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Early Vision Problem

Definition: In an Early Vision Problem dense 3D Information is to be inferred from
sparse and noisy 2D imaging data.

Examples: optical flow, shape from shading, stereo reconstruction, surface estimation:

Higher order regularization:
e Generalized Affine Registration: 4th order PDE

e Coil sensitivities with exponential growth: 2v-th order PDE



Variational Setup for Surface Estimation

Given compactly supported data r and m, seek u so that mu =~ r:

J(u) = fy|mu—r|Pde+p ¥ (;) oy | D ul*dz

|al=v

Weak formulation:

10J
= —(uwv)=AB — F
0="25, (u;v) = B(u,v) — F(v)
where:
B(uv U) — <m2u7 U)O + :u<u7 U>V
and:

F(v) = (rm,v)
e meas(support(m)) > 0 = existence.
e m not smooth and 9§ not smooth for Q = (0,1)".
e Regularity? L = pu(—A)"+m?I = L*, Dom(L) = H?(Q). Needed for convergence.



Regularity Result

Theorem: The solution u to
B(u,v) = F(v), Yv e H"(Q)

satisfies u € H*(Q) and
[ull2n < c(m, p)]|r{fo-
The idea of the proof: Shift to

B(u,v) = p(u,v)o + plu,v),, F@)=(rm+ (u—m>u,v)
Friedmann: Q' CcC €,

lull vy < ellrm + (u = m*)ullg
o C{p}yc{p}, pccp, QcQui{p} o=5nqQ
Extension Eu: (Lo, Eu) 25 bounded Vo € C°(8), Eu e H* (),

lull oy = 1Eull gz o) < By, llully < lelleen + 2 el



Finite Element Discretization

Spline tensor products:

. . < v 2v
xe%}zf(m lu— X[}y < ch"[lufl2y, Vu e H™(Q)

Inverse properties:
Ixlly < ch™lixllo,  Yu € S5(€2)

Céa’s Lemma:

_ < _
u—will, < _inf llu=x.

Regularity:
lull2n < c(m, p)|rilo

Convergence:
[ = unll, < c(m, @) R”|[r{lo



Naive Multigrid

The basic 1dea:

relaxation (stalls rapidly): AUy, = Fy, U, = XZJ(Uh)ZXZ, frn = ;(Fh%)(z
defect: D, = Fj, — AU,
restrict: Dy = RD;y
relax or solve: AgVy = Dy

expand: Vj, = EVy
correct: U, = U, + V),

Choice of:
A, =" Ay=" R=7 FE ="

Typical image processing grids:
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A simple fine grid operator: Aj;, = —uA;, + m?1

Naive Multigrid
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Naive Multigrid

A restriction operator R and an expansion operator E:
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Naive Multigrid

A restriction operator R and an expansion operator E:
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Naive Multigrid

A restriction operator R and an expansion operator E:
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does not work!




Naive Multigrid

Consider the Galerkin approximation:

Ay =RAE, R=E' = Ayp=A

ol
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Naive Multigrid

Consider the Galerkin approximation:

Ay =RAE, R=E' = Ayp=A

ol

(m{ +m3)/2
(3 +m]
Rm*I|E = .
5 3 1
) o 1l-1 1 3 3 1 ,
R — F* = 3 3 1 -1 EF —
1 3 5
| _fl | r]; | § | § | f]; | ) 0O )

Appear unnatural?
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Reasoning of the Galerkin Approximation

The quadratic to minimize: Fj,(Up) = %UhTAhUh ~ULE,

With coarse grid correction: U;” = U, + V}, = Uj, + EVj.
Fu(U;) = (U AU, — (U F,

(Uh + Vh>TAh(Uh + Vh> — (Uh -+ Vh>TFh

N |—

= BUF AU, — UL E) + VI AV, — VIV, + ViEA U
= F(Un) + V,E AV, — VIE(F, — AUy

= Fy(Up) + 3(EVE) Y Ap(EVy) — (EVy)' Dy,

= Fy(Up) + 2VIETA,E)\Vy — VI [ETDy)

= Fy(Uy) + 3V AuVi — Vi Dy

= F,(Uy) + Fy(Vy) ..therefore... Fy(Vy) = min = F,(U,") = min over Qg



Comparison of finite differences and finite elements

For u* = (x — 1)3(y — 1)3, m = xs where 5 = (l §) X (ia

o ), and r = mu®*.

W~ QO

finite differences finite elements exact solution

Conditions: v = 2, FMG-V (1), lpax = 5, 20 =256, v =2, N =2, 0 =2, 7 = 1,
w=1and i =27,



Multigrid based upon finite elements
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Multigrid based upon finite elements

Formulation on finite element space: uy, € S7(€)
Lyuy, = fn, fo=Fuf, f=rm
The natural definitions on subspaces: hy =277, p=p +1, S/() = 5} ()
Liu = fi

where f; = P f and:

(Lix,¥)o=B(x,¥), Yx,ve€5/(Q),  (Bf,x)o=F(x), Vxe5()
Related on adjacent levels: with injection I;_1 : (S7 (), || - [lo) — (S/(2),] - |lo)

(Li—ix,¥)o = B(x,¥) = B(li-ix, L1-1v) = (Lili—1x, L-19)o

— (IZ*—lLl[l—1X7w>07 \v/XﬂvD S Sly—1<Q>

or the Galerkin Approximation:
Loy =1 Ll

Given in terms of operators on function spaces. In terms of basis coeflicients...



Multigrid based upon finite elements

Let R; be (2P + v)™-dimensional coefficient space equipped with:
1
X, Y] = h;v%Xl,Z}/l,ja Xi] = [ X, Xi)2

Define bijection K; : (R, [-]) — (S7(2), ]| - ||) so that:
w=KU,  fi=KIF

and

alU] < |IKiUlo < e|U], YU € R,

Define coefhicient matrix:
Ay = (Lixy, x5)0 = (LiKe,, Kie))y = K[ LiKe,, e

or:

A = K'LIK,

Discrete problem:

AU = F



Multigrid based upon finite elements

Related on adjacent levels:
Ay = K LA Ky = Ko [ )K= [REK LK B ) = RFAEL
where
E'R_— Rand Rl | R — R,
are the canonical expansion and restriction:
i Kin= KB, R =(E_)
giving the Galerkin Approximation:
A1 = RFTAE!L

Theorem: Provided the support of m is large enough, depending upon v, each A; is
symmetric and positive definite.



The Relaxation Scheme

One relaxation iteration:
Uttt =Uf — oW (AUF — B) = SUF + oW F, S =1—wW, A
where:
W, =D+ L)D; (D + L)), A =D +L+L}
Hackbusch conditions:
0<[AU U] < WU U], VUER, and Wi < 0|A]]

Note that € is nontrivial:

1 —92 —1 ] ) i
—2 5 —4 1 W, = A+ [L,D; DD L]
1 —4 6 —4 1 ) ) i
6 4 1 1LD e, = 1D L o < 11D A0

n 1 1 —4
| 1 _4 6 _4 1 D) < INaXy, ‘Al,m| < [4]
1 —4 5 =2

1 2 1 Wi < (141D Al ) [AL




The Relaxation Scheme

Estimation of 0:

Dl_ziAl 1y = M<X“ X]>V + <m2X“ X])O
:u<X27 XZ>V =+ (mQXu Xz)O

Lol + e HIml 2 I lollx o
X012

INA

Il + ol
2|x |2

< (IT+pIm|%)

- max, || x[[7
< (I+pIm|%)

min, ‘X@E

Basis functions are translations of each other: max and min fixed for the field, near
the boundary determined by number of cases depending only upon /N and v:

Wi < (1 +[|D; Al e )[A)) < 01A)]



The Two-Grid Cycle

TGC(I,U, F; o)
fork=1,...,0set U= SU+wW F
D = RI7Y(F — AU)
V=A4D
U=U+E_V
fork=1,...,0set U= SU+wW,'F

MZTGC(U> = Sﬂ] - Ell—lAz_—l1R§_1Al]Sza

Hackbusch conditions: approximation property and smoothing property

Theorem: (approximation property) Under the conditions stated above:
0 < A7t — B AL R < oW

Theorem: (smoothing property) Under the conditions stated above, the smoother S;, written
in the form X; =T — A}/QSZAZ_UQ = All/zﬂ/l_lAll/Q, satisfies:

0< (I —X)°X/(I - X)) <nlo)]

where n(o) =07 /(1+ )" — 0, 0 — 0.



The Two-Grid Cycle

With the approximation property and the smoothing property;,
0 < APMFGCA M

= (A28 AT P APAT — Bl AT RITTA A PS4
< 9[141/25[141 1/2] [A1/2W 1A1/2HAZ1/2SZAZ—1/2]0

= 0/ — X))’ Xi({ — X})7 < Onlo)l

Convergence of the two-grid cycle:

Theorem: Under the conditions stated above, the TGC cycle satisfies:
A M 0) AT < (o)



The Multi-Grid Cycle

MGC(I,U, F;o0,7T)
if [ = 0 then
U=A'F
else
fork=1,...,0set U= SU+wW 'F
D =R (F - AU)

V=0
fork=1,...,7do MGC(l —1,V, D;0,7)

fork=1,...,0set U= SU+wW F
MZMGC< T) = MTGC( )+ 57 Ez 1M MGC(“a T)]TAz_—l1R§_1AlSz0
Convergence of the multi-grid cycle:

Theorem: Under the conditions stated above, the iteration matrices M} (o) = MM (g, 1)

of the V(o) cycle and M}V (o) = MMSC (o, 2) of the W (o) cycle satisfy:

0 12 1/2) o V0
e Y

AP0 (0) A7) <



The Full Multi-Grid Cycle

FMG(lypax, U, F'; 0, T)
set Fy=F
for | = lpax, ..., 1 set Fj_1 = Rf‘lFl
set Uy = A51F0
for [ =1,..., lhax
U =E U_
for k=1,...,7 do MGC(l, U}, F}; 0,7)



Implementation: Lumping

Large and small pu:

Lumping:

(mZXza X])O — 5ljmz2||Xz

Decomposition: Lj, = L} + LY

(LZLXM X]) — N<Xz> X]>V7
and: A = Al 1 AY

Al ) <X27 X]>V

I”

(L(i)qu X)) — 5@jmz2]||Xz||(2)

A} =RTAE




Implementation: Vectorization with Multi-colored Ordering

Example: four (v + 1)" colors in stencil of diameter three (2v + 1)

Dy ci*
[, —
,DZ(S) [ £l(31) £l(32)

Dl(4)_ El(éll) Ll(42) £1(43)

D) =

Each row/column is separate color. El(”) are couplings among colors.
Smoothing U™ = UF — wW; Y (A UF — F) can be implemented Jacobi style,

Loop in one direction over colors:

fore=1,...,(v+1)"
Ui < U = w[D (AU = B))f

and then in opposite direction over the colors:

forc=(v+1)",...,1
U + Uf = wD (AU - F))°

Such vectorization is also used to compute the columns of A; in a loop of length
(2v + 1)V,



Implementation: Floating Point Errors

Min and Max magnitudes of stencil values: ny/d and ny/d

v win{[AF [}/ ma{[ AT, [}/

1 1/3 3/3

2 152 /2880 24768 /2880

3 135/45360 1353600/45360
41796672/3715891200 | 400229580800/3715891200

Relaxation scheme found not to converge. Violates theory!

Floating point errors create inaccurate representation of A;:

o A = Rf_lAlEll_l computed accurately? No! Decomposition A; = A}' + AY and
explicit representation of A" fixed the problem.

e Vector-Matrix multiplications accurate? No! Problem fixed when scalar products
computed with the IDL command total.

e For v large, is A; stored accurately? No! Normalizing p:
=
thu
and using dyadic i fixed the problem.




Effect of Parameters on Neumann and Dirichlet Formulations

Multigrid Reduction Factors, w = 1:

2 10 logyo(p/h*)
compact support

2 10 10glo(ﬂ/h2y) 2 10 loglo(u/hz”)

tull support 2 2v
Neumann Dirichlet



Effect of Parameters on Neumann and Dirichlet Formulations

Multigrid Reduction Factors, log,o(u/h*) = 5:

compact support

full support

Neumann Dirichlet



Comparison of Neumann and Dirichlet Formulations

,3) X (1, 2), and 7 = mu*.

e |

For u* = exp(x — 1) exp(y — 1), m = xg where S = (

Dirichlet Neumann exact solution

Conditions: v = 1, FMG-V (1) + MGC-V (1) until [UF — U} < 107U}, lpax = 5.
W =256v=1,N=20c=17=1w=1and g =21



Computational Examples: The Data

m r=mu*

Exact: u* = exp(x — 1) exp(y — 1)



Computational Examples: Solutions with noise-free data

V=2
v | [AnUn — Fo] | Ixm(u = Un)leoe | | = Unlley
1:] 1.5 x 10713 5.4 x 1073 0.50
2:19.1 x 10712 2.2 x 107 0.12
3:122x 10713 3.2 x 107° 0.018
4:1 2.8 x 1071 1.5 x 1071 0.0015




Computational Examples: Solutions with noisy data

_ )

V=2
v | A UL — Fi) | Ixm (v — Up) ey | [l — Uhlley
1] 1.9 x 1078 0.23 0.68
21 9.2x 107 0.041 0.18
3128 x 1071 0.045 0.11
41 7.3 x 1077 0.052 2.4




Computational Examples: Solutions with noisy data

>
--
| v =4 v =4

v =4
higher smoothing full data support
conditions v [AUL — En) | |Ixm(w — U)o | v — Uglle.,
1] 1.9x 1078 0.23 0.68
21 9.2x 107 0.041 0.18
3128x 1071 0.045 0.11
41 7.3x 1077 0.052 2.4
higher smoothing: |4 | 1.1 x 107 0.044 0.16
full data support: |4 | 3.7 x 10~ 0.052 0.052




Computational Examples: Convergence Histories
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