y − 1)



Computational Examples: Solutions with noise-free data

ν = 1 ν = 2 ν = 3 ν = 4

ν [AhUh − Fh] ‖χm(u− Uh)‖`∞ ‖u− Uh‖`∞
1: 1.5× 10−13 5.4× 10−3 0.50
2: 9.1× 10−12 2.2× 10−5 0.12
3: 2.2× 10−13 3.2× 10−8 0.018
4: 2.8× 10−15 1.5× 10−10 0.0015



Computational Examples: Solutions with noisy data

ν = 1 ν = 2 ν = 3 ν = 4

ν [AhUh − Fh] ‖χm(u− Uh)‖`∞ ‖u− Uh‖`∞
1 1.9× 10−8 0.23 0.68
2 9.2× 10−9 0.041 0.18
3 2.8× 10−11 0.045 0.11
4 7.3× 10−9 0.052 2.4



Computational Examples: Solutions with noisy data

ν = 4 ν = 4 ν = 4
higher smoothing full data support

conditions ν [AhUh − Fh] ‖χm(u− Uh)‖`∞ ‖u− Uh‖`∞
1 1.9× 10−8 0.23 0.68
2 9.2× 10−9 0.041 0.18
3 2.8× 10−11 0.045 0.11
4 7.3× 10−9 0.052 2.4

higher smoothing: 4 1.1× 10−5 0.044 0.16
full data support: 4 3.7× 10−7 0.052 0.052



Computational Examples: Convergence Histories
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