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Graphical Demonstration of PCA/ICA

Sources Z, Measurements Y, sphered Yj, separated X;
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Formulation of PCA/ICA

» Rows of Z are unknown samples of sources which are
independent and not Gauf3 distributed.

zi(t) zi(k) - z1(tn)
Z= : : :
Zm(ty) Zm(k) -+ Zm(tn)
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Formulation of PCA/ICA

» Rows of Z are unknown samples of sources which are
independent and not Gauf3 distributed.

zi(tr) zi(k) - z1(th)
Z= : : :
Zm(ty) Zm(k) -+ Zm(tn)

» Rows of Y are measured samples of unknown mixtures of

the sources
Y =AZ

no longer independent and now more Gauf3 distributed.

» Goal is to undo the trend toward Gaul3ianity to recover the

sources
X =Wy

with W = UA—2 VT ~ A~ but unavoidable ambiguities.
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Formulation of PCA/ICA

Summary of Steps:

» Centering: B
Y.=Y-Y
» Rotation:
K=1lv.Yl, Kv=VA Y, =VTY,
» Scaling:
Y, =NA"2Y,
» Rotation:

Xs=UY,, U'={uy,...,un}
where each uy, minimizes GauB3ianity.

For example, kurtosis
K(x) = My(x) — 3M3(x)
satisfies K(n) = 30* — 36* = 0 for n ~ N(u, 72).

So J(u) = [K(YIu)]?> may be maximized with ufu; = 6.



Formulation of PCA/ICA
(PCA) Let the data be so decomposed,
Yo=Y-Y, K=1Y.YI, KV=VA Y.=Az2VTY,

Let A = diag{ A1, ..., Am} with Ay > -+ > A\p. With P € R™7,
r<m,P;;=0;;, the data Y are so projected to its r strongest
principal components,

Y~ Yp =Y+ VAZPTPY, = Y + L(PY)T(PY.)



Formulation of PCA/ICA
(PCA) Let the data be so decomposed,
Yo=Y-Y, K=1Y.YI, KV=VA Y.=Az2VTY,

Let A = diag{ A1, ..., Am} with Ay > -+ > A\p. With P € R™7,
r<m,P;;=0;;, the data Y are so projected to its r strongest
principal components,

Y~ Yp =Y+ VAZPTPY, = Y + L(PY)T(PY.)

(ICA) Let the data be further so decomposed,

Xs = UY;
With Q e R™™M, r < m, Q;; = dq,, the data Y are so projected
to the r independent components {qy,...,qr},

Y~ Yo=Y+ VAZUTQTQX, = Y + 1(QX)T(QX,)
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mean(x) = argmin» (u— X))
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/> and ¢ Formulations of Centering

Given data x = (0,1,...,1) € R™,

mean(x) = argmin» (u— X))

R
= argmin (4 — 0)% + (m— 1)(u — 1)?| = (m = 1)/m
median(x) = argminEm:m—Xj]

argmin f(:/l —0)+(m—1)(1—p)] =1 (robust!)

0<p<t

Generalization for higher dimensional data,
Y: {y17ayn} GRmxn’

geometric median(Y) = argmin M(p Z e = Yille,
HERT
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/> and ¢y Formulations of Sphering

The data:
1 _ 1 _
25
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Data with Axes Rotation Landscape
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/> and ¢4 Formulations of Independence
Independent data:

X, =UY, where U ={i}, utu=1.
¢> formulation:

iy = argmax K2(U'Y,) where K,(v)=0 for v~ N(0,-),e.g.,

l[i]lg,=1
Ko(x) = Ellx[P] ~ pE[x*]°/? _[ (p=1) peven
Ke() = E-3—1/VTER] "7 |y/2(0- 1)1, podd

and similarly in orthogonal complements for {&;};~1.

¢4 formulation:

iy = argmax G(&) where G(i1) = ||&" Vi,
ll&le,=1

and similarly in orthogonal complements for {u;, \;}j-1.
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/> and ¢4 Formulations of Independence
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/> and ¢4 Formulations of Independence
The data:

Y= |
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Numerical Optimization and Convergence
Geometric Median: Y = {y;}, y;,d;,; € R", u; e R™, 7 > 0,

di+7(p—y))
T+ 7l = yjlle,’

n
(dj—T1Yy)) —7
/_1, =

. ; 1 +7—||H’I yj”ﬁz ; 1 +7—||“l yj”Zz

dj,/+1: j:1,...,n




Numerical Optimization and Convergence
Geometric Median: Y = {y;}, y;,d;,; € R", u; e R™, 7 > 0,

di+7(p—y))
T+l = yjlle,

n n
(diy—1Y)) —T
ITREDY > :
a i T+ 7l — .Vj||ez/j_1 T+ 7l = Yjlle

dj7/+1: j:1,...,n

Theorem: Suppose the columns {y;}; = Y € R™*" are not
colinear. Let {d7, ..., d;, u*} satisfy the necessary optimality
condition for the geometric median merit function,

n
Wy = w—yilled;, ldille<1. j=1...n 3 di=0.
j=1

with p* ¢ {yj}/f’:1. Then {d7,...,d}, u*} is a fixed point for the
iteration which is locally asymptotically stable for 7 large enough.



Numerical Optimization and Convergence
Given previous calculations, Yi =Y., S =R"

Vi = {0}y, Ye=(=ViaVi_)Ye, Sk=R(Vik_1)™
Sphering: Yx = {¥;«}, ¥,k dj1 € Sk, vV, eS1,p>0
VAT = Dy, —dj))

d; — _ , j = 1,. .., N
M @A = Dyl
n
. Vi . Ty )Tyix—djs)
Vg =—1+ with v ¢ = ¥— pz L Tk .
Vi1l T+ 7] = DY klle,



Numerical Optimization and Convergence
Given previous calculations, Yi=Y,S =R"

Vie= {0ty Ye=(1—Vica Vi) Ye, Sk=R(Vio1)*.
Sphering: Yx = {¥;«}, ¥,k dj1 € Sk, v, eS,m,p>0
(VT = D(ry;x — dj)

d; — _ , j = 1,...,n
M T NT — Dyl
n
. Vi . Ty )Tyix—djs)
Vi = + with v 4 =V,— pz L7 Tj L
Vi1l T+ = DY;ille,

Theorem: Let {d7,...,d}, V" }satlsfy for1 <j<n, |ldfle, <1,
n

(VVT=Dy; = (T =Dyl df, ¥Tdr =0, > (VTy;,)d; =0

. j=1
with ¥* € S, ||V*|ls, = 1, and suppose

V*Ty/'7k§£0’ (‘A/*A*T )y/k§£0 j:1,...,n
Then {d3, ..., d}, V*} is a fixed point of the iteration which is
locally asymptotically stable for 7 large enough and p small enough.
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Independence: G, € T, 7 > 0,
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U1 =
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Numerical Optimization and Convergence
Given previous calculations, Yi =Y, T{ =R"
U=t Yi=0-ULUcq)Ys, Ti=RUL)N
Independence: G, € T, 7 > 0,

U1

—T_  with Ui g = ﬁk+T [Y/U(Y/Tl,.\lk) — l,.\lk”l/.\I£Y/||g1]
Ukt ]le,

Ugi1 =

o(t) = sign(t), teR
where {U(V) = {o()ILy, v={y}L, eR™

Theorem: Let & € T, with ||&"||,, = 1 satisfy
Yio(VU") = (| ar ., o

with S = {j : & Y &i* = 0} = 0. Then &" is a fixed point of the
iteration which is locally asymptotically stable for 7 small enough.
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I(t) = {1 j(t) }1<ij<n
be an image in a DCE-MRI sequence.
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Application to DCE-MRI sequences

Foreachtime t =1,..., T, let the matrix of pixel values,

I(t) = {1 j(t) }1<ij<n
be an image in a DCE-MRI sequence. Eliminate noise? motion?

With n = T = 134 and m = N? = 4002 the images are
represented as long vectors, and PCA/ICA is carried out with

Y = {tha a0 o @ b )T =1, T

To the left is the first column of V (displayed as an image), and

to the right is the first row of Y.

0075




Application to DCE-MRI sequences

Basis: |A/,' = Vé,', i=1,2,
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Application to DCE-MRI sequences
Decomposition with ¢, PCA/ICA and outlier at t = 40:

Projections of Raw Data
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Application to DCE-MRI sequences
Decomposition with /o PCA/ICA and outlier at t = 40:

Projections of Independent Data

Projections of Independent Data
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Application to DCE-MRI sequences
Decomposition with ¢4 PCA/ICA and outlier at t = 40:

Projections of Raw Data
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Application to DCE-MRI sequences
Decomposition with ¢4 PCA/ICA and outlier at t = 40:

Projections of Independent Data Projections of Independent Data
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Application to DCE-MRI sequences

With motion component removed:

Original lterative Template PCA/ICA

where lterative Template sequence is given by iterating:

-
hime(X,-) = argmin/ {|/—ls[a[]2+a]8,l|2}dt (init: heat < orig)
| 0

Ugpace(-, 1) = argmin/g{\lorigo(|d+u)_ /time|2+u|VuT+Vu]2}dx
u

/stat — lorig o (Id + uspace)
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With motion component removed:

Original lterative Template PCA/ICA

where lterative Template sequence is given by iterating:

-
hime(X,-) = argmin/ {|/—ls[a[]2+a]8,l|2}dt (init: heat < orig)
| 0

Ugpace (-, 1) = argmin/g{\lorigo(|d+u)_ /time|2+u|VuT+Vu]2}dx
u

/stat — lorig o (Id + uspace)
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