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Types of PDEs

>

The standard types of partial differential equations (PDEs)
are: elliptic, parabolic and hyperbolic.

There are standard algebraic defintions of these types
which one encounters in the continuum study of PDEs.
For instance, the PDE

aUxx(X7Y)+mby(Xa y)+CUy,V(X7 y)+duX(X)y)+eU,V(Xa y) = O

» is elliptic if b — ac < 0,

» parabolic if b> — ac = 0, and

» hyperbolic if b?> — ac > 0.
But what about more complex PDEs? Equation type is
typically defined in terms of characteristics, which may be
defined for systems as well as for nonlinear problems.

Especially for the numerical solution of PDEs we may
understand these types qualitatively and intuitively in terms
of the standard model equations.



Elliptic PDEs

» Elliptic PDEs are found typically in the modelling of
stationary fields such as force-at-a-distance fields.

» For such PDEs every point is coupled with every other
point, and there is no notion of evolution in time.

» Consider the displacement field of an unloaded membrane
with a curved fixed boundary, modelled by the following
Laplace Equation with a boundary condition.

Uxx(X,y) + uy(x,y) = 0, for (x,y) € Q= B(0,1)
{ U(va) = g(X,y), fOf(X,y)E(?Q

With
g(x,y) = sin(3tan~"(y/x))
the solution is

u(x,y) = (x2 + y2)2 sin(3tan~" (y/x))




Parabolic PDEs

» Parabolic PDEs are found typically in the modelling of
diffusion processes.

» For such PDEs every point in space is coupled with every
point in space, and there is an evolution in time which is
smoothing since information travels at an infinite speed.

» Consider the evolution of temperature between suddenly
connected hot and cold regions, modelled by the following
Heat Equation with an initial condition.

ur(x,t) = uxx(x,t), for(x,t) e R x (0,00)
{ u(x,0) = up(x), for (x,t) € R x {0}

With
to(x) = [1 + sign(x)]

the solution is

u(x. 1) = 3[1 + erf(x/v/aD)




Hyperbolic PDEs

» Hyperbolic PDEs are found typically in the modelling of
waves.

» For such PDEs there is an evolution in time which is not
smoothing since information travels at a finite speed.

» Consider the evolution of displacement in a string suddenly
stretched in a finite region, modelled by the following Wave
Equation with initial conditions.

ug(x,t) = uxx(x,t), for(x,t) € R x(0,00)
u(x,0) = up(x), for (x,t) € R x {0}
u(x,0) = u(x), for (x,t) € R x {0}

With u1(x) = 0 and
Up(x) = sign(x + 1) — sign(x — 1)
the solution is

u(x, t) = J[sign(x+t+1)—sign(x+t—1)]
+3[sign(x — t+1) —sign(x—t—1)]

10



Convection Diffusion Equation
» But what about the following convection (velocity v > 0)

and diffusion (diffusivity ¢ > 0) equation?

ui(x, t) + vux(x,t) = eux(x,t), for(x,t) € R x(0,00)
u(x,0) = g(x), (x,t) e R x {0}

With
g(x) =sign(x + 1) —sign(x — 1)

the solution is

U(X t) — 1erf |:Vt—X—|—1:| _ 1erf |:Vt—X—1:|
, 2 Vet 2 Vet

» This solution manifests more wave character when v > ¢
and more diffusion character when € > v.

» The situation is more complex for non-linear PDEs, but we
will use the linear problems presented here as model problems

» upon which methods for non-linear problems can be based.



Hyperbolic Systems

12

» Note that the wave equation (now with sound speed ¢ > 0)

can be rewritten in the following form:

(0t — €Ox) (O + COx)U = Ut — CPUxx = 0
where the factors (9; — cdx) and (9; + cdx) correspond
respectively to right and left travelling waves.
It is then advantageous to understand the numerical
approximation for the linear convection equation

ur—cuy =0

Setting v = cux we can rewrite the scalar wave equation
as the following system of PDEs:

vy [(0c¢c v
ur /, ~\c O ur ),
It is also advantageous to understand the numerical

approximation for linear hyperbolic systems:

ur=Auy, u=(uy,...,uy)", AcRVN



Classical Solution Procedures

» Consider the following Poisson Equation modelling a
membrane clamped at the boundary of Q = (0, 1)? and
loaded internally with a force per unit area f(x, y):

—[ux (X, ¥) + Uy (X, ¥)] = f(x,y), for (x,y) € Q
u(x,0) = g(x,y)=0, for(x,y)e o0
» Using separation of variables the solution can be written as:
u(x,y) = Z Ym.n SiN(N7X) sin(mmy)

n,m=1
where

Ym,n

1 1
:772(172+m?)/0 /0 f(x, y) sin(nmx) sin(nmy)dxdy

» There are similar spectral formulas for solutions to the heat
equation.

» But what is the convergence rate? What to do when Q is
not so simple? We can as well use numerical methods!



Well-Posed BVPs

» For a bounded domain, e.g., Q2 = (0, 1), a well-posed initial
boundary value problem for the heat equation is given by:

Ur = Uxx, for(x,t)e Qx(0,00)
u = g, for(x,t) e x(0,00)
u = uy, for(x,t)eQx{0}

» For a bounded domain, e.g., Q2 = (0, 1), a well-posed initial
boundary value problem for the wave equation is given by:

Up = Uxx, for(x,t)eQ x(0,00)
u = g, for(x,t)edQ x(0,00)
u = u, for(x,t)eQx{0}

u = uy, for(x,t)eQx{0}

» Given sufficient assumptions on the regularity of internal
forces f, boundary terms g, initial values uy and vy and the
boundary 92, one can show there exists a unique solution u to

. our PDE with a certain regularity. We assume this as given.



Dirichlet Problem for the Poisson Equation

15

>

Let Q c R? be bounded, open and connected with
sufficiently smooth 09.

We seek an approximation of the solution u to the Dirichlet
Problem for the Poisson Equation,

{ —Au(x,y) = f(x,y), for(x,y)eQ )

ulx,y) = g(x,y), for(x,y)e o
where Au = uxx + uyy is the Laplace operator and f and g
are assumed to be sufficiently regular.
The Dirichlet data are g. The Neumann data would be g
with a boundary condition d,u = g.
For h > 0 cover R? with a grid

Gh = {(ih,jh) : i,j € Z}.

consisting of grid points (x, y) = (ih, jh).
For every grid point p = (ih, jh) € Gj, define the near
neighbors

Nhn(p) = {(ah,Bh) : a, B € Z,|i — o + |j — B| =1}



Discrete Laplacian

> Let (figure forthcoming)
Qn = {pe€ Gn:peQ,Nyp)CQ}
Qp = {peGr:peQ}\Qy @)
My = {(x,y)€0N:x=ihory=jh}
Qn = QpU Q; U o0Qp
» For p = (x,y) € Qp define the discrete Laplacian, i.e., a
finite difference approximation to the Laplace operator by

Apv(x,y) = h2[v(x+hy)+v(x,y+h)+
V(X - hay) + V(va - h) - 4V(X7.y)]

= hfz[zqu(p) v(q) —4v(p)]
3)

» For the sequel recall the multi-index notation
ou = 8?11 O, a=(aq,...,aq9) €N ol = lall,

and the norms on CX(Q),
HUHC’((Q) = max|a\§4 SUp(x,y)eQ |8QU(X,y)|
16



Discrete Laplacian

Lemma: For u € C*(Q) it holds that
2

h
ma A —_A , < .

Proof: Exercise with Taylor's Theorem. [ |
» This Lemma is a consistency result in Q.

Def: A numerical approximation to a differential operator is said
to be (locally) consistent when, for a sufficiently smooth
function, the difference between the discrete and continuous
operator applied (locally) to the function converges to zero as
discretization is refined infinitely.

» The discrete Laplacian will now be defined for points
(x,y) € 5, whose near neighbors will be written as
N;;(va) = {(X - Oéh,y), (Xv.y - ﬁh)v (X+ Whay)’ (Xay+ 6h)}
with 0<a,B,7,0<1, at+B+~v+0<4.
» The Shortley-Weller Formula gives

17



Shortley-Weller Formula

the discrete Laplacian for (x, y) € Q3,

Apv(X,y) = % WV(X‘F’W,}’) (1) v(x —ah,y)+
5(ﬁ+5)v(x,y+5h)+ ,8—1—5 v(x,y — Bh)—
(33w

(4)

Lemma: For u € C3(Q) it holds that

2h
max |A A < — 5
o [Apu(x.y) = Aux, )| < ey
Proof: Exercise with Taylor's Theorem. Hint:
SUpO<x,y<1(X2 +y2)/(x+y)=1.

Note: An O(h?) approximation is only possible if
a = =~ =0=1. Exercise: prove this.
18



Finite Difference Scheme

» We now define the finite difference scheme approximating
the solution to the Dirichlet Problem for the Poisson equation:

{—AhU(x,y) = f(x,y), for(x,y)eQnuQy (5)
Ulx,y) = 9(x,y), for(x,y) e o

» Let d = #(Q2,UQ}). The above problem (5) corresponds to
a d x d system of linear equations for the unknown values
of U. (The values of U are known and given by g at 095,.)

Exercise: Let Q = (0, 1)2. Write the above system (5) in matrix
form and prove (by easier means than used below for the
general case) that the system possesses a unique solution.

Theorem (discrete maximum principle): Let v be any grid
function satisfying Apv(x, y) > 0, V(x, y) € Q, U Qj. Then
max v(x,y)= max Vv(x,y).
(x.y)€Qn (x.) (x,y)€0Qy, (x.y)
19



Discrete Maximum and Minimum Principles

Apv(p) <

Proof: Define the clearly non-empty set of grid points

P={peQn:v(p)= max v(q)}
h
To avoid the trivial case, suppose P N (2, U Q}) # 0.

Forp e PN Qp,

Bv(P) = [Lgenp V(@) — 4¥(p)| /12 > 0.
Since v(p) = max,cq, v(q), it must be that that v(q) = v(p) for
g € Ny(p); otherwise, if v(p) > v(q) for some q € Ny(p), then
the above inequality is violated.

In this way we continue the argument until we have a
p € P NQpwith g € Nu(p) N} and the argument above gives
qePnQ.

Thus let p € P N Qj. Again it must be that v(q) = v(p) for
q € N;(p); otherwise, if v(p) > v(q) for some q € N;(p), then
1 1 1

| 7aty) " alat) *5(5+5)+/§w+§)



Discrete Maximum and Minimum Principles

which contradicts the hypothesis that Ayv > 0 in Qp U Q3.
Since at least one q € N;(p) satisfies g € 0Q2p, the claim
follows since g € P. |

Corollary: (discrete minimum principle): Let v be any grid
function satisfying Apv(x, y) <0, V(x,y) € QyUQ}. Then

min_ v(x,y)= min v(x,y).
(X’y)eﬁh ( y) (X,,V)Eth ( y)
Proof: Apply the last theorem to the grid function —v. |

Theorem: The finite difference scheme (5) has a unique
solution.

Proof: The scheme (5) is a d x d system of linear equations
ApUp = Fp, where Uy, € R9 is a vector of values of U on Qj, U QF,
Aj € R9%9 is a matrix independent of f and g and Fj, € R?
depends upon grid values of f and g. (Recall the Exercise [19].)



Existence of a Discrete Solution

It will be shown that the system A,U, = 0, corresponding to
f=0and g = 0, has only the solution U, = 0. Let U be the grid
function with values Uy in Qp U Q3, corresponding to f = 0 and
g =0.Then ApU(x,y) =0, ¥(x,y) € 2, UQ}. By the discrete
maximum principle,

max U(x,y)= max U(x,y)=0.
(va)eﬁh ( y) (Xv}/)eth ( y)

By the discrete minimum principle,
min_ U(x,y)= min_ U(x,y)=0.

(x.y)€Qp (x,y)€0%,
Hence, U(x,y) =0, Y(x, y) € Q. It follows that Uy, = 0 and
thus Ay, is invertible. [ |

» For the proof of convergence U — u as h — 0, together
with an error estimate, we introduce the discrete Green’s
function (analogous to the Green’s function used in the
continuum setting) as follows.



Discrete Green’s Function

Def: For fixed g € Q, define the discrete Green’s function as
the grid function Gy(p; q) for p € Q4 as the (unique) solution to

{—Ah,th(p;q) = h2(pg), forpeQpuay o
Gn(p:q) = d(p; Q) for p € 9Qp
where 1 _
) p_q
o(p; q) =
(p:q) {0, p£q

Lemma: Let v be a grid function defined on Qp. Then for any
p € Qp there holds

vip) = D Ga(p;a)v(@) — H* > Ga(p: q)2nv()

qeody quhUQ;

Proof: Define the mesh function for p € Qp,

wp) = Y Galp:q)v(q) —H* D Gal(p: 9)Anv(q)
qeoQy, qeQpUR;



Discrete Green’s Function

Then for p € Q, U QF, since Gp(p; q) = d(p; q) = 0 for g € 9Qp,
we have by (6) that

Apw(p) = = > AppGr(p: q)Anv(q)
qEQhUQ;‘]

=Y [=h"25(p: q)]Anv(q) = Dnv(p)
qEQhUQ;
Then for p € 9Q,
w(p) = > d(p;q)v(q) = v(p)
qed,
Hence, w satisfies (5) with f = Apv and g = v, as does v. By
the uniqueness of the solution to (5), it follows that w = v. |

» We next summarize properties of the discrete Green’s
function which are used for the convergence estimate.



Properties of the Discrete Green’s Function

Lemma: It holds that
Gn(p:q) >0, Vp,qeQp.

Proof: Fix g € Q. Clearly Gp(p; qQ) = 6(p; q) > 0if p € Q. If
p € QU Q;, then by (6), AnpGh(p: q) = —h~26(p; q) < 0.
Applying the discrete minimum principle, we obtain

Gh(p; @) = min Gx(s; q) = min Ga(s;q) > 0. |
sEQy SEON,

Lemma: It holds that

> Gulpig) <1, Vpe Q.
qeQr

Proof: Define the grid function
1, peQuuU
W(p)_{ 0, pec o,

Let p € Q4. Then by definition A,w(p) = 0. Now let p € Q. Then
—Apw(p) is given by the Shortley-Weller formula (4). Checking



Properties of the Discrete Green’s Function

all cases for the number of points in Nj(p) N 092, shows that
Apw(p) < —h~2 (Exercise). Thus, w satisfies

=0, e
AhW(p){ <_h72 gng

Now apply the discrete Green’s function to represent w as

wp) = Y Gu(p:q)w(q) - > Gn(p: q)Arw(q)
qedy, qeEQLUQ;,

=— > Gulp: q)Arw(q) > > Ga(p: q).
qeQuUR;, qesy;

For p € QU Qf, the claimed estimate follows with w(p) =1 on
the left side of the last estimate. For p € 99, the claimed
estimate follows trivially since Gx(p; q) = 0, Vg € Q. [ |



Properties of the Discrete Green’s Function

Lemma: Let p = p(2) denote the diameter of the smallest
circumscribed circle containing 2. Then

2 ) Gulpig) < Ts vp € Qp
qEQhUQ*

Proof: Let (xo, yo) be the center of the smallest circumscribed
circle containing Q. Define the grid function
wix.y) = H(x — X0 + (v — y0)?.  (x,¥) €
By a direct calculation (Exercise),
Apw(p) =1, pe QU
Also for p € 9Qp,
0 < w(p) < §(p/2)° = p?/16.
Now define
vip) =Y Gn(p:a), peQn
qeQpUQ;,

Then if p € Q, U Q7, using (6), Apv(p) = —1 follows from



Properties of the Discrete Green’s Function

Apv(p) = M > AnpGa(p: q)
qEQhUQ;

= W ) [-hZ(pg)] = 1.
qEQhUQ;
Also if p € 0Qp, by (6),
vip)=H Y d(p:q)=0.
qEQhUQ;

Hence

Aplw(p) +v(p)] = O, p e QU

w(p) +v(p) < p?/16, p€ oy,

Applying the discrete maximum principle to w + v gives
max [w(p) + v(p)] < p*/16.
p

eQp
Hence, by the definition of v,

w(p)+h* D Gul(p:q) < p°/16
qeQpUR;
and since w > 0, the claimed estimate follows.



Convergence of the Discrete Solution
Theorem: Suppose the solution u to (1) satisfies u € C*4(Q).
Let U be the solution to (5). Then
U h2 2 2/73
max |u(x, X < u u 5
Jmax Ju(x,y) = Ul )| < g lullesy + - Il

Proof: Let e(p)

e(p) = u(p) — U(p
Lemma (23] that

e(p) = h* Y Gn(p: q)[-Lne(q)]-

qeEQLUQL

u(p) — U(p), p € Qp. Since for p € 9Qp,
) =g(p) — g(p) = 0, it follows with

For g € QU Q7

Ane(q) = Apu(q)—AnU(q) = Anu(q)—1(q) = Anu(q)—Au(q).
By Lemmas [17] and (18],
sMPlulles@y: a € Qn

Ape(q)| = |Apu(q) — Au(q)| < *
|Ane(q)| = |Apu(q) (9)] { Shllullesy, 9 € 2



Convergence of the Discrete Solution
Hence, by the above Green’s function characterization of e,

!
) < gl | 7P S Grlpia)|
qefdn

2
+5hlulgy | PP S Grlpia)|
qeQ;

where the estimate of |Ape| has been used together with the
property Gp(p; @) > 0 from Lemma [25.. Using the property

Z Gh(p;q) <1

qeQ;,

from Lemma and the estimate

WY Galpiq) <H* > Gn(p:q) < p*/16
qeQy qeQ,UQs

of Lemma [27], the claimed convergence estimate follows. |



Neumann Problem for the Poisson Equation

» We now seek an approximation of the solution u to the
Neumann Problem for the Poisson Equation,

{—Au(x,y) = f(x,y), for(x,y)eQ

ou(x,y) = g(x.y). for(xy)con

where
anU(X,y):VU(X,y)'n(X,y), (X,y)G@Q

for an outwardly directed unit normal vector n(x, y).

» Also, f and g are assumed to be sufficiently regular and to
satisfy the compatibility condition

/ﬂnwww:—/mmmwum)
Q 0

which, according to the Green'’s Identity with v = 1,

/[uAv — vAu]dxdy = / [uOpv — vOpuldo(x,y)
Q Elo)

is necessary for the existence of a solution u to (7).



Neumann Problem for the Poisson Equation

» Note: A solution u to (7) can be unique only up to a
constant. One can show there exists a unique solution
(with given regularity, depending upon the regularity of the
data) under an additional condition such as

/ u(x,y)dxdy =0

Q
and we will also consider the case that the solution is
known at a particular point (X, y) € Q,

u(x,y) = 0.

» For a finite difference approximation of (7) let 5, Q} and
0Qp be as in (2) and ApU as in (3)-(4) for p € QU Q.

» Yet the new condition d,u = g must now be discretized.

» For p € 0Qp, we seek points py, po € QU Qj, for a 3-point
approximation to d,u(p),

Inu(p) ~ bi[u(p) — u(p1)] + b2[u(p) — u(p2)]



Approximation of the Normal Derivative

» Let (v, 7) be (inwardly) normal and (counter-clockwise)
tangent coordinates, respectively, of a local system with
origin at p and det[d(v, 7)/0(x, y)] = 1.

(figure forthcoming)

» Let p; = (v, 77) and p = (0, 0) in the local coordinate
system.

» By Taylor's Theorem, for some q;, r;, s; € Q,

U(pi) = u(p) + Viauu(p) + TiaTu(p)

+5 [vBoRu(a) + 20702, u(m) + 726 u(s))|
» For constant’s by, bo,
byu(py) + bau(pz) — (by + b2)u(p) =

(v1b1 + v2b2)0, u(p) + (T1b1 + T2b2)0- U(P)
+3 [V12b1 02u(qn) + v5be05u(qe)
+2u171b1 0%, U(r1) + 2u2m2bp07, U(12)

+7'12b1 8.,2.U(S1) + Tzzbga.,z.U(Sg)



Approximation of the Normal Derivative
» The points py = (v1,71), p2 = (v2, 72) and the constants
b1, by are now chosen so that
(v1b1 + v2b)0,u(p) + (T1b1 + T2b2)0-u(pP) = —Onu(p)

Since 0, = —d, holds by construction, we require

(viby +v2bp) =1, (m1b1 + 2b2) = 0.
An approximation to d,u(p) is thus given by

Inu(p) ~ (b1 + b2)u(p) — bru(p1) — bau(pz2)
(figure forthcoming)

v

v

v

For h sufficiently small we may choose p1, p> € 2, U Q5
with v1,0 > 0 and 7y < 0, and hence,

bi,bo > 0.
Exercise: A direct calculation shows that

v

vi,v2,1,72 = O(h)

and hence br, b = O(1/h).



Finite Difference Scheme

» Note: For the case of a horizontal or vertical stretch of 002
it is natural to take p1 = (v1,71) = (1,0) and by = 1/h with
no po or bo. Nevertheless, for h sufficiently small, it is still
possible to carry out the above two-point construction even
in this simple case.
» Thus, the following first order estimate follows from the
b1, bo-weighted Taylor expansion above, ¢ # c¢(h, u),
|Ont(p) — [(b1 + b2)u(p) — bru(p1) — b2u(p2)]| < chilul|ezg)
» We now define the finite difference scheme approximating
the solution to the Neumann Problem for the Poisson equation:

—ApU(xy) = f(x.y), for(x,y) e QnUQp\{s}
U(x,y) u(x,y), for(x,y)=s
(b1 + b2) ( )
—biU(p1) — b2U(p2) = g(p),  for (x,y) € 9Qp
(8)
where the value u(s) is assumed to be known in order that
there be a unique solution to (7) and (8).



Monotone Matrices

» Matrix methods will now be used to show that (8) has a
unique solution.
Def: A= {a;} € RN*Nis here of positive type iff
a. @;<0,i,jeT={1,2,...,N},i#],
b. Z/-’L a;>0,ieT,
c. There exists J(A) C Z, J(A) # 0, such that Zj'\; a;j>0
for i € J(A) and

d. for i ¢ J(A) there exists a connectionin A from i to J(A),
non-zero elements {&; k,, 8, ky» - - - » 8ay,, ;1> | € T (A),
{k/}7l1 Cc 7, k/1 75 klz! ki £ i, km 7éj

Def: A= {a;} € RNV is here non-negative, written A > 0, iff
a; > 0,1<1i,j<N,and non-positive iff —A is non-negative.

Def: A= {a;} € RN*N is here monotone if Ax >0 = x >0
(i.e., x = {x;}, x; > 0) for any x € RV,



Monotone Matrices

Lemma: If A= {a;} € RN is monotone, then A is non-singular
and A~ is non-negative.

Proof: Let A be monotone. Let x satisfy Ax = 0. By
monotonicity, x > 0. Also, A(—x) = 0 implies —x > 0. Hence
x = 0 implies A is invertible. Now let z € RN be the ith column
of A=', so by AA~" = I, Az is the ith column of /, and in
particular, Az > 0. By monotonicity, z > 0, and thus, A~ > 0.

Lemma: If A= {a;} € RV is of positive type, then A'is
monotone.

Proof: Since A is of positive type, a; < 0 holds for i # j by
condition (a), and Z/-’L a; > 0 holds for j € T by condition (b).
In particular, a; > — Zgéjﬂ a; > 0.

If a; = 0 were to hold for some i, then the last inequality would

mean that a; = 0 would hold Vj € Z. However, this would violate
condition (c) if i € J(A) or condition (d) if i ¢ J(A). Thus, it



Monotone Matrices

follows that a; > 0, i € Z.

Now suppose that x € RN is such that Ax > 0. It will be shown

that x > 0. Componentwise, Ax > 0 is written as
N

aiiX; + Z aijXj > 0, iel.
i#j=1
Since g@; < 0,7 #J,

N
aixi— Y lajlx >0, ieT

ij=1

and since a; > 0,
N
Xj > Z \aj|x;/ai, €T

i£j=1
Now let r € 7 be chosen so that x, < x;, i € Z. It will be shown
that x, > 0, which implies x > 0.

Assume that x, < 0. Let first r € J(A). Then the general



Monotone Matrices

estimate of x; above gives,

N N
Xr > Z |\ay| x;/ar > Z |ay| xr/ arr
r#j=1 r#j=1
or by dividing by x, < 0,

N

rj=1
However, if r € J(A), then condition (c) means

N N
Y a;>0 andthus > a;>-ay
j=1 r#i=1

or with condition (a) and the previous estimate of a,
N

arr > Z |arj‘ > ar
r#j=1
a contradiction. So if x, < 0, then r ¢ J(A). Then by condition
(d), Jar k, # 0. It will be shown that x, = xi,. By condition (d),
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ki # r. If x,, > x, = min{x;}, then by the general estimate of x;,
N N
arr Xr > Z ’arj|xj + |al’,k1 |Xk1 > Z |ar/‘xr + |ar,k1 | Xr
r ki #j=1 rki#j=1
or by dividing by x; < 0, N

N
ar< Y lagl=- > aj
r#j=1 r#£j=1
which contradicts condition (b). Hence, x, = Xk,. Arguing
similarly as if k1 were r, we find for the connection
{ark» @k ks - -+ 8kyjt INAfrom rto j € J(A) that
Xr = Xy, = Xpy = = ° = Xy, = Xj.

However, as it was shown that for x, < 0 to hold it must be that
r ¢ J(A), the same argument can be applied to x; = x, < 0 to
conclude the necessity of j ¢ 7. The contradiction implies that
min{x;} = x, > 0 or x > 0, and hence A is monotone. |



Existence of a Discrete Solution

Theorem: The finite difference scheme (8) has a unique
solution.

Proof: Let d = #Qy,. The scheme (8) is an d x d system of
linear equations AUy = Fp, where Uy, € RY is a vector of
values of U on Qp,, A, € R9%9 is a matrix independent of f, g
and u(s) and Fj, € RY depends upon u(s) and grid values of f
and g. It will be shown that Ay, is of positive type.

To see that condition (a) is satisfied, consider first the rows J of
Ap = {a;} corresponding to p € Q, U Q5 \{s}. For these, the
equations of (8) are

—ApU(p) = f(p)
for which the off-diagonal elements are < 0, the non-trivial ones
corresponding to Nj(p) or N;(p) being negative. For the row /
corresponding to p = s, a; = 1 and a; = 0, j # i. For the rows i
corresponding to p € 995, the equations of (8) are
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(b1 + b2)U(p) — b1U(p1) — b2U(p2) = 9(p)
where by, b, > 0. Thus, condition (a) is satisfied.

To see that condition (b) is satisfied, note that if

p € QpU Q5 \{s}, the corresponding row in A, has sum of
elements zero. Specifically, for p € Q4, checking the sum in (3)
gives (4—1-1-1-1)/h? = 0. For p € Q} a zero-sum is also
obtained from the Shortley-Weller formula (4 ) Forp € 0024 a
zero-sum is obtained from the above approximation to the
normal derivative. For p = s, the sum of elements is

Zj,\i1 a,j:a,-,-: 1.
Now let 7(Ap) consist solely of the index k corresponding to

the point s. Then condition (c) is satisfied according to the
equation above.

To see that condition (d) is satisfied, let p be a point
corresponding to any index i # k. Then the existence of a



Convergence of the Discrete Solution

connection

{8k Bky ks - - -5 By 4}
in A, between i # k and k = J(Ap) is equivalent to the
existence of a zig-zag path moving horizontally or vertically
among grid points in Q, from the point p to the point s.
Exercise: The existence of such a path follows with h
sufficiently small from the assumption that 2 is connected.
Thus, Ay is of positive type.

By Lemmas [37], A, is monotone and hence non-singular. [ |

» The convergence U — u as h — 0 can be shown, but the
following convergence estimate is stated here without proof.

Theorem: Suppose the solution u to (7) satisfies u € C3(Q).
Let U be the solution to (8). Then
max |u(x,y) — U(x,y)| < c(u)hllog(h)]
(Xr.y)GQh
where the constant ¢(u) depends upon u but not upon h.



Elliptic BVPs with Variable Coefficients

» We now seek an approximation of the solution u to the
Elliptic BVP with variable coefficients,

{[Lu](x,y) = f(x,y), for(x,y)eQ

ux.y) = glxy). for(xy)eon

where
[LU](X,y) =-V. [31 (X,y)VU(X,y)] + aO(X7.y)U(X7y)

» The coefficients are assumed to be sufficiently regular and
to satisfy _

ai(x,y) > a1 >0, ap(x,y)>ag>0, V(x,y)eQ

» The data f and g are assumed to be sufficiently regular.

» Similarly we could consider the Neumann boundary
condition opu = g.

» Another standard boundary condition is given by the Robin
boundary condition c10,U + ogu = g with 01,09 > 0 and
o1+ o > 0.

» In applications, mixed problems also arise in which
different boundary conditions are imposed on different
parts of 09, e.g., with o1 or oo vanishing at points in 092.



Elliptic BVPs with Variable Coefficients

» To approximate (9) let Q4 be defined as in (2).
» For p=(x,y) € Qp define L, ~ L by by adapting (3),
[th](x’y) = _h_z{a1 X+ %hvy [V(X+ h’y) - V(Xay

» For p = (x,y) € Qj} define L, by adapting (4),

1
L) =~ { P2 fav(xthy) — (@ + vy
Al gahy) Cx—a
OZ(V(O[JFX)M)[( + V(X y) = yv(x — ah,y)]
a(x,y+s5
M [Bv(x,y +dh) — (B +d)v(x, y)]
ax,y —s
- B2 5+ ayvixy) - vixy - o]}

45 +ao(x, y)v(x,y)



Finite Difference Scheme

» We now define the finite difference scheme approximating
the solution to the Elliptic BVP with variable coefficients:

{LhU(X)y) = f(X’y)7 fOf(X,y)GQhUQZ (10)
U(Xv.y) = g(X,}/), fOf(X,y)Gth

» Let d = #(Q, U Q3). The above problem (10) corresponds
to a d x d system of linear equations A,Uy, = Fp, where
Uy, € R9 contains values of U on QU Q%, A, € R9*9is a
matrix independent of f and g and Fj, € RY depends upon
grid values of f and g.

» Let J(Ap) consist of the indices for p € QF.

» Using the above matrix methods it can be shown that Ay, is
of positive type, hence monotone, hence invertible, and
therefore:

Theorem: The finite difference scheme (10) has a unique solution.

» Convergence U — u for h — 0 can be shown using
methods similar to those shown above.



Non-Linear Elliptic BVP

>

Suppose a membrane is fastened to a boundary 9Q2 and
stretched over the interior of Q with tension T(x, y) (force
per unit length). (figure forthcoming)
Let u(x, y) be the displacement of the membrane resulting
from an externally applied force per unit area f(x, y).

The variational principle used to model the shape of the
membrane involves to minimize the following energy with
respect to u:

J(u) = /Q T(x,y)\/1 + [Vu(x, y)2axdy— /Q f(x, y)u(x, y)dxdy

The first term involves an increase in surface area which
represents the elastic energy available for work to oppose

the work performed by the external load as represented in

the second term.

Using the approximation v/1 + €2 — 1 ~ %62, the first integrand
above may be approximated by %\VU\Z for [Vu| < 1. Then
the minimizing u satisfies a Poisson equation (u|sq = 0).




Non-Linear Elliptic BVP
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» Without assuming |Vu| < 1, let v € C3°(2) and

) Vu-Vv
E(u, V) = /Q T fv =

V14 |Vul? Ja

Q V1 +|Vul? o9 V14 |Vul?

» The necessary optimality condition for a minimizing u is

T .
\V4 (WVU> f, inQ (11)
u = 0, ondQ

» A common approach to solving such a problem is to use
the method of lagged diffusivity, where uy = 0 and for / € N
the non-linear coefficientis replaced by T/\/1 + |Vu,_4|?
while the displacement is otherwise replaced by u;.

» For each / the linear PDE can be solved by treating

T/v/1+ |Vu,_1]2 as a variable coefficient.

)



Dirichlet Poisson BVP on a Square
» The solution to (1) is approximated by solving:

{—AhU(x,y) = f(x,y), for(x,y)eQn (12)
Ulx,y) = g(x,y), for(x,y) € oQp

now for @ = (0,1)2andfor Ne N, h=1/(N+ 1), Q; = 0 and
Qn={(x,y) : x=ihy=jh0<ij<N+1}.
» Letd = #Q;, = N?. The above problem (12) corresponds to a
d x d system of linear equations AUy, = Fj,, where Uy, € RY is
a vector of values of U on Qj, A, € R9%9 is a matrix independ-
ent of f and g and Fj, € R? depends upon grid values of f and g.
» For simplicity let g = 0. Exercise: Generalize to g # 0.
» Let the unknowns be ordered according to the so-called
lexicographic ordering: (figure forthcoming)
Un = {U(x1, 1), U(x2, 1), ..., U(Xn, Y1),
U(x1, y2), U(x2, y2), .. ., U(Xn, ¥2),
U, ), UG, YD, - UGin, yn)
» The vector Fp, is given by the values of f in Q4 in the
49 lexicographic ordering.



Dirichlet Poisson BVP on a Square

[ Ay A 1 4 —1 1
1 Ay A A Ap=—1, —1 4 —1
Ao A1 Ao A1_ —1 4 —1
i A At | i -1 4
» (sparse!) Matlab commands for solving (12) are
Bl = speye(N); h=1/(N+1);
BO = spdiags(kron([1l,1],0nes(N,1)),[-1,1],N,N);
A0 = -Bl;
Al = spdiags(kron([-1,4,-1],0nes(N,1)),[-1,0,+1],N,N);
Ah = (kron(B0O,AQ0)+kron(B1,21))/h"2;
Uh = zeros (N+2,N+2);
Uh(2: (N+1),2: (N+1)) = reshape(Ah \ Fh,N,N);

50

» Then the matrix Ay is given explicitly by

Exercise: Implement and estimate the convergence order.




Neumann Poisson BVP on a Square
» The solution to (7) is approximated by solving:
*AhU(va) = f(Xv.y)a for(va)EQh
—ApU(x,y)+ f(x, y)+
an,hU(Xay)/h = g(X,y)/h, for (va) € th
Z(x,y)eﬂh Ux,y) = 0
now for Q = (0,1)2andfor Ne N, h=1/(N+1), Q; = () and
Qn={(x.y):x=ihy=jn0<ij<N+1}.
» Also in contrast to (8), 9, » can be computed here more simply
and then integrated into the discrete Laplacian as seen below.
» Exercise: For (x;, y;) € 0Qp with x; = 0, and otherwise
Xx; = ih, the normal derivative can be approximated as

g(X07 y/) = anU(Xo, y/) = _8Xu(XO7 y/) = _[U(X07 yj)_u(X—1 ) }/j)]/h+0(h)

» The normal derivative can also be approximated as
9(x0, ¥) = (X0, ¥j) = —Ox (X0, ;) = —[u(x1, yj) —u(x_1, )1/ (2h) + O (h?)
which leads to a non-symmetric matrix Ap.

(13)

51



Neumann Poisson BVP on a Square
» Integrating the O(h) approximation to 9, into ApU gives,

f(xo0,yj) = —AnU(x0, ) =
h=2{[U(x0,y;) — U(x-1. )] = [U(x1, ) — U(x0, y))]
+{U(x0, Yj31) — U(x0, )] — [U(x0, ¥5) — U(x0, ¥j-1)1}
= h‘z{—hg(xo,yj) - [U(X17yj) - U(X()?y/)]
+{U(x0, Yj11) — Ulxo, )] — [U(x0, y5) — U(x0, yj-1)1}
and similarly for other points on 0€2,.

» Let d = #Qp = (N + 2)2. The above problem (13)
corresponds to a d x d system of linear equations
ApUp = Fp, where Uy, € R9 is a vector of values of U on
Qp, Ap € R9%% s a matrix independent of f and g and
F,, € R9 depends upon grid values of f and g.

» For simplicity let g = 0. Exercise: Generalize to g # 0.

» Let the unknowns Uy, be ordered by the lexicographic
ordering.

» The vector F is given by the values of f in Q, in the
lexicographic ordering.



Neumann Poisson BVP on a Square

» Then the matrix Ay is given explicitly by

with Ap = —/ and

T2 1
—1 3 -1

Aq

A Ag
A A Ao

A A Ao

Ag =

Ay A1 ]




Neumann Poisson BVP on a Square

> The additional condition in (13) that 3, ,)cq U(X,y) =0

corresponds to selecting the solution to (7) with mean
value zero. Such a solution (with g = 0) is stationary for
the Lagrangian functional,

L(u) = [/Q;\VUF—/qu}jL)\/Qu

where )\ is a Lagrange multiplier corresponding to the
condition [, u = 0.
Exercise: The stationarity conditions for L are

—Au+A=1finQ, Jpu=00n9Q, and/u:o.
Q

With e = (1,1,...,1)T € R the discrete counterpart to
these stationarity conditions is

EHINNN

where the last component of this system is seen as the
condition >, yeq U(x,y) =0.



Neumann Poisson BVP on a Square

» (sparse!) Matlab commands for solving (13) are
N1=N+1; N2=N+2; N2N2 = N2xN2; h=1/N1;
Bl=sparse (N2,N2); B1(1,1) = 1; B1(N2,N2) = 1;
B2=speye (N2,N2); B2(1,1) = 0; B2(N2,N2) = 0;
BO=spdiags (kron([1l,1],ones(N2,1)),[-1,1],N2,N2);
AQ=-speye (N2) ;
Al=spdiags (kron([-1,3,-1],0ones(N2,1)),[-1,0,+1],N2,N2);
Al(1,1) = 2; Al (N2,N2) = 2;
A2=spdiags (kron([-1,4,-1],0ones(N2,1)),[-1,0,+1],N2,N2);
A2(1,1) = 3; A3(N2,N2) = 3;
Ah=kron (B0O,A0) +kron (B1l,Al)+kron (B2,A2);
Ah=Ah/h"2;
e =ones (N2N2,1); Uh=[Ah,e;e’,0] \ [Fh;0];
Uh=reshape (Uh (1:N2N2) ,N2,N2) ;

Exercise: Implement and estimate the convergence order.
What happens if e’ xFh =/= 0 ?



Non-Linear Elliptic BVP on a Square

» To solve the non-linear elliptic BVP (11) on Q = (0, 1)? we
set wp = 0 and for a given / € N we seek an approximation
to the solution w; of the now linear elliptic BVP,

-V T Vw = f, in Q
T+[Vwi_q (14)

w, = 0, ondQ
» Setting u = w; and

-
(x.) > > min_T(x,y) >0
V1+ VWi (x,y)]2 — (xye

permits (14) to be formulated like (9), an elliptic BVP with
variable coefficients,

[L/U](X,y) = f(X>y)v fOI’(X,y)EQ (15)
u(x,0) = 0, for (x,y) € 0Q

a/(X,}/) =

where [Liu)(x,y) = =V - [a(x, y)Vu(x, y)]



Non-Linear Elliptic BVP on a Square

» To approximate (15) let Q5 and Ly be defined as for (9) but

now with Q} =0, a1 = g and gy = 0.
The solution to (15) is approximated with the finite
difference scheme

{[Lh,IU](va) = f(va)v for(x,y)th (16)
Ulx,y) = 0, for (x,y) € 0Q,

now for @ = (0,1)2andfor Ne N, h=1/(N+ 1), Q} = 0 and
Qp={(x,y):x=ihy=jh,0<i,j < N+1}.

Let d = #Qp, = N2. The above problem (16) corresponds

to a d x d system of linear equations Ay, Uy = Fp, where

Up € RY is a vector of values of U on Qp, Ay € R9%is a

matrix independent of f and Fj, € R? depends upon grid

values of f.

Let the unknowns of Uy and the f-values of F; be ordered
according to the lexicographic ordering.



Non-Linear Elliptic BVP on a Square

» The formulas (45! for Ly require to evaluate g, at midpoints
(x + ih,y + %jh), |i| + |j| = 1, between grid points (x,y) € Qp,
1 . 1 .
a(x + Lih,y + Ljh) = Tt 5y + 27 , V=W
14 |Vav(x + ih,y + 3jn)[2
» The gradient V,, ~ V above is approximated compactly
with the finite differences (figure forthcoming)

[ [Dnxv)(x + 3ih,y) |
| [CryVI(x + 3ih,y) |

VhxV(x + gih,y) =

for i = +1 and
[ [Chxvl(x.y + $ih) |
| [DayvI(x,y + 3jh) |
for j = +1 where (with values understood to be 0 at 9Q2,)
[DnxVI(x + 3ih,y) = [v(x + ih,y) = v(x,y)] /h

[DhyvI(x,y + gjh) = [v(x,y + jh) = v(x.y)] /h

Vh,yV(Xay + %Ih) =
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and (with values understood to be 0 at 0€25)
1 V(X +h,y)+ v(x+ h,y + jh)
4h \ —v(x—h,y) = v(x —h,y + jh)

v(x,y + h) +v(x+ihy+ h)
4h —V(X,y—h)—V(X+ih,y—h)
» The matrix representations of these operators are

1
D, -1 1
Dh,X = . ) D1 =

[Chxv](x y+ zlh)

[ChyV](X+ zlh y)

—Dy Dy 1
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and
[ Cy T 0 1
] Ci Cq ] -1 0 1
Chx = ) ’ ’ Ci = oh
Cy Cy —1 0
L Ci | L —1
i 0 G i M1
1 -Ch 0 1 1 1
Ch,y:ﬁ COZE . )
—Cy 0 Cy 1
L -Co 0 | L

» Set the tension values at midpoints,

Tox = {T((i+ })hjh) i =0, ,N.j=1,...,N}
Thy = {T(ih, i+ %)h) =1, Nj=0....




Non-Linear Elliptic BVP on a Square

» Let V}, denote the vector of lexicographically ordered
values approximating w;_4 on Qp.
» Set the values of coefficients at midpoints,

alx = Thyx-/ \/ 1+ (DpxVh)."2+ (ChyVh)."2
ay = Th,y~/\/1 + (ChxVh)."24 (Dpy Vp)."2

» Let D(V) denote a diagonal matrix with the values of the
vector V along the diagonal.

» Then the coefficient matrix for the system of linear
equations Ap Uy = Fp for the solution to (16) is given
explicitly by

Ani = Dy xD(a;x) Dy x + Dy, D(a1,y) Dhy
» For example, suppose the following data are given:
N1 = N+1; NN1 = N#N1; h=1/N1;
Fh = fOxones(N,N); Fh = Fh(:); % f0 = ?
Tx = TO%ones (N1,N); Tx = Tx( ); % TO = 2
61 Ty TOxones (N,N1); Ty = Ty (:);

14



Non-Linear Elliptic BVP on a Square

DO =
D1 =
Dx =
Co =
Cl =

Cx

Uh =

» (sparse!) Matlab commands for solving (16) are
speye (N) ;

spdiags (kron([-1,1], ones (N
kron(DO,D1); Dy = kron(D1, DO
spdiags (kron([1,1],o0ones (N, 1)
spdiags(kron([—l,l],ones(
kron(C0,Cl); Cy = kron(Cl, CO
zeros (N,N); Uh=Uh(:);

) [_1IO]IN11N)/h;
I[ 1IO]IN11N)/2I
)r[_lrl]erN)/<2*h);

4

1)
)i
)
1)
)i

% iterate until convergence

Vh = Uh;
ax Tx./sqgrt (1 + (Dx*Vh).~ (
ay = Ty./sqrt (1 + (CxxVh)." (Dy*Vh) . 2);
Ah = Dx’xspdiags (ax,0,NN1,NN1) +Dx

+ Dy’ xspdiags (ay, 0,NN1,NN1) xDy;
Uh = Ah \ Fh;
% if | |Uh-Vh|| small enough, break

2 + (CyxVh)."2);
2 +
)
)

Exercise: Implement and show convergence w.r.t. / for f0 < [?]|TO0.



Heat Equation

» LetQ=(0,1)and T >0andset Q=Q x (0, T).

» For a given constant diffusivity « > 0 we week an
approximation of the solution u to the Heat Equation with
Dirichlet Boundary Conditions,

ui(x,t) = auxx(x,t), for(x,t) e Qx(0,T]
{ ulx,t)y = g(x,t), for(x,t) e 02 x [0, T] (17)
u(x,0) = up(x), for (x,t) € Q x {0}

» For simplicity let g = 0. Exercise: Generalize to g # 0.

» For compatibility it must hold that up(x) = 0, x € 9.

» Under this compatibility condition and with ug € C(Q),
(17) has a unique solution in C%'(Q), where

Ullpmncoy = max max  sup |0.0%u(x,t
| ullemn(a 1§igm1§l(§r7()(7lf)el3c)| KO u(x, t)]

and, according to a maximum principle,

max_[u(x, 1)] < max|up(x)|
(x,HeQ xeQ



Explicit Finite Difference Scheme

» For the discretization of (17) let N, K € N and set
h=1/(N+1), xi=ih, i=0,...,N+1
r=T/K, t=kr, k=0, .. K
and adopt the notation uf = u(x;, t).
» A finite difference scheme for computing UX ~ uX is given
first by approximating the PDE according to

URT U Uk, 20U+ U
=«
T h?
» By setting A\ = ar/h?, the IBVP (17) is approximated by
Ut = XUE + (120 UK+ UK, 1<i<N1<k<K-1
us = Ui, =0, 0<k<K
U/O = Up(x)), 0<i<N+1

(18)
» Setting Uf = {UK}N, this explicit scheme can be written as
UKt — U = arApUEK, Ay = tridiag{—1,2, —1}/H?

o or Ut = B\UE, B, = tridiag{), 1 — 2)\, \}



Stability of Explicit Scheme

» To prove convergence U — u as h, ™ — 0, stability is first
established as follows.
Lemma: Let \ € (0, 1/2]. Then the solution {UF} to (18)

satisfies max UK < max |uo(x)|
0<i<N-+1,0<k<K 0<i<N-+1
Proof: By (18), for 1 < i < N, it follows with A € (0, 1/2] that
U] < MUK+ (1= 20) US| + AJUE
< (A1-2)+)) max |UK|
0<i<N+1
Since Ug*! = UNt} =0, the max over 0 < i < N + 1 can be
taken on the left side of the estimate, and the claim follows.
» The restriction A € (0,1/2] is crucial here for stability.
Exercise: Construct an example for which the scheme (18)
gives unbounded values {UX} for A > 1/2 as k, h — 0.

» The restriction A € (0,1/2] is severe here: 7 = O(h?)!



Consistency of Explicit Scheme

» To prove convergence U — u as h,7 — 0, consistency is
next established as follows.

Lemma: Let u € C*?(Q) be the solution to (17). Then for
byuf = AUk 4+ (1 —20)uf + auf
de # ¢(h, 7) such that
k+1 n 2 _

1<i<N0k<K i = bauf'| < er (7 + IF)[ullesogq)

Proof: Expanding each term of bAuf‘ about (x;, tc) gives
Mh* T0*u o*u
K K 2

b)\U,' = U; +\h UXX(X,', tk)+ ﬁ W(Gi_%, tk) + w(ei_"_%, tk)
for constants «9,_% € [xi_1, xj] and «9i+% € [xi, Xi+1]. Expanding

Ut about (x;, ) gives
2
.
U = UF (g, ) + ?U”(X“ Ot

for a constant 9k+% € [t, t+1]. Combining these estimates and



Convergence of Explicit Scheme

recalling Ah® = ar and u; = alyy gives
2 4[4 4
K+1 k T ] )\h 8 u (9 u
Ut =byuf = ?Un(Xn 9k+%)—§ W( g t) + W(Q,ur%, t)
Setting Uy = aliy = a(Ut)xx = AP Uxxxx Proves the claim. u

» Note that the stability restriction A € (0, 1/2] did not enter
into the consistency proof.

» Also consistency is not equivalent to convergence, which is
proved as follows by combining consistency with stability.
(cf. Lax Equivalence Theorem.)

Theorem: Let u € C*2(Q) be the solution to (17). For
A € (0,1/2] let {UX} be the solution to (18). Then 3¢ # ¢(h, 7)
such that

ma UK — u(x. t)| < ¢ ) |lu =
0§i§N+1,)(§§k§K‘ i (Xi, )| < (7 + h)||ullcao(q)



Convergence of Explicit Scheme

Proof: Let e = UF — uf, which satisfies e} = €}, ; = 0 for
k=0,...,Kand e? 0for0§i§N+1. For1 <i< Nand
0<k<K-1,
e = UM T = p UK — U by )
= b)\ek (bAU — Uk+1)

Since A € (0,1/2], e,’.“r1 depends stably upon e,’.‘,

e < Al + (1= 27 ef| + Alel | + [bauf — U]
and using the consistency estimate,

max |ef1| < max |&F |+ (7 + P)||Ullcao(ay
1<i<N

Summing this estlmate over k =0,. -1,k < K, gives

max |ef| < max [6}] + h)|lu
1<,<N\ | 9| + ’W(TJr )Ullcao(a)

Settingc=cT(> CM) and recalling where eX vanishes gives
the claimed convergence estimate. [ |



Neumann Heat Equation on a Square

» LetQ=(0,1)2and T > 0.

» For a given constant diffusivity « > 0 we week an
approximation of the solution u to the Heat Equation with
Neumann Boundary Condition,

alAu(x,y,t), for(x,y,t) e Qx(0,T]
g(x,y, 1), for (x,y,t) € 992 x [0, T]
UO(Xv.y)v fOf(X,y,t)GQX{O}

U[(X,y, t) =
onu(x,y,t) =

u(x,y,0) =

(19)

» For simplicity let g = 0. Exercise: Generalize to g # 0.

» For compatibility it must hold that 0,up(x,y) = 0, x € 99.

» Let the Laplacian A be approximated with Neumann
boundary conditions as was done for the Poisson equation
on a square in (13).

» With Q4 and A, defined as for 53], (19) can be semi-discretized
spatially by the system of ODEs (method of lines),

Up(t) = —aAnUn(1),

Un(0) = Uo = {to(Xi, ¥j)}

Un(t) = {U;;(8)}



Semi-Discrete Solution

» This semi-discrete solution Ux(t) has the property
3Dl Un(DIZ = Un(t) - Up(t) = —aUn(t) - [AnUn(D)] < O
which implies ||Ux(t)|| < ||Uo||, analogous to the estimate
for the solution u to (19),

;D,/uzz/uut:/auAu:/ auanu—/ alVul? <0
Q Q Q 00 Q

» Also Up(t) satisfies
e- Up(t) = —ae- [ApUn(t)] = —alAne] - Up(t) =0
which implies e - Uj(t) = e - Uy, analogous to the estimate
for the solution u to (19),

1Dt/u_/ut /aAu—/ adpu=0
o9

» Exercise: The fully-discrete explicit Euler scheme,
Upt! — Uf = TaAnUf,  Uf ={Uf5}, U= u(x,y &)

satisfies the property e - UK = e - UD but it satisfies
|UK|| < [|U2]| only for A = ar/h? < 1/4.



Explicit and Implicit Euler Schemes
» Exercise: The implicit Euler scheme

Uft — Uf = —maApUS™ (14 arAglURT = Uf

satisfies the condition
e Ut =e [I+arA)Us =e- Uf
or e UK = e - Uy, and furthermore

|UfH 2 < UK [lrar Al UEH = URH.UE < UK UK

or, analogous to [65], ||UK| < ||UY]|| holds but now without
conditions on 7 or h.

» Exercise: Analogous to [66], show that the implicit Euler
scheme is consistent to O(7(7 + h?)).

» Exercise: Analogous to [67], show that the implicit Euler
scheme is convergent with convergence rate O(r + h?).

» (sparsel!l) Matlab commands for solving (19) (Ah from [55],
Uh = U0 given) are

for k=1:K Uh = (speye (N2N2)+alxta*Ah) \ Uh; end



Non-Linear Parabolic IBVP

» Let f: Q — [0, 1] be a measured image defined on
Q = (0, 1)? which is to be denoised.
» The steepest descent evolution,

/“’V:—M(U:V), U= =1, te0,T], veC>Q)
Q

ou
produces a sequence of images u which start at f and
become progressively less noisy as time advances.
» The descent direction reduces a regularizer such as

J(u) :a/ﬂy/e—i-\VUF

Here, J(u) — oTV(u) for e — 0 and u sufficiently smooth.

» For the explicit form of the evolution, let v € C*°(Q2) and

Oz/utv+6J(u;v):/ Yu-Vv
Q ou Q

Ve+ | Vul?
/ v Iiu _v OKL +/ vh- QL
Q : Ve+|Vul? 0Q Ve+ | Vul?

VUt + «

)



Non-Linear Anisotropic Diffusion

» The steepest descent evolution is given explicitly by the
resulting non-linear anisotropic diffusion equation,

Vu
u = oV -|——1], InQx(0,T
: (Ve + ]VUF) (0.7] 5
Opu = 0, onan x[0,7] (€0
u = f, in Q2 x {0}
» To approximate the solution, (20) is first discretized
temporally with a semi-implicit Euler scheme to obtain
Lk = v, inQ k=1,....K
opuk = 0, on 99 w=rf

where T = KT and

(21)

(e

Ve+ |[Vuk—1)2

» To approximate the solution to (21) spatially, let Q, and Lpk
be defined as for (9) but now with Q} = 0, a; = ax and ap = 1.

Lku=u—7V-(akVu), ax=



Fully Discrete Approximation

» The solution to (21) is approximated spatially with the finite
difference scheme

Lh7kUk = Uk_1, in Qp (22)
Lok UK + agopnUk/h = U1, in0Qy,
now for Q = (0,1)2andfor Ne N, h=1/(N + 1), Q; = 0 and
Qh = {(Xay) X = Ihvy:.lhvo < Ia/ <N+ 1}
» Let d = #Qp = (N + 2)2. The above problem (22)
corresponds to a d x d system of linear equations
AnkUf = UK, where Ul € R? is a vector of values of Uk
on Q, and Ahk e R9*9 js a matrix depending upon a, and
hence U<,
» Let the unknowns of UK be ordered according to the
lexicographic ordering.

» The formulas for Ly require to evaluate a, at midpoints .
(x + %ih,y + %jh), li| + |j| = 1, between grid points (x, y) € Qp,



Approximation of Non-Linear Coefficients

«
V1 H VR0 (x + Jihy + bj)[2
» The gradient V;, ~ V above is approximated compactly
with the finite differences (figure forthcoming)

[ [DhxV(x + 3ih,y) ]
[ [ChyVI(x + 3ih,y) |

ak(x + ih,y + 3jh) =

V/’I,XV(X + %Ih7 y) =

for i = +1 and
[ [ChxVI(X,y + 3jh) ]
| [DhyVI(X,y + 5jh) |

Vh,yV(X7.y + %jh) =
for j = +1 where

[Dhcvi(x + 3ih,y) = [v(x + ih,y) = v(x,y)] /h
[DhyvI(x,y + 3jh) = [v(X,y + jh) = v(x,y)] /h



Approximation of the Gradient

and (with difference quotients [v(z + h) — v(z — h)]/(2h)
replaced by [v(z + h) — v(z)]/hforz—h <0
orby [v(z) —v(z — h)]/hforz+ h > 1)

1 vix+hy)+v(ix+hy-+jh
(Craliey + 4i1) = 4 NHVxEhy

( ))
—v(x—h,y)—v(x—h,y+jh)
( )

1 v(x,y + h)+ v(x+ih,y +h
[ChyVI(x + 3ih,y) = 4h< —v(X,y — h) — v(x +ih,y — h)

» The matrix representations of these operators are

D; 11



Approximation of the Gradient

and
-2 2
] Ci Cy ] -1 0 1
Cox=5| "~ Cr =57 SRS
Ci Cy —1 0 1
—2 2
[ —2Cy 2C i
1 —Co 0 G ] 1 1
—Co 0 G 1
i —-2Cy 2Cy |

Exercise: Derive these explicit formulas for Dj x, Dy, Cp x, Cp,y
as well as the counterparts for (14) and highlight the
differences resulting from the respective boundary conditions.




Approximation of Non-Linear Operator

N1
N2
Fh

Fh =

» Set the values of coefficients at midpoints,

aix = o)\ e+ (DhxUf™").72 + (Chy U )2
Ay = ./ \Je + (ChxUf )2+ (Dpy U )2

» Let D(V) denote a diagonal matrix with the values of the
vector V along the diagonal.

> With [D) ., D, ] =V ~ (V)" = —V-, the coefficient
matrix Ap  in ApxUE = US~ for the solution to (22) is
given explicitly by

Ank = 147 | D (@ )Dax + D D(@ky) Dy |

» For example, suppose the following data are given:
N+1; h=1/N1; ta = T/M;

N+2; NIN2 = N1xN2; N2N2 = N2%N2; N4 = N2/4;
[zeros (N4,1);ones (N2-2xN4,1);zeros (N4,1)1];
reshape (Fh*Fh’ + 0.5xrandn (N2,N2),N2N2,1);



Code to Solve the Non-Linear IBVP

» (sparsel!l) Matlab commands for solving (22) are
DO = speye(N2);
D1 = spdiags(kron([-1,1],0ones(N2,1)),[0,1],N1,N2)/h;
Dx = kron(D0,D1l); Dy = kron(D1l,DO0);
CO0 = spdiags (kron([1,1],0ones(N2,1)),[0,1],N1,N2)/2;

Cl = spdiags (kron([-1,1],0nes(N2,1)),[-1,1]1,N2,N2)/(2*h);
Cl(l,1) = -1/h; C1(1,2) = 1/h;
Cl(N2,N2-1) = -1/h; C1(N2,N2) = 1/h;

Cx = kron(CO0,Cl); Cy = kron(Cl1l,CO0);

Uh = Fh; I = speye (N2N2);

for k=1:K
ax = al./sqrt(ep + (Dx*Uh)." 2 + (Cy*Uh)."2);
ay = al./sqrt(ep + (Cx*Uh)."2 + (Dy=*Uh)."2);

Ah = I + ta=* (Dx’=*spdiags(ax,0,NIN2,NIN2) *Dx
+ Dy’ xspdiags (ay, 0,N1IN2,NIN2) xDy) ;
Uh = Ah \ Uh;
end

79 Exercise: Implement and estimate beste, o and T.



Wave Equation

>
>

LetQ=(0,1)and T >0andset Q=Q x (0, 7).

For a given constant wave speed w > 0 we week an
approximation of the solution u to the Wave Equation with
Dirichlet Boundary Conditions,

ug(x,t) = wPux(x,t), for(x,1) € Qx(0,T]
ulx,t) = g(x,t), for (x,t) € 02 x [0, T]
u(x,0) = up(x), for (x,1) € Q x {0}
u(x,0) = u(x), for (x,t) € Q x {0}
(23)

For simplicity let g = 0. Exercise: Generalize to g # 0.

» For compatibility it must hold that up(x) = ui(x) =0, x € 9Q.

If the initial data up and uy have compact support in Q,
then, for t sufficiently small, waves do not reach 9%, and
the solution is given by d’Alembert’s formula,

X+wt

u(x,t) = % [Uo(Xx — wt) + Up(x + wt)] + 21w/x ui(s)ds

—wt

which shows how u inherits its regularity from that of ug and uy.



Explicit Finite Difference Scheme
» For the discretization of (23) let N, K € N and set

h:1/(N+1), X,':I.h7 [:O”N_f_‘l
T:T/K, tk:kTa k:077K

and adopt the notation uf = u(x;, t).
» A finite difference scheme for computing U¥ ~ u¥ is given

first by approximating the PDE according to
Ut —auf + U 2 UK, —2UF + UK, 1<i<N

T2 h2 Took=1,...,K-1

with Ug = Ux,1 =0, k=0,..., K, but we need U and U]
» The initial conditions begin naturally with

U2 = up(x;), 0<i<N+1.
» For U} note that U ~ u(x;, /), which can be expanded as
u(xi, t1) = u(x;, 0) + Tur(x;, 0) + S8 us(x;, 0) + F 73U (x;, 61)
for (9% € [0, 7].




Initial Conditions of Explicit Scheme
» Using the initial values u(x,0) = up(x), ui(x,0) = uy(x)
and uy = w?Uyy the expansion gives
u(x;, 1) = Up(X;) + Tt (X)) + 3720PUg (X)) + O(7°)

» Thus for 1 < i < N we set
2,2

w T
U = uo(x;) +7us(x) + Sz [Wo(Xi+1) — 2Uo(xi) + Uo(xi—1)]
which has the following order of consistency.
Lemma: For uy € C*(Q) and u € ¢%3(Q), 3¢ # c(h, 7) such

that max |U'—ul|<c [Tzhﬂ\u loacany + 7o) Ul cos }
o<i<Ny1' | T ollc4(@) co3(Q)
Proof: Exercise with Taylor expansions. |

Def: Let r = wr/h be called the Courant Number.

» The finite difference scheme for approximating the solution
u to (23) is now given by the explicit method



Consistency of Explicit Scheme

U = R U+ 201 U U
1<k<K-1,1<i<N
U = Uk, =0, 0<k<K

U = up(x), 0<i<N+1 (24)
U' = uo(x)+rur(x)+
(r?/2) [uo(Xi1) — 2uo(X;) + Uo(Xi—1)]
1<i<N

» This scheme is consistent according to the following.

Lemma: Let u € C*?(Q) be the solution to (23). Then
de # c¢(h, 7) such that
K+1 _ 1p2(,k K 2y gk ke
1§I.SrﬂﬁgékSK!U,- [r*(uis + uing) +2(0 = r)uf — w7
< cr?(r? + W) |[ullesoy

g3  Proof: Exercise with Taylor expansions. |



Forward, Backward, Centered Differences
» Now some standard notation:

AV = Viy1 — Vv, forward difference
vV;i=V;—V;_1, backward difference
sVj = v+1 — v,_%, central difference
and it holds that
AVV; = Viyq1 — 2Vi+ Vi_{ = §5V;.

» On the subspace V, = {{v,-}’\“r1 SV = Vnyq =0} € RVH2
define the bilinear form

ap(v, w) —hz AVV)W, (25)
Lemma: It holds that
a. vv,w e V, N+1
an(v, w) = ap(w, v) hz vv;)(vw;)
b. Vv e Vo,

ap(v,v) >0 and ap(v,v)=0 = v=0.
c. By (1) and (2), an(v, w) is an inner product on V; giving a

i
” norm ap(v, v)2 so that Vv, w € V,



Bilinear Form
|an(v, w)| < an(v, V)2 an(w, w)?
d. Vv ¢ Vo, 1
an(v,v)2 <2|v[n, VI3 = hZV
Proof: Exercise |

Theorem: Let u € C*3(Q) be the solution to (23). Let {UX} be
the solution to (24). Then for each ry € (0,1), 3c = ¢(rny, T)
such that for r = wr/h,0 < r <n,

k 2 2 _
max, | U = oKl < (P + 1) |ul casgy

Proof: Set ek = UK — uk, 0 < i < N+ 1, and note that
ef =ef,; =0.Setalso eff = {ef1NE1 and note that ef € V.
Thenfor1 <i<N,1<k<K-1,

k+1 26 +ek 1 (Uk+1 2UIk+Ulkf1) ( k+1 2U +U )

= (US4 —2U+ Ul )20l 20+ uf ) - (Ul —2uf 0k )



Convergence of Explicit Scheme

or
et —2ef el =r2(ef, —2ef + el ) +ef
where
el = r2(uf —2uf + Ul y) — (Ui —2uf Uk
Multiplying the last e-equation by h(e f‘“ el 1)and summing

overi=1,... Ngives

N
h) (ef —2ef +ef (el —ef ) = L=Ry +Rp =

I I

N
rth(elk—H 26 +el 1)( k+‘| k 1)—1—/’]26 k+1 1)
ThenI:
L= hZ[ e —ef)— (ef —ef Nl(ef T —ef) + (ef —ef )] =
N

k k k k 1\2 K+1 k|2 k k—12
WS (el — ef)? - S (el — )7 = e — eff e — e I

86



Convergence of Explicit Scheme
and with (25) and property (a) in Lemma [84],

Ry = —rPap(ef, ek — e~y = —rPay(ef, &) + rPay(ef, el ) =
372 [an(ef ™ o) - an(ef " )]
+5r? [azh(eﬁ+1 —ef, ef Tt —ef) —an(ef — e ef - 62_1)}

Using these calculations to rewrite L = Ry + Ry gives

K1 k2 K k=12
Heh+ —ehllh —llen — ey lIn
+3r° [3h(eﬁ+1 cent!) + an(ef, ef) — an(ef 92_1)}
37 |an(el ™! — ef ot — ef) — an(ef — el e — ef )]
N
Kokl k1
:/72351'(9;4r -e )
i—1
Summing over k = 1,...,x — 1, s < K, and observing e) = 0



Convergence of Explicit Scheme
gives

—112 12 41,2 1A
(e — 712~ llehl3 + dr2an(ep, o))
+%r2[ah<ez,ez)+ah<eh ey ) —an(eh— ey e — e )]

_L1+L2_R_Zh25 el — el

Then,
k k41 k—1
R < z:H6 Inller ™ —enlln
Also, k=1
2 r—1 KY _ 2 r—1 K r—1
Lo = reap(e; ', en) =r |an(ey ', ep) = an(e), eh )}

= rPay(ef ", ef ) + rPan(ef el —ef )
Using properties (c) and (d) of Lemma [84] gives,

— —1y11
an(eh o — e )l < [anef, "€, I lan(ef — e e — e )
< [an(ep ™" " )12lles — e ln



Convergence of Explicit Scheme
Using 2ab < & + b?, the last inequality becomes

lan(ef " e —ef ) <an(ef el ) +llef — e G
and hence
rPap(ei ', ef —ei )+ rPap(ef e ) > —rPllef — e |2
Thus, rewriting Ly + L1 = R with these calculations gives
(1=r®)e;—e '3

< llef — IR+ rPan(el " e ") + Pan(e) T e — )

Kk—1
12 Kij 1l ok+1 k=1
< Heh||h+ZH5 Inllen™ —eh " lln

k=1
ForO<r<r<1,wehave (1-r2)>(1-r2):=1/c and

Kk—1
12 12 Ki 1okl k-1
lef— e 12 < arllehlE + o S lIKnllel ! — el
k=1
k—1 % k—1 %
112 2 k2 k+1 k—12
scr\ehnh{chne ||h] [ el — k12
k=1 =E L k=1



Convergence of Explicit Scheme

Using 2ab < & + b?, the last term can be estimated as

Kk—1
2
k-+1 -1 K+1 k k k—1
>l —e] Hh<§:[|e+ — eflln -+ llef — e "lln] <

K— 1 K
K1 _ A2 K k=12 K k=192
22”9+ —ehHh‘i‘2ZHeh—9h Hh§4Z”eh_eh I
k=1 k=1

Taking square roots and inserting the result next to E in the

previous estimate gives
;

K 1
—12 1,2 K k—112 |2
et — e ||h—cr||ehuhs2E[Zueh—e,, M

E? K 1 Ez k—1)12
SE""O‘ZHGh_eh Hh<—+aK1r<nax les — eI

where 2ab < &2/ + ab? has been used. Taking a = 1/(2K)



Convergence of Explicit Scheme

gives
ef — e 2 < clefl|? +2KE? + 1 max |lef — k1|2
leh — el 'lIh < crllenlln 21<k<KH h— e Il

or k k—12 112 2
max |le, — e < 2c¢/|le 4KE
max [lef — e, ~'IIf < 2¢llepllf +

Using Lemma 83l and 7Kk < 74 K? = T?72 gives,
" 2
KE2 < KZ |:C7'2(7'2 + h2)||u||c4’o(é)] < 02 T27'2(7'2_|_h2)2||U||g470(é)
k=1
With v a2 + b2 < |a| + |b|, taking square roots above gives

max |lef—e <cr,T[e )y -]::F
1§k§KH h—€n |ln < c(ro, T) |lleplln + 7(7= + h7)|| ||C4»0(Q)

Since

o
I
o

k K ok—1 Kk—1
lehlln < lleh —ep " lln+llep "lln e

summing over k gives



Convergence of Explicit Scheme

k k k—1
max (e < K max |le; — e < KF
1<k<KH hHh 1<k<K ” h h Hh o

By Lemma (82,

N 1
] B 1 212 1
leblln = [h;(e,) J* < VAN max [e]|
<c [TthHUOHC“(Q) + TSHUHCO’S(@)}
< cr(m? 4+ W?) [||U||c470(é) + ||U||c°vs(é)}

Using this estimate for F gives finally

K 2, 42
m < KF< ~
1§kangHehHh < KF < o(K7)(7° + h?)[|u] cea)

Observing KT = T gives the claimed convergence estimate. W



Dirichlet Wave Equation on a Square

» LetQ=(0,1)2and T > 0.

» For a given constant wave speed w > 0 we week an
approximation of the solution u to the Wave Equation with
Dirichlet Boundary Condition,

ug(x,y,t) = wlAu(x,y,t), for(x,y,t) e Qx(0,T]
ux,y,t) = glx,y,t), for (x,y,t) € 92 x [0, T]
u(x,y,0) = uw(x,y), for (x,y,t) € Q x {0}
ui(x,y,0) = u(x,y), for (x,y,t) € Q x {0}
(26)

» For simplicity let g = 0. Exercise: Generalize to g # 0.

» For compatibility it must hold that up(x, y) = ui(x,y) =0,
x € 0.

» The IBVP (26) can be rewritten in first order form as

wVu _ 0 wV wVu wVu [ wVUg
Uy t_ wV- 0 Ut ’ Ut t:O_ U

with the boundary condition ut|sq = 0.



Properties of First Order Form

» Note that when the gradient V is seen as an operator

equipped with the homogenous boundary condition
corresponding to ut|apq = 0, then the divergence operator
—V- is seen as the adjoint,

/w-cb _ —/ 6V -0, Ve CR(Q), Vo e [COQ)P
Q Q

» Thus, the operator for the first order form of the wave

equation shown above can be written as

0 wV ) 0 wV
wV- 0 )\ —w(V)* 0
suggesting that the approximation to this operator should
be skew symmetric.

» As shown in [58, given Qy, let the gradient

V = Vj = [Dpx; Dp,y] be approximated with Dirichlet
boundary conditions of D , and Dy, .



Properties of First Order Form

» Then (26) can be semi-discretized spatially by the system
of ODEs (method of lines),

0 wV
Uh(t) = BhUn(t), Bpn= < V] Oh >
where
{UIX+ /(t) 0<i<N1<j<N}
U= | U/, (0:1<i<NO<j<N}
T3
{U}‘j(t) 1<i<N,1<j<N}
{wux(xi+%,}/j,t):0§i§N,1gjgN}
~ {wuy(x,,yH%,t)ﬂgigN,ogjgN}
{ur(xi,y;, 1) : 1 <i< N1 <j< N}
and
{wdkto(X 1,5, t) : 0 <P < N,1 <j< N}
Uy(0) = {wayuo(x,,}//+1 £):1<i<NO0<j<N}
{U1(X/“V/7 )1§I§N71§]§N}



Semi-Discrete Solution
» This semi-discrete solution Ux(t) has the property
2Dt Un(1)[Z = Un(t) - Up(t) = Un(t) - [BrUn(t)] = O

which implies the conservation ||Up(t)|| = ||Us||, analogous
to the estimate for the solution u to (26),

;D,/(u?+w2|Vu]2):/(utuﬁ+w2Vu-Vu;)
Q

Q
:/ utuﬁ+/ wutﬁnu—/wzu,Au:O
Q 09 Q

corresponding to the conservation of energy, kinetic plus
potential.
» Note that the fully-discrete explicit scheme analyzed above
does not generally satisfy a conservation property
|UX|| = ||UX—"| where || - || is an appropriate energy norm.
» Exercise: The Crank Nicholson scheme

(UK —U) 7 = 3BA(UST +UL). (- 7B U™ = [1+ 4Bl Uf

satisfies the conservation condition || US| = || UK.



Crank Nicholson Scheme

» Exercise: Analogous to [83], show that the Crank
Nicholson scheme is consistent to O(7(72 4 h?)).

» Exercise: Analogous to (or more easily using the
method of [67] ) show that the Crank Nicholson scheme is
convergent with convergence rate O(72 + h?).

» (sparsel!) Matlab commands for solving (26) (Dx and Dy
from [59], UO, U1 given) are

NN = N%N; N1 = N+1; NN1 = NxN1; h= 1/N1; ta = T/K;

Dh [Dx;Dy]; Uh = [omxDh*U0;Ul]; uh = U0; vt = Ul;
Bh = [sparse (2xNN1l, 2«NN1),omxDh;-om*Dh’,sparse (NN, NN) ];
Ch = speye (2+xNN1+NN)+0.5+«ta*Bh;

Ah = speye (2xNN1+NN)-0.5+ta*Bh;

for k=1:K

end
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Uh = Ah \ (ChxUh);
ut = Uh(2*NN1l+1:end);
uh = uh + ta=*(ut + vt)/2; vt = ut;



Non-Linear Hyperbolic IBVP for a Cord

>

Let the rest length of a bungee cord be parameterized by

s € Q= (0,1) so the total length L of the cord is 1.

Let u(s, t) = (x(s, 1), y(s, 1), z(s, 1)) € RS represent the

cord at position s and at time t.

Let the cord be fastened at one end, u(0, t) = 0, with known
initial position and velocity, u(s,0) = up(s), ui(s,0) = u4(S).
The cord is loaded externally by f(s, t) € R® (force per unit
length) and internally through tension related to the elastic
modulus x(s) (force units).

The density of the cord is p(s) (mass per unit length).

» The variational principle used to model the dynamic shape

of the cord over the time interval t € [0, T] is to find a
stationary state for the Lagrangian functional (s.t. ICs & BCs)

T 1
L(U)=/0 /0 [%p\w!z—%n(!usl—1)2+f-u dsdt

to transform kinetic or potential energy most efficiently to
the other type of energy. (cf. Newton’s Law!)



Stationary Lagrangian for Non-Linear Mechanics
» Without approximating (Jus| — 1)2, let Q = Q x (0, T),

ve{pel®(Q):4(0,t) =0,0(s,0) = ¢(s, T) = 0} to obtain

oL Us - Vs
(SU(U’ V) /Q |:pUtVt K’(|US‘ ) ’uS|

:/v[—pu,t+<n|us’_1us> +f:|
Q ‘U3| s

+ putv - K Us-Vv
Q t=0 0 |us| 5=0

» The necessary optimality condition for a stationary u is

+f-v]

1
|U‘Su| us | +f, for (s,t) € Q
S

u(0,8) =0, (1—1/|us|)us(1,t)=0, forte[o,T]
u(s,0) = up(s), u:(s,0)=us(s), forseQ

puy = (fﬂ

where ui(s,0) = uy(s) is imposed initially instead of a final
time condition u(s, T) = ur(s) corresponding to v(s, T) = 0.



Conservation Property for the Nonlinear IBVP
» If the cord is very faut and |us| > 1, the non-linear IBVP
reduces to a linear IBVP for the wave equation.

» For simplicity we assume that w? = x/p is a constant and
that g = f/p is a constant vector (e.g., gravitational force).

» Because of the conservation property,
300 [ [4olu + blus =12 = -]

Us - u
:/ [put~un+f<c(\us|—1) s sr—f'Ut:|
Q |Us|

lus| — 1 ) ] Us - Ut
= us- |p-ug — | K u. — | + w(lus| — 1
o oo (5 ) 1] sl - 1)

there is tendency to define the state in terms of p% ut and
m%(1 —1/|us]|) Us.

» Yet, the non-linear IBVP is written here in first-order form
with the state U = (u; u) = (x, y, Z; Xt, ¥t, 2¢) as follows:

s=1
=0
s=0
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Nonlinear Wave Equation in First Order Form

(ot am 2)(2)4(2) o
(o) =(2) (o) =0 a=tuo( ) =0

(37)
where now damping ¢ > 0 has also been introduced.
» To approximate the solution, (27) is first discretized
temporally with a semi-implicit Euler scheme to obtain

ok _ pk—1 = _
{ Lyg*=0"""+7g, inQ k=1,....K (28)

0o =0, Osi¥|sr =0 & =10
where g = (0; g), & = (u*; uf), lo = (up; ur), T = K7 and
U= 0 T3 |k
Lku_u_T(wzﬁsakﬁs —c>u’ ax =1-1/[us™"|

» To approximate the solution to (28) spatially, let €2 be
discretized with the grid Qp = {s; = in}M5", h=1/(N +1).



Fully Discrete Approximation of Nonlinear IBVP
» The time-discretized state
0 = Uk uf) = (XK R 2 X v 2f)
is approximated in a fully discrete scheme by U¥ ~ ¥ with
grid values (only at s;, i > 0, since U*(sp) = 0)
Of = (Ufs Uk ) = (XK, YE ZEs XE L i, ZE) € REVHD <,
» The operator 05 is approximated for a grid function v by
[Dhsv](s+ gih) = [v(s + ih) — v(s)] /h
where v(0) is understood to be 0 due to the boundary

condition at sp.
» The matrix representation of Dy, s is

1

1| —1 1
Dh,s = E c R(N+1)X(N+1)

1 1

mapping grid values at {s;}" to interface values at {SH%},-ALO.
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Fully Discrete Approximation of Nonlinear IBVP
» The coefficient a, is approximated by
anx=1—1./|DpsUf"

where the term |uX~"| is approximated by

U = [Dn US| = \/(DnsXf )24+ (Dns Vi )72+ (DnoZi )2

» Let D(V) denote a diagonal matrix with the values of the
vector V along the diagonal.
> Since in the term 8" 2,8 it holds that 8 = —(8")*, the
term Osa,0s is approximated with —D,ISD(ah,k)D,LS.
» The spatial discretization of (28) is given by
AnkUF = UK + 73 (29)

where the coefficient matrix Ap x is given by

A _ (10 0 !
mk=\o 1) "\ —w?D]D(ank)Dns —cl
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Code to Solve the Non-Linear IBVP

» (sparsel!l) Matlab commands for solving (29):
N1 = N+1; h = 1/N1;
g [zeros(N1l,1),zeros(N1,1),-ones(N1,1)];
D = spdiags(kron([-1,1],0ones(N1,1)),[-1,0],N1,N1)/h;
s = linspace(0,1,N2);

ul = s(2:end)’; u2 = zeros(N1l,1); u3 = zeros(N1,1);
u = [ul,u2,u3]; ut = zeros(N1,3); U = [u;ut];
for k=1:K
(l N1, :);
ul = [0;u(:,1)]; w2 = [O;u(:,2)]; ud = [O;u(:,3)];
(

plot3 ul u2,u3);
du = sqgrt(sum((D*u)."2,2)); a = 1-1./du;

B = D’ xspdiags (om2xa(:),0,N1,N1)*D
A = speye (2%N1)
- tax[sparse(N1,N1), speye(N1l);-B,-cxspeye(N1) ];
U = A \ (U+tax[zeros(N1,3);g9]);
end
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Non-Linear Hyperbolic IBVP for a Membrane
Exercise:

» Let the rest area of a membrane be parameterized by
(¢,m) € Q = (0,1)? so the total area A of the membrane is 1.

> Letu(&,n, t) = (x(§,n, 1), y(& . 1), 2(, n, 1)) € R®
represent the membrane at position (£, ) and at time ¢.

» Let the membrane be fastened at one end,

u(&,0,t) = (&,0,0), with known initial position and velocity,
U(é, 7, 0) = UO(gv 7)), ul‘(ga 7, O) = U (57 77)

» The membrane is loaded externally by f(¢,n,t) € R3 (force
per unit area) and internally through tension related to the
elastic modulus (&, n) (force units).

» The membrane density is p(£,n) (mass per unit area).

» For the Lagrangian functional (s.t. ICs & BCs)

T 1
L(u):/o /0/0 [Solunl? = 3l x u| — 172+ 1 - u] damet

105 show that the necessary optimality condition for a



Non-Linear Hyperbolic IBVP for a Membrane
stationary uin Q = Q x (0, T) (with damping ¢ > 0) is
pu = (A ( JUe)e + (B(u)uy)y + f(u) — cur, for (&,n,1) € Q

o(v) = e Aw) = a()luf. B = a(u)lu
U(E,0.8) = (£,0,0), B(U)uy(¢.1,H)=0, for¢e[0,1],te[0,T]
A(u)ue(&,m, t) —(1,0,0)] =0, ¢=0,1, forne[0,1],te]0,T]

U( 1 70) - UO(g 77)7 Ut(ganﬂo) = U (5777)7 for (5777) €Q

where ui(&,1,0) = uy(&,n) is imposed initially instead of a
final time condition u(¢,n, T) = ur(&,n). Here, for a vector

a 0 —as aos
a=| a define [a] = [ as 0 —ay ] SO uxv =[u]v
—as a4 0
» Rewrite this problem in first order form, formulate a spatial
discretization in (&, n), apply the Crank Nicholson scheme for a
discretization in t and implement the fully discrete approximation

106 with Matlab. Does a solution exist for all parameters?



Scalar Convection Equation

» Finite Difference Methods for Conservation Laws will first
be investigated by considering the IVP for the scalar
convection equation,

ui(x, t) — aux(x,t) = 0, xeR, te(0,T]
{ u(x,0) = w(x), xeR
(30)
where « > 0 is constant.
» The solution is given explicitly by the left traveling wave

ux,t)=u(x+at), xeR, t>0

so the IVP need not be solved numerically.
» Yet the study of numerical methods for such a simple
problem will set the stage for the general theory.
» The solution to (30) is approximated with forward spatial
differences by U*(x) ~ u(x, t) where t, = kT, 7 = T /K, and
[UFFT(x) = UK (x)] /7 = a[UK(x + h)—U¥X(x)]/h, x€R, 0<k<K-1

UC(x) = up(x), X€ER
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Forward Difference Scheme

{

108

» With the Courant Number r = a7 /h, the scheme becomes

Utl(x) = rUK(x+h)+(1 —rUXx), xcR0O<k<K—1
U(x) = up(x), xR

(31)

» While a spatial grid {x; = ih : i € Z} can be introduced, the
theory will be carried out using a continuous variable x.

» Although a practical problem would involve a bounded
spatial domain and a boundary condition, the analysis of
the IVP on an infinite domain can serve as a guide to the
local behavior of a more realistic solution.

» A more detailed analysis is necessary when boundary
effects would be significant.

» The analysis of (31) (stability, consistency, convergence)
will be carried out in L?(R) with Hiloert space structure.

» The (extended) Fourier Transform will be used for f, f € [2(R)

X +o0
16 = (FN© = o= [ fxge ok e (2= 1)



Fourier Transforms
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with inverse formula, f(x) = (F~1f)(x),

e zxf
50x) = (F'g)(x F/ dx. xeR

By Parseval’s Identity,

+oo +oo . n L
(hohe= | f0og'(ax= [ T(Og €)= (7.0
the Fourier and Inverse Fourier Transforms are isometric
isomorphisms.

For f € L2(R) absolutely continuous with f(x) — 0, |x| — oo,
it holds that

(FF)(E) = €H(&).
Under more general smoothness assumptions it holds that
(FFAD)(E) = ()"H(&).

The translation operator ( T5f)(x) = f(x + a) satisfies
(FTah)(E) = eK(&).



Fourier Transforms
» Under suitable regularity assumptions we take the Fourier
Transform of (30) to obtain
(Fux)(&, 1) =2£U(&, 1), (Fu)(& 1) = (&, 1)
and
{ (&, t) = Kali(e,t), R, te(0,T]
U(€,0) = (), ¢€R
» The solution to this ¢-parameterized ODE is
0(&, 1) = e ip(¢) = (FTarlo)(€) or  u(x,t) = tp(x+at)
which implies the conservation ||u(-, t)||;2 = ||uo|| ;2 Since

“+oo
G- DlF = 2 )lI7 = / |00 (¢)[2dE = || oI = I|wolIfz

» We now consider convergence of the scheme (31). Taking
the Fourier Transform gives
U1() = GUK(€) := UX(€) + re U () — UK(€)]
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Consistency of the Forward Difference Scheme
or Uk(¢) = G¥ilp(€) where G is the amplification factor,

G=G(h71)=1+r(e"—1) (r=ar/h)

» Consistency of the scheme is readily shown using Taylor
expansions,

|u(x, (k+1)7)—{u(x, kr)+r{u(x+h, kr)—u(x, kr)]}| < 72| ullc2orxio. )

but it is convenient to express consistency in the
transformed variable:

Lemma: Let r = ar/h be fixed. Then as ¢h — 0 (equivalently
as {r — 0)dec # c(&, 7, h) s.t.

|G — 7| < or?¢? (32)
Proof: Follows with
G=1+re" —r=1+4r[1+1he +OH)] —r
=14 rh + O(PPE?) = 1 + 107 + O(72¢?) = €7¢ + O(7°€?)
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Stability of the Forward Difference Scheme
» Furthermore, (with [1 4+ az + O(z2)]° = eclaz+O(z)])
Gk = (G)tk/T =1 +2aT§+o(T2§2)]tk/T _ eaZTftk/TeO(T2£2tk/T)
— ealﬁfkefﬂéz so GF — g¥kT — gkl [eo(fkTEZ) —1]
» Then the pointwise convergence (r, i fixed) follows:
1im [0(€) - (& 1] = im[G* — &7 (¢) = 0.
» However, pointwise convergence does not imply
convergence in L2(R). It must yet be shown that

IUF = u(, 82 = || 0 = G-, t) |2 = 0,7 = 0
for which the following stability is required.

Lemma: Let ug € L?(R) and suppose r € (0, 1]. Then
IU |2 < lltollz, VK > 0.
Proof: For r € (0,1], |G| < 1 follows from

H+re —rl=1—r4+re® <t —rl+|rfl=1-r+r=1.
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Stability of the Forward Difference Scheme

113

From UX(¢) = GFip(€) it follows
|U©)] = 1GI|U0(€)] < Bo(6)l, VEeR
or

R Foo +oo .
|UK|2, = [ DK |2, = / |Uk(¢) 2de < / |(€) 2 = |luo

[e.o] —00
|

» The condition |G| < 1 is the Von Neumann stability
condition.

» The condition r € (0, 1] is seen above to be sufficient for
stability. Yet it is also necessary:

Exercise: Construct an example for which the scheme (31)
gives ||UX||;2 — oo as k — oo for fixed tX = k7 and fixed
r=ar/h>1.

» For convergence we introduce the following function
spaces (with minimal background).

Def: The Sobolev Space H™(R) consists of those functions
whose derivatives up to order m are in L2(R).



Sobolev Spaces

» The Sobolev spaces have the Hilbert space structure with
the scalar product,

m +o0
(U, V)ym = 2/ uD () v (x)dx
1=0 7 =
» By Parseval’s Identity and the derivative property
+oo
(v va—Z/ (€)' (&) () 9(E)]dle

» The norm on H™(R) is then glven by

Ul g = [Z / X)| dx] = [Z / +°° \srz’m(s)zds]
|=0 Y~

Theorem: Let vy € H?(R). Let r = ar/h € (0, 1] be fixed. Then
dec # ¢(r,h) s.t. forr = T/K,

max ||UX — u(-,t < crlu
. oA | (5 )l 2 < c7l|uol| e



Convergence of the Forward Difference Scheme
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Proof: Using (¢, t) = et (¢) and UK(¢) = GFil(¢) gives
10 =u(, )l = 10 =a(-, &)l13 Z/ |00(&)[?| G —e T 2d¢

and this integral / is now partitioned as / = 1 + I with /; taken
over the set {¢ : |¢| > v/h} and L over the set {¢ : |¢| < v/h},
where ~ is to be determined. First consider /;. Note from
|G| < 1 that

|Gk - e’LaﬁkT‘Z < (|G|k + |ewz§k7—’)2 < 4
and hence

4h? R
h<4 [Go(§)1"dg < —5 €[]0 (€) P dg
402 €|=v/h 77 Jlglzv/h
a~T
= [, Rlaol et < ot uglE, < ol
o

Now consider k. Let v > 0 be chosen so that the consistency
estimate (32) holds for |h¢| < v. Also note that for |a|, |b| < 1,

& — b¥| = |(a— b) Yoo @ ™b"| < kla - bl.



Backward Difference Scheme
Hence for |h¢| < v, (32) gives

|GK — e *K| < k|G — €¢7| < ckr?¢? < cTre?

Hence,
b<or [ Jo()Plel*dt < or®uolf
|hg| <~y
» For r = 1 the scheme (31) is exact. (verify!)
» For the IVP (30) with —« replaced by +a (again with
a > 0) the solution is given by the right traveling wave
u(x, t) = up(x — at) and is approximated with backward
spatial differences by U¥(x) ~ u(x, t) where

(U1 ()= U (x))/7 = o[UF(x)-UK(x = h)l/h, x€R, 0<k<K-—1
UO(x) = up(x), xR
» Exercise: Find the amplification factor G for the backward
difference scheme and show that |G| < 1 holds iff r € (0, 1].
Prove convergence of the scheme and determine the order

e of convergence.



Lax Wendroff Scheme

» Exercise: For the solution to u; + aux = 0 (with arbitrary
sign(«)), the Lax Wendroff scheme

UK(x) — Uk(x) auk(x+ h) — UX(x — h)
- 2h
" 027 UK(x + h) — 2UK(x) + UX(x — h)
2 2
XER, 0<k<K-—1
U(x) = w(x), xeR

can be seen as a discretization of Uy + oy = €elyy
containing the artificial or pseudo-viscosity term euyy with
e = o®7/2. Find the amplification factor G for the Lax
Wendroff scheme and show that |G| < 1 holds iff |r| < 1.
Prove that the scheme converges with the order,

max ||UX — u(-,t < cr?||u
ogkgKH (5 )2 < e bol| e

» Find the artificial viscosity term for the forward and the
backward difference schemes and observe the effect of
117 sign(«) for each.



Linear Hyperbolic Systems
» Now for A € R™ consider the IVP (Cauchy Problem),

{ut+AuX = 0, xeR, t>0

u = U, xeR, t=0 (33)

» With the spatial grid x; = ih, h > 0, i € Z, and the temporal
grid t = k7, 7 > 0, k € Ny, let UX denote an
approximation of the cell average,

, h/ th

and define the piecewise constant function
Ur(x, 1) = UF,  (x,1) € [x._ 1% 1) % [t Be)-

» The ratio 7/h is assumed to be a fixed constant.
» In practice, (33) is solved on a finite spatial domain, e.g.,
€ (0,1), with, e.g., periodic boundary conditions,

u(0,t)y=u(1,t), t>0
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Periodic and Inflow Boundary Conditions
or inflow boundary conditions, (figure forthcoming)
i A SIS
where SAS™! = A = diag{\;}7, {vj} = v = Su and
Vi + Avy = S(ut + Auy) = 0.
» An apparently natural discretization for (33) is

k k k
Ut — Uf +AU/+1 Ui, _0
T 2h

but this explicit Euler method is unstable. (verify!)
» On the other hand, the implicit Euler method
K+1 K+1
UI!(+1_UI'k AUH:i?I U+ :0
T 2h

is stable but involves an unnatural and expensive coupling
among all numerical values at time #, 1.
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Upwinding and Other Single-Step Schemes

» Other methods considered earlier are: the forward
difference scheme, the backward difference scheme and
the Lax Wendroff scheme.
» Other well-known methods include the Lax Friedrichs scheme,

k-1
U - (US4 + Ufy)/2 LA Ufyq — UL, 0
T 2h
and the Leapfrog scheme (figure forthcoming)
k41 k—1 k k
UiJr -y JrAU/+1 U, —0
27 2h

but, while all other previously mentioned methods are single-
step methods, the Leapfrog scheme is a two-step method.
» The upwind method is given by
Uft — Uk Uk — UK, Uk, — UK

A+ i— — ~i+1 [
T h +A h 0

where AT =SAtS!, A~ =SA- S
and At =max{A,0}, A~ =min{A,0}.
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Upwinding and Other Single-Step Schemes

Exercise:
» For Q = (0, 1) write the IBVP
Vn‘ — (,()2‘/)()(7 (X, t) S Q X (0, OO)
v(0,t) =v(1,t), w(0,t)=w(1,t), te(0,00)
V(x,0) = w(x), vi(x,0)=wi(x), xeQ

as a linear hyperbolic system u; + Auy = 0 with periodic
boundary conditions and with appropriate initial conditions.

» Choose smooth data vy(x) = sin(2k7rx), k € N, and then
rough data vp(x) = (1 < x < 2), and then choose v; so
that there are waves traveling ( ) only to the right, (b) only
to the left or (¢) mirrored in both directions.

» Implement the single-step schemes above and estimate
the respective convergence rates. Report on apparent
amplitude (dissipation) and phase (dispersion) errors.
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Write new boundary conditions so that left and right traveling
waves are purely absorbed at the left and right boundaries
respectively. Implement the upwind scheme for this problem.



Consistency of Single-Step Schemes
» All the one-step methods above can be written in the form
Ut = H. (UK 1) or Un(x,t+7) = Ho(Us (-, 1); x)

» Although the L2(R) norm was useful earlier in the context
of Fourier analysis, we will now use the L'(R) norm,

—00

+o00
nwu:/‘ w(ldx, [ Us( t)llr = S UK
i

» A method is called consistent if for sufficiently smooth u
LT(X7 t) = [U(X7 t+ T) - HT(”('? t)v X)]/T

satisfies ||L(-, t)||;+ — 0, 7 — 0.
» For the Lax Friedrichs method, Taylor expansions give

L (x,t) =[u(x,t+7)— (u(x — h,t) + u(x + h,1))/2]/7
+A[u(x + h,1) — u(x — h,1)]/(2h)
= Ut + Auy + L[rug — (PP /T)ux] + O(h?)
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Stability of Single-Step Schemes
since 7/h s constant, so with u; + Auyx = 0,
L (x,t) = 37[A% — (h/7)?Nuxx + O(72)
and given that ug has compact support, so does uyx and
IL-( )l < er
» A method is called stable if VT, 3¢, 79 > 0 such that
|HKI 1 < e, Vk,7 with kr<T, and 7 <.
» For the Lax Friedrichs method with A=« > 0 and ar/h <1,
IUKF | = h>o; [UFT
< 33101 —ar/MUf,| + 331(1 +ar/hUL,
= (1 —ar/h)|U*[ + (1 + a7 /M) U%]| 1 = |U"] 1
Lax Equivalence Theorem: A consistent, linear method is
convergent if and only if it is stable.

o5 Proof: (sufficiency) Set E.(x, t) = U;(x,t) — u(x, t). With the



Lax Equivalence Theorem
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initial values consistently approximated, we have that
|E-(-,0)|[;+ — 0 as 7 — 0. Also

E-(x,t+7) = H(E(-,1); x) — Lo (X, 1)
satisfies

k
-6, = HE(E-(,0):0) = 7> HE (Lot t1)i)

=1

and hence with ||HX||+ < ¢, )

IE ol < IHEIIEC Ol + 7 I e )l
=1
e[ IEC.0)lu -+ 7 max Lot bl | 0
as7— 0. [ |

» Exercise: Show that the Lax Friedrichs scheme converges
if the CFL condition (Courant, Friedrichs, Lewy) is satisfied:

INr/hl <1, Yi=1,....m.

» Exercise: Show that the backward difference scheme
converges if (and only if) 0 < \;7/h < 1.

IN



Computing Discontinuous Solutions
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>

While wave equations are often given in differential form,
the underlying principle involves conservation of integrated
quantities, which are not necessarily pointwise smooth.

Physical waves often involve shocks, i.e., discontinuities.

For a sufficiently smooth solution to (30), the Lax
Friedrichs scheme converges as O(r), and the Lax
Wendroff scheme converges as O(72).
When (30) is solved (weakly) by a traveling shock wave,
» first-order schemes, e.g., Lax Friedrichs, typically give
smearing around discontinuities (converging as O(T%)), and
» second-order schemes, e.g., Lax Wendroff, typically give
oscillations around discontinuities (converging as 0(73)).
(figure forthcoming)
To explain this behavior, a scheme can be seen to provide
a higher order approximation of the solution to a so-called
modified equation, which depends upon discretization
parameters.



Modified Equations
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» For example, it was shown above for Lax Friedrichs that
L (x,t) = ut + Aux + 57[A% — (h/7)?Nuxx + O(72)
and hence the scheme can be viewed as providing a O(7?)
approximation of the solution to the dissipation equation

h2
Ut + Auy = Duy,, D= oo [/ - th2]

» For |T)A;/h| <1, the matrix D and the term uyy lead to
forward diffusion, which smears out shocks. Backward
diffusion results from |7);/h| > 1, which is unstable.

» Exercise: Determine the modified equation for the explicit
Euler method

Ukttt gk UK — UK

A i+1 i—1 —
T + 2h 0

and use this to explain why the method is unstable for all 7/h.




Dissipation and Dispersion
» The modified equation for the Lax Wendroff method is the
dispersion equation (verify!)
h2 7_2 5
Ut + AUX - DUXXX7 D - EA |:th - /:|

» For the case A=« > 0 and D = p, taking the Fourier
Transform of the dispersion equation gives

0t(§7 t) + 2‘5040(57 t) = M(Z§)30(57 t)v 0(57 0) = 00(5)
which is solved by
b(e. 1) = e @'ip(¢), o) = af + pe®
» Considering each frequency component separately, set
up(x) = €“** to obtain 0(¢) = v274(€ — k) and the
traveling wave solution e~*°(")! F~1[\/275(¢ — k)] or
U(X, t) — eZ(HX—C(K,)t) — ezn(X—Cp(l‘i)t)’ Cp(/ﬁ;) — C(/{)//{ =« _.l_ /J,/{
with phase velocity c,(x), the speed at which wave peaks
travel, depending upon the wave number x excited in up.

2
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Phase and Group Velocities
» A step function, such as up(x) = sign(x), has a broad

Fourier spectrum, Up(&) = +/2/7/(4€).
» For such broad spectrum data, the wave number « is
mainly visible near x = ¢y4(x)t instead of x = at, where

Cq(K) = C'(k)
is the group velocity.
» For Lax Wendroff, ¢y(x) = a + 3ux?, so higher frequency
components are dispersed more.
» Numerical errors due to dissipation and dispersion can
also be quantified with the amplification factor:

» Let Go(k,7) = pe(r, 7)€% (pe, ¢ € R) denote the single
7 step amplification factor for an exact solution with spatial
wave number «.

» Let G.(k,7) = pe(k, 7)€% (K, T) (pc, P € R) denote the
corresponding amplification factor for the computed
solution.

Relative dissipation and dispersion errors are respectively

pe(r;7)/pe(r;7) and [@e(k,T)/de(r, T)|.
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Relative Dissipation and Dispersion Errors

>

tang/2 =

S

1+4cos @

129

>

Example: With wave number « in up(x) = e, (30) is
solved exactly by u.(x, t) = e"*+wel) jff o, = —ax, SO
Ge(k,7) = €77 and u(x, t + 7) = Ge(k, T)U(xX, t).
For the upwind scheme U/™" = (1 — |r|)Uf +|r|Uf
with r = ar/h, o(a) = sign(a) and Uk = e(wxiteet),
Ge(k, ) = (1 —|r]) + |rle~"Iols7/T and UK = G.(w, T) UL
In Ge(k,7) = €7 and G.(k, ) = €“", we(r, ) and we(k, T)
are the so-called exact and computed dispersion relations.
The relative dissipation error is ;

pelr ™)/ el ™) = [1 = 41rl(1 = |r]) sin?(anT/(20)]
implying some dissipation unless |r| = 1.
The relative dispersion error is

|r|sin(kat /1)

9c(r5,7)/ 0, 7)] = tan ™ [(1 T+ 1 COS(/faT/r))} /(@)

implying no dissipation error for |r| = %, 1, while there is a
phase lag for |r| < % and a phase advance for |r| > %
Exercise: Repeat for Lax Friedrichs and Lax Wendroff.

a)




Burger’s Equation
» A scalar conservation equation often used to model
aspects of fluid flow is Burger’s Equation
us + %(UZ)X =0
which is deduced from the weak (integral) form of solution,

Xo )
/ (X, t)—u(x, t)]dt+ /t [F(xe, )~ F(x1, ]dt = 0, Vxi, xe]x[t. ]

with flux f(u) = u?/2 of the conserved quantity u.
» When Burger’s equation is written in the quasilinear form
ur+uuyx =0, u(x,0) = up(x)
the coefficient u can be viewed as the wave speed (cf. « in
(30)), and an apparently natural upwind scheme is given by

(UK — UK r + UR(UF — UK ) /h=0

assuming that UX > 0. Yet for up(x) = (x < 0), we obtain
U-(x) — up(x), = — 0, which is not a weak solution.

. » Exercise: Verify these claims.



Conservative Methods for Nonlinear Convection

» To avoid convergence to non-solutions, it is required that
numerical methods for solving u; + f(u)x = 0 can be
expressed in conservative form,

(U =Uf fr+[F(US =F(US i=1)]/h =0,  F(US ) =F({U 3] )
where F is the numerical flux function.
» The simplest and most frequently used case is (p =0, g = 1)
(U = U/ + [F(UF, Uq) = (U, UR)/h =0

» Considering the weak form of the conservation equation on
[x;_ 1 ,+1] X [t, tk11], conservative form implies naturally that

1 [l
F(UK, UK,) ~ T/ f(u(x, . )ot
ly
» An approach to upwinding forknonllnear quxes is to use

[ AU, W)~ (VU - V) 2 0
FU={ {0 1H0) - (U 1) 2o

i with generlizations for systems to be addressed later.



Consistency for Conservative Methods

» The Lax Friedrichs scheme for nonlinear systems is
(U = 3(UISy + URl/7 + [F(Uf) = (U (2h) = 0
with the corresponding numerical flux function

h 1

F(UF, Ufa) = 5 1UF = Ufal + SIAUR) + F(UR))

» A conservative scheme is said to be consistent if the
numerical flux function is Lipschitz continuous and satisfies
F(u,u,...,u) = f(u). (So fis necessarily Lipschitz.)

» Exercise: Show that the upwind and Lax Friedrichs schemes
are consistent. Also discuss a nonlinear Lax Wendroff scheme.

Theorem: (Lax Wendroff) Choose grid parameters 7, — 0 and

hy — 0as | — . Let U(x, t) be given on the /-th grid by a

conservative scheme which is consistent with u; + f(u)x = 0.

Suppose U, converges with bounded variation in L . to u, i.e.,

VQ = (X1,X2) X (t1,t2) CRx [0,00), ||U/ — u”U(Q) — 0, | — oo,

and VT > 0, 3c > 0 such that TV(U(, t)) < c, ¥Vt € [0, T], VI.
135 Then uis a weak solution to the conservation equation.



Lax Wendroff Theorem
Proof: A weak solution u can characterized equivalently by

/ / e oxf(u)axat = — [ o(x, 0)uo(x,0)dx, Ve € C(Rx[0, )

— 00

For such a ¢ multiply the scheme by ¢(x;, t) to obtain
o0, 1)U = Uf1/7 + o, t)[F(US; 1) = F(US;i=1)]/h =0
and sum over all i and k > 0,

oo +4oo oo +o0o )
¢X/7tk + (Z5X,,tk ) F(Uk’l_1):O.
> 2. PIPIL P

k=0 i=—0 k=0 i=—0

After summation by parts, i.e.,

m—1

m
aj(b;j — bi_1) = ambm — a1bg — Z(ai+1 — ap)b,
i=1 i=1

we obtain the following, using the compact support of ¢, i.e.,
125 @(xi, t) = 0 for |i] or k sufficiently large,



Lax Wendroff Theorem

oo 400
X, 4 o(Xi, tk—
—Z¢Xn YO /7 — ZZ¢IK /k1)U’_k
i=—o00 k=1i=—o0
oo 400 )
Z Z ¢XI+1atk ¢(Xlatn)F(Uk;i):0
k=0 i=—o00

where each sum is finite, owing to the compact support of ¢.
Multiplying by h and rearranging gives

oo +oo

Y S ( (% t) ¢(x,-,tk_1)>uik
k=1i=—00
oo +4oo
+hr 30N ( (Xi1, b) ¢(Xi,fk)> F(UX: i)
k=0 i=—0o0 .
—h Z ¢(X1a

Due to the convergence in L]  of U and the smoothness of ¢,
134 the first and last terms converge respectively to



Lax Wendroff Theorem
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J5Z J72° de(x, Hu(x, t)dxdt
and
— [T de(x, t)u(x, 0)dx
as | — oo. For the remaining term in the last equation note

F(US i) = f(U)) < L max |U,— UK -0, ae [—oc
i i—J i
—-p<j<q

where the first inequality follows from consistency and the
convergence follows from bounded variation. Thus, F(U¥; /)
above can be approximated by f(U,f‘ ) with errors that vanish
uniformly a.e. Similarly, due to Lipschitz continuity of f,

[F(UF) = f(uf)] < LIUf — uf

a difference which converges to 0 in L] . Thus, F(U¥; i) above
can actually be approximated by f(u,k) with errors that vanish
uniformly. The resulting term converges to

Jo2 J72° dx(x, t)f(u(x, t))dxdlt

as | — oo. [ |



Vanishing Viscosity Solutions

» Weak solutions to conservation equations u; + f(u)x =0
are typically not unique.

» A weak solution is regarded as correct when it corresponds
to a vanishing viscosity solution, i.e., lim._,o u¢ where

ui + f(U)x = elxx

» A vanishing viscosity solution can be characterized more
conveniently as an entropy solution, one which is either
smooth or else exhibits shocks with the property that
characteristics never emerge from but rather always run
into space-time discontinuities.

» Examples: Entropy (vanishing viscosity) solutions to
Burger’s equation are given by

u(x, t) = —sign(x), up(x) = —sign(x) (shock)

and (figure forthcoming)

-1, x< -t
ux,t)=«¢ x/t, —t<x<t u(x)=sign(x) (rarefaction)
136 +1, t<x



Entropy Solutions to Conservation Equations

» In the second case above, a weak solution which is not an
entropy solution is given by

u(x,t) =sign(x), up(x) =sign(x) (shock)

» Exercise: Verify these claims.

» Exercise: For initial data U = (i > 0) — (i < 0), show that
the nonlinear upwind scheme converges to the entropy
violating shock above.

» Exercise: For initial data given by cell averages of
up(x) = sign(x), show that with h = 27 the nonlinear
upwind scheme

» converges to the correct rarefaction wave for r, = 1/(2/) as
| — oo,

» converges to the entropy violating shock for 7, = 1/(2/+ 1)
as | — oo,

» diverges for , =1/l as | — cc.
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Roe’s Approximate Riemann Solver

138

» A Riemann Solver for a conservation equation

us + f(u)x = 0 is one in which a weak solution is
approximated in the time interval [fx, fx.1] using the exact
solution for piecewise constant data, (Riemann problems)

ux,tx) = U, xe (X1 %;41)
The solution can be computed exactly over a short time
interval, and then cell averages may be recomputed.
This is the essence of Godunov’s Method, but exact
Riemann solvers can be expensive.
The idea of Roe’s Approximate Riemann Solver is to solve
a constant coefficient linear hyperbolic system at every cell
interface,

us + A(uy, ur)ux =0

where the matrix A(u;, u;) depends upon left and right
states u and u; at the interface.



Roe’s Approximate Riemann Solver
» Roe requires the following conditions on A(u, u;):
1. A(w, u)(u — u) = f(w) — (),
2. A(u, u;) is diagonalizable with real eigenvalues,
3. Alu, u) — f'(u), u, U — u.
» The associated numerical flux function is given by

F(w, ur) = [f(u) + f(w)]/2 — [Alw, u) (U — u) /2

where At =SAtS™!, A~ =SA- ST,
A= At — A= =S|AIS7!, A=At =A™
and AT =max{A,0}, A~ =min{A,0}.

» In some cases one may take A(uj, Ur) = f'(Uaye), Where Uy
is a certain average of y; and u;, difficult to implement in
practice. Yet, a Roe matrix can be shown to exist for certain
applications, e.g., scalar equations and Euler equations.

» For a scalar conservation equation, u; + f(u)x = 0,

A(u, u) = a(u, ) is given uniquely by

a(u, w) = [f(u) — f(w)]/[u: — u]
139



Code to Solve Burger’'s Equation

» Matlab code to solve Burger's Equation with Roe’s scheme:
N1 = N+1; N2 = N+2; dx = 1/N1;
dt = dx/10; K = round(1l/dt); T = Kxdt; r = dt/dx;
X linspace(-1,+1,N2); u =
for k=1:K

f =u."2/2;

ul = u(l:N1); f1 = £(1:N1);

ur = u(2:N2); fr = £(2:N2);

df = fr-fl; du = ur-ul;

0.5%xsign(x); uv = u;

a = df.x(du "= 0)./(du + (du == 0));
F = (f1 + fr)/2 - abs(a).*du/2;

dfFFf = [0,F(2:N1)-F(1:N),0];

u = u — r=*=dF;

u(l) = u(l) - rx(a(l) < 0)xdf(l);

u(N2) = u(N2)
plot (x,u); uv

r*(a(N1) > 0)=xdf(N1);
[uv;ul;

end
140 contour (uv,’Fill’,’on’);



Roe Matrix for Isothermal Flow

» The Euler equations for inviscid flow in one spatial
dimension (e.g., in a pipe) are given by:

mass conservation: pt+ (pv)x = 0

momentum conservation:  (pv)+ (pv2 +p)x = O

energy conservation: Ei+(V(E+p)x = 0

where the pressure is determined by an equation of state
p= p(ﬂv v, E)

» If the temperature is constant, the energy E can be determined
from the density p and the velocity v without solving the energy
conservation equation. The equation of state reduces to
p = @ p where ais the sound speed. The Euler equations

reduce to y
_ _| P _ p
wtw=0 w=| 1] =] 2" ]
» Exercise: Use the following Roe matrix to solve this system.

0 1] vy

Alur, tr) = [ 72 o 2 12
» & —v? 2v o2 4 ol



Convection Diffusion Equation

» Previous techniques for conservation equations are now
applied to solve the convection diffusion PDE in Q = (0, 1)?,

HU+V-(au) = V-(kVU)+¢ in Qx(0,T]

u = g, on 09 x [0, T]
Onu = 0o, on 0% x [0, T]
u = U, in  Qx{0}

where 9Q = 0Q1 U9, a: Q - R?and x : Q — R

» For compatibility it must be that up|so, = g1 and
8nU0‘6Q2 = 0> hold.

» Without loss of generality we may assume that g» = 0.
Otherwise, we could shift this boundary condition to the
interior as follows:

» Define a sufficiently smooth function v satisfying
OnVlagn, = 92, €.9., V = U if go is independent of t.

» Solve the convection diffusion PDE for w = u — v replacing
(@) pwithp + V- (kVV) =V - (av) — v, (b) g1 with g1 — v
and (c) up with vy — v.

4o » Take u = w + v to solve the original problem.



Convection Diffusion Equation
» ForNeNand h=1/(N+1) set

Qn={(x.y): x=ihy=jh0<ij<N+1}

andforK e Nand 7= T/Ksetty = kt,0 < k < K.
» The exact solution u}j‘- = u(x;, yj, tx) to the PDE is

approximated with UK ~ uff written as Uf = {Uf}V 10,
» The diffusivity is evaluated at midpoints (x + %ih,y + %jh),

li| + |j| = 1, between grid points (x, y) € Qp,

, N,N+1 Ny N+H1LN

knx = {K(X; + %’hvyj)}izo,j:o’ kny = {K(X;, yj + %/h)}i:o,jzo
» Let D(V) denote a diagonal matrix with the values of the

vector V along the diagonal.
» Using Dy x and Dy, for Neumann boundary conditions

from [76], the diffusion term is approximated by

—V - (kVU) ~ Ap, U, Anx = Dy D(sinx)Dnx + DpyD(kny)Dny
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Convection Diffusion Equation

» For a = (a1, ap) set f(u) = aqu and g(u) = apu or

k
FI+27]

Gk
7j+2

144

au = (f(u),g(u)). The convection is approximated using
upwinding, (us + f(u)x + g(u)y)ij =

Gk

Fk k Gk
Ij—3

_ |Jk o —Ff
Us; n i+3d =% ij+%
T h h

where the numerical flux functions for f and g are given
respectively by

k+1

k k Uk, — Uk, k Kk
Rtk y Ge T VI i1y~ i
2 i+3 ) v Gitdj T Uk, — Uk,
I+27/ I_§7/
K K
k AT LS k k
Gt 9/,/ U iy -} a 9ij+1 — 9ij
2 7/+ 2 ’ I7j+§ Uk 1 - Uk 1
l7j+§ 171_7



Convection Diffusion Equation
» Define the numerical flux vectors

,:I-Jrlj—Fiilj, O<i<N+1
27 27 B
0Ff = (a1, <0)(frj—fo,), i=0
(aN%J >0 (fN+1,j — fN,j)a i=N+1
G,j+ G,j O0<j<N+1
§GE = (31<0)(gz1—g/o) j=0

(@nsz > O)(Gintt — gin)s = N+1

Assume UK = g¥ holds on 9Q p.

Let US " be chosen to satisfy Uft! = gt on 0Q p.
Define xu(x,y) = ((x,y) & 094 p) as the characteristic
function for Q,\9Q4 p.

Apply the semi-implicit scheme with r = 7/h,

[H7D(xp)Anc U = D(xp) UK —rd Ff —rs GE+D(1—xn) UL

> Note that U™ = g™ necessarily holds on 994 .

v

v

v

v
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Code to Solve Convection Diffusion PDE
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N1l =
dx =
r =
ax =
kx =
u =

DO =
D1
Dx
A

+

N+1; N2 = N+2;

1/N1; dt = dx/1
dt/dx; y = lins
1.0et0xones (N2,N2); ay = 1.0et0Oxones (N2,N2);
1.0e-2+xones (N1,N2); ky = 1.0e-2+ones (N2,N1);

speye (N2); bcs
spdiags (kron([-1,1],0ones(N2,1)),[0,1],N1,N2);
kron (DO, D1) /dx;
Dx’ xspdiags (kx(:),0,NIN2,NIN2) *Dx
Dy’ xspdiags (ky(:),0,N1IN2,N1IN2) «Dy; A(bcs, :)=0;
for k=1:K

ul = u(l:N1,:); ur

f = ax.x*u;

f1 = £(1:N1,:); fr
a = df.x(du "= 0)
F = (f1 + fr)/2 -

NIN2 = N1xN2; N2N2 = N2xN2;
0; K = round(1/dt); T = Kxdt;
pace(0,1,N2); x = y’; dy = dx;

[ones (1,N2);zeros(N1,N2)]; u0O = u(:); U = ul;

= 1:N2:N2N2;

Dy = kron (D1,DO0)/dy;

= u(2:N2,:); du = ur - ul;

= f(2:N2,:); df = fr - f1;
./ (du + (du == 0));
abs (a) .xdu/2;



Code to Solve Convection Diffusion PDE

dFf = [(a(l,:)<0).+«df (1, :);
F(2:N1,:)-F(1:N,:); ..
(a(N1,:)>0) .«df(N1,:)]; dF = dF (:);

ul = u(:,1:N1); ur = u(:,2:N2); du = ur - ul;

g = ay.*u;
gl = g(:,1:N1); gr = g(:,2:N2); dg = gr - gl;
a = dg.*(du "= 0)./(du + (du == 0));
G = (gl + gr)/2 - abs(a).*xdu/2;
dG = [(a(:,1)<0).*dg(:,1),
G(: 2 N1)-G(:,1:N), -
(a(:,N1)>0).*dg(:,N1)]; dG = dG(:);
dF (bcs) = O; dG(bcs) = 0; dU = U — r*=dF - r*dG;
U = (speye(N2N2) + dt=*A) \ d
u = reshape (U,N2,N2); surf(x y,u);
end

Exercise: Implement convection as above and also with central
147 differences and compare.



Function Spaces for Elliptic PDEs

» Let Q Cc R”, ne€ N, be open.

» The Lebesgue Spaces LP(2) are Banach spaces
consisting of (equivalence classes of) Lebesgue
measurable functions (differing at most on a set of
measure 0) with finite norm,

1
P
llincay = ( / |f(x>|pdx) 1<p<oo |flliq = esssup f(x)|
Q XeN
» These satisfy Hélder’s Inequality,

119ll1 ) < Ifle@llgllay. P ' +aq =1, p>aq.
So for bounded (2 it follows that LP(Q2) — L9(2), p > q.
» Also, L} (Q) = Nkccal (K).
» For p =2, L?(Q) is a Hilbert space with the scalar product,

(f,9) 2 / f(x)g(x)dx
and for p = g = 2, Hélder’s Inequality gives the

s Cauchy-Schwarz Inequality.



Lebesgue and Holder Spaces
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» The Hélder Spaces CX(Q2) are Banach spaces consisting of

functions whose partial derivatives 9“u, |a| < k, are
continuous on Q with finite norm,

[Ullek@) = Z sup [0“u(

| ‘<kX€

CE(Q) is the subspace of C¥(92) consisting of functions with
support K, Ky = {x € Q: u(x) # 0}, satisfying K, cc Q.

» CK(Q) is the restriction to Q of functions in C&(R™).
> Also C5°(9) = NisoCh ().
» A function u € L]

1oc(2) has an a-th weak derivative

ve Ll (Q)inQ,written v = 0, if

loc

/u(x)c‘)%( x)dx = (— |a/ v(x)p(x)dx, Yo e CK(Q)
Q

Example: u(x) = |x| has the weak derivative
v(x) = sign(x) in Q@ = (—1,+1), but v does not have a
weak derivative in Q.



Weak Derivatives and Sobolev Spaces

» The Sobolev Space WkP(Q), k € Ny, 1 < p < oo, are
Banach Spaces consisting of functions whose weak

derivatives 0“u, |a| < k, are in LP(Q2) with finite norm,
1

P
lullweogey = ( > Haaunm)) ey = D 107Ul g
|| <k o] <k
» One also uses the semi- norms,

p
oy = (3 10%0lEgy ) Tulwneiey = X 107Ul
|a|=kK la|=k

» An alternative definition of the Sobolev Space H*P(Q),
k € Ny, 1 < p < o0, is given by the completion of C>(Q)
with respect to the W*P(Q) norm above.

» Yet for 9Q sufficiently smooth, WkP(Q) = HfP(Q) |

» Here it will always be assumed that 012 is Lipschitz
continuous, which is sufficient to insure that:

» C>(Q) is dense (in H*P(Q) by definition and hence) in

. WHP(Q) for k € Ny, 1 < p < .



Sobolev Embeddings

» For1 < p,q < oo and 2 C R" open and bounded with
Lipschitz 012, the following embeddings are continuous

{ L9(Q), p<n/k, p<q<np/(n-p)
WEP(Q) = L9Q), p=n/k, p<q<np/(n-p)
C%(Q), p>n/k

» and the following embeddings are compact

: L9(Q), p<n/k, 1<q<(n-pk)/(np)
WHP(Q) < { C(Q). p> n/k

In particular, the embedding WkP(Q) — WK-1P(Q) is
compact Vk € N, Vp € [1, xq].
» ForQ; cR",i=0,...,N, N € N, open and bounded with
Lipschitz 9Q; such that ;N Q; = 0, Q = Qo = UM, Q, the
following holds Yk € N, Vp € [1, o],
{veck(Q): vlg, € Ck(Q),1 <i< N} c WKP(Q)
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Traces

» Let Q C R" be open and bounded with Lipschitz 9Q. Set
keNp,1<p<oo,kp<nand1<qg<(n—1)p/(n— kp).
Let T be a linear operator satisfying To = ®|oq for
¢ € CK(Q).

» Then T has a unique extention to a bounded linear operator
T : WKP(Q) — L9(0R), and 3¢ = ¢(p, Q) > 0 such that

[ Tf||Laa) < Clifllwrp)y, V€ WHP(Q)

» If kp = n holds, then the estimate holds for any p < g < .
» Thus, one defines the subspace,

WP(Q) = {f e WKP(Q) : Tof = 0 € LI(9Q), || < k — 1}

or equivalently Hg’p(Q) (= WXP(Q)) as the completion of
Cg°(€2) with respect to the W™ P(€2) norm.

» Thus C5°(R2) is dense in the subspace.

» For the following let P, denote the set of polynomials of

degree at most k.
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Poincaré’s Inequality
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Theorem (Poincaré): Let 2 ¢ R” be open and bounded with
Lipschitz 0Q. Let k e Nand 1 < p < oo. Then 3¢ = ¢(2) > 0

such that ‘s
||fHWk7P(Q) < C|f|Wk,p(Q), Vf € WO’ (Q)

Proof: Assume for the sake of contradiction, 3{f} C Wé"p(Q)
such that [£] ey /il wie@) = 0. Define f; = /(| wpq)
so that [|fi[| wxr(q) Y 1 while | filwrn(q) =% 0. Since {fi} is
bounded in WkP(Q) and WkP(Q) is compactly embedded in
WH=1P(Q), there is a subsequence {f} which converges
strongly in We~"P(Q) to a limit f* € Wx~ "P(Q). Yet since

i"—00

filwre) — O, the subsequence {f;} is actually Cauchy in
WLP(Q), meaning that f* € WEP(Q). Since

‘f*’Wk,p(Q) =limy_ o ‘fi’|Wk,p(Q) = 0, it must be that 9%f* = 0, Va
with |a| = k, or that f* € Px_4. Yet since To*f* = 0 on 0% for
la] < k —1, it must be that f* = 0. However, this contradicts

1P T wrne) = iMoo [fi | whe(q) = 1- u



Poincaré’s Inequality
> One writes H¥(Q) = W*2(Q), HS(Q) = We3(Q), k € N.
These are equipped respectively with the scalar products,
(F, Drry = Y (0°F,0°9)12(q2), (£: Dhr) = > (07F,09) 120
|| <k lal=k
and, based upon Poincaré’s inequality, the associated norms

1Fll ey = (F, f)Hk(Q), 1l @) = ) = (f, f)Hk(Q)

» Exercise: Show that the scalar product
(YU, VV) 2 + (U, V) 290 induces a norm on H'(R2).

» The dual of H4(Q) (i.e., the bounded linear functionals on
HE(R)) is denoted by H=%(Q) = (H())* equipped with
the (operator) norm,

f()
1l H-+() ¢€H§(UP¢¢O Bl
where f(¢) = (f,¢)y- K(Q).HE(9) is the dualltypa/rmg

» Note (HX(Q))* = span{0°T; : |a| < k, T € C(Q)*, f € L3(Q)},

- where f is an actual function. Not so for (H"(Q)) .



Weak Formulation of Elliptic BVPs

» The strong form (implicitly requiring strong regularity) of a
typical elliptic PDE is

{Lu = f, inQ

Bu = g, onoQ (34)

where Q C R” is open and bounded with Lipschitz 9Q and
Lu(x) = =V - [A(X)Vu(x)] + ¢ (X)Vu(x) + r(x)u(x)

for given A = {a;}],_y, c = {bi}_;, r, f and g, sufficiently
smooth functions on Q.
» Also, typical boundary conditions are given by

Bu(x) = a1(x)n" A(X)Vu(x) + ao(x)u(x)

for given o4 and oy, sufficiently smooth functions on 09.
» Here o1 = 0 gives pure Dirichlet BCs, oy = 0 gives pure

Neumann BCs, and o1, 09 > 0 gives Robin BCs.
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Weak Formulation of Elliptic BVPs
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» The problem is elliptic if 3o > 0 such that

ETAX)E>aeTe, VEER", YxeqQ.

Assuming all functions are sulfficiently smooth, we multiply
the PDE by a sufficiently smooth test function v and
integrate by parts to obtain

(AVU, VV) 20y + (€T VU, V) 20y + (U, V) 12(q)
= (f, V)LZ(Q) + <nTAVu, V>L2(8Q)

where nis an outwardly directed normal vector.

Note that this weak formulation requires considerably less
regularity of coefficients and data than the strong
formulation.

Define the functional on H'(Q) x H'(Q) from the weak
formulation above,

a(u,v) = (AVU, VV)2(q) + (€T VU, V) 2(q) + (1U, V) 20

which can readily be shown to be bilinear.



Weak Formulation of Elliptic BVPs

» Dirichlet BCs: For simplicity, assume first that g = 0. The
weak formulation of the BVP, with Bu = u = 0 in the trace
sense, is given as follows. Find u € HI(£2) such that

a(u,v) = b(v), Vve H}(Q)
where b(v) = (f, v). Note that the above term (nT AVu, v)
vanishes since Tv = 0.

» Dirichlet BCs: For the case that g # 0, let uy € H'(Q) be
chosen to satisfy Tuy = g. (Existence of ug follows when g
and 922 have enough regularity.) Then seek a function &
(= u — ug) € H}(Q) such that

a(t,v) = b(v), Vve H(Q)
where b(v) = (f,v) — a(ug, v) and set u = U + ug.

» Neumann BCs: The weak formulation of the BVP, with
Bu = nTAVu = g, is given as follows. Find u € H'(Q)
such that

a(u,v) = b(v), YveH(Q)
where b(v) = (f,v) + (g, v). Note that the term
157 (nT AVu, v) has been replace by (g, v).



Lax Milgram Theorem
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» Robin BCs: The weak formulation of the BVP, with
Bu = n"AVu + ogu = g, is given as follows. Find
u € H'(Q) such that with &(u, v) = a(u, v) + (oou, v) and
b(v) = (f,v) + (g, v),
a(u,v) = b(v), VYveH(Q)
» These problems can be shown with the following theorem
to have possess a unique solution.

Theorem (Lax Milgram): Let a Hilbert space H, a bilinear form
a: Hx H— Rand a linear functional b : H — R be given
satisfying the conditions of cercivity,

Jdor >0: vl <a(v,v), VveH
and continuity
dcz,03 >0 a(u,v) < cellullnlvlin,  b(v) < csl|vllH, Vu,veH.
Then Jlu € H such that

a(u,v)=b(v), vveH

and
crllullg < supyep [B(V)|/[IVIIH- u



Lax Milgram Theorem

» In particular, we have the following results for the
previously outlined BVPs.

Theorem: Suppose aj, ¢;, r € L*°(Q) and that A = {a;}
satisfies the ellipticity condition with o > 0. Suppose f € L2(Q)
and g € L?(99) and set 3 = a~ " 3, 1|63 - Then

1. Dirichlet BCs: For g = 0, 3'u € H}(Q) solving the BVP if
r(x) > /2, a.e. x € Q. Also, 3C > 0 s.t. ||ul[1(q) < Cllf|l2(q)-
If g # 0, 3'u € H'(Q) solving the BVP and 3C > 0 s.t.
Ul @) < Clllfllz) + 191l 200)]-
2. Neumann BCs: 3lu € H'(Q) solving the BVP if r(x) > /2,
a.e. x € Q. Also, 3C > 0O s.t.
Ul @) < Clllfllz) + 191l 2a0)]-
3. Robin BCs: 3!lu € H'(Q) solving the BVP if r(x) > 3/2,
a.e. x € Qandif op(x) > 0, a.e. x € 9Q. Also, 3C > 0 s.t.

. Ul @) < Clllfllz@) + 191l 2a0)]-



Regularity of Weak Solutions to Elliptic BVPs
Proof: Exercise with analysis estimates.

Theorem (higher regularity): For k € N let Q C R”",

0Q € CKHI(R1), a5 € CK(Q), ¢, r € WK>°(Q) and f € HX(Q).
Then the solution to the Dirichlet BVP (g = 0) satisfies

u e H2(Q) N H}(Q2) and 3C > 0 s.t.

[ullperziy < Clllfllpx) + lullpr@)l-

Theorem (higher regularity): Let Q be a convex polygon in R?
or a parallelpiped in R3. Suppose a; € C'(Q) and ¢;, r € C°(Q)
and f € L?(Q). Then the solution to the Dirichlet BVP (g = 0)
satisfies u € H?(Q) N H}(R2) and 3C > 0 s.t.

ulle@) < Clifll 2e)-

Note: The last theorem is particularly applicable for the
problems posed earlier on a square.
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Function Spaces for Evolution Equations
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» Let T > 0 and suppose B is a Banach space equipped with

the norm || - ||g. Typically, B will be a Hilbert space such as
H = L2(Q) or V = H}(Q), where Q C R", n € N, is open.
For k € N define the Hélder Space C¥(0, T; B) as the
space of B-valued functions which are k times
continuously differentiable for t € [0, T]. Then CX(0, T; B) is
a Banach space equipped with the norm,
k
lullexo,my = Y, sup |dhu(t)]s
j=1 te[0,T]

For 1 < p < oo define the Bochner Space LP(0, t; B) as the
space of B-valued functions u(t) for which t — ||u(t)||g is in
LP(0, T). Then LP(0, t; B) is a Banach space equipped with
the norm,

T P
Ul oo, 7:8) = (/ \u(t)H‘;dt> ; lull=(o,7;8) = esssup [lu(t)| s
0 te[0,T]



Function Spaces for Evolution Equations
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» For1 < p < oo and k € N define the Sobolev Space

W*P(0, T; B) as the space of B-valued functions u(t) with

weak derivatives du(t), 1 < j < k, for which t — ||}u(t)||s
isin LP(0, T). Then Wk?(0, T; B) is a Banach space

equipped with the norm, B

lullwrno,7:8) = ZH@’U )Me(0,7:8)

j=
More generally, for 1 < p < o and two reflexive Banach
spaces By, By with continuous embedding By — B and
1/p+1/g=1, set

W'P(By, By) = {v € LP(0, T; By) : &yv € LI(0, T; By)},
which is a Banach spaced equipped with the norm,
ullwieesy,8) = lIUlle(0,7:80) + |0tUllLa(0,T:8,)

Let V be a reflexive Banach space, e.g., V = HS(Q), which
is continuously and densely embedded into a Hilbert space
H, e.g., H = L2(R). Identify H* with H using the Riesz



Function Spaces for Evolution Equations

representation theorem. Then H* is continuously and
densely embedded into V*, e.g., H*1(Q). Summarized,

Vs H=H < V*
and (V, H, V*) is a Gelfand triple.

» Let1 < p < oo and suppose (V, H, V*) is a Gelfand triple.
Then the embedding

WP(V, V*) < C(0, T; H)

is continuous. Thus, u € W'P(V, V*) has well-defined
traces u(0),u(T) € H.
» If (V, H, V*) is an Gelfand triple, then Vu, v € W''P(V, V*),

8t(u(t), V(t))H = <8tu(t), V(t)>\/*7\/+<atV(t), U(t)>v*7\/ ae. te (0, T)
and hence the partial integration formula holds,

Jo@eu(t),v(t)) v- vat=(u(T),v(T))n—(u(0),v(0)) - f0T<6tv(t),u((t)> ;/*,th
35
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Weak Formulation of Parabolic IBVPs
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» The strong form (implicitly requiring strong regularity) of a

typical parabolic PDE is

u = Lu, inQx(0,T]
Bu = g, onoQx][0,T] (36)
u = U, IinQx{0}

where T € (0,00), 2 C R" is open and bounded with
Lipschitz 9Q and Lu is given as for (34).

The normed linear space of continous (bounded) linear
operators mapping X into Y is £(X,Y) (or L(X) for X = Y)
equipped with the operator norm || - || x,y (or || - || x)-

The solution operator S(t) for the IBVP above is roughly
exp(Lt) and it satisfies the following properties.

Def: A contraction semigroup on a Hilbert space H is a family
of operators {S(f)}+~0 C L(H) satisfying:

a. |S(t)y <1, b.S(t+r7)=S(t)S(r),t,7 >0,
c. S(0)=1,  d. S(t)ue ([0, 0), H),Yu € H.



Lumer Philips Theorem
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» Differentiation gives formally D;S(t) = D;exp(Lt) — L,
t— 0.
Def: The generator of a contraction semigroup is an operator L
with domain
Dom(L) = {u € H: D;S(t)ul=o exists in H}
and value Lu = D;S(t)u|t—o-
» For S(t) = exp(Lt) to exist for t > 0, the generator L should
be a negative operator:

Def: An operator L € £(Dom(L), H) is dissipative if
R(Lu,u)y <0, Vu € Dom(L).

Theorem (Lumer Phillips): Given a Hilbert space H with
subspace Dom(L), an operator L € £(Dom(L), H) generates a
contraction semigroup if and only if

» L is dissipative,
» L — M\l is surjective YA > 0.



Existence of Semigroups and Weak Solutions
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Def: The Cauchy problem

u'(t) = Lu(t), u(0) = uo
has a classical solution u € C([0, ), H)) N C'((0, 00), H) if it
satisfies the IVP and u(t) € Dom(L), Vt > 0.

Def: A function u € L?([0, oc), H) is a weak solution to the
Cauchy problem (unique) if
— Jo (U, bt + L*¢)pdt = (o, 9(0))n, Vo € C3°(R,Dom(L*))

Def: A function u € C([0, o0), H) is a mild solution to the Cauchy
problem (also a weak solution) if
fo s)ds € Dom(L) and Lfo s)ds = u(t) — up.

Def: A function u(t) = S(t)up is a strong solution to the Cauchy
problem if up € Dom(L).

Theorem: Given a Hilbert space H with subspace Dom(L), and
operator L € £(Dom(L), H) generates a contraction semigroup
S(t) if and only if Yug € H, there exists a mild (and weak)
solution u(t) to the Cauchy problem, and u(t) = S(t)up.



Weak Formulation of Hyperbolic IBVPs
» Consider (36) with Bu = u, g = 0.

>

| 4

>

>

Take H = L2(Q).

Set Dom(L) = H3(Q) N H} ().

(Lu, u)2(q) = —a(u,u) <0, Yu € Dom(L), so Lis
dissipative.

vVfe H,vA>0,3lue Dom(L)st. \u—Lu="f,soL
satisfies the range condition.

By the Lumer Philips Theorem, L generates a contraction
semigroup S(f).

By the last theorem, u(t) = S(t)uo is a mild (weak) solution
to the Cauchy problem, u/(t) = Lu(t), u(0) = up.

» Similarly, consider the typical hyperbolic problem,

ur = Lu, inQx(0,T]

Bu = g, onoQx]|0,T]
u = Uy, inQx{0}

u = ug, inQx{0}

where T € (0,00), 2 C R is open and bounded with
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Lipschitz 0Q and Lu is given as for (34).



Weak Formulation of Hyperbolic IBVPs

» To establish a semigroup to solve this problem, it is
rewritten in first order form,

U =LU, BUyg=G, U(0)= Uy

- (2): e (2 ). w2 2): o= (2). w(2)

» Consider this problem with Bu = u, g = 0.

» Take H = H{(Q) x L3(Q), (U, V)u = a(us, v1) + (U2, V).

» Set Dom(L) = H?(Q) N HI(2) and Dom(£) = Dom(L) x HJ(<).

> (LU, U)m(o)xiz(e) = alur, ) + (U2, Luy) = 0, YU € Dom(£),
so L is dissipative.

» VF e H,VA >0, 3'U e Dom(L) s.t. A\uy — U2 = f; and
Ao — Luy = hor \U — LU = F, so L satisfies the range
condition.

» By the Lumer Philips Theorem, £ generates a contraction
semigroup S(t).

» By the last theorem, U(t) = S(f)Uy is a mild solution to the

- Cauchy problem, U'(t) = LU(t), U(0) = Up.



Weak Formulation, Non-Autonomous Parabolic PDEs
» Suppose now for the IBVP,
u = Lu+f, inQx(0,T]
Bu = g, on 99 x [0, T] (37)

u = U, in Q x {0}
that

Lu(x,t) = =V-[A(x, ) Vu(x, ]+ (x, ) Vu(x, ) +r(x, Hu(x, 1)
for A={aj(x,t)};_, ¢ = {ci(x, )}y, r(x, t), f(x, t) and

g(x, ), sufficiently smooth functions on Q x [0, T].
» Suppose that A is uniformly elliptic, i.e., 3a > 0 such that

ETAX DE> alTE, VEER", YxeQ, Vtelo,T].
» Analogous to (34), for each t € [0, T], define the
continuous bilinear form on H'(Q) x H'(Q),
a(t; u,v) = (A()Vu, Vv)2iq)+(c(t) VU, V) 12(q)+(r(t)U, V) 2()

for Dirichlet or Neumann BCs, and set

. a(t,u,v) = a(t; u,v) + (oo(t)u, v) for Robin BCs.



Weak Formulation, Non-Autonomous Parabolic PDEs

» For each t € [0, T] define the continuous linear form on
H'(Q) by b(t; v) = (f(t), v) for Dirichlet BCs, and by
b(t; v) = (f(t),v) + (g(t), v) for Neumann and Robin BCs.

» As explained in relation to (34), the underlying space V in
which solution values are sought depends upon the BCs,
and typically V = H}(Q) or V = H'(Q).

» For simplicity, assume ug = 0. Otherwise, (a) let v be a
sufficiently smooth function satisfying v(0) = wp, (b) solve
(37) for w = u — v replacing f by f — 9;v + Lv and (c) take
u = w + v to solve the original problem.

» Using the partial integration formula (35), we seek a weak
solution to (37) as u € {v € W'2(V, V*): v(0) = 0} such
that

T T
/0 [Ou(t), V(D) vy + alt: u(t), v(D))] dt = /0 b(t: v(1))dt
Vv e L3(0,T; V)
(38)
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Banach-Necas-Babuska Theorem

» This notion of weak solution is stronger than previously
since time derivatives and temporal traces appear explicitly
in the formulation. Existence is guaranteed by the
following.

Theorem (Banach-NecCas-Babuska): Assume
at;-,-) : V x V — R satisfies:

» t+— a(t,u,v)is measurable Vu,v € V.

» dcy > 0 such that

a(t,u,v) > cy|ul3, ae. te(0,T), YueV.
» dco > 0 such that
a(tu,v) < callulvlvlv, ae te(0,T), VuveV.

Then (38) has a unique solution
ue{ve W'V, Vv*): v(0) =0} satisfying

||u||W12VV*)<— sup /btv
1VGLZOTV
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Finite Element Methods for Elliptic Problems

» We seek an approximation to the solution to (34), more
precisely, to a weak solution u € V, where the Hilbert
space V depends upon BCs, e.g., V = H} () for Dirichlet
BCs and V = H'(Q) for Neumann or Robin BCs.

» Given a continuous bilinear functional a: V x V — R and a
continuous linear functional b: V — R, we seekau e V
such that

a(u,v)=b(v), vveV (39)

» Suppose the following inequalities hold Vu,v € V,

cillully < a(u,u), la(u,v)| < clullviviv, [b(v) < cslvily
(40)
By the Lax Milgram Theorem, 3lu € V satisfying (39).
» For the conforming Galerkin approach, choose a
finite-dimensional V}, C V and seek uj € V), satisfying

a(up, v) = b(vy), Yv,e V, (41)
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Céa’s Lemma
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» Since V,, C Vis a closed subspace, V}, is a Hilbert space
equipped with (-,-)y. Furthermore, the estimates (40) hold
on V, x Vj, and Vj, too. Thus, by the Lax Milgram Theorem,
Jlup € Vy, satisfying (41).

» Since V}, is finite-dimensional, it has a basis {®;}. The solution
up = ; Uj®; to (41) satisfies the system 3 _; uja(®j, ;) = b(®)),
solved uniquely as K = {a(®;, ®;)} is invertible. (Exercise)

Lemma (Céa): Let up, solve (41) for V,, ¢ V and let u solve
(39), where a and b satisfy (40). Then
Co .
- < = inf [ju—
|u—unlly < o |u— vallv

Proof: Since V,, C V, a(u — up, vy) = 0 holds Yvj, € V. In
particular, a(u — up, vy — up) = 0 for any v, € V},. So using (40),

cillu — unll, < a(u — up, u— up)

= a(u — up,u—vp) +alu— up, v — Up)=o < Co||U — upl|v||u— vpllv

Dividing by ||u — up||v and taking the inf over v € V}, gives the
claimed result. [ |



Ritz-Galerkin Approximation
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>

An estimation of the inf is given by approximation
properties to be discussed later.

If ais symmetric, u satisfies (39) iff u minimizes

J(v) = Ja(v,v) — b(v)overallv e V.

Exercise: Show this.

Coercivity, continuity and symmetry imply that a(u, u) is an
inner product on V with energy norm ||u||, = a(u, u)'/2.
Exercise: Show this.

Under these conditions, the solution uy, € V}, to (41) is the
Ritz-Galerkin approximation,

lu = tplla = min [[u— V|
vhE V)

When it is necessary to estimate the error u — up in a weak
norm, a duality argument may be used. Let V be
continuously embedded in a Hilbert space H, e.g.,

V = H}(Q) and H = L3(Q). Then we have the estimate of
the following theorem.



Aubin Nitsche Lemma

175

» For this, note that when a is symmetric, a unique solution to
the adjoint problem is given by the Lax Milgram Theorem,
a(w,u) =b(w), vYwelV.

Lemma (Aubin Nitsche): Let uy be the solution to (41) for
V}, C V and let u be the solution to (39). Then 3¢ > 0 such that

;
ru—uwHSdu—uwva<  Jlog— wh)
geH ”gHH Vh V,,

where for a given g € H, ¢4 is the unique solution to the adjoint
problem a(w, ¢g) = (g, W)y, Yw € V.
Proof: Let w = u — uy, in the adjoint problem. For any v, € Vj,
(9,u— up)y = a(u — up, bg) = a(u — Up, g — V)
<cllu—unlvli¢g — unlv
Then since for w € H, ||w||y = supgeH(g, w)y/ 19l 4,

g,u—Up)y log — Vallv
lu— uplly = sup LY M oy sup 199~ Vallv
geH  gllH gcH  lgllH

Since vj, is arbitrary, taking the inf gives the claimed result. B



FEM for Dirichlet Poisson BVP on a Square
» Consider the Dirichlet Problem for the Poisson Equation,
—Au=f inQ, u=0, ondQ
on a square Q = (0, 1)2. The weak formulation is
a(u,v)=b(v), YveV, V=HI(Q)

with a(u, v) = (VUu, V) 2qy and b(v) = (f, V) 2(q)-
» Exercise: Show using Poincaré’s inequality that (40) hold.
» Fornodes X = {x;}Mi', x; = ih, h=1/(N + 1), define

S(X) ={teC([0,1]) : llx_, x) € P1,v(0) = v(1) = 0}
» Define the hat functions, (figure forthcoming)
(X = Xi—1)/h, x € [Xi_1, xi]
i(X) =
?i(x) { (Xig1 — X)/h,  x € [X;, Xi31]

» Similarly, define {y,}jNJg1, S(Y) and ¢;(y).

- » Finally, define the tensor product space Vj, = S(X) x S(Y).



Error Estimate for Dirichlet Poisson BVP
> Exercise: Show that V, C V and that {®;;}}Y_,,

®;i(x,y) = ¢i(x)9;(y), forms a basis for V.

Since (40) hold, the solution u, = 27/:1 u;j®;jto (41) is

given uniquely by solving the system of linear equations

v

> uja(®i, Oky) = b(dky), kI=1,...,N  (42)

i j=1
Since a is symmetric, let V be equipped with the energy

1
norm ||ulla = a(u, u)z = [[Vul|2(q)-
Claim: Jc > 0 independent of h such that
|U — Upll 2y + hllu — tnlla < hP||u] (o

According to Céa’s Lemma it is sufficient for the
energy norm estimate to show that ||u — Zyu||a = O(h)
where Tp is the bilinear interpolation operator,

X1 Vit
Thu = Z uijoi(x)¢j(y) € Vh, Ujj = 4h2/ / u(x, y)dxdy
ij=1 Yj-

177 understanding u = 0 outside Q.
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Error Estimate for Interpolation Operators
» Note that 7, = ZXIy = I7 I} where

1 X1

pu(x,y) = Z ui(y u(y) = 5 u(x, y)dx

= Z UI(X)¢](y), Uj(X) = ﬁ U(X7y)dy
—1 Yj—1

» So the error is estimated by triangulating with
(I=Zp)u=(I-I)u+Zx( - I})u

or
lu—Znulla < |u—Zhulla+ | Z5]lallu — Zulla

given the following bound.
» Estimating ||Z}||a. Let U = Z}u.
» First consider ||Ux||2(q)- For x € [x;_1, Xi],
Ux(X, ¥) = Ui-1(¥)9j_1(X) + ui(y)$i(x)
Xi

A e (D) s A w1
“2n), Y n)Tan ), YV R
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Error Estimate for Interpolation Operators
1 Xit1 1 Xit1 t
= th/xH [u(t,y) —u(t—h,y)] dt = 572 /1 [/thux(s,y)ds] dt
» Estimating absolute values

1 Xit1 Xi+1 2h Xip1 % X1 2 %
Uenl < 55 [ | [ Totsplos| o< 2z | [ 1ds| | [ Tu(s.pffas
Xi—1 Xj X

Xji—2 i—2 i—2
» Squaring and integrating over x € [x;_1, Xi,

Xj X1 Xi
| 1txyyae < ﬁ(3h)/ w(s.p)f°as |
Xi—1 i Xi

Xi_o P4

Xit1
1ax = 3/ Iux(s, y)Rds
Xji—2

» Summing over i =1,... N+ 1 and integrating over y € [0, 1],
1Uxl1Z2(0) < Ollux|Ze(qy
» Now consider ||Uy||12(q)- For x € [xi_1, Xi],
Uy(x,y) = gim1(x)ui_1(y) + 0i(x)u;(y)

X=X [0 X —Xj_q [N
- /Xi-zuy(t,y)dt+ o / uy (1, y)dt
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Error Estimate for Interpolation Operators
» Estimating absolute values

Xit1 Xit1

h % h 1
U < g [ ltenlat s g [ ttylars [ (o

Xi—2
1 Xit1 d Xi+1
<ul [ et [ ey
Xi—2 Xji—2

» Squaring and integrating over x € [x;_1, X,

Xi Xi1
/ Uy (x.y)Polx < 3 / 1y (x. y) 2alx
Xi—1 Xj—2

1

» Summing overi=1,..., N+ 1 and integrating over y < [0, 1],
1Uy 1720y < Olluy 1720
» Combining the estimates above
|1 Zeull3 = ||UXHEQ(Q)+HU}’“%2(Q) < 9||Ux||%2(9)+9\|Uy||i2(rz) =9]\ull3
gives the bound

1 Zx|a < 3.
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Error Estimate for Interpolation Operators

» Estimating the error e = 7} u — u.
» First consider ||ex||12(q)- For x € [xi_1, xi],

ex(X, ¥) = tia(y)9i_4(X) + i(y)9i(x) — ux(x,y)

] /X' u(t,y)ot +1/Xmu(t ot (1) ue(x, )
_ﬁ s 4 h 2h s Y h (X, Y
1

- ﬁ /Xf)ir1 [U(t, y) a U(t B h7y)] dt — UX(X7 y)

1 Xit1 t
= _— ux(s, y)ds| dt — uy(x,
2 ] [/h A(5.7) ] (x.9)

» Since ux(x, y) is independent of s and t,

1 Xip1 ot
exey) =iz [ ] (o)~ wxp)l doct

1 Xi1 t s
- ﬁ/ [ N |:/ Uxx(f,y)dl’} det
Xi—_1 — X
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Error Estimate for Interpolation Operators
» Estimating absolute values,

1 Xit1 t Xit1
<
lex(x, y)| < She /x,-_1 /t_h VX 2 uXX(r,y)|dr] dsat

i—

Xit1 15 Xi+1 15
< l/ 1dr] [/ | U (1, y)|2dr]
Xj—2 Xji—2

» Squaring and integrating over x € [x;_1, X,

Xi Xit1
/ lex(x.y)2ax < 317 / U, y) 2ol
Xi Xi

i1 —2
» Summing over i =1,... N+ 1 and integrating over y € [0, 1],
lexlZ2q) < Ol Uxel T2y
» Now consider [|ey||;2(q). For x € [x;_1, xi],
ey(X,y) = ¢ia(X)Ui_1(¥) + ¢i(X)ui(y) — uy(x,y)
Xi— X X — Xj_1

Xi Xit1
_noX /Xlzuy(t,y)dtqt i~ /X uy(t,y)at — uy(x,y)

i—1
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Error Estimate for Interpolation Operators

» Since uy(x, y) is independent of t,
Xi—x % X—Xi_q [X*
ey(xy) = 5" [ty —uxplat+ 55 [ty -uxpler
i—2 1

i—

= # /XM {(xi = x)[uy(t = h,y) — uy(x, ¥+ (x = Xi—1)[uy(t, ¥) — uy(x, y)]} ot

XF1X/+1 t—h ¢
- # / {(X; - X) l/ Uy (S, y)ds| + (x — Xi_1) l/ Uy (S, y)ds] } at
[ st y)|ds] } o

» Estimating absolute values,
1
Xit1 s
/ |ny(37 y)|<ds
Xi

+

Xi—1
2

Xit1 Xit1 %
gz/ |uxy(s,y)ds§2l/ 1ds]
Xji—2 Xj—2

» Squaring and integrating over x € [x;_1, X,

1 Xit1 Xi
oy < 57 {[ | lus(s.y)ids
Xj—2

Xi

Xi +1
/ ey (x.y)2dx < 1212 / [ty (. )2l
Xi—1 Xi

- i
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Energy Estimate for Dirichlet Poisson BVP

» Summing overi=1,...,N+ 1 and integrating over y € [0, 1],
||ey||L2 < 3612 (| Uy I
» Combining the estimates for e, and e, gives
lu—Tyull = HeXHEZ(Q)_F”e}’Hi?(Q) < 9h2|\“xx||i2(n)+36h2||uxy||i2(§z)

» Estimating the error E = u — I};u is performed analogously
to obtain
|ExliZeqy < 36MP |ty [y 1By 220y < OMPlltyy [
lu—T}ul3 = HEX||L2(Q)+||EY||L2(Q) < 36’72Hny||E2(Q)+9h2||Uyy||Ez(Q)
» Combining all the estimates above gives the interpolation
error estimate,

lu—Zhulla < |lu—Thulla+|Zflallu—Zyulla < 144h|ule(q)
with which Céa’s Lemma gives
|u—unlla<c nf. [u— Vplla < Ch||u||H2(Q)

184 where |[u|e(q) < c||fl|2(q) according to Theorem i



L2 Estimate for Dirichlet Poisson BVP

» The L2(Q) estimate of the error is obtained using the Aubin
Nitsche Lemma [175],

’
U—Upll2iq) < Cllu—uplla sup | ———— inf |lpg — vpl|
u=thliz = €1 ”agazm)<||g||g(m A 109 = volla

where ¢4 solves the adjoint problem a(w, ¢g) = (g, W)H,
vYw € V, which is identical to the primal problem, since ais
symmetric.

» Exactly as shown for the solution u to the primal problem

inf [[¢g — Valla < chlléglle) < chllgllizq)
VhEVh

where Theorem has been used for the last estimate.
» Combining the above estimates gives
U — upll2(q) < ch?||fll 120

- which establishes the claim [177..
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Implementation of FEM Solver on a Square

» As noted above, the numerical solution
up=_;; Uij®;ij(x,y) to (41) is given by solving the linear
system of equations KU=F in (42), where

K={a(®ij, Ok ) ki1, U={Uijtey, T ={b(®x )} 1

» For this one must first assemble the stiffness matrix K and
the load vector F.

» A node-based assembly is to perform the computation
for k=1:N for 1=1:N
m= (1-1)*N + k
for i=1:N for j=1:N

n = (j-1)*N + 1i
K(m,n) = a(Phi(i, j),Phi(k,1))
end
F(m) = b(Phi(k,1))
end

where the lexicographic ordering is used here.



Implementation of FEM Solver on a Square
» A more efficient approach (especially for more complex
problems) is element based assembly in which integrals
are partitioned element-wise,

N1 N1
a(Un, V) = Y amn(Un, vh), bn(vh) = Y bmn(Vh)
m,n=1 m,n=1

where with Qm n = (Xm—1, Xm) X (¥n—1,¥n)s
am,n(Un, Vh) = (VUn, VVh)2(pays Pmn(Va) = (f, Vi) 200 0)
» Then for fixed m, n the following are computed Vi, j, k, I,
am,n((bi,j, q)k,/) = (V(D,"j, Vq)k’/)Lz(men), bm,n(¢k7/) = (f, q)kJ)Lz(Qm,n)

simultaneously.
» Yet many of these integrals are known to be zero since
very few basis functions have overlapping supports:

®i(x,y) =0, (x,y) € U{Qj_kj_s:k =01}

» Thus, K is sparse, a fact which actually motivated the
187 invention of the finite element method by engineers.



Element Based Assembly

» Since the basis functions are the same on each element,
the integrals above can be transformed to a single
reference element as follows.

» Recalling definitions, ®; (x, y) = ¢;(x)¢;(y), note that

1+¢ £e€[-1,0]

o0 = -xm. do-{ 178 ey

and with ®(¢, 1) = $(£)é(n) the basis functions satisfy

~

®;;(x,y) = ®((x = x)/h,(y = y;)/h)

» Exercise: Translations of ¢ lead to the foIIkoing four form
functions in the reference element (¢,7) € Q = (0,1)2,

ba(em)=€n. di(&m) =(1-6)(1 —n)
P3(&m) =(1=8&n, P2(&m) =81 —n)
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Form Functions

» Thus the element-wise bilinear forms can be transformed
according to

amn(®ij, Px1) = o VO Vb = /ﬁva’rm,n(f,/)'v‘f’m,n(k,/)

which is non-zero only form—1 < i, k < mand
n—1 <j, 1 < nandotherwise

1, i=m—-1, j=n-1

.. 2, i=m, f=n-—1
Tm,n(la./): 3 j=m-—1 j':n
4, i=m, j=n

» Since 1 <i,j, k,I < N, there are fewer cases to consider
for boundary elements.
» Exercise: An explicit calculation shows

4 -1 -4 -2

4
. 1] -1 4 -2

. 2 -1 -1 4



Explicit Calculation of Stiffness Matrix
» Exercise: Element-wise entries of the stiffness matrix are
2/3, |i—kl=1]j—-11=0

am,n((bi,j,(bk,l) = —-1/3, li—kl=j—1=1
—1/6, i~ K|+ 1]~ 1

m—-—1<ik<m
n—1<j1<n

> Similarly, if f is approximated by f, = >_1_, f;j;;, entries
of the load vector are given element-wise according to

N
bm,n((bk,l) = / th)k,l = H Z fi,j/A qA)Tm,n(iJ)q)Tm,n(kvl)
Qmn = e

» Recallthat1 </ j k,I <N.
» Exercise: An explicit calculation shows

R 1
d b, = —
{/ﬁ }7,0'21 36

» So the mass matrix
M= {u(®if, D) ket H(Pij Ohs) = (Pij, Ok )iz()

=N

2
4
1
2

N B2
PO QN
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Explicit Calculation of Mass Matrix
can be similarly partitioned element-wise,

N+-1

1(Un, Vo) = D pmnUn, Vi), omn(Un, Vi) = (Un, Vi) 20 n)
m,n=1

» Exercise: Element-wise entries of the mass matrix are

1/9, |i—k=1]j—1=0 :
: i m-1<ik<m
pmn(®ijy Ppep) = I° 4 1/36, ik =|j—1=1 "7 T =
1/18, |i—k|+1[j—1 =1 -

» The load vector is given by F = Mf where £= {f,j},] 1-

» With variable coefficients, quadrature must be used to
calculate the integrals.

» To accommodate (non-)homogeneous Dirichlet BCs, u = g
on 99, new rows corresponding to boundary indices (k’, I)
can be added to the stiffness matrix K and to the load
vector F, where K only has a 1 on the diagonal of the
(k’, //)’th row and Frrp = Gk -



Implementation of FEM Solver on a Square

» FEM Code with assembly of mass and stiffness matrices
to solve the Dirichlet Poisson BVP on a square:
Input h, N, £ = (£(i,3), i,3=1,...,N) 7"
Set K(r,c) = M(r,c) = 0, r,c=1l:Nx*N
for m=1:N+1 for n=1:N+1
for i=max(l,m-1) :min (N, m)
r = (j-1)*N + 1
for k=max(l,m-1) :min (N, m)

for j=max(l,n-1) :min (N, n)

for l=max(l,n-1) :min (N, n)
c = (1-1)*N + k 2/3, li—kl=1]j—1l=0
K(r,c) = K(r,c) + { -1/3, |i—kl=1]j—-1=1
—-1/6, |i—k|+|j—1 =1
1/9, li—kl=|j—1=0
M(r,c) +h2{1/18, li—kl=|j—1=1
1/36, |[i—kKk|+1[j—1=1

M(r,c)
end
end
end

Solve KU=Mf for U=(u(i,Jj), 1i,3=1,...,N)T
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A Posteriori Error Estimates and Adaptivity
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» Suppose Q = (0, 1)? is partitioned into rectangular elements,

Q=U_1Qe, Qe =(Xe—0Xe, Xe) X (Ve — Ve, Ve)

With h. = max{dx.,dy.} and h = max. h let the
approximation space be

Vh = {VhGC(Q) : Vh’aQ =0, Vh(X,_y)‘Qe € PyxPq,e = 1,...,1/}

Let u, € V}, be the solution to (41).
To avoid the potentially unnecessary expense of an always
uniform grid,

» begin here with a coarse collection of elements {Q.}%_,,

» and then refine to obtain {Q./}”/_, containing new

elements, some of which are smaller than previous ones.

To determine which elements must be refined, an estimate
of the local error is necessary.
As with the previously used duality argument, let
w e V = H}(Q) satisfy

a(v,w)=(U—Un, V)2, VeV



A Posteriori Error Estimates and Adaptivity
» Then with v = u — up and a(u — up, wy) = 0 for wy, € Vp,
lu— uplZ2(q) = a(u — tp, w — wy), Wy € Vi
» In particular, take wy, € V), to satisfy

a(Vh, W) = a(vp, w), Vvp € Vj
so that
lu—UnlZ2(q) = a(u, w—wh)—a(un, w—wp) = (f, w—wp)12(q)

and u does not appear on the right!
» Writing integrals over elements,

lu = tnllZoq) < g </ |f‘2> (/ w— Wh|2>

» Using techniques similar to those employed previously,

1
w2 <A < yh?||u—
(W —wp| | < ARCIW] ey < vhE(U — Unlli2(q)

194 for a known constant ~.



A Posteriori Error Estimates and Adaptivity
» Combining the above estimates gives

lU = Unll 20 <72hllfHLzm)

e=1

» Thus the mesh {Q.}7 1 can be chosen so that

N AUTIET
e=1
for a given required tolerance ¢.
» For more general cases:
» Suppose Lu is a more general operator than L = —A
» Then wj, is chosen as an interpolant of w.
» Local integration by parts

(f, W — Wh)2(q,) + 8e(Un, W — Wp) =
(f = Lup, w — Wh) 2(q,) + (NT AV Up, W — Wh) 250,

requires estimating w — wj, in L2(Q.) and L2(9.), and
> |If[l2(q,) is replaced by [|R|[2(q,), where R = f + Luy is the
local residual of the FEM.

195 » So a mesh update {Q.}%_, must adapt to the current up,.



Finite Element Spaces

» A finite element method (FEM) is a Galerkin method based
upon approximation with piecewise polynomials.

» One begins with a reference element and studies
polynomial interpolation on this element.

» Transformations of this reference element are used to
cover and thereby partition the domain for a BVP.

» These steps are used to construct a global interpolant built
from local ones, and this is used for error estimates.

Def: With the following properties, (K, P, /) is a finite element:
1. K C R" (the element domain or just element) is a simply
connected bounded open set with piecewise smooth boundary.
2. P (the space of shape functions) is a finite-dimensional
space of functions defined on K.
3. N = {N;}¢_, (the nodal variables or degress of freedom) is

a basis of P*.
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Finite Element Spaces
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Def: Let (K, P, N) be a finite element. The basis {v; 7:1 of P
dual to \V, i.e., satisfying N;(v;) = d;, is the nodal basis of P.
» Example. For the square domain Q = (0, 1)2:

» The reference element is K = Q = (0,1)2.

» P is the space of bilinear functions.

» N = {N;}%, are the point evaluations at the corners of {,
i.e., Noiyjr1(v) = v(i,j), i,j=0,1,Vv e P.

» The nodal basis is given by the shape functions {&),-};‘=1.

» The following permits to verify that a given N is a basis for P*.
Lemma: Let P be a d-dimensional vector space and let {N;}¢_,
be a subset of P*. Then these are equivalent:

1. {N;}%, is a basis for P*.

2. If v € P satisfies Nj(v) =0,i=1,...,d,then v =0.

Proof: Let {1/;,-}]9’:1 be a basis of P. Then {N;}¢_, is a basis for
P iff for any L € P*, Jla;, 1 < i< d, suchthat L =9, a;N;.



Constructing a Finite Element Space
Equivalently with the basis {1;}¢_, of P, L(vy) = YL aiNi(1),
1 <j < d. Define the matrix B = {N;(1;)}{,_; and the vectors
¢={L(vy)}__y and a= {o,;}{_;. Then (1) is equivalent to B
being invertible to solve Ba = ¢. On the other hand, given any
v € P, one can write v = Y7, 345 Then (2) means that

Z/‘?’:1 BiNi(¢;) = Ni(v) = 0,1 < i < d, implies v = 0, or that
B"b = 0 implies b = {B,-}ld:1 = 0. Yet this too is equivalent to B
being invertible. |

» The plan to construct a finite element:
» Choose an element domain K, e.g., a triangle.
» Choose a polynomial space P, e.g., linear functions.
» Choose d degrees of freedom N = {N;}2_, where d is the
dimension of P, so the corresponding interpolation problem
has a unique solution, e.g., point evaluations at corners of K.
» Compute the nodal basis of P with respect to N.

» The following is a useful tool to verify the unique solvability

(o8 of the interpolation problem.



Solvability of the Interpolation Problem

P(X, xn
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Lemma: Let L # 0 be a linear function on R” and let P be a
polynomial of degree d > 1 with P(x) = 0 for all x with

L(x) = 0. Then there exists a polynomial Q of degree d — 1
such that P = LQ.

Proof: Note that affine transformations map the space of
polynomials of degree d to itself. Without loss of generality,
assume P vanishes on the hyperplane orthogonal to the x,
axis, i.e., L(x) = x, and P(X,0) = 0, where X = (X1, ..., Xp_1).
Since the degree of P is d,

P(X, xn) Z Z Ca jX ayl.

J=0 |a|<d—j
For x, = 0, this implies 0 = P(X,0) = _,<g Ca,0X* and
therefore ¢, o = 0 for all |«| < d. Hence,

d d
oy caj—1
=3 Y aE=mY. X s Q=10
J=1 lal<d—j J=1 lal<d—j
where Q has degree d — 1. [ |



Examples of Finite Elements

» Consider first triangular elements in R2.

» Linear Lagrange elements: (figure forthcoming)
» The dimension of P = Py is 3: {1,x,y}.
» Let M = {N;}3_, with N;(v) = v(z;) where {z;}3_, are the
vertices of the triangle K.
» Fori=1,23, let L; € P; vanish on the edge opposite z;.
» Suppose v € Py with v(z;) =0, i =1,2,3. Since v is linear,
v = 0 on each edge of K. By the lemma, 3¢ € P, with
v =cLy. Then 0 = v(z1) = cLy(z1),so c=0and v = 0. By
the lemma, A\ is a basis for P*.
» By definition, (K, P, N) is a finite element.
» Quadratic Lagrange elements: (figure forthcoming)
» The dimension of P = P, is 6: {1, x,y, X2, xy, y*}.
» Let M = {N;}5_, with N;(v) = v(z;) where {z;}3_, are the
vertices of the triangle K and {z;}%_, are the midpoints of
the edges of K.
» Fori=1,2,3, let L; € P; vanish on the edge opposite v;,
and suppose z;, 3 is the midpoint of this edge.
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Triangular Elements

» Suppose v € P, with v(z)=0,i=1,...,6. Since v is

quadratic, v = 0 on each edge of K. By the lemma,
AQ; € Py with v = QyL4. Since v = QL on the edge
opposite z», ¢ € Py with @Q; = cL,. Then

0= V(Zg) = CL1(ZG)L2(ZG), soc=0andv=0. By the
lemma, N is a basis for P*.

» By definition, (K, P, N) is a finite element.

» Cubic Hermite elements: (figure forthcoming)
» The dimension of P = P3is 10: {1,x,y,...,x3,y°}.
» Let M = {N;}!% with Nj(v) = v(z),i=1,...,4, where

{z;}3_, are the vertices of the triangle K and

zy = (z1 + z2 + z3)/3 is the barycenter of K. Then let
Ni(v) = 0xv(zj_4) for i =5,6,7, and N;(v) = 9,v(z;_7) for
i=8,9,10.

» Fori=1,2,3, let L; € P; vanish on the edge opposite v;.
» Suppose v € Pz with Njv =0,i=1,...,10. Since v is

cubic, v = 0 on each edge of K. Arguing as before,
vV = CL1 L2L3, but 0 = V(Z4) = CL1 (Z4)L2(Z4)L3(Z4), soc=0
and v = 0. By the lemma, N is a basis for P*.

» By definition, (K, P, N) is a finite element.



Rectangular Elements
» Here we understand the space

m
Py x Py = { chpj(x)qj(y) :ceR,meN,x,y e R, pj,q; € Py }
j=1

» Bilinear Lagrange elements: (figure forthcoming)

>

>

>

The dimension of P = Py x Py is 4.

Let V' = {N;}}_, with Ni(v) = v(z;) where {z;}%_, are the
vertices of the rectangle K.

Exercise: Show for v € P that Nj(v) =0,i=1,...,4,
implies that v = 0, and hence, N is a basis for P*.

By definition, (K, P, ) is a finite element.

» Biquadratic Lagrange elements: (figure forthcoming)

>
>
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The dimension of P = P> x P»is 9.

Let M = {N;}?_, with N;(v) = v(z) where {z;}?_, are the
vertices of the triangle K, {z;}2 . are the midpoints of the
edges of K and z is the centroid of K.

Exercise: Show for v € P that Nj(v) =0,i=1,...,9,
implies that v = 0, and hence, N is a basis for P*.

By definition, (K, P, \) is a finite element.



The Interpolant
Def: Let (K, P, \N) be a finite element and let {1/;,-},‘-’:1 be the
corresponding nodal basis of P. For a given function v such
that N;(v) is defined VN; € NV, Lhe local interpolant of v is

Ikv = Z Ni(VM

Lemma: Let (K,P,N) be a fiﬁ_it1e element and Zk the local
interpolant operator. Then

a. v — Igvis linear,

b. Ni(Zxv) = Ni(v),1 <i<d,

c. Ixkv =v,Vv € P,i.e., Ix is a projection.
Proof: Claim (a) follows directly from the linearity of each N;.
Claim (b) follows using the definition of a nodal basis in

Ni(Zxv) = (ZN ) ZN N(wj)_ZN 5ij = Ni(v)

1 <i<d,Vv. This implies N,-(v —ZIgv)=0,V1<i<d,soby
o053 Lemma [197, v — Zyv = 0 when v € P, and claim (c) follows. H



Triangulations
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Def: A subdivision 7 of a bounded open Q C R" is a finite
collection of open sets {K;} such that

a. KPNK>=0,i#],

b. UiK; = Q
Def: Suppose a subdivision 7 of Q is given such that for each
K; there is a finite element (K;, P;, \V;) with local interpolant Z..
Let m be the order of the highest partial derivative appearing in
any nodal variable. Then, the global interplant v of
v € C™(Q) on T is defined by

(ITV)|K, :IK,.V, KieT

Def: A triangulation of a bounded open set Q C R? (necessarily
polyhedral) is a subdivision 7 of Q such that
a. every K; € T is a triangle and
b. no vertex of any triangle lies in the interior or on an edge of
another triangle.
Remark: A similar definition may be given for Q C R", n > 3,
and the partition of Q is still called a triangulation.



Continuity of Finite Element Space
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Def: A global interpolant Z7- has continuity order m (i.e., is cm
if Zrv € C™(Q), Vv € C™M(R), and in this case, the space
Vi ={Z7v:veC™(Q)} is called a C™ finite element space.

Theorem: The triangular Lagrange and Hermite
elements are C° elements.

Proof: For Lagrange elements set k =1 and m = 0. For
Hermite elements set k = 3 and m = 1. It need only be shown
that for v € C™(Q) the global interpolant Zrv is continuous
across each edge. Let K7 and K3 be two triangles sharing an
edge e, and (K1, P1,N7) and (Kz, P2, N>) are the respective
finite elements. For Lagrange as well as for Hermite elements,
N7 and N> coincide on e. Also, Py = P> = Py. For a fixed

v € C™(Q), set w = I, v — Ik, v, where Zk, v and Zx, v are
extended as global polynomials outside Ky and K>, respectively.
Hence, w € Py and the restriction w|e is @ 1D polynomial with

k + 1 roots. Hence, w|e = 0, and Z7v is continuous across e.



Affine Equivalent Finite Elements
Exercise: Show that the bilinear and biquadratic Lagrange
elements are also C°.

» With polynomials of degree 5 and with 21 nodal variables
(including values of the function and its first and second
derivatives at the vertices in addition to normal derivatives
at the midpoints of the sides) the Argyris triangle is C'.

» With a bicubic Hermite basis of dimension 16 (including
values of the function and its first derivatives as well as
mixed partial derivatives at the vertices) the
Bogner-Fox-Schmit rectangle is C'.  (figures forthcoming)

Def: Let (K, P, N) be a finite element and T : R” — R" be an

affine transformation (TX = AX + b, A,A~" ¢ R™" b e R").

The finite element (K, P, \) is affine equivalentto (K, P, N') if
a. K={Ax+b:xeK},

b. P={poT':pecP}

c. N = {N, : N,(p) = N;(po T),Vp S P}

»0s Atriangulation 7 is affine if it consists of affine equivalent elements.



Affine Equivalent Finite Elements
I§xercise: Show that the nodal bases of P and P are related by
i =1joT.
» Hence, if nodal variables on edges are placed symmetrically,
triangular Lagrange elements of the same order are affine
equivalent, as are triangular Hermite elements.

Lemma: Let (K, P, N) and (K, P, ') be two affine equivalent
finite elements related by the transformation Tx. Then

IR(VO Tk) = (IkV) ¢ Tk.
Proof: Let ¢; and v; be the nodal basis of ? and P. By
definition,

Ti(voTk) = ZN(VOTK)z/J, ZN V)(ioTk) = (Ixv)oTx M

» Given a reference element (K, P, \V), one can thus

o7 generate a triangulation 7 using affine equivalent elements.



Polynomial Interpolation in Sobolev Spaces
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Lemma: If v ¢ WKP(Q) satisfies 9%v = 0, V|a| = k, then
dv € Px_q suchthat v =V a.e.
Proof: If 9®v = 0 holds V|a| = k, then 9%9“v = 0, V3. Hence,

v eny_,WmP(Q). By the Sobolev Embedding Theorem,
37 € CK(Q) with v = V" a.e. Then 9*V = 0, V|a| = k, gives

Ve Pk,1. |
Lemma: Vv € WXP(Q), 3lq € Px_4 such that [,9°(v —q) =0,
Vil < k —1.

Proof: Writing g = >°,5-_4 csx” € Px_4, the condition
amounts to solving the linear system,

Dis1<k—1 8 Jg 0°X7 = [ 0%V, o] < k1.
To show that M = { |, 9°x?},,| 15<k—1 is non-singular, let
¢ = {Cs}|3<k—1 satisfy Mc = 0. Then g = 37,544 Csx”
satisfies [,9°q =0, V|a| < k — 1. Inserting o = (k — 1,0,...,0)
thena = (0,k—1,...,0)downto o =(0,0,...,1) then
a=(0,0,...,0) shows that c = 0. So M is invertible. [ |



Bramble Hilbert Lemma
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Lemma: 3¢, > 0 such that Vv € WkP(Q) with [, 0%v =0,
V| < k-1,
IVIwke) < ColVIiwke(q)

Proof: As the proof of Poincaré’s Inequality (Exercise). H
Theorem (Bramble Hilbert): Let F : WXP(Q) — R satisfy

a. [F(v)| < ci|vlwkp(q) (boundedness)

b. |[F(u+ v)| < c(|F(u)| + |F(v)|) (sublinearity)

c. F(q) =0, Vq € Px_1 (annihilation)
Then 3¢ > 0 such that Yv € WkP(Q)

|F(V)[ < clVlwke(q)

Proof: Forany v € WkP(Q) and g € Py_1,
|F(V)[ = [F(v—g+q)| < c2(|F(v=a)[+[F(9)]) < cicallv—qllwrr(q)

Given v € WP(Q), choose g € Pyx_1 by Lemma [208] so that
Jo0%(v—q) =0, V|a|] < k—1. Applying the Poincaré
Lemma above to v — g gives



Interpolation Error Estimates

IV = allwre@) < IV — Alwke) = ColVIwkeq)

Theorem: Let (K, P, N) be a finite element with P,_4 C P for
some k > 1 where each N € \ is bounded on W*?(K) for
some 1 < p < oco. Then 3¢ = ¢(n, k,p, 1, P) > 0 such that

’V _IKV‘W/’P(K) < C’V’Wk,p(K), VO < /S k.

Proof: The semi-norm F(v) = [v — Zx V| (k) is @ sublinear
functional on WXP(K), v 0 </ < k. Let {¢;}¢_, be the nodal
basis of P with respect to \/. Since each N; € A is bounded on
W*P(K), F is bounded according to

IF()| < VIwtogo HIkVIiwmewy < IVIwcego+ D IN%il e
d i=1
IVIiwkogy+ D CillV I weegy il wiey < (1+c1nggxd il eIV Il wke (k)
i=1 ==
Since Zxq = q, Vg € P, F(q) = 0. The claim then follows from
210 the Bramble Hilbert Lemma [209]. [ |



Interpolation Error Estimates

» For the interpolation error on an arbitrary finite element
(K,P,N) itis assumed that it is generated by the affine
transformation from the reference element (K, P, NV), i.e.,
Tk : K = K, Tk(%X) = AkX + bx and I/ = v o Ty is the
function v on K expressed in local coordinates on K.

Lemma: Let k > 0and 1 < p < oo. 3¢ > 0 such that YK and
v e WKP(K), I = v o T satisfies
N _1
|V|Wk,p(k) < c||Ax||“det(Ak) P V] wro(k)
LI
VIweogy < Cll Ay [IFdet(Ak)? V] i gy

Proof: By the chain rule,
d d

05,0 = 0xvg X = (Ak)ijOxV

j=1 j=1
By the integral transformation rule,

/TK(R) v = det(Ay) /R(VO Te)
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Interpolation Error Estimates
Let |a| = k. Fora c = ¢(n, k,p) > 0,
1080 oy < lARIE S 1080 Tie) oy < Cll Ak 1*det(Ak) ™ # [VIwog
181=k

Summing over all || = k gives the estimate for \\“/\Wk,p(k).
Arguing similarly using T,;1 gives the estimate for |V|ykpk). B
Def: For a given domain K,

a. the diameteris

hK = maXX1 ,XQEK ”X1 - X2H
b. the incircle diameter (i.e., of the largest ball in K) is
pk = 2argmax,{x € K : B/(x) C K}
c. the condition number is

ok = hk/pk-
Lemma: Let Ty be an affine map with K = Ti(K). Then
vol(K h _ h
det(Ax)| = 20 ja < T A < k.
vol(K) Pk PK

212



Local Interpolation Error
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Proof: The first property is purely geometrical. For the second,

. 1 “
|Akll = sup [[AkX| = — sup [AkX]|
[[%]]=1 K IXll=pg
and for any % with ||%[| = pg, 3%, % € K with & = % — % (e.g.,
Xo at the center of the incircle and X1 o = Xo & %)?) o)
AK)? = TK)A(1 — TKS\(Q = X1 — Xo

for some X1, x> € K thus, [|AxX|| < hk. The remaining property
is obtained by exchanging the roles of K and K. |

Theorem (local interpolation error): Let (K, P, \) be a finite
element with P,_; C P for some k > 1 where each N € A is
bounded on WkP(K) for some 1 < p < co. For any finite
element (K, P, \) affine equivalent to (K, P, NV by the affine
transformation Ty, 3¢ > 0, ¢ # ¢(K), such that for any

v € WkP(K),

|V _IKV‘W/P(K) < Chﬁ_IO'k|V|Wk,p(K), VO < /S k.



Local Interpolation Error
Proof: Let ¥ = v o Tx. By Lemma [207,, (ZxV) o Ty = Zy V.
Hence, with the estimates of Lemma and using
Theorem [210],

LN ~
|V = T VIwiegey < cll A II'det(Ak) 1PV = T V] i iy
1 ~ —_
< || Ak II'1det(A) 1Vl s iy < ClIAC I AR IVIwenk)

< (A AR T AR VI ko)

Using the estimates from Lemma for fixed hy and pj
establishes the claim. [ |

» For a global interpolation error estimate a uniform bound
on the condition number o is required.

» This requires a further assumption on the triangulation.

Def: A triangulation 7 is shape regularif 3k > 0, x # r(h),
h = maxkeT hk, such that ok < k, VK € T. (For triangles, all

.y, Interior angles are bounded from below.)



Global Interpolation Error
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Theorem (global interpolation error): Let 7 be a shape regular
affine triangulation of Q c R" with the reference element

(K, P, N satisfying the conditions of Theorem (213 for some
k>1and1 < p<oo. Then 3¢ > 0, ¢ # c(h), such that

Vv € WKP(Q),

1

Zhl<z v - IKV’WIP(K) < o vlwese)

KeT

for the case 1 < p < oo and otherwise Yv € Wk>(Q),
Zh/ max|v IKV’WIOO(K Chk‘V’Wk,oo(Q)
1=0
Proof: Use the upper bound on ok and sum over all elements. &

Exercise: Determine if/how the techniques above can be
applied for tensor product polynomial spaces to circumvent the
earlier use of average values for the interpolant on the square.



Inverse Error Estimates
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Theorem (local inverse estimate): Let (K, P, AV) be a finite element
with ® ¢ W'P(K)foran /> 0and 1 < p < cc. Let (K, P,\) be
any element affine equivalent to (K, 2, AV) with hx < 1 and

affine transformation T,. Then 3¢ > 0, ¢ # ¢(K), such that Vv, € P

IVallwoy < h* | Vallwroy, VO <k <.

Def: A triangulation 7 is quasi-uniform if it is shape regular and
Jr > 0suchthat hy > 7h, VK € T.

Theorem (global inverse estimate): Let 7 be a quasi-uniform
triangulation of Q ¢ R" with reference element (K, P, X) having

P c WP(K)foran/>0and 1 < p < oco. Then 3¢ > 0, ¢ # c(h),
suchthatvvy e Vy={ve lP(Q): vk e P,PeT}andVO0 < k </,

1

1 1
[Z thuwlp(K p Chk /[Z thuwkp K)]p

KeT KeT
for the case 1 < p < oo and otherwise

max || Vil wioo 1 < ch*~  max ||Vil| oo
KeTH hllwroe(ky < KETH hll Wi (k)



Error Estimates for Finite Element Approximations
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» Consider only conforming FEM using Lagrange elements.

» Let (K, P, N) be a reference element for a shape regular
triangulation 7 of Q with affine equivalent elements and
P, 4 C P for some k > 1.

» Denote the affine transformation to the element (K, P, \)
by Tk(X) = AkX + bk and define the C° finite element space

Vi = {vh €C(Q): (vo Tx)|z € P.YK € T}.

» Recall from Theorem (205 that, Vv € C°(Q), Zrv € C°(Q),
in fact, Zrv € V}, so by Céa’s Lemma the
discretization error is bounded by the interpolation error.

Theorem: Let u € H'(Q) be the weak solution to (34) for which
the conditions of the Lax Milgram Theorem are satisfied.
Under the above assumptions on 7 and V}, let u, € Vj, be the
Galerkin approximation to u. If u € H™(Q) for n/2 < m < k,
then 3¢ > 0, ¢ # c(h, u), such that

U — Upll () < ™ M |ulpmq)



Error Estimates for Finite Element Approximations
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Proof: Since m > n/2, the Sobolev Embedding Theorem

implies u € C(2), and hence the pointwise interpolant for u is
well defined. Also, Zru € V;, and Céa’s Lemma gives

u-—u <c inf [lu—v <cllu—Z7u
| hllr (@) < vhthH hllH1 (@) < cll TUll 1 ()

Then setting p = 2 and k = min Theorem gives
lu = Zrull iy < ch™ulpmq) W

Theorem: Assume the primal solution to (34) is u € H™(Q) for
m > n/2. Assume the adjoint problem to (34) is well posed
and, in particular, for g € L2(Q) the solution ¢4 satisfies
9glle@) < cllgllzq)- Under the above assumptions on 7" and
Vy, with kK > m, let u, € V,, be the Galerkin approximation to u.
Then 3¢ > 0, ¢ # ¢(h, u), such that

U — Unll2) < €h™|U|pm(q)



A Posteriori Error Estimates
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Proof: The Aubin-Nitsche Theorem gives
_ < _ —1 i _
e T v X (S AR

Using Theorem gives
V’EQLh log—VallHi (@) < 19g—ZTdgllH1 () < Chldglreay < chllglliziq)

Combining these estimates with that for ||u — up| 41 () from the
previous theorem establishes the claim. [ |

» For a posteriori error estimates, consider the simplified case in
(34) that Lu = —V(aVu), f € L3(Q), Bu=u, g =0, V = H}(Q)
and the weak formulation is to seek u € H} () such that

a(u,v) = (aVu,Vv)ziq) = (f,V)2@q) = b(v), Vv € H}(Q)

for o € C'(Q) with a1 > a(x) > ag > 0, Vx € Q.
» Let V}, C V and suppose uj, is the Ritz Galerkin approximation.
» The following arguments are analogous for other cases of (34).



Residual Based A Posteriori Error Estimates

» Residual based estimates give an H'(Q) error estimate.

» An a posteriori error estimate: (I - HHS(Q) = H(a))
a(u— - a(u — up,
a()’U - uh’H1 @ < (|uu _UL/lp u Uh) < sup M
hlH (@) weHi@)  [WlH(@)
a(u, w) — (aVup, VW) 2(q)
= sup
weH (Q) (WlH1 ()
~ ew (f, W)iz0) — (=V - (aVUn), W) 1) Hi(e)
weH](Q) W[ (@)
~ ew (f+ V- (aVup), W) -1 () Hi (@)
weH] (%) ||W||HJ(Q)

= [[f+V - (aVup)lly-1(q)

but this is inconvenient due to the H=1(Q) norm (sup).

» Thus, element-wise integration by parts is used to localize

250 the error.



Residual Based A Posteriori Error Estimates

» Let 7, be the triangulation corresponding to Vj, and let 97,
be the set of faces of all K € 7.

» The set of all interior faces is ', = {F € 9T, : F N 0Q = 0}.

» For F € I',, with F = Ky N K, let ny and n» be unit outward
normal to Ky and Kb, respectively.

» The jump in normal derivative for w, € V}, across F is
[Vwh - nl = Vwhlk, - 11 + VW, - N2

» Integrating by parts element-wise,

a(u—up, w)=(f, W)Lz(Q)—a(Uh, w)= fWI_z Z/aVuh vw

KeTh
_Z</(f+v (aVup) W—Z/ (Vup-n )
KeTh, Feok
= Z/ (f+ V- (aVup)) /[[a Vup-n
KeTy 'K Fery,

where [ a(Vup - n)w is well defined since up|x € P =

. a(Vup-n) € L3(F) and w € H}(Q) = w € L3(F).



Residual Based A Posteriori Error Estimates

» To avoid w € H}(R) in the last estimate, as well as in the
denominator of the previous H~'(Q) estimate, we would
like to use Z7, w and apply interpolation estimates.

» Yet w € H}(2) does not in general give w € C(Q2) and so
pointwise evaluation is not necessarily defined.

» Thus, interpolation is combined with projection.

» For K € T, define the elements touching K,

wi = U{K' € Th - K' 0 K # 0},

» For every face F of K define the elements sharing F,

wr=U{K' €Tp: Fe K} C uwg.

» For every node z of K define the elements sharing z,

wy=U{K €Tp:ze K} C wk.

» The L?(w;) projection of v € H'(Q) onto Py is 7, satisfying

f,mzv—v]lg=0, Vg e Py

» For z € 09, ;v = 0 for the homogeneous Dirichlet BCs.

» The local Clément Interpolant of v € H}(Q) is

- Tev = X0y Ni(ma(v))s



Residual Based A Posteriori Error Estimates

» With the Bramble Hilbert Lemma it can be shown,
Jc > 0 (known!), s.t. Yw € H}(Q), VK € T, VF € 0K,

1
W —Zewl2(ky + hgllw — Zew|| 2(r) < Chic|W| g1

(wk)
» Itis assumed that Zcw € V}, so a(u — up, Zcw) = 0 holds.
Hence, using the previous estimates, (| | (o) = | - [11(0)

a(u—up,w—"1Icw)

1
U — Up|p1(q) = — Sup
H(2) ag weH) () ’W‘H1 Q)

<

1
1 sup ( 1+ 9 - (V)2 | W — Tewlliz
0 weri(@) IWlHI(9) KEZ777 0 0

S (T Mz | W — Wz )
Ferly

<c sup ( Pl Wliss oo I+ ¥ - (V) 20
WEHS(Q) ’W’/_p(ﬂ) KZE;;] (wk) (K)

1
AN | YY) [ )
223 Ferlp



Duality Based A Posteriori Error Estimates

» Since |W’H1(wK)’ ‘W‘H1(w;:) < |W|H1(Q)! VK € Tp, VF € 9T,

1
lu=tnll () < € D hellf+V-(aVup)lzgy+¢ D hillla(Vunm]llzg
KeT Fery,
where ¢ depends upon the Clément Interpolant.
» This estimate contains known quantities on the right side
which can be used to refine a mesh.
» If o € C1(Q), the Aubin Nitsche trick can be used to obtain
an a posteriori error estimate in L?(Q) and thereby avoid
the Clément Interpolant.
» Let w € V = H}(Q) be the solution to
a(v,w) = (u—up,v), YveH(Q)
» By the symmetry of a, the dual problem is well posed. In
fact, w € H3(Q) N H}(Q) and hence for n = 2, w € C(Q),
and pointwise evaluation is defined for the interpolant Z; .
» Withv=u—-upe V,w,=Zrwe Vyand a(u — up, wy) =0,
lu—unlZ2q) = (U= Un U~ b)) = a(u — Up, W — W)
224 = (f,w — wWp)2(q) — alun, w — wp)



Duality Based A Posteriori Error Estimates
» Integrating by parts element-wise gives
lu—unlZorq) < SN+ V - (@Vup)ll g0 W — Whllzex)
KeTh
+ D le(Vun - eyl w — Wall2(r
Fel’h
» Using Theorem with k =2,/ =0 and p = 2 gives

HW Whll2(ky < ChKHWHH2
» Using the Bramble Hilbert Lemma and transformations
between F, K and F, K (Exercise: See, e.g., [242)),
3/2
W — Whllizgry < chid Wil
» From Theorem [160],
(Wl ey < cllu— unllzq)
» Combining the estimates above gives
3/2
lu=tnll 2y < € > MRIF+V-(aVup)ll 20 +C > hy [V un- Ml 2y
KeTy Felrp
» This estimate contains known quantities on the right side
225 which can be used to refine a mesh.



Implementation

» The goal here is only to use model problems to achieve an
understanding of the structure of professional software
packages, whose existence circumvents the need to write
a finite element solver from scratch.

» The focus here is on triangular Lagrange and Hermite
elements on polygonal domains.

» Constructions can be extended to higher-dimensional and
quadrilateral elements.

» The geometric information about the triangulation is stored
in arrays such as the following:

226

>

nodes contains coordinates of vertices

nodes (i) = (x(i),y (1))
elements contains references to element nodes
elements (i, :) = (11(i),12(1i),13 (1))
Here i1 (:),i2(:) and i3 (:) are pointer arrays, so
elements (i, 1) refersto nodes (i1(i)).
An entry nodes (.) appears twice when both the function
and its gradient are evaluated.



Assembly

» For Dirichlet BCs, boundary points are stored, e.g., in
bndry_nodes

» For Neumann BCs, boundary faces are stored, e.g., in
bndry_faces

» Mesh Generation is an active research area, but for a
uniform mesh on a simple geometry,
» a mesh can be generated by hand, or
» by using delaunay in Matlab (given nodes), or
» by using distmesh in Matlab to create a mesh from a
geometric description of the boundary.
» Assembly of the stiffness matrix {a(®;, ®;)} is achieved
most efficiently element-wise by transforming to a
reference element.

> Con§ider the reference element
K={(&,6)eR2:0<&,6< 1,6 +& <1}
with vertices in the following order
z1 =(0,0), zz=(1,0) and z3 = (0, 1)
227



Assembly
» For a triangle K with the ordered set of vertices

(X1, 1), (X, )2), (X3,¥3)
the affine transformation from K to K is
Xo — X1 X3 — X X1
Tk(6) = At +br. A = ( o= V1 Ys— ¥ > O = ( 2 )

» Given the nodal variables AV = {N;} the nodal basis
functions {¢);} are computed from the conditions
N,-(qﬁj) = ¢;. For the linear Lagrange element, these are

1-6 &, &, &

» If the coefficients of the bilinear form a are constant, the
integrals on the reference element can be computed
exactly, noting ¢ = 1 o T and X

Vlk(x) = AT V(E)

» If the coefficients do not permit exact integration, numerical

quadrature must be used,

v =Y mevin)
K k=1

208 where Xxj are quadrature nodes and wj are quadrature weights.



Quadrature
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» Performing numerical quadrature replaces the bilinear form
a with an approximation ay, so

» the quadrature must be performed in such a way that the
approximate formulation is well posed and

» that the quadrature error is negligible compared to other
approximation errors.

Theorem (effect of quadrature): Let 7, be a shape regular
affine triangulation with Py ¢ P c Py for k > 1. Suppose the
quadrature on K is of order 2k — 2, that all weights are positive
and that h is sufficiently small. Then the discrete problem is
well posed.

Also if surface integrals are approximated by a quadrature rule
of order 2k — 1 and the conditions of Theorem hold, then
Jc > 0 such that for f € H*=1(Q), g € HX(0Q) and h sufficiently
small,

[ = Unllp ) < P (Ul gray) + 1l -1y + 191l Hkon)) W



Quadrature

» Rule of thumb:

» quadrature should be exact for second order derivatives if
coefficients are constant,

» for linear elements (constant gradients) quadrature of order
0 (i.e., the midpoint rule) is sufficient to obtain an order h
error estimate.

» For higher order elements, Gaul3 quadrature is usually
used, simplified using barycentric coordinates:

» If the vertices of K are {(x;, yi)}3_,, the barycentric
coordinates ((1, (2, (3) of (x,y) € K are determined by

G,6,¢Ge0.1], G+G+G=1
(X, ¥) = G(x1, y1) + (X, Y2) + (3(X3, ¥3)

» These are invariant under affine transformation: if ¢ € K
has barycentric coordinates ({1, (2, ¢3) with respect to
vertices of K , then x = Tx¢ has the same coordinates with
respect to the vertices of K.

» The element contributions of the local basis functions are

/K Vi () AVt () ~dlet(Ar) S wie(Ar Vedi(€)) TAGKK) (A Vet (6))

230 k=1



Quadrature
where
» A(x) is the matrix of the highest order term V - (AVu),
» n; is the number of Gaul3 nodes, R
> X, and ¢, are the Gauf3 nodes in K and K respectively, and
» 4 and ¢; = ¢ o Tk are the basis functions on K and K
respectively.
and other integrals in the bilinear form a and linear form b
are computed similarly.

» The most flexible and efficient method to implement
(non-)homogeneous Dirichlet BCs, u = g on 0, is to
construct the stiffness matrix K and load vector F as above,
and then replace each row in K and entry in F
corresponding to a node in bndry_nodes as follows:

for i=1l:1length (bndry_nodes)
k = bndry_nodes (i)
K(k,3j) = 0 for all j
K(k,k) = 1, F(k) = g(nodes(k))

end
231



Quadrature

» For other BCs with boundary integrals, contributions are
assembled for each face, where the loop below over
elements is replaced by a loop over bndry_faces and 1D
GauB quadrature is used.

» Algorithm for the FEM with Lagrange triangles:

Input: nodes, elements, data a(i,3j), b(j), c, £

A~

Compute GauB nodes & and weights W, on K
Compute () and Vehi(&))
Set K(i,3j) = F(3j) = 0 for all 1i,j
for k = 1l:length(elements)
Compute Ty, det(Ak) for K = elements (k)
Evaluate data at transformed GauB nodes Tk(§))

Compute a (¢j,%), (f,¢;),Vi,j on K with GauB quadrature

for i, j=1:d
Set r = elements(k,1), s = elements(k, Jj)

Set K(r,s) <« K(r,s) + a(¥j¥j), F(s) < F(s) + (£,9;)

Output: K, F
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» Cases where preceeding constructions do not apply:

» Petrov-Galerkin: The weak formulation is to seek u € U
satisfying a(u, v) = b(v), Yv € V, where V # U.

» Non-conforming: The discrete problem is to find u, € Uy
satisfying a(up, vi) = b(V), Vvh € Vp,and Uy ¢ U, Vi ¢ V.

» Non-consistent. The discrete problem is to find u, € Uy,
satisfying an(up, vn) = bn(v), Yv, € Vi, and ap, b, are not
definedon U x V or V.

» For a more general formulation let U, V be Banach spaces
with duals U*, V* and V is reflexive. Givena: U x V — R
and b € V*, the weak formulation is to seek u € U satisfying

a(u,v) =b(v), vveV (43)
and existence of a solution is given by the following
generalization of the Lax Milgram Theorem.

Theorem (Banach Necas Babuska): Under the conditions
a. (inf-sup) d¢y > 0 such that

: v
inf sup _aluv) > ¢y
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Generalized Galerkin Approach
b. (continuity) 3¢», c3 > 0 such that

a(u,v) < collullullvily, b(v) <csllvlv, YueU, vveV
c. (injectivity) Forany v € V,
alu,v)=0, YyuelU = v=0

there exists a unique solution u € U to (43) satisfying
[ullu < 11bllv-/cy- |

» Note that if U = V, then coercivity of a implies the inf-sup
condition as well as injectivity, giving the Lax Milgram
Theorem.

» For the non-conforming Galerkin approach, set finite
dimensional approximation spaces U, ~ U and V,, =~ V,
introduce a bilinear form a;, : U, x V, — R, a linear form
bn : Vi, — R and seek a numerical solution u, € Uy,
satisfying

. ap(Up, vh) = bp(vh), Yvhy e Vj (44)
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» Although U, Cc U and V;, C V are not required, an error

estimate requires a way to compare elements in U and U,

For this, suppose 3U,, a subspace of U containing the
exact solution u € U..
Also, define the space

Uh =U.+Uy={w+wp:we U,w,c Up}
endowed with a norm || - ||y satisfying

a. |[unlluny = llunllu,s Yun € Up,
b. [lullum < cllullu, Yu € Us.

e.g.,
u = inf w w,
lulloy =,y 00f (Wl + [l
Since U, c U and V, C V are not assumed, existence of a
solution to the discrete problem must be established
separately:



Generalized Galerkin Approach
Theorem Let U, and V}, be finite dimensional with
dim(Up) = dim(V}). Under the conditions
a. (inf-sup) 3¢y > 0 such that

. anlUp, v,
inf sup _an(Up, V) > ¢
up€Up vheVy, ”uh”UthhHVh

b. (continuity) 3¢., ¢35 > 0 such that Vuy, € Uy, Vvy, € Vp,

an(Un, vn) < c2||unllu,lIVallv,,  Br(Vvh) < callvallv,
there exists a unique solution up, € Uy, to (44) satisfying
unllu, < llballv;/c1. u

» Note that the inf-sup condition implies the invertibility of the
stiffness matrix, and hence injectivity follows.

» The counterpart condition of coercivity in the Lax Milgram
Theorem when applied to the discrete problem implies that
the stiffness matrix is SPD.

» Error estimates for non-conforming methods are based

- upon the following generalizations of Céa’s Lemma [173l.
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Theorem (First Strang Lemma): Let the conditions of
Theorem be satisfied. Assume also that

a. UpcU=U)and Vh,C V, (o, =1 lum =1l I, = 1)
b. Jec4 > 0, ¢ # c(h), such that

a(u, va) < callullymlivallv,, Yue U, Vvye Vy

Then the solutions v and up to (43) and (44) satisfy

1 |b(Vh) — br(Vvh)|
|u— upllucny < = sup
Gl vpeVy ”VhHVh
i C 1 a(wp, vp) — ap(wp, v,
+ inf <1+4> |u = whllymy + — sup |a(Wh, V) — an(Wn, Vh)|
Wh U G Gl vpe v, HVhHV,7

Proof: Let w;, € Uy, be given. By the discrete inf-sup condition,

ap(Up — Wh, Vp
Cillun — Whllumy < sup ( Vh)
VhE V) HVhHVh
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Using (43) and (44),

ap(Uup—wn, vp) = a(u—wp, vp)+a(Wwp, Vn)—an(Wh, Vn)+bn(Vh)—b(vh).

Using this in the last estimate and applying assumption (b),

a(wh, vh) — an(Wh, vn
Cillun—Whllu(ny < Callu—Wallyem) + sup [a(Wh, Vi) (Wh, Vh)|
VhEVh HVhHV,7

+ sup |b(Vh) — bn(Vh)|
Using the triangle inequality, Vhe Vi 1Vallv,

lu — unlluny < llU = Walluny + Ilun — Wallycn)
the claim follows after taking the inf over wy, € U, [ |
Theorem (second Strang Lemma): Let the conditions of
Theorem be satisfied. Assume also that a; can be

extended to U(h) x Vj. Assume further, 3¢4 > 0, ¢ # c(h),
such that

\an(u, va)| < callullyemllvallv,, Yue U(h), Vvye V.
238



Generalized Galerkin Approach
Then the solutions u and uy, to (43) and (44) satisfy

)\ 1 |b(vh) — an(u, va)|
u—u < {1+ > inf [lu—whlyem+- su
Ju—tnlugy = (1+E4) it w5 sup P ZEnt

Proof: Let wy, € Uy, be given. By the discrete inf-sup condition,

ap(Up — Wh, Vp
erlun — whlluy < sup Lt )
VhE V) h”Vh

Using (44) with v, € V},
ap(Up — Wp, v) = ap(up — U, vp) + ap(u — W, vp)
= by(Vh) — an(U, va) + an(u — wh, vp).
The assumption on a;, implies

bh Vy) — anpll, Vu
Cillun — Whllyn < sup il )HV (, Vi)
VhEVh h”Vh

+ Cal|u — Whllycn)

Using the triangle inequality,
lu — unlluny < llU = Walluny + Ilun — Wallyen)
o359 the claim follows after taking the inf over wy, € Up,. |
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The first Strang Lemma can be applied to show the
effect of quadrature on the Galerkin approximation.
For simplicity, consider to find u € H}(Q) = U s.t.

a(u,v) = (aVu, VV)ziq) = (f,V)12@) = b(V), ¥V € Hy(Q)

with f,a € WH(Q) — C(Q), a4 > a(x) > ap > 0.

Let Vi, C V = H}(2) be constructed from triangular Lagrange
elements of degree m on an affine equivalent triangulation 7p.
The discrete bilinear form a, : Vj, x Vi, = Ris

an(Un, Vi) = Y Y wWia(Xk) VUn(Xk) - VVr(Xk)
KeT k=1

where wy and x, are the Gaul3 quadrature weights and
nodes on the element K.

Recall that this formula is exact for polynomials of degree
up to 2m — 1, and all weights wy are positive.
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» Estimating the quadrature on K for ay,

m 2
(Z wia(Xi ) Vup(Xk) - VVh(Xk)) <

m m
of (Z Wk|vuh(xk)|2> (Z Wk|VVh(Xk)|2> = a$|uh|i/1(K)|Vh’i/1(K)

k=1 k=1
where the last equation follows since the components of
Vup and Vv, are in Py,_q and hence |Vuy|?, |V Vp|? € Pom_o.
» Combining the above estimates shows that ay, is
continuous on Vj, x Vp,

|an(un, va)| < cllullp o) lIVIIH (@)

» Similarly, aj, is coercive,

m
an(Un, Un) > a0 Y > W Vun(xe)? = aolunlZ gy > cllunlZ g
KeTp k=1

» where Poincaré’s Lemma is used in the last inequality.
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» To show that the linear form

= > > Wi (xi) V(%)

KeTp k=1
is bounded in terms of ||vp|| 41(q), note first that,

b( bh Vh Z EK th) EK / Z Wy Vv Xk)
KeTh
where Ek is a bounded, sublinear functional on W1 (K)
which vanishes Vv € Py C Pop_1.
» So the Bramble Hilbert Lemma can be applied on the
reference element K to obtain
[Eg(N)] < clVlyroiy: V7 € WHX(K).

» On the reference element K define 7 = f o T and
Vh = vy o T € P to obtain
‘Ek(?‘A/h)‘ < C||?”W1,oo(k)H‘A/h||w1,oo(k) < CH?HWLOO(R)HVhHB(k)

4o since all norms are equivalent on finite dimensional 7.
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» Using the integral transformation rule [211],

|Ex(v)| = |Eg(F0)Idet(Ax) < cllFl oo iy |l 2 Bt (Ak)
» Using Lemma [211],
1Fl e iy < ClARIIFll e
N 1
1Vl 2y < ClIVall 2 det(Ax) 2
» Combining these estimates gives
1
|Ex(fv)] < CHAKHde:[(AK)EHfHWtoo(K)HVhHLZ(K)
< chyxdet(Ak)z || fl w10 (k) | Vil 2(c)
» Summing over elements,

16(vi) — ba(vn)| < OhlFl ey S VOICK) Vel 2y <
1 Ken1
2 2
el flwmiay | 3 v0ltK)|” | 3 W] = chlflneqal o
KeTh KeTh
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» Then boundedness of by, is obtained as follows

|bn(Vh)| < [bn(Vh) — b(Vh)[ + [b(Vh)| <
chl[fllwr.o ) lIVhll 2(e) + 1 ll 2yl Vall 2
< (Chlifllwro) + 1l 2@ Vall 2 ()

< cllfllwreo @ IVall 1 (o)

v

Thus, the discrete problem is well-posed by Theorem [236].
For error estimates, assume in the following that linear
Lagrange elements are used.

By the first Strang Lemma [237], the discretization error is
bounded by the approximation error and the quadrature
error.

Theorem gives for the second term in [237],

v

v

v

inf |lu—w < chlu
i | hll41(@) < chluleq)
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» For the quadrature error in the bilinear form, note that for
wh, vy € Vp, the gradients Vwy, and Vv, are constant on
each element K and hence

a(wp, Vi) — ap(Wh, vp) =

Z </K aVwy-Vvy— Z WkOé(Xk)VWh(Xk) . VVh(Xk)>

KeTh k=1

= VW, Vv, </Ka = Wka(Xk)>
k=1

KeTh

» Recall the earlier estimate based upon the Bramble Hilbert
Lemma and Theorem [213] i.e., take fv, = « - 1 and

Ex(a) = /KOé — ) wio(xx)
pa

to obtain

1
Ex(a) < chkdet(Ax)z [|allwroo ) 1T 2k) < Chrvol(K)[[al| oo (k)-
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» Using this estimate in the previous calculation gives

|a(Wh, Vi) — @n(Wh, Vi)l < > [VWy - V4|[Ex(a)]
KeTh
<c Z hK‘a‘WLoo(K)’th - Vvp|vol(K)
KeTh
< chlalwt.oo k) IWhll 11 @) 1Vhll 1 () -
where [ [Vwy, - Vwy| = [Vwj, - Vwg|vol(K) since linear
Lagrange elements are used.
» It was shown earlier that

|b(Vh) — br(Vn)| < chl|f[| w1, IVallH (o)
» Combining these estimates with the first Strang
Lemma yields
U = Unll1 () < ch(lIfllwr () + [UlH2(Q)
where infy, cv, ||y, @) l|Whl v, = 0 has been applied to

o6 the third term in [237..
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» Discontinuous Galerkin methods are based upon

nonconforming finite element spaces with piecewise
polynomials not necessarily continuous across elements.
Such an approach is flexible (different polynomials on
adjacent elements need not to match up) and it is natural
for first order equations with discontinuities.
For Q c R” (polygonal), 8 € W'>°(Q)" and n € L>(Q),
consider the (steady-state, i.e., u; = 0 on the left)
convection-reaction equation
B-Vu+pu=»Ff QcCR"

with u = 0 on the inflow boundary

Q" ={sedQ:p5(s) n(s) <0}
which is well separated from the outflow boundary

Qt ={se€aQ:B(s) n(s) >0}

in the sense that mingcq- tcq+ S — t| > 0.



Discontinuous Galerkin Approach
» For existence note that the graph space
W={vel?Q): 5 Vwe L3Q)}

is a Hilbert space equipped with the scalar product,
(v, W)w = (V. W)2q) + (8- VV,B-VW)2q)

and W functions have traces in
[5(0Q) = {v meas on 09 : /asz 18- n|?v < oo}

giving the integration by parts formula

/(B~Vv)w+(ﬁ~Vw)v+(V-ﬁ)vw:/ B-nvw, Vv,we W
Q a0
» The BCs are satisfied in

U={veW:v|y- =0}

» The weak formulation of the convection-reaction equation
is to seek u € U satisfying

a(u,v) = (B-Vu,v) o)+ (uu, V) = (f, V)2, YveW

248 (45)
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Theorem: If ;u(x) — 5|V - B(X)||> > po > 0, a.e. x € Q, then
Jlu € U satisfying (45). Also, 3¢ > 0, ¢ # c(u, f), such that
ullw < cllfll2(q)-
Proof: is an Exercise in the application of the
Banach-Necas-Babuska Theorem (233, but to see the
significance of g, note that for the inf-sup condition, ones uses

2y . . B) — (BIR) — 24 .
/QUV B+2u(Vu- p) /QV (Bu*) /muﬁ n
to obtain

auv) = [ (Bvoutpd = [ =390+ [ 5@ > ol

where the inequality depends the assumption with 1 and upon
Ulsgo- =0and 3-n > 0on dQt. It follows
—1 a(u, U) < -1 a(u, V)

[ull 2y < w < sup
H@) 0 [ull 20 0 verz(@) IVliz(@)

sng  Similarly,
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(/8 ' VU, V)L2 Q a(U, V) - (/LU, V)L2 Q
18- Vullizy < sup ———— = sup U
verzi)  IVIlzge) vel2(Q) 1VIl2@)
a(u,v) 1 a(u,v)
sup + ||| oo Ullzeoy < (14 pg ||| oo sup ——=—
S TVl [ 1ell oo @y 1Ull 2y < ( o llelle (Q))veLZ(Q) Viee

Taking the inf over u € U of the sum gives the inf-sup condition.

Continuity of a over U x L?(Q) is established by direct
estimation. For injectivity, one assumes that v € L?(Q) satisfies
a(u,v) =0, Yu € U, and argues v must be sufficiently regular
to obtain uv =V - (Bv) and v € W. Then with integration by
parts and existence of traces for v, direct calculations give
Joq(8 - muv = a(u, v) = (u, v = V - (8V))2g) = 0 and
tollVllz@) < (v, uv =V - (BV))2(q) = 0. u
» For the discontinuous Galerkin approach let k € Ny,
suppose T is a triangulation of Q and set
Vh={vel?Q):v|xeP,KeTh
250 where no continuity is required across faces.
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» The discrete counterpart to (45) is to seek up € V}, satisfying

an(Un, vn) = (f, vh)12(q)s  VVh € Vpy (46)
where
an(Un, Vi) = (LUn+B-V hUn, Vi) 12(0)— / (B-n)upvh— /5 [unl{va}
Fery
and

_ 1 _ _
- 2 1 ’ - ’ - .
fvir =2Vl +vik), [VIF=nvik+nvlk, Vivelk = V(Vhlk)
» To see that ay, is coercive with respect to the norm on V),
2 2 2
Il = pollunleey + 3 |5 mif

integrate by parts on each element of an(up, up), up € Vp,
to obtain

(uUp + B - VU, Up) 2(Q Z/uthr B - Vup)up
KeTh

—Z/,uuh §V ﬁu,ﬁ—Z/

251 KeTh KeTh
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» Since 3 € W'>°(Q)? is continuous,

> | send=3 [bo1dls X [ 46 ned
KeT, 0K Fer,”F FeaT\rn” F
» Since ny = —n> = n between elements K7 and Ko,
%lIWz]] = %(W!Zﬂiw}%)n = %(WK1+WK1)(WK17WK1)n = {{W}}FHW]]F
» Combining terms over 0N gives

) '/‘)K 18- n)u%—/m_(ﬁ MU= > /F 3. [[WHF{{w}}FjL/aQ 18- nld

KeTy "¢ e Ferlp
» Thus aj, satisfies

an(unun) = 3 [ (=479 + [ 315 nlek

KeTh
2 1 2 2
> ol Unlfeey + [ 318 nlef = Juil
» Similarly, one can show (Exercise), Vup, v, € Vj,

an(Un, vn) < llunll - lIvall,  (f, Vi) 2y < [Ifll 2 - llvall
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» Thus by Theorem [236], Fluy, € V), satisfying (46).

» For an error estimate, assume that the solution to (45)
satisfies u € U, = Un H'(Q). Then traces u|r are well
defined in L2(F) for F € T, and ap(u, vp), v € Vj, is well
defined.

» With the norm on U(h) = U, + Vh,

IwlZ = Iwlz + > (18- VWlZ + M W12k

KeTh
boundedness of a, foIIows:

an(u, va) < cllull-lvall,  vue U(h), Vvhe Vh
» Also, the solution u to (45) satisfies
an(u, vn) = (f, Vh)12(q), VVh € Vi
» Thus, the Second Strang Lemma can be used to obtain:
Theorem: Assume the solution to (45) satisfies
u € U(h)n H*(Q). Then 3¢ > 0, ¢ # ¢(h), such that the

solution uy, to (46) satisfies

253 lu = upfl« < Ch"|u|Hk+1 @
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Mixed FEM are natural to solve variational problems with
constraints.
Let V and M be reflexive Banach spaces.

» Let the bilinear form a: V x V — R be symmetric, coercive

254

and bounded.

The solution to a(u, v) = (f, v)y- vy, Vv € V, is the unique
minimizer for J(u) = Ja(u, u) — (F, U)y-.y.

Under the constraint b(u, 1) = (g, i) = m, Yo € M, for the
bilinear form b: V x M — R, one introduces for u € V, A €¢ M,

L(u,A) = ga(u,u) = (f,u)v- v — b(u, \) = (g, \m- m
and seeks a saddle point,

L(u,\) = |nf sup L(v, p)
ueM

whose weak first order optimality condition is

{ a(U, V)—f-b(V,)\) = <fa V>V*,V’ vweV (47)
b(u,p) = (g mWm-m YpeM
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» Existence of a solution is given as follows.

Theorem (Brezzi Splitting): Assume that
b. a: V x V — R satisfies the conditions of Theorem [233],
c. b: V x M — R satisfies the LBB condition, i.e., for 5 > 0,

. b(v,
inf supM >
veV uem [IVIIvIiulim

Then 3!(u, \) € V x M satisfying (47) and
[ullv + IMm < c(lifllv- + llglla-)-

» For a Galerkin approximation choose subspaces V;, c V
and M, ¢ M and seek u, € Vy, up € My, such that

{ a(up, vh) + b(vi, Ap) = (f,vpyy=v, VYveV,
b(up, i) = (9, n)m= M, Yien € My
(48)

» Existence of a solution is given analogously as above.
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Theorem: Assume Jdayp, 5, > 0 such that with
Kn = {Vh € Vi : b(Vh, 1n) = 0,Yup € My},

. a(v, . b(v,
inf sup _av.p) > ap (LBBp:) inf sup _blv.p) > Bh
unekn vyeky 1UllvIIVIIv 1uneMy v, (VI Illlm

Then 3!(up, A\p) € Vi, x M}, satisfying (48) and
l[Unllv,, + [ Anllag, < cCIfllve + l1gllm)-

Theorem (Fortin Criterion): Assume the LBB condition holds.
Then the LBB}, condition holds iff 3, : V — V}, such that

b(Npv, un) = b(V, un),  Vun € My
and 3y, > 0 such that |Mpv||y < Apllv| v, Vv € V.

Theorem: Let the conditions of the previous two theorems be
satisfied. Let (u, \) be the solution to (47) and let (up, \y) be
the solution to (48). Then 3¢ > 0, ¢ # c(u, \) such that

256 HU - UhHV + H)‘ - )‘hHM < C(ianhEVh HU - Vh”V + infuth H)‘ - MhHM)-
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Suppose measurements of u* on Q = (0, 1)? include the
simultaneous effect of noise and a smooth modulation.
Let 4 be a compact subset of Q where measurements i
and « satisfy U,k > ¢ > 0 and u* ~ U/k in Q.

Let x4 be the characteristic function for Q4.

Then u* is estimated as a minimizer for

J(u) = /Q[\Ku— b2 + €| V2ul?]

The necessary optimality condition for a minimizer
uc € H?(Q) is

ea(u,v) + b(us,v) =d(v), YveH?(Q)  (49)
where

a(u, v):/Vzu:Vzv, b(u, v):/nzuv, d(v)://d/v
Q Q Q

(Exercise) 3luc € H?(Q) satisfing (49), and when @i/ can
be extended to H?(Q), u® converges weakly in H?(Q) to a
unique limit u* € H?(Q) as ¢ — 0.
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Yet, for typically discontinuous data, a direct FEM approach
to approximating the solution u* to (49) fails (miserably!) to
approximate u* for a fixed h as e — 0. A discontinuous
Galerkin method is only conditionally accurate.
To obtain a saddle point formulation of u*, define
L3(Q) = {v e L3(Q): (1 — xa)v =0}
Ho(A2) = { w e H2(Q) : A%w € L2(Q), }
¢ a(w, ¢) = (A2w, ¢)2(), Vo € HA(Q)

Theorem: 3!(\, u°) € L3(Q) x Hyp(A?) satisfying

{ —eb(p, ) + b, u) = d(n), Vre L) g

b(A¢,v) + a(uc,v) = 0, Vv € H3(Q)

where u° satisfies (49). (Formally, set . = v in |, multiply Il
by ¢, and sum | and Il.)
For the following, define H;2(Q) as the subspace of H=2(Q)
given by the completion of L3(Q) with respect to the norm

Ja xapv
pll g2y = Sup 2T
ll ;2 vere VI )
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» Theorem: ()¢, u) satisfying (50) converges weakly in
H2(Q) x H?(Q) as e — 0 to a unique limit
(A, u*) € H72(Q) x H?(Q) satisfying

b(p,u*) = d(n), Ype Hd_z(Q) (51)
b(\*,v) + a(u*,v) = O, Vv € H3(Q)

where u* is the weak limit in H?(Q) of u© satisfying (49).

» For a mixed FEM approximation, set x; = ih, h=1/(N+1),
i=0,...,N+1, and define the maximally smooth splines

S99(0,1) = {s € C*1(0,1) : 8|y, ] € Proi = 1,..., N+1}

with S,Sk)(Q) being tensor products of such splines.
» Assume the grid conforms to the data support so x4 € S,(,O)(Q).
» Let S,(Q(Q) be the subspace of Sf,k)(Q) supported only on Qg.
» Assume the data are approximated respectively with

Kh, Up € S,(ﬂi(Q) satisfying

- I = Kplle@) = 0, 10— Upllie@) = 0, h—0.
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» Define the approximate forms

bp(u, v):/Q/-c,%uv, dh(v):/ﬂmhuhv

» For a mixed FEM approximation to the solution to (50)
seek (A, up) € Sg(ﬂ) X Sf,z)(Q) satisfying

—ebn(pn, A,) + balpn, up) = dn(pen), VMhGSﬁB(Q)
by Vi) +a(Up,ve) = 0, Wvpe SP(Q)

52
» Theorem: 31(\§, up) € Sffg(Q) X Sf,z)(Q) satisfying (52)

(52), and as € — 0, (\f, up,) converges to a unique limit
(X, up) € Si(Q) x Si2(9) satisfying
bn(pn, up) = dn(un), Ven € 32?3(9)
br(\5, vh) + a(ut, v) = 0, v, € SP(Q)
» Under provable conditions of Theorems 256/, it can be (53)

oeo shown that ||u* — U} || pe(q) + (A" — )‘EHHJZ(Q) —0,h—0.



Trotter Kato Theorem for Evolution Equations

» Let {S(t)}+>0 C L(H) be a c° semigroup on a Hilbert
space H with generator L.

» The goal is to construct approximations Ly, ~ L on spaces
Hp, which generate C° semigroups {Sk(t)}r>0 C L(Hp)
satisfying Sp(t) = S(t).

» Assume there are restriction operators P, € £(H, Hp) and
expansion operators Ej, € L(Hp, H) satisfying

i. ||PnllH.H, < Mi, |EpllH, 0 < Mo,
where M1 # M1(h), M2 35 Mg(h)
ii. PhEh = lh on Hh.

Theorem: Let {S(t)}>0 C L£(H) be a c® semigroup on a
Hilbert space H. Then 3M > 1 and w € R such that
IS(t)]| < Me, vt > 0.

Def: If a C° semigroup {S(t)}+>0 C L(H) satisfies
IS(1)||y < Me“t, ¥t > 0, one writes L € G(M, w, H) for the

generator L.
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Stability, Consistency, Stability
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Theorem (Trotter Kato): Let Hilbert spaces H and Hj, be given
and assume the restriction operators Py, € L(H, Hp) and
expansion operators Ej, € L(Hp, H) satisfy the assumptions
above. Let L € G(M,w, H) and Ly € G(Mp,wp, Hp) be
generators of C° semigroups {S(t)}+>0 C £(H) and
{Sh(t)}t>0 C L(Hp), respectively. Then (a) and (b) are
equivalent to (c) in the following.

a. (stability) 3IM > 1, & € R, such that M, M, < M and

w,wp < &, Yh > 0, where M # M(h) and & # &(h).
b. (consistency) 3\g € p(L) N Np=op(Lp) such that Vu € H,

|Ep(Xolh — L)' Ppu— (Mol — L) 'ully — 0, h— 0.
c. (convergence) Vu € H, VvVt > 0,
|EnSh(t)Ppu — S(t)ully -0, h—0

uniformly on bounded ¢ intervals.
If (c) holds, then (b) holds VA with R\ > ©.



Alternative Consistency Condition

» Unfortunately, the consistency condition can be very
difficult to verify, so the following theorem gives alternative
conditions.

Theorem: Let the assumptions of the previous theorem be
satisfied. Then (a) and (b’) are equivalent to (c), where
alternative conditions for consistency are given as

b’. (1) Vu € H, ||[EnPpu — u||y — 0, h — 0,

(2) 3D ¢ dom(L) such that D = H and (\o/ — L)D = H for
some \g > @, and

(3) Yu € D, 3{Up}p>o With b, € dom(Lp) such that

Enu, —u and EpLpun, — Lu, h— 0.

» Example: For the convection equation on Q = (0,1), t > 0,
u+ux=0 xeQt>0, u(t0)=0, u(0,x)=u(x)

choose H = L?(Q).
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Application to the Convection Equation
» Equip the generator Lu = —uy with
dom(L) = {u € H'(Q) : u(0) = 0}
» L is dissipative since
(Lu, U)g2(q) = —3 (W) = 3Rl = —Ju(1)2 <0, Vuedom(L)

» The range condition is satisfied since Vf € L2(Q), VA > 0,
X
L-Nu=f o ux) = —/ U -9f(y)dy € dom(L)
0

» By the Lumer Philips Theorem [165], 3{S(f)}+>0 C L(H), a
contraction semigroup, i.e., L € G(1,0, H).
» Now consider the semi-discrete approximation,
ui(t) = [uia () —w(t]/h, i=1,....n, uo(t) =0.

where H, = R" and u;(t) ~ u(x;, t), x; = ih, h=1/n.
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Application to the Convection Equation
» Define the discrete generator by

(Lhu)y = —uy /b, (Lpu)i = [Uiq—ujl/h, i=2,....,n, u={u}’;

with dom(Ly) = R". (up = 0 is not included in the state.)
» Define the restriction operator P, € L(H, Hp) by

Xi
(Ppu)i = :7/ ux)dx, 1<i<n, ueH
Xj—1

» Define the expansion operator Ej, € L(Hp, H) by

n
Epu= Z UiX(x_4x]» U E Hhp
where y g denotes theI:(;haracteristic function for the set S.
» Define the scalar product and norm on Hy, = R" by
n
(uV)h="h>_uv, |uls=(u, u),%, u,v e Hy
» P,and E clearl;:;atisfy PrER = I, on Hp, so condition (ii)

265 is satisfied.



Application to the Convection Equation
» To show condition (i), note that Vu € H,

||Phu\|Hh_hZ( h/ hzh/x xX)ax = ||ullfzq

Xj—1
and vu € Hhs uslng XI( ) - X(X,‘,1,X,‘]( ) and XIX] - 5/]5

1 n 2 n Xj
Bl = [ | o unio =3 [ dpok = Julf
i=1 i=1 7/ Xi-1
» L, is dissipative since
(Lpu, u)p = h{w1 (0 — ur)/h + 3o wilui—¢ — ujl/ b}
= — 2004 U7+ o Uil
<Y U+ 5 B 3 U2 4 <0, Vu e dom(Ly)
» The range condition is satisfied since Vf € Hy, = R",
VA > 0, (L, — \) is diagonally dominant and
(Lp—Nu=f & u=(Lp—\)""fedom(Lp)
» By the Lumer Philips Theorem [165], 3{Sy(t)}+>0 C L(Hn),
266 a contraction semigroup, i.e., L, € G(1,0, Hp,).



Application to the Convection Equation

» Thus, the stability condition (a) has been established, and
the consistency condition (b’) will now be established.

» For (b’ 1), let u € Hand set I € C'(Q) to satisfy
|u— Ul 2(q) < € so that using (i),

|EpPhu— Ul < ||EnPRl — ||y + ||(EnPr— ) (u — T)||H4
< ||EpPRl — || + 2¢

and using x;(x) = (x, 1 x,] and XiXj = 51];

0P~ iy = | Z[u x) ~ G000 | o
<Z/ U(x;) — b(x |dx<Z/X / (y)dy‘dx

<Z/ hdx/ YRy = P 2 0, 0

» For (b’ 2), let D = {u € C?(Q) : u(0) = 0} and note first that
D = H. To show that (A — L)D = H holds YA > & = 0, let
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Application to the Convection Equation

f € H= L?(Q) be arbitrary. Let {fx}x>1 C C'(Q) be chosen
so that ||f — fx||y — 0, kK — cc. Then
uk(x) = — [o @V f(y)dy
satisfies ux € D, (A — L)uk = fx and
I(A = Lyuk — Flls = llfi = Flls — 0, k — o.
» For (b’ 3), set u = {u(x;)}_, for u € D. To show that
|Ept — ul|y — 0, h— 0,

- ulf= [ | i[u(xf) — u()(x) \2 ox

_Z/ x,—u(x]zdx—Z/
2 / 2

21/ / u |dde<Z/XM dx/{ U (y)Rdy

k X; 2
h h?
Z/ ()P ody = =] 0, h0.

2
U(y)dy | dx
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Application to the Convection Equation
and similarly to show that || EnLp0 — Lu||y — 0, h — 0,

1 n . _ .
|EnLpti — Lul?, = / | Z “(’(—1),7“(” +0(x) | xi(x)

RIS
/x,1 /X” x)—U(y ]dy’dx
Z/ h [ 1000~ )Ry ] a
21/ [/)(/_1 /yu”(z)dz) dy}dx
1 ol
<

Xi
- Z/ [/ L8 |U//(Z)|2dz} dy | dx = P)|u" |2 ) 5 0
h j=1 7 Xi—1 Xi_1 Xi_1

» Hence, the conditions of stability and consistency are
269 satisfied and the convergence property follows.
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Application to the Heat Equation
» For the heat equation on @ = (0,1), t > 0,
U= Uxx, Xe€Qt>0, u(t,0)=u(t,1)=0, wu(0,x)= up(x)
choose H = L?(Q). Exercise: Repeat for Neumann BCs.
» Equip the generator Lu = uy, with
dom(L) = H3(Q) N H{(Q)
» L is dissipative since
(Lu, U) 2y = —(Ux, Ux)32(q) < 0, Vu € dom(L)
» The range condition is satisfied since Vf € L2(Q), VA > 0,
lu € Hy(Q) such that with b(v) = (f, v)2(q) and
ax(u, v) = (Ux, ) iz(q) + MU, V) 12(q),
ax(u,v) = b(v), Vve H(Q)
and f € L?(Q) implies by Theorem [160] that u € H?(Q).

» By the Lumer Philips Theorem [165], 3{S(t)}+>0 C L(H), a

70 contraction semigroup, i.e., L € G(1,0, H).



Application to the Heat Equation

» Now consider the semi-discrete approximation,

uj(t) = [uip1 (1) — 2ui(t) + w1 (B)]/P?, i=1,...,n
Uo(t) = Up+1(t) =0
where H, = R" and u;(t) = u(x;,t), x; =ih, h=1/(n+1).

» With u = {uy;}]!; and understanding uy = U1 = 0 (not
included in the state), define the discrete generator by

(Lpu)i = [Ujs1 — 20+ Uiq]/H?, i=1,....n

with dom(Ly) = R".

» Define the restriction operator P, € L(H, Hp), the
expansion operator E, € L(Hp, H) and the scalar product
(-,-)n as before, and recall that conditions (i) and (ii) hold.

» L, is dissipative since

h(Lpu, u)p = S0 vt — 2500 2 + S0, vt

11 1 2
<Y (WU ) -2y uE Y s(UP 4 Uz ) <0
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Application to the Heat Equation

» The range condition is satisfied since Vf € H, = R",
VA >0, (L, — \) is SPD and

(Lp—Nu=f & u=(Lp—\)""fedom(L)

» By the Lumer Philips Theorem [165], 3{Sp(t) }+>0 C L(Hp),
a contraction semigroup, i.e., L, € G(1,0, Hp).

» Thus, the stability condition (a) has been established, and
the consistency condition (b’) will now be established.

» Condition (b’ 1) holds as before.

» For (b’ 2), let D = C3(Q) N Co(Q2) C dom(L) and note first
that D = H. To show that (A — L)D = H holds VYA > & = 0,
let f € H = L2(Q) be arbitrary and choose {fi}x>1 C C'(Q)
with ||f — f||y — 0, k — oc. Then 3ty € HJ(Q) such that

av(u, v) = (fe, V)i2() YV € H3(Q).
Since fx € L2(R), Theorem [160] implies that ux € H?(Q2) and
(A= L)uk = fx or u! = Aug — fx € C'(Q). Thus, ux € D and

579 (A= L)uk — fllg = Ifk — fllg — 0, k = oo.



Application to the Heat Equation

» For (b' 3), set i = {u(x;)}7_, for u € D. Then
|Ent — Ul — 0 holds for h — 0 as before.

To show that ||EpLpt — Lul|y — 0, h — 0,

|EnLnl — Lu|3 =

1 n ) _ 3 — i) — i
[0 ) sl w0 P
=1

h2

n

:Z/ - / Wy +h) — o ()lay — () || ax
/x,1 /X1 /Hh dt]dy—u()‘dx
:g/XH /XH [/yy+h[u"(t) (x)]at | dy‘ dx
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Application to the Heat Equation

Xi y+h . 2
/ [h/ 0'(t) — o' (x)Pat | dy | e
1 i—1 Xi—1 y

Xi

y+h
[ ) - woozae] dy | ax
y
1 Xi Xi X1
S 7z d / (1) — " (x)Pdt | d
e L @] o veta) o
n i i t
S a0
=1 7 Xi—1 Xj—1 X
< LZ/X [/X+1 2h/X+1 |u///(s)|2ds} dt:| dx
=1 7 Xi—1 Xi—1 Xi—1

= 2h2HUWHi2(Q) hie 0

» Hence, the conditions of stability and consistency are
satisfied by the semi-discrete scheme, and the

- convergence property follows.



Application to the Wave Equation

» For the wave equation on Q = (0,1), t > 0,

Ut = Uxx, X€Qt>0, u(t,0)=u(t,1)=0
u(0,x) = uo(x), ur(0,x) = th(x)
written in first-order form,
_ ( o |/ >
Oxx O

U = LU, U:( u )
Ut
choose H = H}(Q) x L2(Q) with

(U7 V)H = (8Xu1 , 8Xv1)L2(Q) + (U27 Vg)Lz(Q)
U= (u, ), V=(v1,n)

i.e., H}(Q) is equipped with the norm ull g0y = Ul (0)-
» Equip the generator L with

dom(L) = [H3(Q) N H(Q)] x H} ()
» L is dissipative since VU € dom(L),

- (LU, U)H = (OXUQ, Ox U )L2(Q)+(6XXU1 s Ug)Lz(Q) = OxUq U2|§zg) =0.



Application to the Wave Equation

» The range condition is satisfied since VA > 0,
Y(fi,h) = F € H= H}(Q) x L3(Q),
3(uy, tp) = U € H(2)? such that with by(v) = (f, V) 2(q)
and a,,(u, v) = (Ux, Vx)2(q) + (U, V)12(q),
a;\z(U1, V) = bf2+/\f1(V), Yv e H(1) (Q), w=AIu—fi € H&(Q).
Since f + My € L?(Q), Theorem implies vy € H3(Q).
Hence, U € dom(L).

» By the Lumer Philips Theorem [165], 3{S(f)}+>0 C L(H), a

contraction semigroup, i.e., L € G(1,0, H).
» Now consider the semi discrete approximation,

U = (uy, tp), Za, Noi(x), ta(x,t) = Bi(t)xi(x)
i=1
where for x; = ih, h_ 1/(n+ 1),

(x = xi—1)/h, x € [x;i_1, X]
pi(x) = {
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Yi(x) = { 1/2, X € [Xi—1, Xiy1]

(Xip1 — X)/h, X € [Xj, Xj11] 0, otherwise

0, otherwise



Application to the Wave Equation
» Define the finite dimensional subspaces
Hp = ®p x Xy = span{¢;}iLy x span{x;}iL
equipped Vh > 0 with the inner product on H.

Define the restriction operator P, € L(H, H},),

Py = (P,(71), P,(f)), with the orthogonal projections,

1
PV, &) sy = (Vs O)pyay, ¥V € HY(Q), Vo€ o

(P X)iz@) = (X)) Ve LX(Q), Yy e Xy
Define the expansion operator E, € L(Hp, H) by Ep, = P},
i.e., the injection H, — H.

(Exercise): P, and Ej, satisfy (i), (ii) and (b’ 1), and

furthermore, (Pf,”v)(x,-) =v(x),i=1,...,n

To satisfy a(U, V) = (LU, V)y, VU € dom(L), VV € H,

define aon H}(Q) x H}(Q) for U = (uy, u2), V = (v1, v), by
(9

a(u,v) = U218XV1)L2(Q) (3xU1>8xV2)L2(Q)

v

v

v

v
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Application to the Wave Equation

>

>
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Since Hy ¢ H}(Q2) x H} (), a bilinear form aj, cannot be
defined by the restriction of ato Hp,.

However, &), x &, C HI(Q) x H}(Q) so take aj as the
restriction of ato ¢, x o,

(Exercise): The orthogonal projection of X, onto $
satisfies

n n
P,(72)¢ = Za,'x,' € Xh for ¢ = Z ajo; € dp
i=1 i=1

and hence the mapping ¢p(W) = (wy, P},z) Wp) € Hj for
(Wi, wo) = W € &) x &y, is an isomorphism (invertible).
Define ap on Hy by

an(U, V) = an(1; U, V) = a(t, ' U, V), U,V € Hy
and the approximate generators by
(LhU, V)y = ap(U, V), U,V e Hy
with dom(Lp) = Hp,.



Application to the Wave Equation

» (Exercise): For U € Hp,
n n n n
U= (Z @i, ZﬁiXh) , LU= (Z Vidi, Z&Xh)
i—1 i—1 i=1 i=1

a = {ai},n:p B = {5/ ,n:p Y= {'Yi ,n:p 0= {5;}1’.7:1 SatiSfy

Apa = —Bpd, v=p
where

An = tridiag{-1,2,~1}, By = 2 tridiag{1,2,1}.

and the following matrix representation of L is invertible

(e o)
-B,'A, 0

» The range condition is satisfied since VF € Hp, YA > 0,
(Lh—NU=F < U= (Ly—))""Fedom(Ly)
» L, is dissipative since

- (LpU, U)yy = an(e, 'U, 0 U) = a(1, ' U, 'U) = 0, YU € H,



Application to the Wave Equation
» By the Lumer Philips Theorem [165], 3{Sy(t)}t>0 C L(Hp),
a contraction semigroup, i.e., Ly € G(1,0, Hp).
» Thus, the stability condition (a) has been established, and
the consistency condition (b) will now be established.
» It has been shown that 0 € p(L) and 0 € p(Lp), Vh > 0.
» For(f,g)=F cH,set(u,v)=U=L"Fsov=fand

—(OxU, Oxh) 2(0) = (F5U, )20y = (9, ¥)12(), VO € HY(RQ)
> Set (Up, Vi) = Up = L}, ' PyF so that ¥(¢n, vn) = W € Hp,
(PoF, W)k = (LhUn, Wi)H = (e, Uns 1y " W)
> Define Uy = (up, ) with v, = P 7, and Uy, = (65, )

with v, = PPy, so that Uy, = 7' Uy and Wy, = 171wy, and

(0xPVF, IxPn)i2() + (PP, ¥n)iziq) = (PnF,Vh)H

= a(Un, W) = (OxVh, Oxbn)12() — (OxUn, Oxtbn) 2(q)
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Application to the Wave Equation
» In particular, with v, = 0 and so ¢, =0
(0xPVF, xm) 200y = (OxVn, Oxbn) 2(c
and hence v = P,(71)f and
Vo= PO = POPE (= S04 fx0)xi).
» The remainder of (P,F,Wp)y = a(Up, Uy,) gives
(P g, PE0n) 12y = —(OxUn, OxtPn) 2
» Set U, = P,ﬂ”u € ¢, so that
—(0xU, Oxhn) 2(q) = —(OxU, Oxhn)2(q) = (9:¥n)i2(q), V¥ € P
» Combining equations for u, and up
(Ox(Tin — un), Oxn) 20y = (P29, P Tn) 2y — (9 ) iz(e

)
= (Pf(72)g -9 Plg 'L/}h)LZ(Q) + (ga Pf(72)wh - wh)LZ(Q)

= (9, P/(72)’(Zh - T;h)LZ(Q)v Vibp € O
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Application to the Wave Equation
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> Taking the sup of both sides over ¢, € !!) —
{on € ®n - [Pl @) < 1} gives
1Un = tnlly () < 11912 sup 1Py — Unll 2
¢h6¢()

» (Exercise) From an estimate ||P,(7 V—Vllg) < thHH&(Q)

HD/’I_UhHH‘;(Q) — 0, h— 0.
» Since u € H?(Q), it follows from an estimate for the
interpolating splines HP,(71)V - v||H3(Q) < W[Vl e,
||Dh—u||H(1J(Q)—>O, h— 0.

» Thus, consistency and hence convergence follows from
|EnLy,' PoF — L='FI% = || Uy - UII3, —(\Lguh, PP = (u, NI
:Huh UHH1(Q)+HP f f”L(Q)
< 2|[u = Unllpy ) + 2||Uh = Onllpy (o)

(1 2
+2| PP P f - f]||L2(Q)+2||P,(,)f—fo,_,(Q)—>o, h— 0.



Spectral Methods for Evolution Equations
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» The approach here is to solve an evolution equation

ur=Lu, xeQt>0, u(0,x)=u(x)
by expressing the approximate solution in the form
UN(X, 1) = Y1 an(t)én(X)

where ¢, € dom(L), Vn, and these basis functions typically
do not have compact support.
The coefficients a, are determined by Galerkin equations

Di(¢n, un)i2(q) = (¢n, LUn)2(q)

o (60, Om)an(t) = Sy (60, Lom)am(?)

For instance, if {¢,} are chosen as orthonormal
eigenfunctions of L, then the mass and stiffness matrices
are diagonal and the error u(x, t) — un(x, t) can converge
to zero more rapidly than eMtas N — oo for any t > 0.



Spectral Methods for Evolution Equations

» A method is said to provide spectral accuracy when the
error converges to zero faster than any fixed power of N,
restricted only by the smoothness of the exact solution.

» For instance, solving the heat equation on a simple domain
by separation of variables is a spectral method using the
eigenfunctions of the Laplacian as a basis for the
approximation spaces.

» Also, basis functions may be constructed from Chebyshev
polynomials T, satisfying T,(cos 6) = cos(n@) for degree n.

» Consider the evolution equation,

u+ux =0, xe[-1,1,t>0, u(—-1,1)=0, u(x,0)=g(x)

» Let ¢n(x) = Th(x) — (—1)"To(x), and since
To(—1) = (-1)",Vn, the BCs are satisfied with ¢,(—1) = 0.
» With (f,g) = f“ (x)/v/1 = x2dx, the matrix (¢n, dm)
is given by

(¢n, ¢m) = dn,mm/2 + (—1 )n+m7T

- since



Spectral Methods for Evolution Equations

(T, Tm) = / cos nf cos midd = Crdépmm/2, Cn=1+0no
0

» Using

Tho(x)  Thq4(x)
n+1  n—1

the matrix (¢n, Lom) is given by

2Th(x) =

—mm, modd, nevenand n>m

wm, nodd and either modd or m> n
(¢na d)/m) -
0, otherwise

» Using these results gives the coefficients according to

N N
a)+2(-1)" Y (-O)"a()=-2 > pa(t)
m=1 odd p+n=2n+1

N
+2(=1)" Y pap(t), n=1,...,N



Non-Autonomous Evolution Equations

» The solution to the non-autonomous problem
ur = L(tu+f(t), L(t)=V-[AH)Vu]+r(t)u, u(0)= ug
with u(t) € H{(Q), t > 0, is approximated using a Galerkin
formulation applied to the weak formulation in (38).
» Define the bilinear form a(t;-,-) : V x V — R by
a(t,u,v) = (A(t)Vu, VV)LZ(Q) + (r(t)u, v)2(q)
and the linear form b(t;-) : V — R by
b(t; v) = (f(t),V)2(q)
» Suppose that spatial approximation spaces V, C V =
H} () are chosen with a basis {¢;} ", Ni = dim( V),
» The L2-projected data P,f, satisfying
(Pnf,d)i2(q) = (f,d)12(0), Vo € Vi,
and the semi-discrete numerical solution uy, satisying

(Orup, @) + a(t; up, ¢) = b(t; ¢), Vo € Vp,
take the form,

Puf(x,t) = S0, Fi(t)gi(x) and  up(x,t) = S0 Ui(t)ei(x).
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Non-Autonomous Evolution Equations

» Define the mass matrix M and the time-dependent
stiffness matrix K, respectively, by

M = (¢i, ¢j)12),  K(t) = {a(t; ¢i, ¢))}
» Then the semi-discrete approximation

(Orup, @) + a(t; up, @) = b(t; ), Vo € Vp,
can be written as

MU'(t) + K(H)U(t) = MF(t)

where U(t) = {U;(t)}}, and F(t) = {Fi(t)}}..
» This system of ODEs can then be solved by time-stepping
schemes such as backward Euler

M[um-H _ Um]/T+ K(tm-H)Um-H — MF(tm-H)
form=0,...,u—1, T = ur, or Crank Nicholson
MU U™ /r+[K (") UM+ K (U™ /2 = MIF(tT)+F(t™1)] /2

as presented earlier.
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Space-Time Galerkin Schemes

» On the other hand, a Galerkin approach can be formulated
in space-time.

» Recall the spaces X = {v € W'2(V, V*): v(0) = 0} and
Y = L?(0, T; V) and choose finite-dimensional subspaces
XpCc Xand Y, C Y.

» Forinstance, let t" = mr,1 < m < u, t* = T, and for each
t™, choose a (possibly different) V,, C V.

» Let P (t™1 t™: V) denote polynomials on [t~ t] with
degree at most k with values in V.

» Define

Xn={Vh€C(0, T; V) : V|pm—1 pm € P(t™ ", 1™ Vin)l1<m<pi» Va(0) =0}

Yh = {Vh € L3(0, T; V) : Viplggm—1 gm) € Py (177t Vin)l1<meyi}

» To approximate the solution u to (38), seek up € X}, such

that Vv, € Yy,
.

f
/0 (OnUn(8), Va(D) v + alts un(2), vi(D)] dt—/o bl(t: vi(t))alt
288 (54)
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Space-Time Galerkin Schemes

» Take k =1, e.g., SO u, is piecewise linear in time:
Pt 1 t— pm—1 m 1 um
Uh(t):muh +muh, te [t M
where u’ = up(t™), and functions vj, € Y}, are constant,
Va(t) = va(t™1) = v, te [t 7]
» Inserting these into (54) givesform=1,...,u
Vi € Vi, (U — Ul vp))yey =
tm tm
bt vi))at — / alt: up(t), vyt

tm—1 tm—1

~ b((t"1 4 t™)/2; vp)(t™ — tTT)
—a((t™ " + ") /2, 4 U, ) (17— t71) /2
where a midpoint rule is used partially for the last step.
» Discontinuous Galerkin methods can also be applied by
taking X, = Y, defined as above, but vj|(m-1 m €
Py (t™=1,t™; Vi), so functions are temporally continuous

from the left, not necessarily agreeing with limits from the right.
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