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Linear Algebra
I Mapping F : dom(F ) is domain and Rg(F ) is range.
I K is field of scalars, R or C.
I G open in Rn, not necessarily bounded, G is closure.
I K b G means K compactly embedded in G.
I V is linear space (not necessarily complete) over field K,

operations vector + and scalar ·, zero element is θ.
I Example: (no norm) V = C(G,K) = C(G).
I Define with multi-indices α = (α1, . . . , αn) ∈ Nn

0,
|α| =

∑n
i=1αi , Dαu = ∂α1

x1 · · · ∂
αn
xn u.

I Cm(G) = {f ∈ C(G) : Dαf ∈ C(G), |α| ≤ m}.
I C∞(G) = ∩m≥0Cm(G).
I Support f of f ∈ C(G) is closure of {x ∈ G : f (x) 6= 0}.
I C0(G) = {f ∈ C(G) : f b G}. Cm

0 (G) = Cm(G) ∩ C0(G).
I Cm(G) = {f |G : f ∈ Cm

0 (Rn)}.
I Subspace M ≤ V when closed under operations +/·.
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Linear Algebra
I Examples:

C j(G) ≤ Ck (G) ≤ KG

C j(G) ≤ Ck (G)

{θ} ≤ C j
0(G) ≤ Ck

0 (G)

Ck
0 (G) ≤ Ck (G) ≤ Ck (G)

0 ≤ k ≤ j ≤ ∞

I For M ≤ V and x ∈ V , coset x̂ = {x + m : m ∈ M},
quotient set V/M = {x̂ : x ∈ V} is a linear space:

x̂ + ŷ = {(x + m1) + (y + m2) : mi ∈ M} = {x + y + m : m ∈ M} = x̂ + y
0x̂ := θ̂, αx̂ = {α(x + m) : m ∈ M} = {αx + m : m ∈ M} = α̂x

I Example: V = C1(G), M = θ + K. For f ∈ C1(G),
f̂ = {g ∈ C1(G) : g − f ∈ K}, V/M = {f̂ : f ∈ C1(G)}.

I V ,W over K, T : V →W linear or T ∈ L(V ,W ) if
T (αx + βy) = αT (x) + βT (y), ∀α, β ∈ K, ∀x , y ∈ V .

I Kernel K (T ) = {x ∈ V : Tx = θ ∈W}.
I Identity iM : M → V , iM(m) = m, ∀m ∈ M.
I Quotient map Q(x) = x̂ is a surjection Q ∈ L(V ,V/M) with

K (Q) = M, i.e., Q(m) = θ̂, ∀m ∈ M.4



Linear Algebra
I Example: G = (a,b), D := d/dx , D : V → C(G).

I V = C1(G)⇒ D is linear surjection, K (D) = constants.
I V = {ϕ ∈ C1(G) : ϕ(a) = 0} ⇒ D isomorphism (linear bijection).

f ∈ C(G), ϕ(x) =
∫ x

a f ∈ V , Dϕ = f
I V = {ϕ ∈ C1(G) : ϕ(a) = ϕ(b) = 0}

⇒ Rg(D) = {f ∈ C(G) :
∫ b

a f = 0}.
I V ,W over K, T : V →W conjugate linear or T ∈ L(V ,W ) if

T (αx + βy) = αT (x) + βT (y), α, β ∈ K, x , y ∈ V .
(K = R⇒ α = α, β = β)

I Algebraic dual of V is V ∗ = {T : V → K,T ∈ L(V ,K)}.
I BT = T ∗, T ∗(x) = T (x), x ∈ V , is bijection B : L(V ,K)→ V ∗.
I Example: Define T : C0(G)→ C0(G)∗ through

(Tf )(ϕ) =
∫

G fϕ, f , ϕ ∈ C0(G).
A linear injection but not surjective: For x0 ∈ G define

δx0(ϕ) = ϕ(x0), ϕ ∈ C0(G)
and δx0 6= Tf for any f ∈ C0(G). Why?
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Convergence and Continuity
Def: On a linear space V , a seminorm p : V → R satisfies

a. p(x + y) ≤ p(x) + p(y), ∀x , y ∈ V ,
b. p(αx) = |α|p(x), ∀x ∈ V , ∀α ∈ K,

and (V ,p) is a seminormed space. if
c. p(x) > 0, ∀x 6= θ

then p is a norm, and (V ,p) is a normed space.

I Example: For each K b G, pK (f ) = sup{|f (x)| : x ∈ K} is a
seminorm on C(G) while pG = pG is a norm on C(G).

I Convergence xn → x (xn
(V,p)−→ x) means p(xn − x)→ 0.

I p a seminorm⇒ limits need not be unique!
I Closure of S ⊂ V is S = {x ∈ V : ∃{xn} ⊂ S 3 xn → x}.
I Dense if S = V .
I T : (V ,p)→ (W ,q) continuous ⇔ xn

(V,p)−→ x ⇒ Txn
(W,q)−→ Tx .

I |p(x)− p(y)| ≤ p(x − y)⇒ p : V → R continuous.
I p stronger than q on V : p(xn)→ 0⇒ q(xn)→ 0, {xn} ⊂ V .
I L(V ,W ) = {T ∈ L(V ,W ) continuous}.6



Convergence and Continuity
Theorem: Given seminormed spaces (V ,p) and (W ,q),
T ∈ L(V ,W )⇔ ∃K ∈ [0,∞) with q(T (x)) ≤ Kp(x),∀x ∈ V .

Proof: Assume T ∈ L(V ,W ). If there is no such K above, then
∃{xn}n∈N ⊂ V with q(T (xn)) > np(xn). With yn = xn/q(T (xn)),
q(T (yn)) = 1 while p(yn)→ 0, which contradicts T ∈ L(V ,W ).
Assume ∃K above. With xn

(V,p)−→ x ∈ V , T ∈ L(V ,W ) follows
from q(Tx − Txn) = q(T (x − xn)) ≤ Kp(x − xn)→ 0.

Theorem: Let (V ,p) and (W ,q) be seminormed spaces. For
T ∈ L(V ,W ),

|T |p,q = sup{q(T (x)) : x ∈ V ,p(x) ≤ 1}
satisfies:

|T |p,q = inf{K > 0 : q(T (x)) ≤ Kp(x), ∀x ∈ V} (=: N1)
= sup{q(T (x)) : x ∈ V ,p(x) = 1} (=: N2)

and q(T (x)) ≤ |T |p,qp(x)⇒ | · |p,q is a norm when q is.
7



Convergence and Continuity
Proof: Let K satisfy q(T (x)) ≤ Kp(x). Then ∀x ∈ V with
p(x) ≤ 1, q(T (x)) ≤ K follows. Hence, |T |p,q ≤ K . K arbitrary
⇒ |T |p,q ≤ N1. If p(x) > 0, then y = x/p(x) satisfies p(y) = 1,
so p(y) ≤ 1⇒ q(T (y)) ≤ |T |p,q, i.e., for p(x) > 0,

q(T (x)) ≤ |T |p,qp(x)
and in case p(x) = 0, this holds trivially by the previous
theorem. Hence, N1 ≤ |T |p,q. Thus, N1 = |T |p,q.

Next, {x ∈ V : p(x) = 1} ⊂ {x ∈ V : p(x) ≤ 1} ⇒ 0 ≤ N2 ≤ |T |p,q.
If |T |p,q = 0, then N2 = |T |p,q = 0. Assume |T |p,q > 0. Let {xn}
be chosen so that q(T (xn))→ |T |p,q while p(xn) ≤ 1. With the
previous theorem it can be assumed that p(xn) > 0, so
yn = xn/p(xn) satisfies p(yn) = 1 and q(T (yn)) ≤ N2. Then
|T |p,q ← q(T (xn)) ≤ N2p(xn) ≤ N2. Thus, N2 = |T |p,q.

I T is a contraction if |T |p,q ≤ 1, an isometry if q(Tx) = p(x),
∀x ∈ V , and hence |T |p,q = 1.

I Dual of (V ,p) is V ′ = {T ∈ V ∗ : T ∈ L(V ,K)} and
‖T‖V ′ = sup{|T (x)| : x ∈ V ,p(x) ≤ 1}.8



Completeness
I {xn} ⊂ (V ,p) is Cauchy if p(xn − xm)→ 0, m,n→∞.
I (V ,p) complete if every Cauchy sequence converges in V .

Def: A complete normed linear space is a Banach space.
I Example: For K b G and pK (f ) = sup{|f (x)| : x ∈ K},

(C(G),pK ) and (C(G),pG) are complete.
I Example: For G = (0,1) and p(f ) =

∫
G |f |,

(C(G),p) is not complete. Why?
I Forthcoming results for completion in a subspace:

I D ≤ V for seminormed (V ,p)⇒ D ≤ V .
I For seminormed (V ,p) and normed (W ,q) any continuous

extension Te : D →W of T : D ⊂ V →W is unique.
I For seminormed (V ,p) and Banach (W ,q), ∃! extension

Te ∈ L(D,W ) of T ∈ L(D,W ) when D ≤ V .
I Forthcoming results for completion of a space:

I A completion of seminormed (V ,p) is (W ,q) where
W = {Cauchy {xn} ⊂ V} and q({xn}) = lim p(xn).

I A completion of normed (V ,p) is (W/K (q), q̂) where
q̂(x̂) = inf{q(y) : y ∈ x̂} for x̂ ∈W/K (q).
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Completeness
Lemma: Let a seminormed linear space (V ,p) be given. If
D ≤ V then D ≤ V .

Proof: If x , y ∈ D, ∃xn, yn ∈ D with xn
(V,p)−→ x and yn

(V,p)−→ y . Then
p((x + y)− (xn + yn)) ≤ p(x − xn) + p(y − yn)→ 0⇒
(xn + yn)

(V,p)−→ (x + y). Also (xn + yn) ∈ D, ∀n⇒ (x + y) ∈ D.
Similarly, ∀α ∈ K, p(αx − αxn) = |α|p(x − xn)→ 0⇒
αxn

(V,p)−→ αx , and αxn ∈ D, ∀n⇒ αx ∈ D.

Lemma: For seminormed (V ,p), normed (W ,q) and
T : D ⊂ V →W , there is at most one continuous Te : D →W
satisfying Te|D = T .

Proof: Suppose ∃T1,T2 : D →W , each continuous and
T1|D = T = T2|D. Then x ∈ D ⇒ ∃{xn} ⊂ D with xn

(V,p)−→ x . With
T1xn = T2xn, the triangle inequality and continuity of T1 and T2,

q(T1x − T2x) ≤ q(T1x − T1xn) + q(T2x − T2xn)
n→∞−→ 0.

Since q is a norm, T1x = T2x , ∀x ∈ D.10



Completeness
Theorem: Given seminormed (V ,p), Banach space (W ,q)
and T ∈ L(D,W ),D ≤ V , ∃!Te ∈ L(D,W ) satisfying Te|D = T
and |Te|p,q = |T |p,q.

Proof: Uniqueness follows from the above Lemma. For x ∈ D,
∃{xn} ⊂ D with xn

(V,p)−→ x and {xn} is Cauchy in (V ,p). Then by
Theorem 7 , q(Txm − Txn) ≤ |T |p,qp(xm − xn)⇒ {Txn} is
Cauchy in (W ,q) with say Txn

(W,q)−→ y . Similarly, for any other
{x ′n} ⊂ D with x ′n

(V,p)−→ x , Tx ′n
(W,q)−→ y ′. Then y = y ′ follows with

Theorem 7 and q(y − y ′) = lim q(Txn − Tx ′n) ≤
|T |p,qp(xn − x ′n)→ 0. So define unambiguously Te : D →W
through Tex = y and otherwise Te|D = T . Then, ∀x , x ′ ∈ D,
Te(x + x ′) = lim T (xn + x ′n) = lim Txn + lim Tx ′n = Tex + Tex ′ and
Teαx = lim Tαxn = α lim Txn = αTex mean that Te is linear.
Since D ⊂ D, |T |p,q ≤ |Te|p,q. Then ∀x ∈ D, q(Te(x)) =
lim q(T (xn)) ≤ |T |p,q lim p(xn) = |T |p,qp(x) implies through
Theorem 7 that |Te|p,q ≤ |T |p,q. Thus, |Te|p,q = |T |p,q.
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Completeness
Def: A completion of seminormed (V ,p) is a complete
seminormed (W ,q) together with a linear injection T : V →W
which is an isometry with Rg(T ) = W .

Theorem: Every seminormed space (V ,p) has a seminormed
completion (W ,q).

Proof: Define W = {Cauchy {xn} ⊂ V}, a seminorm
q({xn}) = lim p(xn) and a linear injection T : (V ,p)→ (W ,q) by
Tx = {x , x , . . . } satisfying q(Tx) = lim p((Tx)n) = p(x),∀x ∈ V .
For {xn} ∈W , q({xn} − T (xN)) = limn p(xn − xN) is arbitrarily
small for N sufficiently large, so Rg(T ) = W . For completeness,
let {yn} be Cauchy in W . Pick xn ∈ V with q(yn − T (xn)) < 1

n .
Define y0 = {x1, x2, . . . }. Then y0 ∈W since p(xm − xn) =
q(Txm − Txn) ≤ q(Txm − ym)+ q(ym− yn) + q(yn − Txn) ≤
1
m + q(ym − yn) + 1

n → 0. Also yn (W,q)−→ y0 since q(yn − y0) ≤
q(yn − Txn)+ q(Txn − y0) < 1

n + limm p(xn − xm)
n→∞−→ 0.

12



Completeness
Theorem: For a seminormed (W ,q) and a subspace M ≤ V
define q̂(ŷ) = inf{q(y) : y ∈ ŷ}. Then

a. q̂ is a seminorm for W/M, and the quotient map
Q : V → V/M satisfies |Q|p,p̂ ≤ 1.

b. If D = V then D̂ = {ŷ : y ∈ D} satisfies D̂ = V/M.
c. ŷ is a norm⇔ M is closed in W .
d. (W ,q) complete⇒ (W/M, q̂) complete.

Proof: (a) For ε > 0, x̂ , ŷ ∈W/M choose uε ∈ x̂ and vε ∈ ŷ with
q(uε) ≤ q̂(x̂) + ε, q(vε) ≤ q̂(ŷ) + ε.

So q̂(x̂ + ŷ) = q̂(x̂ + y) = inf{q(x + y + m) : m ∈ M}
≤ q(uε + vε) ≤ q(uε) + q(vε) ≤ q̂(x̂) + q̂(ŷ) + 2ε.

Since ε > 0 is arbitrary, q̂(x̂ + ŷ) ≤ q̂(x̂) + q̂(ŷ). Similarly,

q̂(αŷ) = q̂(α̂y) = inf{q(αy + m) : m ∈ M}
= |α| inf{q(y + m) : m ∈ M} = |α|q̂(ŷ).
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Completeness
So q̂ is a seminorm. For y ∈W and Q(y) = ŷ ∈W/M,

q̂(Q(y)) = q̂(ŷ) = inf{q(y + m) : m ∈ M} ≤ q(y) (?)

and hence

|Q|q,q̂ = sup{q̂(Q(y)) : y ∈W ,q(y) ≤ 1} ≤ 1.

(b) Choose y ∈W and Q(y) = ŷ ∈W/M. Since D = W ,
∃{yn} ⊂ D with yn

(W,q)−→ y and Q(yn) = ŷn ∈ D̂. Then by (?)

q̂(ŷ − ŷn) = q̂(Q(y − yn)) ≤ q(y − yn)→ 0.

Thus D̂ = W/M.

(c) Note that y ∈ M ⇔ 0 = q̂(ŷ) = inf{q(y −m) : m ∈ M}.
If q̂ is a norm, then q̂(ŷ) = 0⇒ ŷ = θ̂ ⇒ y ∈ M. In particular,
y ∈ M ⇒ q̂(ŷ) = 0⇒ y ∈ M, so M = M.

If M = M, then q̂(ŷ) = 0⇒ y ∈ M = M ⇒ ŷ = θ̂ means q̂ is a
norm.
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Completeness
(d) Let {x̂n} ⊂W/M be Cauchy with a subsequence {x̂n}, xn ∈ x̂n,
satisfying q̂(x̂n+1 − x̂n) < 2−(n+1), for which a limit ŷ ∈W/M
will be constructed. Set y1 = x1, m1 = θ and mn+1, n ≥ 1, with
q((xn+1 + mn+1)− (xn + mn)) ≤ 2−(n+1) +q̂(x̂n+1 − x̂n). Then
yn+1 = xn+1 + mn+1 satisfies q(yn+1 − yn) ≤ 2−n. For m ≥ n,
q(ym − yn) ≤ · · · ≤

∑m−1
k=n 2−k < 21−n. So {yn} is Cauchy in (W ,q).

If (W ,q) is complete, ∃y ∈W with q(y − yn)→ 0 and
ŷ ∈W/M. With (?) above, q̂(ŷ − ŷn) ≤ q(y − yn)→ 0 and
since x̂n = ŷn it follows that x̂n → ŷ and hence x̂n → ŷ .

Theorem: Every normed space (V ,p) has a normed
completion (W/K (q), q̂), where (W ,q) is the seminormed
space given by Theorem 12 and q̂(ŷ) = inf{q(z) : z ∈ ŷ}.

Proof: Recall from Theorem 12 that Tx = {x , x , . . . } ∈ L(V ,W )
and q({xn}) = lim p(xn) satisify Rg(T ) = W and q(Tx) = p(x),
∀x ∈ V . Let M = K (q). Suppose M ⊃ {yn}

(W,q)−→ y ∈W . By
continuity of seminorms, 0 = lim q(yn) = q(y) and M is closed.15



Completeness
By part (c) of Theorem 13 , q̂ is a norm on W/M. Recall

Qy = ŷ , y ∈W , Q ∈ L(W ,W/M).
Since (W ,q) is complete, part (d) of Theorem 13 implies
(W/M, q̂) is a Banach space, which will be shown to be a
completion of (V ,p) by showing Q ◦ T ∈ L(V ,W/M) is a linear
injection for which Rg(Q ◦ T ) is dense in W/M and
q̂((Q ◦ T )(x)) = p(x), ∀x ∈ V . With D = Rg(T ) and

D̂ = {T (x) + m : x ∈ V ,m ∈ M} = Rg(Q ◦ T )
it follows with part (b) of Theorem 13 ,

D = Rg(T ) = W ⇒ D̂ = Rg(Q ◦ T ) = W/M.
Since ∀m ∈ M,

q(y) = q(y)− q(m) ≤ q(y + m) ≤ q(y) + q(m) = q(y)
the quotient map satisfies

q̂(Q(y)) = inf{q(y + m) : m ∈ M} = q(y).
Combining shows that Q ◦ T is an isometry:

q̂(Q(Tx)) = q(Tx) = p(x), ∀x ∈ V .
Since p is a norm, K (p) = {θ} = K (Q ◦ T ) means Q ◦ T is
injective.16



Completeness
Theorem: For a seminormed (V ,p) and a Banach space
(W ,q), L(V ,W ) is a Banach space. In particular, the dual
V ′= {T : V → K : T ∈ L(V ,K)} is complete.

Proof: Let {Tn} be Cauchy in L(V ,W ). Then due to
q(Tmx − Tnx) ≤ |Tm − Tn|p,qp(x)

{Tnx} is Cauchy in W , ∀x ∈ V , with a unique limit y ∈W , so
with Tx = y let T : V →W be defined pointwise. Also,

T (x + x ′) = lim Tn(x + x ′) = lim Tnx + lim Tnx ′ = Tx + Tx ′

and Tαx = lim Tnαx = α lim Tnx = αTx
mean that T ∈ L(V ,W ). Choose N large enough that
|Tn|p,q ≤ max{1, {|Tm − TN |p,q}Nm=1}+ |TN |p,q =: K , ∀n ≥ 1.

From
q(Tx)← q(Tnx) ≤ |Tn|p,qp(x) ≤ Kp(x)

It follows from Theorem 7 that T ∈ L(V ,W ) with |T |p,q ≤ K .
Finally, let m,n be large enough,

q(Tx − Tnx)
m→∞←− q(Tmx − Tnx) ≤ |Tm − Tn|p,qp(x) ≤ εp(x)

to obtain |T − Tn|p,q ≤ ε, so Tn
L(V,W )−→ T .17



Hilbert Space
I Given a linear space V , a scalar product, (x , y) ∈ K,

x , y ∈ V , satisfies:
I x 7→ (x , y) is linear ∀y ∈ V
I (x , y) = (y , x), ∀x , y ∈ V
I (x , x) > 0, ∀x 6= θ
I It follows: y 7→ (x , y) is conjugate linear ∀x ∈ V

I The pair V , (·, ·) is a scalar product space.

Theorem: For a scalar product space V , (·, ·), the scalar
product satisfies:

a. Cauchy-Schwarz: |(x , y)| ≤ ‖x‖‖y‖, ∀x , y ∈ V
b. ‖x‖ = (x , x)1/2 is a norm on V
c. The norm satisfies the parallelogram law:

‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2

d. (·, ·) : V × V → K is continuous.

Proof: Part (a) follows with α = −(x , y) and β = (x , x) in
0 ≤ (αx +βy , αx +βy) = |α|2β + 2<αβ(−α) + β2(y, y) = β[β(y , y)−|α|2]18



Hilbert Space
For part (b), (x , x) > 0, ∀x 6= θ, (αx , αx) = |α|2(x , x) and with (a),

‖x + y‖2 ≤ ‖x‖2 + 2|(x , y)|+ ‖y‖2 ≤ (‖x‖+ ‖y‖)2.
A direct calculation gives (c). For part (d), ‖yn‖ ≤ ‖y − yn‖ + ‖y‖ ≤ B <∞

|(x , y)− (xn, yn)| ≤ ‖x‖‖y − yn‖+ ‖yn‖‖x − xn‖ → 0
for sequences xn

V , ‖·‖−→ x and yn
V , ‖·‖−→ y .

Def: A Hilbert Space is a complete scalar product space (H, (·, ·)H).
It completes a scalar product space (V , (·, ·)V ) as a completion
(H, ‖ · ‖H), ‖ · ‖2H = (·, ·)H , of (V , ‖ · ‖V ), ‖ · ‖2V = (·, ·)V , satisfying
(Q ◦ Tx ,Q ◦ Ty)H = (x , y)V , ∀x , y ∈ V , and Q,T as in Theorem 15 .
I Example: V = C0(G) with (ϕ,ψ) =

∫
G ϕψ (Riemann

integral) is a scalar product space but not a Hilbert space.
I Example: L2(G) is defined directly as L2/M0, where L2

consists of Lebesgue square-summable K-valued
functions and M0 consists of Lebesgue measurable
functions vanishing except on a set of measure zero. With
(ϕ,ψ) =

∫
G ϕψ (Lebesgue integral), L2(G) is a Hilbert

space. (Compare with the completion below.)
19



Hilbert Space
Theorem: Every scalar product space has a completion which
is a Hilbert space.

Proof: Let V , (·, ·)V be a scalar product space with (p(x) =)
‖x‖V = (x , x)1/2. Since (V , ‖ · ‖V ) is a normed linear space, let
(H, ‖ · ‖H) denote the normed completion given according to
Theorem 15 . Specifically, H = W/M, M = K (‖ · ‖W )
where W = {Cauchy {xn} ⊂ V} and for {xn} = y ∈W , (q(y) =)
‖y‖W = lim ‖xn‖V . Further, T : V →W , Tx = {x , x , . . . }, x ∈ V ,
Q : W →W/M, Qy = ŷ , m = {`n}, m ∈ M, (q̂(ŷ) =)

‖ŷ‖H = inf{‖y + m‖W : m ∈ M} =
inf{lim ‖xn + `n‖V : lim ‖`n‖V = 0} = lim ‖xn‖V = ‖y‖W .

For Û, V̂ ∈ H, Û = QU, V̂ = QV , U = {un}, V = {vn},
U,V ∈W , un, vn ∈ V , {un} and {vn} are Cauchy (so bounded) in
V , so by Cauchy-Schwarz {(un, vn)} is Cauchy in K, so define:

(Û, V̂ )H = limn(un, vn)V
and hence (Û, Û)H = ‖Û‖2H . Also for u, v ∈ V ,

(Q ◦ Tu,Q ◦ Tv)H = limn(u, v)V = (u, v)V .
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Hilbert Space
By Theorem 15 (q̂(·) =) ‖ · ‖H is a norm. It follows that
(Û, Û)H = ‖Û‖2H > 0, ∀Û 6= θ̂. Conjugate symmetry is given by

|(Û, V̂ )H − (V̂ , Û)H | = | lim(un, vn)V − lim(vn,un)V | =

| lim(un, vn)V − lim (vn,un)V | = | lim(un, vn)V − lim(un, vn)V | = 0.
Also, ∀Ẑ ∈ H, Ẑ = Q{zn}, zn ∈ V , Û 7→ (Û, Ẑ )H is linear:
|(Û + V̂ , Ẑ )H − (Û, Ẑ )H − (V̂ , Ẑ )H | =
| lim(un + vn, zn)V − lim(un, zn)V − lim(vn, zn)V | = 0,

|(αÛ, Ẑ )H − α(Û, Ẑ )H | =
| lim(αun, zn)V − α lim(un, zn)V | = 0.

Thus, (·, ·)H is a scalar product. By Theorem 13 , (H, ‖ · ‖H) is
complete since (W , ‖ · ‖W ) is complete, so H is a Hilbert space.

Study Question: Prove that if V is a normed space whose
norm ‖ · ‖ satisfies the parallelogram law, then the following
polarization identity defines an inner product on V :

4(x , y) = ‖x + y‖2 − ‖x − y‖2 + i‖x + iy‖2 − i‖x − iy‖2
satisfying (x , x) = ‖x‖2. Complex terms drop for K = R. The
scalar product on H in Theorem 20 is given analogously.21



Hilbert Space
I Example: L2(G) is the completion of C0(G) equipped with

(ϕ,ψ) =
∫

G ϕψ (Riemann integral). In this way, the
elements of L2(G) are sequences of C0(G)-functions which
are Cauchy with respect to (·, ·)1/2, and such sequences
are identified when their difference converges to zero.

I Using H or V for a Hilbert space and, e.g., subscript H in
(x , y)H and ‖x‖H dropped when unambiguous.

I An angle α between x , y ∈ H is given by
(x , y) = ‖x‖‖y‖ cos(α).

I x , y ∈ H are orthogonal when (x , y) = 0.
I For a subspace M ≤ H, the orthogonal complement is

M⊥ = {x ∈ H : (x , y) = 0, ∀y ∈ M}.
Lemma: Given M ≤ H, M⊥ is a closed subspace of H and
M ∩M⊥ = {θ}. Also M⊥ = M

⊥
.

Proof: Suppose {yn} ⊂ M⊥ satisfy yn → y ∈ H. Then ∀x ∈ M,
(x , y) = lim(x , yn) = 0 implies y ∈ M⊥. Thus, M⊥ is closed in
H. If y ∈ M ∩M⊥, it follows from (y , y) = 0 that y = θ.22



Hilbert Space
From M ⊂ M it follows that M

⊥ ⊂ M⊥. Let y ∈ M⊥. Suppose
{xn} ⊂ M satisfy xn → x ∈ H. Then (x , y) = lim(xn, y) = 0
implies that y ∈ M

⊥
or M⊥ ⊂ M

⊥
. Thus M⊥ = M

⊥
.

I K ⊂ V is convex if αx + (1− α)y ∈ K , ∀x , y ∈ K ,
∀α ∈ [0,1].

Theorem: A non-empty closed convex subset K of a Hilbert
space H has a unique element of minimal norm.

Proof: Let {xn} ⊂ K be a sequence chosen so that ‖xn‖
converges to d = inf{‖x‖ : x ∈ K}. Since K is convex,
1
2(xn + xm) ∈ K , ∀m,n. Hence, ‖xn + xm‖2 ≥ 4d2. By the
parallelogram law, 4d2 + ‖xn − xm‖2 ≤ ‖xn + xm‖2 + ‖xn − xm‖2 = 2‖xn‖2 + 2‖xm‖2

‖xn − xm‖2 ≤ 2(‖xn‖2 + ‖xm‖2)− 4d2 → 0.
Hence, {xn} is Cauchy and converges to some x ∈ H. Since K
is closed, x ∈ K . By continuity of the scalar product and hence
norm, ‖x‖ = lim ‖xn‖ = d . If also ‖x ′‖ = d , then 1

2(x + x ′) ∈ K
and d2 ≤ ‖1

2(x + x ′)‖2 = d2 − 1
4‖x − x ′‖2 ⇒ ‖x − x ′‖ = 0.
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Hilbert Space
Theorem: Let M be a closed subspace of the Hilbert space H.
Then ∀x ∈ H there is a decomposition x = m + n where m ∈ M
and n ∈ M⊥ are uniquely determined by x , i.e., H = M ⊕M⊥.

Proof: Uniqueness follows since x = mi + ni , i = 1,2, mi ∈ M,
ni ∈ M⊥ means m2 −m1 = n1 − n2 ∈ M ∩M⊥ = {θ}. For
existence, define K = {x + y : y ∈ M} and use Theorem 23

to obtain n ∈ K with ‖n‖ = inf{‖x + y‖ : y ∈ M}. Then take
m = x − n. Since n = x + z for some z ∈ M,
m = x − (x + z) = −z ∈ M. To show that n ∈ M⊥, let y ∈ M.
Then ∀α ∈ K, n − αy = x − (m + αy) ∈ K and hence
‖n − αy‖2 ≥ ‖n‖2 or ‖n‖2 − 2<(n, αy) + |α|2‖y‖2 ≥ ‖n‖2. For
any β > 0 and α = β(n, y), −2β|(n, y)|2 + |β|2|(n, y)|2‖y‖2 ≥ 0
or |(n, y)|2(β‖y‖2 − 2) ≥ 0 holds only if (n, y) = 0.

Lemma: Given M ≤ H, (M⊥)⊥ = M.

Proof: By 22 and the last theorem, the result follows after
combining the unique decompositions H = M ⊕M

⊥
= M ⊕M⊥

and H = M
⊥ ⊕ (M

⊥
)⊥ = M⊥ ⊕ (M⊥)⊥.24



Hilbert Space
Def: Given a Hilbert space H, a closed subspace M ≤ H and
the unique decomposition x = m + n, x ∈ H, m ∈ M, n ∈ M⊥,
then PM : H → M given by PMx = m is a projection into M.
I A projection PM is linear:

1. (x1 + x2) = (m1 + m2) + (n1 + n2)⇒ PM(x1 + x2) =
m1 + m2 = PMx1 + PMx2, ∀xi ∈ H, i = 1,2

2. αx1 = α(m1 + n1)⇒ PM(αx1) = αPMx1, ∀x ∈ H,
∀α ∈ K

I PM ∈ L(H) since L(H) = L(H,H)

= ‖PM x + (I − PM )x‖2
‖PMx‖2 ≤ ‖PMx‖2 + ‖(I − PM)x‖2 = ‖x‖2

I If P ∈ L(B) satisfies P ◦ P = P, then P is a projection on
the Banach space B. (For M ≤ B, PM always exists?)

Study Question: With `1 = {x = {xn} : ‖x‖1 =
∑
|xn| <∞}

define M = {x ∈ `1 :
∑ n

n+1xn = 0}. With em = {δnm}, show:
(a) e1 − 1

2
n+1

n en ∈ M, (b) dist(e1,M) ≤ 1
2 and (c) y ∈ M ⇒

‖e1 − y‖1 > 1
2 . Hence 1

2 = dist(e1,M) < ‖e1 − y‖1, ∀y ∈ M.
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Hilbert Space
Theorem (Riesz): Given a Hilbert space H and f ∈ H ′, ∃!x ∈ H
with f (y) = (x , y), ∀y ∈ H.

Proof: Assume f 6= θH′ since otherwise x = θH is uniquely
determined. Define K = {y ∈ H : f (y) = 0} ≤ H. With
{yn} ⊂ K and f ∈ H ′, f (y) = lim f (yn) = 0, so K is closed. Also,
f 6= θH′ ⇒ K⊥ 6= {θ}. Let n ∈ K⊥ be chosen with ‖n‖ = 1. Then
for any z ∈ K⊥, u = f (n)z − f (z)n satisfies u ∈ K⊥. Further,
f ∈ L(H,K)⇒ f (u) = f (n)f (z)− f (z)f (n) = 0⇒ u ∈ K . So
u ∈ K ∩ K⊥ ⇒ u = θH and z ∝ n. Thus, K⊥ is 1D. Then for any
y ∈ H, y = PK (y) + λn, where (y ,n) = λ(n,n) = λ. So
f (y) = f (λn) = λf (n) = (n, y)f (n), and f (y) = (x , y) with
x = f (n)n. If ∃x1, x2 ∈ H with f (y) = (x1, y) = (x2, y), ∀y ∈ H,
then with y = x2 − x1, (x1 − x2, x1 − x2) = 0⇒ x1 = x2.

Def: The Riesz map RH : H → H ′ is given on a Hilbert space H by
RH(x)(y) = (x , y), x , y ∈ H.

It is an isometry, ‖RH(x)‖H′ = sup{|(x , y)| : ‖y‖ ≤ 1} = ‖x‖, so
‖RH‖H,H′ = 1 and K (RH)={θ}.26



Dual Operators and Identifications
Def: For linear spaces V ,W and T ∈ L(V ,W ), the dual
operator T ′ ∈ L(W ∗,V ∗) is T ′(ψ) = ψ ◦ T , ψ ∈W ∗.

I Example: Consider V = C1(G), W = C(G), T = Dx . Take
φ(v) =

∫
G v ′, ψ(w) =

∫
G w so φ ∈ V ∗, ψ ∈W ∗. Then

T ′(ψ)(v) = ψ(T (v)) = ψ(v ′) =
∫

G v ′ = φ(v).
I If V is a linear space, (W ,q) a seminormed space and

T ∈ L(V ,W ) has dense range, then T ′ is injective on W ′:
ψ ∈W ′ and 0 = T ′(ψ)(v) = ψ ◦ T (v), ∀v ∈ V ⇒ ψ = θW ′

I If (V ,p) and (W ,q) are seminormed spaces and T ∈ L(V ,W ),
then T ′ (henceforth always restricted to W ′) satisfies

|T ′ψ(v)| ≤ ‖ψ‖W ′ |T |p,qp(v), ψ ∈W ′, v ∈ V
and hence T ′ ∈ L(W ′,V ′) and ‖T ′‖L(W ′,V ′) ≤ |T |p,q.

Def: Let V and W be Hilbert spaces and T ∈ L(V ,W ). For
w ∈W let F ∈ V ′ be given by Fv = (w ,Tv)W , ∀v ∈ V . Then by
Theorem 26 ∃!u ∈ V satisfying F (v) = (u, v)V , ∀v ∈ V . The
dependence on w is linear, u = T ∗w , so (T ∗w , v)V = (w ,Tv)W ,
∀w ∈W , ∀v ∈ V , and T ∗ ∈ L(W ,V ) is the adjoint of T .27



Dual Operators and Identifications
I Given the Riesz maps RV and RW , it follows from

[(RV ◦T ∗)(u)](v)=(T ∗u, v)V =(u,Tv)W =RW (u)(Tv)=[(T ′◦RW )(u)](v)
that the dual and adjoint are related by RV ◦ T ∗ = T ′ ◦ RW .

Theorem: If V and W are Hilbert spaces and T ∈ L(V ,W ),
then T ∗ ∈ L(W ,V ), Rg(T )⊥ = K (T ∗) and Rg(T ∗)⊥ = K (T ). If
T is an isomorphism with T−1 ∈ L(W ,V ), then T ∗ is an
isomorphism with (T ∗)−1 = (T−1)∗.

Proof: With the definition of adjoint,
‖T ∗w‖V = (T ∗w , T∗w

‖T∗w‖V
)V ≤ sup{(T ∗w , v)V : ‖v‖V = 1} ≤ ‖T ∗w‖V

= sup{(w ,Tv)W : ‖v‖ = 1} ≤ ‖w‖W‖T‖L(V ,W )

so by Theorem 7 , T ∈ L(V ,W )⇒ T ∗ ∈ L(W ,V ). Similarly,
T−1 ∈ L(W ,V )⇒ (T−1)∗ ∈ L(V ,W ). Then

0 = (w ,Tv)W = (T ∗w , v)V , ∀w ∈W or ∀v ∈ V
means Rg(T )⊥ = K (T ∗) and Rg(T ∗)⊥ = K (T ). Finally,

(u,w)W = (TT−1u,w)W = (T−1u,T ∗w)V = (u, (T−1)∗T ∗w)W
(v ,w)V = (T−1Tv ,w)V = (Tv , (T−1)∗w)W = (v ,T ∗(T−1)∗w)V

and it follows that (T ∗)−1 = (T−1)∗.28



Dual Operators and Identifications
I Example: Given the linear space V = C0(G) and the

Hilbert space W = L2(G) equipped with (f ,g) =
∫

G f g.
◦ For φ ∈ C0(G), i(ϕ) ∈ L2(G) is the expansion to sequences

converging to φ. i : C0(G)→ L2(G) is a linear injection with
dense range. Identify domain and range of i :

C0(G)
↗∼ i(C0(G)) ≤ L2(G).

◦ i ′(f ′) = f ′ ◦ i is the restriction of f ′ ∈ L2(G)′ to C0(G) ⊂ L2(G).
i ′ : L2(G)′ → C0(G)∗ is injective on L2(G)′ 27 . Identify
domain and range of i ′:

L2(G)′
↘∼ i ′(L2(G)′) ≤ C0(G)∗.

◦ With the Riesz map R(f )(g) = (f ,g)L2(G) on L2(G), identify
L2(G) ∼ L2(G)′

through Theorem 26 . These links combine for the chain
C0(G) ≤ L2(G) = L2(G)′ ≤ C0(G)∗.

◦ Recall T : C0(G)→ C0(G)∗ defined for φ, ψ ∈ C0(G) by
(Tφ)(ψ) =

∫
G φψ = R(i(φ))(i(ψ)) = [i ′(R(iφ))](ψ)

so T = i ′ ◦ R ◦ i , an identity from domain into range.
29



Dual Operators and Identifications
Def: A sesquilinear form on a linear space V is a function
a : V × V → K such that x 7→ a(x , y) is linear, ∀y ∈ V , and
y 7→ a(x , y) is conjugate linear, ∀x ∈ V . If K = R, then a is
bilinear.
I There is a one-to-one correspondence between

sesquilinear forms a and operators A ∈ L(V ,V ∗) according
to a(x , y) = Ax(y), x , y ∈ V .

Theorem: Given a normed space (V ,p) and a sesquilinear
form a on V , the following are equivalent:

a. a(·, ·) is continuous at (θ, θ).
b. a(·, ·) is continuous on V × V .
c. ∃K > 0 with |a(x , y)| ≤ Kp(x)p(y), x , y ∈ V
d. A ∈ L(V ,V ′).

Proof: Clearly: (c)⇔ (d), (c)⇒ (b) and (b)⇒ (a). To show (a)
⇒ (c), choose K so that p(x̃) ≤ 1/

√
K and p(ỹ) ≤ 1/

√
K ⇒

|a(x̃ , ỹ)| ≤ 1. Then for arbitrary x , y ∈ V , set x̃ = x/[p(x)
√

K ]
and ỹ = y/[p(y)

√
K ] to obtain (c).30



Uniform Boundedness and Weak Compactness
Def: {xn} ⊂ H is weakly convergent, xn

H
⇀ x , if ∃!x ∈ H with

lim(xn, v) = (x , v), ∀v ∈ H. {xn} is weakly bounded if |(xn, v)| is
bounded ∀v ∈ H.

A simplified Principle of Uniform Boundedness:

Theorem: {xn} ⊂ H is weakly bounded iff it is bounded.

Proof: (⇒) Let {xn} be weakly bounded. It is first claimed,
∃K , r > 0, ∃z ∈ H with |(xn, y)| ≤ K , ∀y ∈ B(z, r). If not, set
y0 = θ, r0 = 0 and take 0 < rk <

1
k , B(yk , rk ) ⊂ B(yk−1, rk−1)

and |(xnk , y)| > k , ∀y ∈ B(yk , rk ). Since ‖ym − yn‖ < 1
n if m > n,

{yn} is Cauchy and yn
H−→ y . But y ∈ B(yk , rk )⇒ |(xnk , y)| > k ,

∀k , a contradiction. Let K , r > 0 and z ∈ H be given as
claimed. Then, ∀y ∈ B(θ,1),
|(xn, y)| = 1

r |(xn, z + ry)− (xn, z)| ≤ 2K/r and
‖xn‖ = sup{|(xn, y)| : ‖y‖ ≤ 1} ≤ 2K/r , ∀n. (⇐) Obvious.
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Uniform Boundedness and Weak Compactness
Lemma: Suppose {xn} is bounded in H and D ⊂ H is dense.
Then lim(xn, v) = (x , v), ∀v ∈ D ⇔ xn

H
⇀ x .

Proof: (⇒) Let ε > 0 and fix v ∈ H. Then ∃z ∈ D with
‖v − z‖ < ε. Thus, |(xn − x , v)| ≤ |(xn, v − z)|+ |(z, xn − x)|+
|(x , v − z)| < ε‖xn‖+ |(z, xn − x)|+ ε‖x‖. Hence, ∀n large
enough, |(xn − x , v)| < ε sup{‖xm‖ : m ≥ 1}+ ε(1 + ‖x‖).
(⇐) Obvious.

Theorem: Let the Hilbert space H have a countably dense
subset D = {yn}. If {xn} ⊂ H is bounded, then it has a weakly
convergent subsequence.

Proof: Since {(xn, y1)} is bounded in K, there is a subsequence
{x1,n} such that {(x1,n, y1)} converges. Similarly, for each j ≥ 2,
∃{xj,n} ⊂ {xj−1,n} such that {(xj,n, yk )} converges in K for
1 ≤ k ≤ j . It follows that {xn,n} is a subsequence for which
{(xn,n, yk )} converges for every k ≥ 1. With the span,
〈D〉 = {

∑K
k=1 αkyk : αk ∈ K, yk ∈ D,K ∈ N}, 〈D〉 ≤ H32



Uniform Boundedness and Weak Compactness
define T : 〈D〉 → K by T (y) = lim(xn,n, y). According to

lim(xn,n, y + y ′) = lim(xn,n, y) + lim(xn,n, y ′), ∀y , y ′ ∈ 〈D〉
and

lim(xn,n, αy) = α lim(xn,n, y), ∀α ∈ K, ∀y ∈ 〈D〉
T is conjugate linear. Also by Theorem 7 and

|T (y)| ≤ sup{‖xn,n‖ : n ≥ 1}‖y‖, ∀y ∈ 〈D〉
T is continuous on 〈D〉. Since 〈D〉 = D = H, it follows with
Theorem 11 , that T has a unique extension Te ∈ H ′. By
Theorem 26 , ∃!x ∈ H with Te(y) = (x , y), y ∈ H. Thus,
lim(xn,n, y) = T (y) = Te(y) = (x , y), ∀y ∈ 〈D〉, and with the
Lemma above, it follows that x is the weak limit of {xn,n}.

Def: A seminormed space with a countably dense subset is
called separable. A subset of a seminormed space is relatively
sequentially weakly compact if every sequence in the subset
has a subsequence which converges weakly in the space.

According to Theorem 32 , every bounded set in a separable
Hilbert space is relatively sequentially weakly compact.33



Expansion in Eigenfunctions
Def: For a Hilbert space H, a (non-trivial) sequence {vi} ⊂ H is
orthogonal when (vi , vj) = 0, i 6= j , and orthonormal when
(vi , vj) = δij . In terms of an orthonormal sequence, the Fourier
coefficients of u ∈ H are ci = (u, vi).

I For n ≥ 1, let Mn = 〈{vi}ni=1〉 and set un =
∑n

i=1 civi , which
satisfies ‖un‖2 =

∑n
i,j=1(civi , cjvj) =

∑n
i=1 |ci |2.

I By Theorem 24 , un = PMnu since u = un + (u − un) and
((u − un), vi)

n
i=1 = 0⇒ (u − un) ∈ M⊥n .

Theorem: Let {vi} be orthonormal in the Hilbert space H and
fix u ∈ H. The Fourier coefficients of u satisfy∑∞

i=1 |ci |2 ≤ ‖u‖2
and equality holds if and only if u =

∑∞
i=1 civi .

Proof: Since u = un + (u − un) and (u − un) ⊥ un, it follows
‖u‖2 = ‖un‖2 + 2<(un,u − un) + ‖u − un‖2 = ‖un‖2 + ‖u − un‖2. (?)
So ‖u‖2 ≥ ‖un‖2 and ‖un‖2 =

∑n
i=1 |ci |2 imply ‖u‖2 ≥

∑n
i=1 |ci |2 →∑∞

i=1 |ci |2. Also, ‖u‖2 = lim ‖un‖2 iff lim ‖u − un‖2 = 0 in (?).34



Expansion in Eigenfunctions
Def: Bessel’s Inequality is

∑∞
i=1 |ci |2 ≤ ‖u‖2 and Parseval’s

Identity is
∑∞

i=1 |ci |2 = ‖u‖2. The series u =
∑∞

i=1 civi is the
Fourier Series of u with respect to the orthonormal {vi}. When
〈{vi}〉 = H, {vi} is a basis for H .

Theorem: Let {vi} be orthonormal in the Hilbert space H.
Then 〈{vi}〉 = H ⇔ u =

∑∞
i=1 civi , ∀u ∈ H.

Proof: (⇐) is clear. For (⇒), fix u ∈ H. Then for ε > 0, choose
ũ ∈ 〈{vi}〉 with ‖u − ũ‖ < ε. Then there is an n ≥ 1 so that
ũ ∈ Mn = 〈{vi}ni=1〉 and so ‖u − PMnu‖ ≤ ‖u − ũ‖ < ε. Hence,
lim PMnu = u.

Def: Let T ∈ L(H) = L(H,H) for a Hilbert space H. A non-trivial
v ∈ H is an eigenvector of T if Tv = λv for some λ ∈ K, and λ is
the corresponding eigenvalue. T is self-adjoint if (Tu, v) = (u,Tv),
∀u, v ∈ H. A self-adjoint T is non-negative if (Tu,u) ≥ 0, ∀u ∈ H.
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Expansion in Eigenfunctions
Lemma: Let H be a Hilbert space. If T ∈ L(H) is non-negative
self-adjoint, then ‖Tu‖2 ≤ ‖T‖(Tu,u), u ∈ H.

Proof: Define [u, v ] = (Tu, v). As in the proof of Theorem 18 ,
take α = −[u, v ] and β = [u,u] in 0 ≤ [αu + βv , αu + βv ] =
β(β[v , v ]− |α|2) to obtain

|[u, v ]|2 ≤ [u,u][v , v ], u, v ∈ H,
in case β > 0, and otherwise exchange u and v in α and β when
[v , v ] > 0. If [u,u] = [v , v ] = 0, 2t [u, v ] = [u + tv ,u + tv ] ≥ 0,
∀t ∈ R, implies [u, v ] = 0. With v = Tu, ‖Tu‖4 = (Tu,Tu)2 =
|[u, v ]|2 ≤ [u,u][v , v ] = (Tu,u)(TTu,Tu) ≤ (Tu,u)‖T‖‖Tu‖2.

Def: For seminormed (V ,p) and (W ,q), T ∈ L(V ,W ) is called
compact if for any bounded {un} ⊂ V , {Tun} ⊂W has a
convergent subsequence.

Lemma: Let H be a Hilbert space. Suppose T ∈ L(H) is
self-adjoint and compact. Then ∃v with ‖v‖ = 1 and Tv = µv
where µ ∈ R with |µ| = ‖T‖L(H).36



Expansion in Eigenfunctions
Proof: The trivial case is excluded by assuming ‖T‖L(H) > 0. If
λ = ‖T‖L(H), it follows from Theorem 7 , ∃{un} ⊂ H with
‖un‖ = 1 and lim ‖Tun‖ = λ. Then ((λ2 − T 2)un,un) =
λ2 − ‖Tun‖2 → 0. Since λ2 − T 2 is bounded, ‖λ2 − T 2‖ ≤ 2λ2,
non-negative and self-adjoint, it follows with the previous
Lemma, ‖(λ2 − T 2)un‖ ≤ ‖λ2 − T 2‖((λ2 − T 2)un,un), that
(λ2 − T 2)un → 0. Since T is compact, there is a subsequence,
again denoted for convenience by {un}, for which {Tun}
converges to some w ∈ H. Since T is continuous, it follows,
limλ2un = lim T (Tun) = Tw , so w = lim Tun = T (λ−2Tw). Note
that ‖w‖ = λ and T 2w = λ2w . Now if α = ‖(λ− T )w‖ 6= 0, set
v = (λ− T )w/α and µ = −λ so that Tv = (λT − λ2)w/α =
−λv . Otherwise, if α = 0, set v = w/‖w‖ and µ = λ.

Theorem: Suppose H is a Hilbert space and that T ∈ L(H) is
self-adjoint and compact. Then ∃{vi} orthonormal eigenvectors
of T for which Rg(T ) ⊂ 〈{vi}〉 and the corresponding
eigenvalues satisfy |λi | ≥ |λi+1|

i→∞−→ 0.37



Expansion in Eigenfunctions
Proof: By the previous Lemma, ∃v1 with ‖v1‖ = 1 and
Tv1 = λ1v1 where |λ1| = ‖T‖L(H). Set H1 = {v1}⊥ (which is a
closed subspace of H 22 and hence a Hilbert space) and note
T (H1) ⊂ H1 since (Tu, v1) = (u,Tv1) = λ1(u, v1) = 0, ∀u ∈ H1.
So T |H1 ∈ L(H1) is self-adjoint and compact, and the Lemma
again gives a v2 ∈ H1 with ‖v2‖ = 1 and Tv2 = λ2v2 where
|λ2| = ‖T‖L(H1) ≤ ‖T‖L(H) = |λ1|. Set H2 = 〈{vi}2i=1〉

⊥. Continuing
gives an orthonormal sequence {vi} ⊂ H and a sequence
{λi} ⊂ K satisfying |λi+1| ≤ |λi |, i ≥ 1. Set Hn = 〈{vi}ni=1〉

⊥.

Suppose ∃n with λi = 0, ∀i > n. Then 0 = |λn+1| = ‖T‖L(Hn) ⇒
Hn ⊂ K (T ). Also 〈{vi}ni=1〉 ⊂ Rg(T ), so Rg(T )⊥ ⊂ 〈{vi}ni=1〉

⊥

= Hn. From Theorem 28 , it follows K (T ) = Rg(T )⊥ ⊂ Hn.
Hence, K (T ) = Hn. The sandwich gives Rg(T )⊥ = 〈{vi}ni=1〉

⊥,
and hence by 24 , Rg(T ) = 〈{vi}ni=1〉. So

〈{vi}ni=1〉 ⊂ Rg(T ) ⊂ Rg(T ) = 〈{vi}ni=1〉 = 〈{vi}ni=1〉
means Rg(T ) = 〈{vi}ni=1〉. So the proof is complete in this case.
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Expansion in Eigenfunctions
Assume now that |λi | > 0, ∀i .

It will first be shown that limλi = 0. If not, the decreasing
sequence satisfies |λi | ≥ ε, ∀i , for some ε > 0. But then ∀i 6= j ,
‖Tvi − Tvj‖2 = ‖λivi − λjvj‖2 = ‖λivi‖2 + ‖λjvj‖2 ≥ 2ε2,

so {Tvi} has no convergent subsequence, contradicting
compactness of T .

It will next be shown that 〈{vi}〉 contains Rg(T ). Say
w ∈ Rg(T ), so ∃u ∈ H with Tu = w . Define

wn =
∑n

i=1 bivi , un =
∑n

i=1 civi
where bi = (w , vi) and ci = (u, vi). The coefficients satisfy

bi = (w , vi) = (Tu, vi) = (u,Tvi) = λici = λici ,
so T (civi) = bivi . Hence, w − wn = T (u − un), n ≥ 1, and
‖w − wn‖ ≤ |λn+1|‖u − un‖ since u − un ∈ Hn and ‖T‖L(Hn) = |λn+1|.
By (?) on 34 , ‖u − un‖2 = ‖u‖2 − ‖un‖2 ≤ ‖u‖2 and it follows

‖w − wn‖ ≤ |λn+1|‖u‖, n ≥ 1.
Then limλi = 0⇒ w = lim wn and so Rg(T ) ⊂ 〈{vi}〉.
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Distributions
Def: A mollifier is a function ϕε ∈ C∞0 (Rn) satisfying ∀ε > 0:
ϕε ≥ 0, ϕε ⊂ B(0, ε) and

∫
ϕε = 1. The standard mollifier is:

ϕε = ψε
/∫
ψε, ψε(x) =

{
exp[1/(|x |2 − ε2)], |x | < ε
0, |x | ≥ ε

For G ⊂ Rn and f ∈ L1(G) (φn
L1(G)−→ f ,

∫
fψ = lim

∫
φnψ) define

f = G◦\Zf , Zf = ∪{open S ⊂ G :

∫
S

fψ = 0, ∀ψ ∈ C∞0 (S)}

Extending f → 0 in Rn\G, f = Z c
f and the mollification of f is

fε(x) = [f ? ϕε](x) =

∫
Rn

f (x − y)ϕε(y)dy , x ∈ Rn

Lemma: If f ∈ L1(G), then ∀ε > 0, f ε ⊂ {x ∈ Rn : dist(x , f ) ≤ ε}
and fε ∈ C∞(Rn).

Proof: fε ∈ C∞(Rn) follows from fε(x) = [f ? ϕε](x) = [ϕε ? f ](x)
=
∫
Rn f (z)ϕε(x − z)dz. Next, choose any S ⊂ Zf and define the

(smaller) sets Sε = {x ∈ Rn : dist(x ,Sc) > ε} ⊂ S and Zfε ⊂ Zf .40



Distributions
Then fix any mollifier ϕε and define ϕ−ε by ϕ−ε (x) = ϕε(−x),
so that ψ ? ϕ−ε ∈ C∞0 (S), ∀ψ ∈ C∞0 (Sε). With Fubini,
0 =

∫
S f (z)[ψ ? ϕ−ε ](z)dz =

∫
S f (z)[

∫
Sε ψ(x)ϕε(x − z)dx ]dz =∫

Sε ψ(x)[
∫

S f (z)ϕε(x − z)dz]dx =
∫

Sε ψ(x)[f ? ϕε](x)dx =∫
Sε ψ(x)fε(x)dx and thus Sε ⊂ Zfε . Since S ⊂ Zf is arbitrary,
{x ∈ Rn : dist(x ,Z c

f ) > ε} ⊂ Zfε , and the final claim follows from
Z c

fε ⊂ {x ∈ Rn : dist(x ,Z c
f ) > ε}c.

Def: The norm on Ck (G) is
‖f‖Ck (G) = sup

x∈G,|α|≤k
|Dαf (x)|

The norm on Lp(G) is (Construct analogous to 22 !)

‖f‖Lp(G) =

[∫
G
|f (x)|pdx

] 1
p

(1 ≤ p <∞)

‖f‖L∞(G) = esssup
x∈G

|f (x)| = inf
x∈G
{B : |f (x)| ≤ B, a.e. x} (p =∞)

where the esssup is based upon measure theory.
(Consider the following with definitions according to 22 !)41



Distributions
Lemma: If f ∈ C0(G) then ‖fε − f‖C(G) → 0. If f ∈ Lp(G),
1 ≤ p <∞, then ‖fε‖Lp(G) ≤ ‖f‖Lp(G) and ‖fε − f‖Lp(G) → 0.

Proof: With f ∈ C0(G), f b G, and by uniform continuity on the
compact support,

|fε(x)− f (x)| ≤
∫
Rn
|f (x − y)− f (x)|ϕε(y)dy

≤ sup{|f (x − y)− f (x)| : x ∈ f , |y | ≤ ε} ε→0−→ 0.

Let p = 1. It follows with Fubini (and f → 0 in Rn\G)

‖fε‖L1(G) ≤
∫
Rn

∫
Rn
|f (x−y)|ϕε(y)dxdy =

∫
Rn
ϕε(y)︸ ︷︷ ︸
=1

∫
Rn
|f (x − y)|dx︸ ︷︷ ︸
=‖f‖L1(G)

dy

Let p = 2. Since fε ∈ L2(G) (why?), let {φn} ⊂ C0(G) be
chosen so that ‖fε − φn‖L2(G)

n→∞−→ 0. As above,∣∣∣∣∫
G

fεφn

∣∣∣∣ ≤ ∫
Rn
ϕε(y)

[∫
Rn
|f (x − y)φn(x)|dx

]
dy ≤ ‖f‖L2(G)‖φn‖L2(G).
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Since φn

L2(G)
⇀ fε and ‖φn‖L2(G) → ‖fε‖L2(G), it follows that

‖fε‖L2(G) ≤ ‖f‖L2(G). (For general p see study question.)

Finally, for an arbitrary δ > 0, let φ ∈ C0(G) be chosen so that
‖fε − φε‖Lp(G) ≤ ‖f − φ‖Lp(G) ≤ δ/3. Let ε > 0 be chosen small
enough that ‖φε − φ‖C(G)|φε|

1/p ≤ δ/3. Then

‖fε− f‖Lp(G) ≤ ‖fε−φε‖Lp(G) +‖φε−φ‖Lp(G) +‖φ− f‖Lp(G) ≤ δ

Study Question: Show that ‖fε‖Lp(G) ≤ ‖f‖Lp(G) holds for the
cases other than p = 1,2.

Theorem: C∞0 (G) is dense in Lp(G) for 1 ≤ p <∞. (See 22 !)

Theorem: ∀K b G, ∃ϕ ∈ C∞0 (G) with 0 ≤ ϕ(x) ≤ 1, ∀x ∈ G,
and φ(x) = 1, ∀x ∈ K .

Proof: With ε = dist(K , ∂G)/4 set φ̂(x) = 1 for dist(x ,K ) ≤ 2ε
and φ̂(x) = 0 otherwise. The claim holds with ϕ = φ̂ ? ϕε since
0 = min{φ̂}

∫
ϕε ≤ ϕ(x) ≤ max{φ̂}

∫
ϕε = 1, ∀x ∈ G,

ϕ ⊂ {x : dist(x ,K ) ≤ 3ε} and ϕ = 1 on {x : dist(x ,K ) ≤ ε}.
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Distributions
Def: A functional T ∈ C∞0 (G)∗ is a distribution on G, and this
linear space of distributions is also denoted by D∗(G).

Example: Identify L1
loc(G) = ∩{L1(K ) : K b G} with a subspace

of D∗(G) through Tf (ϕ) =
∫

G fϕ, ϕ ∈ C∞0 (G), f ∈ L1
loc(G).

Def: The αth partial derivative of the distribution T is the
distribution ∂αT defined according to ∂αT (ϕ) = (−1)|α|T (Dαϕ),
ϕ ∈ C∞0 (G).

Note: If f ∈ Cm(G), then ∂αTf = TDαf for |α| ≤ m.

Examples: A function f ∈ L1
loc(R) may be identified with the

distribution Tf . In particular, the Heaviside function,
H(x) = (1 + sign(x))/2, and r(x) = xH(x) satisfy

∂r(ϕ) = H(ϕ), ∂H(ϕ) = δ(ϕ) = ϕ(0)

where δ is the Dirac functional. Similarly, ∂mδ(ϕ) = (−1)mDmϕ(0).44



Distributions
Take δx0 = δ(x − x0). Suppose f ∈ C∞(R\{x0}) has one-sided
limits at {x0} so that the jump σ0(f ) in the direction of
increasing x is well-defined. Then ∀ϕ ∈ C∞0 (R),

∂Tf (ϕ) = −Tf (ϕ′) = −
∫
R fϕ′ =

∫
R\{x0} f ′ϕ+ σ0(f )δx0(ϕ)

Def: The support of a distribution T ∈ D∗(G) is

T = G◦\ZT , ZT = ∪{open S ⊂ G : T (ϕ) = 0,∀ϕ ∈ C∞0 (S)}

Example: The support of the Dirac δ functional, δ(ϕ) = ϕ(0),
ϕ ∈ C∞0 (Rn), is δ = {0}.

Def: A distribution T ∈ D∗(G) is constant if ∃c ∈ K with T (ϕ) =
c
∫

G ϕ, ∀ϕ ∈ C∞0 (G), and T may be identified with the function
equal everywhere to c.

Theorem: S ∈ D∗(R)⇒ ∃T ∈ D∗(R) with S = ∂T . Also, T is
unique up to a constant.
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Proof: S = ∂T holds precisely when

T (ψ′) = −S(ψ), ∀ψ ∈ C∞0 (R)
or equivalently when

T (ζ) = −S(ψ), ∀ζ ∈ H = {ζ ∈ C∞0 (R) :
∫
ζ = 0}, ψ(x) =

∫ x
−∞ ζ. (?)

To define such a T it will be shown that every φ ∈ C∞0 (R) can
be written uniquely as φ = ζ + cφ0 where ζ ∈ H, c ∈ K, and
φ0 ∈ C∞0 (R) is fixed arbitrarily with

∫
φ0 = 1. Given φ ∈ C∞0 (R)

set c =
∫
φ and ζ = φ− cφ0 to obtain such a decomposition.

This is the only such decomposition, since if
ζ1 + c1φ0 = ζ2 + c2φ0 for ζi ∈ H, ci ∈ K, i = 1,2,

then 0 =
∫

(ζ2 − ζ1) = (c1 − c2)
∫
φ0 = (c1 − c2) and

ζ2 − ζ1 = (c1 − c2)φ0 = 0.

So take T (φ) = T (ζ + cφ0) = T (ζ) + cT (φ0) for arbitrary
φ ∈ C∞0 (R) where T (ζ) = −S(ψ) for ψ(x) =

∫ x
−∞ ζ and

T (φ0) ∈ K is arbitrarily fixed. Thus, (?) holds on H ≤ C∞0 (R).

Suppose T̃ ∈ D∗(R) also satisfies S = ∂T̃ . Then T0 = T − T̃
satisfies ∂T0 = 0 or46



Distributions
T0(ζ) = −T0(ψ′) = −∂T0(ψ) = 0, ∀ζ ∈ H, ψ(x) =

∫ x
−∞ ζ.

So T0 is the constant T0(φ0) since for any ζ + cφ0 = φ ∈ C∞0 (R),
T0(φ) = T0(ζ + cφ0) = T0(ζ) + cT (φ0) = T0(φ0)

∫
φ.

Theorem: If f is absolutely continuous, then g = Df ∈ L1
loc(R)

satisfies ∂Tf = Tg in D∗(R). Conversely, if T ∈ D∗(R) with
∂T = Tg for g ∈ L1

loc(R), then T = Tf for an absolutely
continuous f and Tg = ∂Tf .

Proof: If f is absolutely continuous, then Df exists in a.e. x ,
Df ∈ L1

loc(R) and f (x) = f (0) +
∫ x

0 Df . Integration by parts
shows

∂Tf (ϕ) = −
∫

fDϕ =
∫

Dfϕ = TDf (ϕ), ϕ ∈ C∞0 (R)

Conversely, suppose T ∈ D∗(R) with ∂T = Tg for g ∈ L1
loc(R).

Then define the absolutely continuous h(x) =
∫ x

0 g. According
to the first part, ∂Th = Tg = ∂T , and hence T − Th is constant,
say c ∈ K. Then setting f = h + c gives T = Tf and
Tg = ∂T = ∂Tf .47



Distributions
Examples (Distributions in Rn): Let S be an (n− 1)-dimensional
C1 manifold in Rn. Suppose f ∈ C∞(Rn\S) has one-sided
limits at S so that the jumps σi(f ) in the direction of increasing
xi are well-defined. Then ∀ϕ ∈ C∞0 (Rn), 1 ≤ i ≤ n,
∂iTf (ϕ) = −Tf (Diϕ) = −

∫
Rn fDiϕ =

∫
Rn\S Di fϕ+

∫
S σi(f )ϕνidS

where ν = {νi} is the unit normal at S with ν · ei > 0.

Suppose for G ⊂ Rn that ∂G is an (n − 1)-dimensional C1

manifold. Let f ∈ C∞(G) be extended by zero outside G and
define the distribution Lf by

Lf (ϕ) =
∫
Rn f ∆ϕ =

∫
G ϕ∆f +

∫
∂G[∂ϕ∂ν f − ∂f

∂νϕ]dS
so

Lf (ϕ)− T∆f (ϕ) =
∫
∂G[∂ϕ∂ν f − ∂f

∂νϕ]dS
Similarly, define Df and Nf by

Df (ϕ) =
∫
∂G f ∂ϕ∂ν dS =

∫
G[f ∆ϕ+∇f · ∇ϕ]

and
Nf (ϕ) =

∫
∂G ϕ

∂f
∂νdS =

∫
G[ϕ∆f +∇f · ∇ϕ]

so that Lf − T∆f = Df − Nf .48



Sobolev Spaces
Def (Sobolev Spaces): For G ⊂ Rn define the scalar product,

(f ,g)Hm(G) =
∑
|α|≤m

∫
G DαfDαg, f ,g ∈ Cm(G)

with corresponding norm ‖f‖Hm(G) = (f , f )
1/2
Hm(G). Then define

Hm(G) as the Hilbert space given by the completion of C∞(G)
with respect to the norm ‖ · ‖Hm(G). Also, define Hm

0 (G) as the
Hilbert space given by the completion of C∞0 (G) with respect to
the norm ‖ · ‖Hm(G).

Note: Through the identification of Cm(G) with a subspace of
Hm(G) or Cm

0 (G) with a subspace of Hm
0 (G), a smooth function

f will henceforth be understood also as the coset of the Cauchy
sequence (f , f , . . . ) in the corresponding Sobolev space.

Note: According to C∞(G) ⊂ Cm(G) ⊂ Hm(G) and
C∞0 (G) ⊂ Cm

0 (G) ⊂ Hm
0 (G), Hm(G) and Hm

0 (G) are also the
completions of Cm(G) and Cm

0 (G), respectively, with respect to
the norm ‖ · ‖Hm(G).

49



Sobolev Spaces
Note: L2(G) is the completion of C0(G) with respect to the
norm ‖ · ‖L2(G) = ‖ · ‖H0(G). Since C0(G) ⊂ C(G) ⊂ L2(G), it
follows that H0(G) = L2(G) = H0

0 (G). For m ≥ 1 it is generally
the case that Hm(G) 6= Hm

0 (G). (G = Rn?)

Def: The αth distributional derivative of f ∈ Hm(G) is given by
the unique function Dαf ∈ L2(G) satisfying

(Dαf , ϕ) = (−1)|α|(f ,Dαϕ), ∀ϕ ∈ C∞0 (G)

Theorem: Let G ⊂ Rn and m ≥ 0. Then f ∈ Hm(G)⇔
∃{fn} ⊂ Cm(G) such that ∀α, |α| ≤ m, {Dαfn} is Cauchy in
L2(G) and ‖Dαf − Dαfn‖L2(G) → 0.

Proof: (⇒) Let f ∈ Hm(G). Then ∃{fn} ⊂ Cm(G) with
‖f − fn‖Hm(G) → 0. Since ∀α, |α| ≤ m, ‖Dαfn − Dαfm‖L2(G) ≤
‖fn − fm‖Hm(G), {Dαfn} is Cauchy in L2(G) with limit, say, gα.
Then with (·, ·) = (·, ·)L2(G) and ∀ϕ ∈ C∞0 (G),

(gα, ϕ)← (Dαfn, ϕ) = (−1)|α|(fn,Dαϕ)→ (−1)|α|(f ,Dαϕ)50



Sobolev Spaces
Hence, gα is the αth distributional derivative of f and thus
‖gα − Dαfn‖L2(G) = ‖Dαf − Dαfn‖L2(G) → 0.
(⇐) Note that {fn} is Cauchy in the Hm(G) norm, and the coset
of this sequence is identified with f ∈ Hm(G).

Corollary: m ≥ k ≥ 0⇒ Hm(G) ⊂ Hk (G) ⊂ L2(G). Also,
f ∈ Hm(G)⇒ Dαf ∈ L2(G), ∀α, |α| ≤ m. ((⇐) shown later!)

Theorem: The dual space Hm
0 (G)′ is (identified with) the linear

span 〈{∂αTf : |α| ≤ m,Tf ∈ D∗(G), f ∈ L2(G)}〉.

Proof: If f ∈ L2(G) and |α| ≤ m, then
|∂αTf (ϕ)| = |(f ,Dαϕ)L2(G)| ≤ ‖f‖L2(G)‖ϕ‖Hm(G), ∀ϕ ∈ C∞0 (G), so
∂αTf has a continuous extension to Hm

0 (G). Thus, the linear
span of such extensions lies in Hm

0 (G)′.

Conversely, if T ∈ Hm
0 (G)′, then by Theorem 26 , ∃f ∈ Hm

0 (G) 3
T (ϕ) = (f , ϕ)Hm(G), ∀ϕ ∈ C∞0 (G)
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Sobolev Spaces
Then setting gα = Dαf ∈ L2(G) and noting

T (ϕ) =
∑
|α|≤m Tgα(Dαϕ) =

∑
|α|≤m(−1)|α|∂αTgα(ϕ)

shows that T lies in the claimed linear span.

Study Question: Let G ⊂ Rn be bounded. Show ∀F ∈ Hm
0 (G)′,

∃u ∈ Hm
0 (G) with F(v) = (∇mu,∇mv)L2(G), v ∈ Hm

0 (G).
(This functional may be extended naturally for v ∈ Hm(G).)
Show ∀G ∈ Hm(G)′, ∃w ∈ Hm(G) 3 G(v) = (w , v)Hm(G), v ∈ Hm(G).
(This functional may be restricted naturally to v ∈ Hm

0 (G).)
(Hint: Show that (∇mu,∇mv)L2(G) is a scalar product on Hm

0 (G)

and otherwise use Theorem 26 .)

Theorem: Hm
0 (Rn) = Hm(Rn)

Proof: Since Cm
0 (Rn) ⊂ Cm(Rn), it follows that Hm

0 (Rn) ⊂
Hm(Rn). For the other direction, let u ∈ Hm(Rn) be arbitrary.
Fix the cut-off function τ ∈ C∞0 (B(0,2)) given by
τ = ϕε ? χB(0, 3

2 ), ε = 1
2 , satisfying τ = 1 on B(0,1) and

|Dατ(x)| ≤ M, ∀x ∈ Rn, |α| ≤ m52
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For k = 1,2, . . . define τk (x) = τ(x/k) which satisfies τk = 1
on B(0, k) and τk = 0 outside B(0,2k) while

|Dατk (x)| ≤ Mk−|α| ≤ M, ∀x ∈ Rn, |α| ≤ m.
Then uk = τku satisfies

|Dαuk | =
∣∣∣ ∑
β≤α

(
α
β

)
Dα−βτkDβu

∣∣∣ ≤ M
∑
β≤α

(
α
β

)
|Dβu|

and ∃B > 0 such that ∀G ⊂ Rn,
‖uk‖Hm(G) ≤ B‖u‖Hm(G).

Since u = uk on B(0, k),
‖u − uk‖Hm(Rn) ≤ (1 + B)‖u‖Hm(Rn\B(0,k))

k→∞−→ 0.
Next, define uk

ε = ϕε ? uk for ε ∈ (0,1). Since uk ⊂ B(0,2k),
uk
ε ⊂ B(0,2k + 1) = Gk . From Lemma 42 , ‖uk − uk

ε ‖L2(Gk )
ε→0−→ 0, and since Dαuk

ε = (Dαuk )ε, ‖Dαuk − Dαuk
ε ‖L2(Gk )

ε→0−→ 0.

Hence, ‖uk − uk
ε ‖Hm(Rn) = ‖uk − uk

ε ‖Hm(Gk )
ε→0−→ 0. Since the

right side in
‖u − uk

ε ‖Hm(Rn) ≤ ‖u − uk‖Hm(Rn) + ‖uk − uk
ε ‖Hm(Rn)
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can be made arbitrarily small for first k large enough and then ε
small enough, C∞0 (Rn) is dense in Hm(Rn).

Theorem: Suppose that G ⊂ Rn is open with
sup{|x1| : x ∈ G} = K <∞. Then

‖ϕ‖L2(G) ≤ 2K‖D1ϕ‖L2(G), ∀ϕ ∈ H1
0 (G).

Proof: Assume ϕ ∈ C∞0 (G). Then integrate
D1(x1|ϕ(x)|2) = |ϕ(x)|2 + x1D1(|ϕ(x)|2)

over G to obtain∫
G |ϕ(x)|2 =

∫
G D · 〈x1|ϕ(x)|2,0, . . . ,0〉dx −

∫
G x1D1|ϕ(x)|2dx

=
∫
∂G ν · 〈x1|ϕ(x)|2,0, . . . ,0〉dS −

∫
G x1D1|ϕ(x)|2dx

= −
∫

G x1[ϕ(x)D1ϕ(x) + ϕ(x)D1ϕ(x)]dx
≤ 2K‖D1ϕ‖L2(G)‖ϕ‖L2(G)

using the divergence theorem. Finally, the inequality extends to
H1

0 (G) due to the density of C∞0 (G).
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Def: For G ⊂ Rn open and bounded, ∂G a Cm manifold of
dimension n − 1 when it can be represented locally as the
graph of a Cm function. For an explicit representation, define
the following:

• The hypercube Q = B∞(0,1), the dividing hyperplane
Q0 = Q ∩ {y : yn = 0} and the (upper) half-hypercube
Q+ = Q ∩ {y : yn > 0}.

• The open covering {Gj}Nj=1 of ∂G, i.e., ∂G ⊂ ∪N
j=1Gj .

• The functions ϕj ∈ Cm(Q,Gj), each a bijection of Q, Q+ and
Q0 onto Gj , Gj ∩G and Gj ∩ ∂G with J(ϕj) = det(∂ϕj/∂x) > 0.

• The pair (ϕj ,Gj) is called a coordinate patch.

Def: With G0 = G, a partition-of-unity subordinate to the open
cover {Gj}Nj=0 of G is a collection of functions {βj}Nj=0 satisfying

βj ∈ C∞0 (Gj), βj(x) ≥ 0 and
∑N

j=0 βj(x) = 1, ∀x ∈ G.
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Sobolev Spaces
Also, {βj}Nj=1 is a partition-of-unity subordinate to the open
cover {Gj}Nj=1 of ∂G. These partitions may be constructed as
follows.

• Let {Fj}Nj=1 be an open covering, ∂G ⊂ ∪N
j=1Fj , with F j ⊂ Gj .

Also, choose F0 with F 0 ⊂ G0 and G ⊂ ∪N
j=0Fj = F .

• For j = 0, . . . ,N construct αj ∈ C∞0 (Gj) with αj = 1 in F j and
α ∈ C∞0 (F ) with α = 1 in G, where 0 ≤ αj(x), α(x) ≤ 1, ∀x ∈ Rn.

• For j = 0, . . . ,N define βj = ααj/
∑N

k=0 αk in F and
βj = 0 in Rn\F .

•
∑N

k=0 αk (x) > 0, ∀x ∈ F and α = 0, ∀x ∈ ∂F ⇒
βj ∈ C∞0 (F ) ⊂ C∞0 (Rn).

• α, αj ≥ 0⇒ βj ≥ 0 and αj ∈ C∞0 (Gj)⇒ βj ∈ C∞0 (Gj).
α = 1 in G⇒

∑N
j=0 βj = 1 in G.
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Sobolev Spaces

Localization on subdomains:

• For u ∈ Hm(G) and uj = βju , u =
∑N

j=0 uj on G.

• uj satisfies uj ⊂ Gj and uj ∈ Hm
Γj

(G ∩Gj), where Γj = ∂Gj ∩G
and Hm

Γj
(G ∩Gj) is the completion of Cm

0 (Gj) with respect to the
norm ‖ · ‖Hm(G∩Gj ).

• u 7→ (u0, . . . ,uN) is a linear mapping from Hm(G) to∏N
j=0 Hm

Γj
(G ∩Gj), which is a continuous injection.

• vj = uj ◦ ϕj , 1 ≤ j ≤ N, satisfies v j ⊂ Q, vj ∈ Hm
Γ (Q+), where

Γ = ∂Q ∩Q+ and Hm
Γ (Q+) is the completion of Cm

0 (Q) with
respect to the norm ‖ · ‖Hm(Q+).

• Λ : u 7→ (u0, v1, . . . , vN) is a linear mapping from Hm(G) to
Hm

0 (G)× [Hm
Γ (Q+)]N , which is a continuous injection onto a

closed subspace, its range, where it has a continuous inverse.
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Localization on the boundary:

• Cm(∂G) is the set of functions f : ∂G→ R where
(βj f ) ◦ ϕj ∈ Cm(Q0), 1 ≤ j ≤ N.

• Integrals over ∂G are given by∫
∂G fdS =

∑N
j=1
∫

Q0
(βj f ) ◦ ϕj(y)Jj(y)dy , Jj = [det[∂ϕj

∂y

T ∂ϕj
∂y ]]

1
2

• Define the scalar product and norm on C(∂G) = C0(∂G),

(f ,g)L2(∂G) =
∫
∂G f gdS, ‖f‖L2(∂G) = (f , f )

1
2
L2(∂G)

• Define L2(∂G) as the completion of C(∂G) with respect to this
scalar product.

• λ : f 7→ ((β1f ) ◦ ϕ1, . . . , (βN f ) ◦ ϕN) is a linear mapping from
L2(∂G) to [L2(Q0)]N , which is a continuous injection onto a
closed subspace, its range, where it has a continuous inverse.
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• Traces are a generalization of boundary values.

• For instance, functions in L2(G) have no well-defined
boundary values since |∂G| = 0.

• First develop traces for G = Rn
+ = {x ∈ Rn : xn > 0} where

∂G = {x ∈ Rn : xn = 0}.

• Later the general case will build upon this simpler case by
using localization as above.

Theorem: For G = Rn
+ the trace mapping

γ0 : C1(G)→ C0(∂G) defined by
γ0(φ)(x ′) = φ(x ′,0), φ ∈ C1(G), x ′ ∈ ∂G

has a unique extension to an operator γ0 ∈ L(H1(G),L2(∂G))
whose range is dense in L2(∂G), and it satisfies

γ0(βu) = γ0(β)γ0(u), β ∈ C1(G), u ∈ H1(G).
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Trace
Proof: Recall C1(G) ⊂ H1(G). For φ ∈ C1(G) and x ′ ∈ Rn−1,

|φ(x ′,0)|2 = −
∫∞

0 Dn(|φ(x ′, xn)|2)dxn.
Integrating over Rn−1 gives
‖φ(·,0)‖2L2(Rn−1)

≤
∫
Rn

+
|φDnφ+ φDnφ|dx ≤ 2‖φ‖L2(Rn

+)‖Dnφ‖L2(Rn
+)

≤ ‖φ‖2L2(Rn
+)

+ ‖Dnφ‖2L2(Rn
+)

= ‖φ‖2H1(Rn
+)

.
The existence of a unique continuous linear extension to
L(H1(G),L2(∂G)) follows with Theorem 11 .
For τ = ϕε ? χB(0, 1

2 ) ∈ C∞0 (R), ε = 1
2 , and ψ ∈ C∞0 (Rn−1),

φ(x) = ψ(x ′)τ(xn), x = (x ′, xn) ∈ Rn
+

defines a φ ∈ C1(G) and γ0(φ) = ψ. Thus, the range of γ0
contains C∞0 (Rn−1), which is dense in L2(∂Rn

+). For the last

claim, let uε ∈ C1(G) satisfy ‖u − uε‖H1(G)
ε→0−→ 0, so that also

for β ∈ C1(G), ‖β(u − uε)‖H1(G) ≤ ‖β‖C1(G)‖u − uε‖H1(G)
ε→0−→ 0.

Then note by the continuity of γ,
γ0(βu)

ε→0←− γ0(βuε) = γ0(β)γ0(uε)
ε→0−→ γ0(β)γ0(u).
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Lemma: u ∈ H1(Rn

+) with γ0(u) = 0 satisfies
u(x ′, xn) =

∫ xn
0 Dxnu(x ′, t)dt for a.e. x ′ ∈ Rn−1, xn ∈ R1

+.

Proof: Choose {φε} ⊂ C∞(Rn
+) so that ‖u − φε‖H1(Rn

+)
ε→0−→ 0.

Then with Theorem 59 , ‖φε(·,0)‖L2(Rn
+) ≤ ‖γ0(u)‖L2(Rn

+) +

‖γ0(u − φε)‖L2(Rn
+) ≤ c‖u − φε‖H1(Rn

+)
ε→0−→ 0. Since convergence

in L2(Rn
+) gives a.e. pointwise convergence,

u(x ′, xn)
ε→0←− φε(x ′, xn)− φε(x ′,0) =

∫ xn
0 Dxnφε(x ′, t)dt

ε→0−→
∫ xn

0 Dxnu(x ′, t)dt , a.e. x ′ ∈ Rn−1, xn ∈ R1
+.

Theorem: Let u ∈ H1(Rn
+). Then u ∈ H1

0 (Rn
+) iff γ0(u) = 0.

Proof: If {un} ⊂ C∞0 (Rn
+) converges to u ∈ H1(Rn

+), then
γ0(u) = lim γ0(un) = 0 by Theorem 59 .

Let u ∈ H1(Rn
+) with γ0u = 0. Recall the cut-off function

τ ∈ C∞0 (B(0,2)) given by τ = ϕε ? χB(0, 3
2 ), ε = 1

2 , satisfying
τ = 1 on B(0,1) and61



Trace
|Dατ(x/k)| ≤ Mk−|α| ≤ M, ∀x ∈ Rn, |α| = 1.

Define the new cut-off function,
σ(t) = t2(3− 2t), t ∈ [0,1],

σ(t) = 0, t < 0, σ(t) = 1, t > 1.
satisfying

|Dxnσ(kxn − 1)| ≤ 3
2k < 2k .

Then set φk (x) = τ(x/k)σ(kxn − 1) = τk (x)σk (x) and uk = φku
so that uk ⊂ {x ∈ Rn : |x | ≤ 2k & xn ≥ 1/k} while uk = u in
{x ∈ Rn : |x | ≤ k & xn ≥ 2/k} = Ek . Since φk (x) ∈ [0,1], ∀x , it
follows that |uk | ≤ |u| and

‖u − uk‖L2(Rn
+) ≤ 2‖u‖L2(Rn

+\Ek )
k→∞−→ 0.

For i 6= n, |Dxi u
k | = |σk [uDxi τk + τkDxi u]| ≤ M|u|+ |Dxi u| so

‖Dxi (u − uk )‖L2(Rn
+) ≤ (2 + M)‖u‖H1(Rn

+\Ek )
k→∞−→ 0

Then Dxnuk = σk [uDxnτk + τkDxnu] + τkuDxnσk , so with the
estimates |σk [uDxnτk + τkDxnu]| ≤ M|u|+ |Dxnu| and
|τkuDxnσk | ≤ 2k |u|, the nth derivatives satisfy

62



Trace
‖Dxn (u − uk )‖L2(Rn

+) ≤ (2 + M)‖u‖H1(Rn
+\Ek ) + 2k‖u‖L2(Fk )

where Fk = {x ∈ Rn : 0 ≤ xn ≤ 2
k } contains {x ∈ Rn : 1

k ≤ xn ≤ 2
k }

in which Dxnσk 6= 0. Then with Lemma 61 and Cauchy-Schwarz,

|u(x ′, xn)|2 ≤ [
∫ xn

0 12dt ][
∫ xn

0 |Dxnu(x ′, t)|2dt ] = xn
∫ xn

0 |Dxnu(x ′, t)|2dt

So with Fubini,∫ 2/k
0 |u(x ′, xn)|2dxn ≤

∫ 2/k
0 xn[

∫ xn
0 |Dxnu(x ′, t)|2dt ]dxn

≤ 2
k

∫ 2/k
0 [

∫ xn
0 |Dxnu(x ′, t)|2dt ]dxn =

2
k

∫ 2/k
0 [

∫ 2/k
t |Dxnu(x ′, t)|2dxn]dt ≤ 4

k2

∫ 2/k
0 |Dxnu(x ′, t)|2dt

and hence, 2k‖u‖L2(Fk ) ≤ 4‖Dxnu‖L2(Fk ).
Combining the above estimates gives
‖Dxn (u−uk )‖L2(Rn

+) ≤ (2+M)‖u‖H1(Rn
+\Ek )+4‖Dxnu‖L2(Fk )

k→∞−→ 0.

Thus, ‖u − uk‖H1(Rn
+)

k→∞−→ 0. Finally, define uk
ε = ϕε ? uk for

ε ∈ (0,1/k) so that uk
ε ∈ C∞0 (Rn

+). Since
uk ⊂ {x ∈ Rn : |x | ≤ 2k & xn ≥ 1/k}, it follows that
uk
ε ⊂ {x ∈ Rn : |x | < 2k + 1/k & xn > 0} = Gk ⊂ Rn

+.63



Trace
From Lemma 42 , ‖uk − uk

ε ‖L2(Gk )
ε→0−→ 0, and

‖Dαuk − Dαuk
ε ‖L2(Gk )

ε→0−→ 0 since Dαuk
ε = (Dαuk )ε. Hence,

‖uk − uk
ε ‖H1(Rn

+) = ‖uk − uk
ε ‖H1(Gk )

ε→0−→ 0. Since the right side in
‖u − uk

ε ‖H1(Rn
+) ≤ ‖u − uk‖H1(Rn

+) + ‖uk − uk
ε ‖H1(Rn

+)

can be made arbitrarily small for first k large enough and then ε
small enough, u can be approximated in H1(Rn

+) arbitrarily well
with C∞0 (Rn

+) and hence u ∈ H1
0 (Rn

+).

For ∂G sufficiently smooth, γ0 : H1(G)→ L2(∂G) is defined as
follows by building upon the formulation given above for a
curvature-free boundary:

γ0(u) =
∑N

j=1(γ0((βju) ◦ ϕj)) ◦ ϕ−1
j

where {βj}Nj=1 gives a partition-of-unity subordinate to the open
cover {Gj}Nj=1 of ∂G and {(ϕj ,Gj)}Nj=1 are corresponding
coordinate patches.

Estimating γ0 and extending by continuity gives the following.64
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Theorem: Let G ⊂ Rn be bounded and open with ∂G a C1

manifold where G lies only on one side of ∂G. Then there is a
unique γ0 ∈ L(H1(G),L2(∂G)) such that γ0(u) = u|∂G for each
u ∈ C1(G). Also, K (γ0) = H1

0 (G) and Rg(γ0) = L2(∂G).

Higher order traces of normal derivatives are first defined in
terms of usual boundary values for sufficiently smooth functions
and then extended by continuity with the following result.

Theorem: Let G ⊂ Rn be bounded and open with ∂G a Cm

manifold where G lies only on one side of ∂G. Then there is a
unique γ ∈ L(Hm(G),

∏m−1
j=0 Hm−1−j(∂G)) such that

γ(u) = (γ0(u), . . . , γm−1(u))
and γj(u) = ∂ ju/∂ν j |∂G, 0 ≤ j ≤ m − 1, for u ∈ Cm(G).
Also, K (γ) = Hm

0 (G) and Rg(γ) =
∏m−1

j=0 Hm−1−j(∂G).

Note that Rg(γ) can be characterized in terms of fractional
order Sobolev spaces, e.g., γ0 ∈ L(H1(G),H

1
2 (∂G)). However,

the presented results are sufficient in this work.65



Sobolev’s Lemma and Imbedding
Goal: Identify Ck

u (G) with Hm(G) for certain k and m, where

Def: (Ck
u (G), ‖ · ‖Ck (G)) is the Banach space of functions with

uniformly continuous derivatives up to order k . Note for G ⊂ Rn

bounded, Ck
u (G) = Ck (G).

For this goal, G must possess a certain regularity:

Def: Let a cone with vertex y be denoted by K (y) =
K (y ; ρ,Ω) = {z = y + λω, λ ∈ (0, ρ), ω ∈ Ω} where
Ω = ∂B(0,1) ∩ B(x , r) for some x ∈ ∂B(0,1) and r > 0. Then
|K (y)| = ρnγ/2 where γ = |Ω|∂B(0,1) is the solid angle of Ω.
A domain G satisfies a cone condition if ∃ρ, γ > 0 such that
∀y ∈ G, ∃K (y ; ρ,Ω) ⊂ G with γ = |Ω|∂B(0,1).

Theorem: Suppose G ⊂ Rn is open and bounded and satisfies
a cone condition. Then for m > n/2, ∃C > 0 3

‖u‖C(G) ≤ C‖u‖Hm(G), ∀u ∈ Cm(G)
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Sobolev’s Lemma and Imbedding

Proof: Fix g ∈ C∞0 (R) by g = ϕε ? χ(−∞, 1
2 ], ε = 1

2 . Define
τ(t) = g(t/ρ), ρ > 0, satisfying

|τ (k)(t)| ≤ Akρ
−k

for some constants Ak . Let u ∈ Cm(G) and assume 2m > n.
For y ∈ G, K (y) ⊂ G, integrate along a ray
{x = y + rω, r ∈ (0, ρ)} ⊂ K (y), ω ∈ Ω, emanating from y :∫ ρ

0 Dr [τ(r)u(y + rω)]dr = −u(y).
Then integrate over all of K (y),∫

Ω

∫ ρ
0 Dr [τ(r)u(y + rω)]drdω = −u(y)

∫
Ω dω = −u(y)γ.

Integrate by parts m − 1 times to obtain (τ (k)(r)|r=ρ=0= r k |r=0)

u(y) = (−1)m

γ(m−1)!

∫
Ω

∫ ρ
0 Dm

r (τu)rm−1drdω.
Then with x = y + rω, dx = rn−1drdω,

|u(y)| = 1
γ(m−1)! |

∫
K (y) Dm

r (τu)|x − y |m−ndx |.
With Cauchy-Schwarz,
|u(y)|2 ≤ 1

(γ(m−1)!)2 [
∫

K (y) |D
m
r (τu)|2dx ][

∫
K (y) |x − y |2(m−n)dx ].
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Sobolev’s Lemma and Imbedding

Using∫
K (y) |x − y |2(m−n)dx =

∫
Ω

∫ ρ
0 r2m−n−1drdω = γρ2m−n

2m−n
and 2m − n > 0, the previous estimate becomes

|u(y)|2 ≤ Cm,nρ
2m−n ∫

K (y) |D
m
r (τu)|2dx

where Cm,n depends upon m and n. Then
|Dm

r (τu)| = |
∑m

k=0(
m
k )Dm−k

r τDk
r u| ≤

∑m
k=0(

m
k )

Am−k
ρm−k |Dk

r u|
or

|Dm
r (τu)|2 ≤ C′

∑m
k=0 ρ

2(k−m)|Dk
r u|2

and hence
|u(y)|2 ≤ Cm,nC′

∑m
k=0 ρ

2k−n ∫
K (y) |D

k
r u|2dx .

By the chain rule,
|Dk

r u|2 ≤ C′′
∑
|α|≤k |Dαu(x)|2.

Then
supy∈G |u(y)|2 ≤ C supy∈G

∑
|α|≤m

∫
K (y) |D

αu(x)|2dx
≤ C

∑
|α|≤m

∫
G |D

αu(x)|2dx = C‖u‖2Hm(G).
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Def: An imbedding i : Hm(G)→ Ck

u (G) is defined so that for
u ∈ Hm(G), the smooth function i(u) (understood as identified
with the Cauchy sequence (i(u), i(u), . . . )) satisfies
‖u − i(u)‖Hm(G) = 0. The continuity of i is represented by
Hm(G) ↪→ Ck

u (G).

Theorem: Suppose G ⊂ Rn is open and bounded and satisfies
a cone condition. Then for m > k + n/2 the imbedding
i : Hm(G)→ Ck

u (G) is continuous.

Proof: Applying Theorem 66 to Dαu, |α| ≤ k , gives
‖u‖Ck (G) ≤ C‖u‖Hm(G), ∀u ∈ Cm(G).

Thus, the imbedding is continuous from the dense subset
Cm(G) of Hm(G) into the Banach space Ck

u (G). The claim then
follows from Theorem 11 .

Study Question: For G ⊂ Rn unbounded, Hm(G) ↪→ Ck (G) !

Study Question: For G ⊂ Rn and x0 ∈ G, define δx0(ϕ) = ϕ(x0),
ϕ ∈ C∞(G), and show that δx0 ∈ (Hm(G))′ for m > n/2.69



Density and Compactness
Def: Hm(G) = {f ∈ L2(G) : Dαf ∈ L2(G), |α| ≤ m} is a Hilbert
space equipped with (·, ·)Hm(G).

Goal: Show Hm(G) = Hm(G). By Corollary 51 , Hm(G) ≤ Hm(G).

Lemma: C∞0 (Rn) is dense in Hm(Rn).

Proof: See the proof of Theorem 52 .

Lemma: Hm(Rn
+) = Hm(Rn

+).

Proof: For k ∈ N and a function f set f k (x ′, xn − 1/k) = f (x ′, xn)
for x ′ ∈ Rn−1, xn > 0. Fix u ∈ Hm(Rn

+). Choose gα,k ∈ C∞0 (Rn
+) so

that ‖Dαu − gα,k‖L2(Rn
+)

k→∞−→ 0. Then ‖Dαuk − gk
α,k‖L2(Rn

+)
k→∞−→ 0 and

‖u − uk‖2Hm(Rn
+) ≤

∑
|α|≤m{‖Dαu − gα,k‖2L2(Rn

+)
+ ‖gα,k − gk

α,k‖
2
L2(Rn

+)

+‖Dαuk − gk
α,k‖

2
L2(Rn

+)
} k→∞−→ 0. Set σ = ϕε ? χ[− 1

2 ,∞), ε = 1
2 , and

define σk (t) = σ(kt). Set vk (x ′, xn) = σk (xn)uk (x ′, xn) for
x ′ ∈ Rn−1, xn > −1/k , and otherwise vk = 0. Then vk = uk on
Rn

+ while vk ∈ Hm(Rn). By the last Lemma, ∃{vk
ε }ε>0 ⊂ C∞0 (Rn)

with ‖vk − vk
ε ‖Hm(Rn)

ε→0−→ 0 and {vk
ε |Rn

+
}ε>0 ⊂ C∞(Rn

+).70



Density and Compactness
Since the right side in

‖u − vk
ε ‖Hm(Rn

+) ≤ ‖u − uk‖Hm(Rn
+) + ‖vk − vk

ε ‖Hm(Rn
+)

can be made arbitrarily small for first k large enough and then ε
small enough, u can be approximated in Hm(Rn

+) arbitrarily well
with C∞(Rn

+) and hence u ∈ Hm(Rn
+). So Hm(Rn

+) ≤ Hm(Rn
+),

and Hm(Rn
+) ≤ Hm(Rn

+) was already established.

Lemma: There is an extension P ∈ L(Hm(Rn
+),Hm(Rn)) such

that ‖Pu − u‖Hm(Rn
+) = 0.

Proof: By the last Lemma, it suffices to construct P on
Cm(Rn

+). Let {λi} ⊂ Rm+1 solve the system,∑m+1
i=1 (−i)kλi = 1, k = 0, . . . ,m

For each u ∈ Cm
0 (Rn) so u|Rn

+
∈ Cm(Rn

+), define

(Pu)(x) =

{
u(x), xn ≥ 0∑m+1

i=1 λiu(x ′,−ixn), xn < 0.
By the construction for {λi}, Dj

n(Pu) is continuous at xn = 0 for
j = 0, . . . ,m. It follows that Pu ∈ Hm(Rn). P is clearly linear
and continous.71



Density and Compactness
Theorem: Suppose G ⊂ Rn is open and bounded and lies on
one side of ∂G which is a Cm manifold. Then there is an
extension PG ∈ L(Hm(G),Hm(Rn)) with PGu|G = u, ∀u ∈ Hm(G).

Proof: Let {(ϕk ,Gk )}Nk=1 be coordinate patches on ∂G and let
{βk}Nk=0 be a partition-of-unity subordinate to G. Then
u ∈ Hm(G)⇒ u =

∑N
j=0(βju). Since β0u is smoothly and

compactly supported in G, its extension by zero lies in Hm(Rn).
For the extension of βku, k ≥ 1, note that v 7→ v ◦ ϕk is an
isomorphism from Hm(Gk ∩G) onto Hm(Q+). Since (βku) ◦ ϕk
is smoothly and compactly supported in Q, it can be extended
by zero in Rn

+\Q to obtain an element of Hm(Rn
+). By the

previous Lemma, and the details of the proof, this can be
extended to an element P((βku)◦ϕk ) of Hm(Rn) with support in
Q. The desired extension of βku is given by P((βku) ◦ϕk ) ◦ϕ−1

k
extended by zero outside Gk . The following is linear,

PGu = β0u +
∑N

k=1 P((βku) ◦ ϕk ) ◦ ϕ−1
k

and satisfies ‖PGu‖Hm(Rn) ≤ c({βk}, {ϕk})‖u‖Hm(G).72



Density and Compactness
Theorem: Suppose G ⊂ Rn is open and bounded and lies on
one side of ∂G which is a Cm manifold. Then Hm(G) = Hm(G).

Proof: Since Hm(G) ≤ Hm(G) it must be shown that
Hm(G) ≤ Hm(G). Let u ∈ Hm(G). Then PGu ∈ Hm(Rn) and
the density of C∞0 (Rn) in Hm(Rn) gives a sequence
{ϕk} ⊂ C∞0 (Rn) which converges to PGu. Thus, {ϕk |G}
converges to u in Hm(G).

Lemma: Let Q be a cube in Rn with edges of length d > 0. If
u ∈ C1(Q) and u =

∫
Q u/|Q|, then

‖u‖2L2(Q)
≤ d−n|Q|2u2 + (nd2/2)

∑n
i=1 ‖Diu‖2L2(Q)

Proof: For x , y ∈ Q,
u(y)− u(x) =

∑n
i=1
∫ yi

xi
Diu(y1, . . . , yi−1, s, xi+1, . . . , xn)ds

Squaring and using Cauchy-Schwarz, u2(x) + u2(y)− 2u(x)u(y)

≤ {
∑n

i=1[
∫ bi

ai
ds]

1
2 [
∫ bi

ai
(Diu)2(. . . , yi−1, s, xi+1, . . . )ds]

1
2 }2

≤ nd
∑n

i=1
∫ bi

ai
(Diu)2(. . . , yi−1, s, xi+1, . . . )ds
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Density and Compactness
where Q =

∏n
i=1[ai ,bi ] and bk − ak = d , 1 ≤ k ≤ n. Integrating

the preceding w.r.t. {xi}ni=1 and {yi}ni=1 gives
2dn‖u‖2L2(Q)

≤ 2|Q|2u2 + ndn+2∑n
i=1 ‖Diu‖2L2(Q)

Theorem: Suppose G ⊂ Rn is open and bounded. Then the
imbedding i : H1

0 (G)→ L2(G) is compact.

Proof: Fix {uk} ⊂ C∞0 (G) with M = sup{‖uk‖H1(G)} <∞. Let Q
be a hypercube containing G, where the sides of Q have length
d ≥ 1. Extend each uk by zero in Q\G so {uk} ⊂ C∞0 (Q) with
M = sup{‖uk‖H1(Q)} <∞.
Let ε > 0. Choose N so that 4nd2M2/N2 < ε. Divide Q into
congruent hypercubes Qj , j = 1, . . . ,Nn, with edges of length
d/N. Since {uk} is bounded in L2(Q), it follows with
Theorem 32 (H = L2(G), D = polynomials with rational
coefficients) that there is a subsequence, again denoted for
convenience by {uk}, converging weakly in L2(Q). So ∃K with

|
∫

Qj
(uk − ul)|2 < ε

2N2n , j = 1, . . . ,Nn, k , l ≥ K
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Density and Compactness
According to the previous Lemma, the following is obtained
after summing over each Qj ,

‖uk − ul‖2L2(Q)
≤ Nn( d

N )−n ε
2N2n + n

2 ( d
N )24M2 < ε.

With ‖uk − ul‖2L2(G)
≤ ‖uk − ul‖2L2(Q)

, {uk} is Cauchy in L2(G).

Corollary: Suppose G ⊂ Rn is open and bounded. Then the
imbedding i : Hm

0 (G)→ Hm−1
0 (G) is compact.

Theorem: Suppose G ⊂ Rn is open and bounded and lies on
one side of ∂G which is a Cm manifold. Then the imbedding
i : Hm(G)→ Hm−1(G) is compact.

Proof: Fix {uk} bounded in Hm(G). Then PG(uk ) is bounded in
Hm(Rn). For ε > 0, set Gε = {x ∈ Rn : dist(x ,G) < ε}, fix
σ = ϕε ? χGε and Ω = (σ)◦. Then σPG(uk ) is bounded in Hm

0 (Ω)
and hence it has a subsequence σPG(uk ′) converging in
Hm−1

0 (Ω). Since σPG(uk ′)|G = uk ′ , {uk ′} converges in Hm−1(G).
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Boundary Value Problems
Example: For G ⊂ Rn and f : G→ K, find u : G→ K satisfying

−∆u + u = f in G
I with Dirichlet Boundary Conditions, u = 0 on ∂G, or
I Neumann Boundary Conditions ∂u/∂ν = 0 on ∂G.

For a weak formulation, recall Green’s identity:∫
G[v∆u +∇u · ∇v ] =

∫
∂G v ∂u

∂ν =
∫
∂G γ0(v)γ1(u)

holding for sufficiently smooth G, u and v .
I For the Dirichlet problem, take γ0(u) = 0. By 65 ,

K (γ0) = H1
0 (G), so seek u ∈ H1

0 (G) with test functions
v ∈ H1

0 (G). Hence, the Green’s identity gives:∫
G[v(u − f ) +∇u · ∇v ] = 0, ∀v ∈ H1

0 (G)
⇔ (u, v)H1(G) = (f , v)L2(G), ∀v ∈ H1

0 (G)

I For the Neumann problem, take γ1(u) = 0. Now seek
u ∈ H1(G) with test functions v ∈ H1(G), and the Green’s
identity gives:∫

G[v(u − f ) +∇u · ∇v ] = 0, ∀v ∈ H1(G)
⇔ (u, v)H1(G) = (f , v)L2(G), ∀v ∈ H1(G)
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Introduction
Conversely, if u ∈ H2(G) satisfies

(u, v)H1(G) = (f , v)L2(G), ∀v ∈ H1
0 (G) or ∀v ∈ H1(G)

then C∞0 (G) ⊂ H1
0 (G) ⊂ H1(G) means

(−∆u + u, φ)L2(G) = (f , φ)L2(G), ∀φ ∈ C∞0 (G)
so −∆u + u = f holds in the sense of distributions.
I If u ∈ H1

0 (G), then by Theorem 61 , γ0(u) = 0 holds as a
boundary condition.

I Otherwise with Rg(γ0) = L2(∂G) and −∆u + u − f = 0 ∈ L2(G),
0 = (−∆u + u − f , v)L2(G) = (γ1(u), γ0(v))L2(∂G), ∀v ∈ H1(G)
means γ1(u) = 0 holds as a boundary condition.

Weak formulations of the above boundary value problems:
I For the Dirichlet problem, find u ∈ H1

0 (G) such that
(u, v)H1(G) = (f , v)L2(G), ∀v ∈ H1

0 (G)

I For the Neumann problem, find u ∈ H1(G) such that
(u, v)H1(G) = (f , v)L2(G), ∀v ∈ H1(G)

Here, γ1(u) is not (yet and need not be) defined for u ∈ H1(G).
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Introduction

Theorem: Suppose V is a Hilbert space equipped with (·, ·)V
and suppose b ∈ V ′. Then ∃!u ∈ V such that (u, v)V = b(v),
∀v ∈ V , and ‖u‖V = ‖b‖V ′ .

Proof: Follows from Theorem 26 .

Corollary: If (u1, v)V = b1(v), ∀v ∈ V , and (u2, v)V = b2(v),
∀v ∈ V , then ‖u2 − u1‖V = ‖b2 − b1‖V ′ .

Proof: Define u = u2 − u1 and b(v) = b2(v)− b1(v), v ∈ V .

Note: The theorem gives a solution for the Dirichlet or the
Neumann problem by taking V = H1

0 (G) or V = H1(G),
respectively, and b(v) = (f , v)L2(G) with ‖b‖V ′ ≤ ‖f‖L2(G).
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Forms, Operators and Green’s Formula
Def: Given a Hilbert space V , a continuous sesquilinear form
a : V × V → K and b ∈ V ′, the abstract boundary value
problem is to find u ∈ V such that

a(u, v) = b(v), ∀v ∈ V

Theorem: Given a continuous sesquilinear form a : V × V → K
on a Hilbert space V , ∃α, β ∈ L(V ) such that

a(u, v) = (α(u), v)V = (u, β(v))V , ∀u, v ∈ V .
Also, given b ∈ V ′, ∃f ∈ V , f = R−1

V b, such that
b(v) = (f , v)V , ∀v ∈ V .

Proof: Follows from Theorem 26 .

A condition for invertibility of α in α(u) = R−1
V b is as follows.

Def: The sesquilinear form a : V × V → K is V -coercive if
∃a0 > 0 such that

a(v , v) ≥ a0‖v‖2V , ∀v ∈ V .
79



Forms, Operators and Green’s Formula
Theorem: (Lax-Milgram) Given a Hilbert space V , let
a : V × V → K be a V -coercive continuous sesquilinear form. Then
∀b ∈ V ′, ∃!u ∈ V with a(u, v) = b(v), ∀v ∈ V , and a0‖u‖V ≤ ‖b‖V ′ .

Proof: Coercivity of a,
a0‖v‖2V ≤ a(v , v) ≤ ‖α(v)‖V‖v‖V or ‖v‖V‖β(v)‖V

implies Rg(α) is closed and β = α∗ is injective. By
Theorem 28 Rg(α)⊥ = K (β) = {θ} and thus Rg(α) = V . Then
u = α−1R−1

V b satisfies a0‖u‖V ≤ ‖α(u)‖V = ‖R−1
V b‖V , and

‖R−1
V b‖V = ‖b‖V ′ since RV is an isometry 26 .

Def: Given a Hilbert space V and a continuous sesquilinear
form a : V × V → K, the operator A ∈ L(V ,V ′) is defined by

a(u, v) = Au(v), u, v ∈ V
and u solves the abstract boundary value problem when
Au = b holds in V ′.

Note: C∞0 (G) is not always dense in V , so how to identify V ′

with D∗(G) to get a PDE in a distributional sense?80



Forms, Operators and Green’s Formula
Strategy 1: Assume there is a Hilbert space H (a pivot space)
satisfying the identifications and continuous imbeddings,

V ↪→ H = H ′ ↪→ V ′

where H = H ′ is obtained through the Riesz map. Also, V (and,
in practice, C∞0 (G) too) is dense in H . Define

D = {u ∈ V : Au ∈ H ′}.
Since V is dense in H, u ∈ D iff u ∈ V and ∃K > 0 such that

|a(u, v)| ≤ K‖v‖H , ∀v ∈ V .
Then, (in practice) Au = b ∈ H ′ gives a PDE in the distributional
sense: (Au(φ) =) (R−1

H Au, φ)H = (R−1
H b, φ)H , ∀φ ∈ C∞0 (G), .

Example: Neumann problem, a(u, v) = (u, v)H1(G), V = H1(G),
H = L2(G), D = H2(G) and R−1

H Au 6= −∆u + u.

Theorem: Given a Hilbert space V and a V -coercive
continuous sesquilinear form a : V × V → K, D above is dense
in V and hence in H.
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Forms, Operators and Green’s Formula
Proof: It is shown first as follows that A maps D onto H ′. Let
b ∈ H ′ ≤ V ′ so that, by Theorem 80 , ∃!u ∈ V with a(u, v) = b(v),
∀v ∈ V . Then |a(u, v)| = |b(v)| ≤ ‖b‖H′‖v‖H ⇒ u ∈ D.
Now suppose ∃w ∈ V with (u,w)V = 0, ∀u ∈ D. As in the proof
of Theorem 80 , Rg(β) = V , so ∃v ∈ V with β(v) = w . Hence,
0 = (u,w)V = (u, β(v))V = Au(v), ∀u ∈ D. For u ∈ D,
Au(v) = (R−1

H Au, v)H . Since AD = H ′, choose u ∈ D with
Au = RHv . Then 0 = Au(v) = ‖v‖2H ⇒ w = β(v) = 0.

Strategy 2: Assume there is a closed subspace V0 of V
satisfying the identifications and continuous imbeddings,

V0 ≤ V ↪→ H = H ′ ↪→ V ′ ≤ V ′0
where V0 (in practice, the completion of C∞0 (G) in V ) is dense
in H. Define A ∈ L(V ,V ′0) by

a(u, v) = Au(v), u ∈ V , v ∈ V0
as the formal operator determined by a, V and V0, and set

D = {u ∈ V : Au ∈ H ′}.
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Forms, Operators and Green’s Formula
Since V0 is dense in H, u ∈ D iff u ∈ V and ∃K > 0 with

|a(u, v)| ≤ K‖v‖H , ∀v ∈ V0
Then, (in practice) Au = b ∈ H ′ gives a PDE in the distributional
sense: Au(φ) = (R−1

H Au, φ)H = (R−1
H b, φ)H , ∀φ ∈ C∞0 (G).

Example: Neumann problem, a(u, v) = (u, v)H1(G), V0 = H1
0 (G),

V = H1(G), H = L2(G), D = {u ∈ H1(G) : ∆u ∈ L2(G)} and
R−1

H Au = −∆u + u.

Since D ⊂ D, the operators A and A will be compared on D.
Fix u ∈ D and with Au ∈ H ′ define

ϕu(v) = Au(v)− Au(v), v ∈ V
satisfying ϕu ∈ V ′ and ϕu|V0 = 0. For v ∈ V define

ϕ̂u(v̂) = ϕu(v), v̂ = {v + v0 : v0 ∈ V0} ∈ (V/V0).
Then ϕ̂u ∈ (V/V0)′ since

|ϕ̂u(v̂)| = inf
v0∈V0

|ϕu(v + v0)| ≤ inf
v0∈V0

[‖Au‖H′ + ‖Au‖H′ ]‖v + v0‖H
≤ 2K inf

v0∈V0
‖v + v0‖V = 2K‖v̂‖V/V0
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Forms, Operators and Green’s Formula
Assume there is a trace operator γ : V → B which is a linear
surjection onto a Hilbert space B = Rg(γ) and V0 = K (γ).

For v ∈ V define also on V/V0,
γ̂(v̂) = γ(v), v̂ = {v + v0 : v0 ∈ V0} ∈ (V/V0).

Let B be equipped with the norm
‖γ̂(v̂)‖B = ‖v̂‖V/V0 = infv0∈V0 ‖v + v0‖V .

Then γ̂ ∈ L(V/V0,B) and γ̂ is an isometry.

Hence γ̂′ ∈ L(B′, (V/V0)′) and γ̂′ is injective 27 .

Furthermore, since for v ∈ V
‖γ(v)‖B = ‖γ̂(v̂)‖B = ‖v̂‖V/V0 = infv0∈V0 ‖v + v0‖V ≤ ‖v‖V

it follows that γ ∈ L(V ,B).

To see that γ̂′ is surjective, let f ∈ (V/V0)′ and define d ∈ B′ by
d(g) = f (γ̂−1(g)), g ∈ B, so that γ̂′(d) = d ◦ γ̂ = f .

84



Forms, Operators and Green’s Formula
Since γ̂′ is bijective, it follows that for ϕ̂u ∈ (V/V0)′ given above,
∃!∂u ∈ B′ with γ̂′(∂u) = ∂u ◦ γ̂ = ϕ̂u. Combining these results
gives

∂u(γ(v)) = ∂u(γ̂(v̂)) = ϕ̂u(v̂) = ϕu(v)
for v ∈ V , v̂ = {v + v0 : v0 ∈ V0} ∈ (V/V0) and with linear
dependence upon u. This result is summarized as follows.

Theorem: Under above stated assumptions, ∃∂ ∈ L(D,B′)
such that ∀u ∈ D, ∂u(γ(v)) = Au(v)− Au(v),∀v ∈ V .

This result is called the abstract Green’s identity where ∂ is the
abstract Green’s operator.

Study Question: Determine a norm on D so that ∂ ∈ L(D,B′).

Example: For the Neumann problem, V = H1(G), V0 = H1
0 (G),

γ = γ0, B = H
1
2 (∂G) ≤ L2(∂G) = L2(∂G)′ ≤ B′ 64 and ∂ is an

extension of γ1 from H2(G) to D with ‖u‖2D = ‖u‖2L2(G)
+ ‖∆u‖2L2(G)

.
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Abstract Boundary Value Problems
As in the Note 78 ,
I If boundary conditions are explicitly prescribed in V (e.g.,

Dirichlet boundary conditions with V = H1
0 (G)) then these

are called forced or stable boundary conditions.
I If boundary conditions are not explicitly prescribed with V

(e.g., Neumann boundary conditions in V = H1(G)) then
these are called variational (natural ) or unstable boundary
conditions.

Assumptions for the following:
I There is a closed subspace V0 of a Hilbert space V

satisfying the identifications and continuous imbeddings,
V0 ≤ V ↪→ H = H ′ ↪→ V ′ ≤ V ′0

I ∃γ ∈ L(V ,B) where B = Rg(γ) is isomorphic to V/V0.
I V0 = K (γ) is dense in H.

(In practice, V0 is the completion of C∞0 (G) in V ,
and the pivot space is H = L2(G).)
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Abstract Boundary Value Problems
I ∃a1 : V × V → K and a2 : B × B → K both continuous

such that
a(u, v) = a1(u, v) + a2(γu, γv), u, v ∈ V

(e.g., a1(u, v) = (u, v)H1(G),
a2(ϕ,ψ) = (ϕ,ψ)L2(∂G))

I ∃b1 ∈ H ′, b2 ∈ B′ such that
b(v) = b1(v) + b2(γv), v ∈ V

(e.g., b1(v) = (f , v)L2(G),
b2(ψ) = (g, ψ)L2(∂G))Consequences:

I Define A2 ∈ L(B,B′) by
A2ϕ(ψ) = a2(ϕ,ψ), ϕ, ψ ∈ B

(e.g., R−1
B A2ϕ = ϕ ∈ B = H

1
2 (G))

I Define A1 ∈ L(V ,V ′0) by
A1u(v) = a1(u, v), u ∈ V , v ∈ V0

(e.g., R−1
H A1u = −∆u + u ∈ H = L2(G))

I Define D1 = {u ∈ V : A1u ∈ H ′}
(e.g., u ∈ D1 ⇒ u,∆u ∈ L2(G))
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Abstract Boundary Value Problems
I According to Theorem 85 define ∂1 ∈ L(D1,B′) by

a1(u, v)− A1u(v) = ∂1u(γv), u ∈ D1, v ∈ V (1)
(e.g., ∂1 extends γ1)

Theorem: Assume the Hilbert spaces, forms and operators are
given as above. Then u ∈ V solves

a1(u, v) + a2(γu, γv) = b1(v) + b2(γv), ∀v ∈ V (2)
if and only if u ∈ D1 solves

A1u = b1 and ∂1u +A2(γu) = b2. (3)

Proof: Let u ∈ V solve (2). Choosing v ∈ V0 = K (γ) in (2)
gives |a1(u, v)| = |b1(v)| ≤ ‖b1‖H′‖v‖H , ∀v ∈ V0, so u ∈ D1.
Thus, (R−1

H A1u, v)H = A1u(v) = b1(v) = (R−1
H b1, v)H , ∀v ∈ V0.

Since V0 is dense in H, the first equation in (3) is obtained.
Thus, (1) and (2) may be combined to give

∂1u(γv) = b2(γv)− a2(γu, γv) = b2(γv)−A2(γu)(γv)
∀v ∈ V , and the second equation in (3) follows. Now let u ∈ D1
solve (3). Combining the previous equation with (1) gives (2)
after A1u(v) is replaced by a1(u, v)H .88



Examples
Suppose G ⊂ Rn is open and bounded and that A = {aij}ni,j=1,
a = {aj}nj=1, a0 satisfy ai,j , aj , a0 ∈ L∞(G). Then define

a1(u, v) =
∫

G

{
∇uTA∇v + aT∇uv + a0uv

}
Take H = L2(G). Fix Γ ⊂ ∂G and define the closed subspace

V =
{

v ∈ H1(G) : (γ0v)|Γ = 0
}
≤ H1(G)

Take V0 = H1
0 (G), γ = γ0|V and B = Rg(γ). Then A1 satisfies

R−1
H A1u = −∇ · (A∇u) + aT∇u + a0u, u ∈ D1

where D1 = {u ∈ V : A1u ∈ H ′}.
According to Theorem 85 define ∂ ∈ L(D1,B′) by

a1(u, v)− A1u(v) = ∂u(γv), u ∈ D1, v ∈ V
For ai,j ,u, v ∈ C∞(G), the Green’s Theorem gives

a1(u, v)− A1u(v) =
∫
∂G\Γ ∂Au(γ0v), ∂Au = νTA∇u

so ∂ extends ∂A from H2(G) to D1. Define b1(v) = (f , v)L2(G).
By Theorem 88 the weak solution, a1(u, v) = b1(v), ∀v ∈ V , is
a generalized solution to

R−1
H A1u = f in G, u = 0 on Γ, ∂Au = 0 on ∂G\Γ

called a mixed Dirichlet-Neumann BVP for |Γ|, |∂G\Γ| > 0.
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Examples
It is a purely Dirichlet (type 1) BVP if |∂G\Γ| = 0 and a purely
Neumann (type 2) BVP if |Γ| = 0.

Example of a Robin (type 3) BVP: Define H = L2(G),
V0 = H1

0 (G), V = H1(G), γ = γ0, B = Rg(γ) and
a1(u, v) =

∫
G∇u · ∇v , u, v ∈ V .

Then R−1
H A1u = −∆u for u ∈ D1 = {u ∈ V : A1u ∈ H ′}.

According to Theorem 85 define ∂1 ∈ L(D1,B′) by
a1(u, v)− A1u(v) = ∂1u(γv), u ∈ D1, v ∈ V

which extends γ1 from H2(G) to D1.

Suppose f ∈ L2(G), g ∈ L2(∂G) and α ∈ L∞(∂G) and define
a2(ϕ,ψ) =

∫
∂G αϕψ, ϕ, ψ ∈ L2(∂G)

b(v) = b1(v) + b2(v) = (f , v)L2(G) + (g, γ0v)L2(∂G), v ∈ V .
By Theorem 88 the weak solution u to

a(u, v) = b(v), ∀v ∈ V
is a generalized solution to

−∆u = f in G, ∂νu + αu = g on ∂G.90



Examples
For α = 0, this is an inhomogeneous Neumann BVP.
How to formulate an inhomogeneous Dirichlet BVP?

For example, consider the Dirichlet BVP,
−∆u = f in G, u = g on ∂G

where g = γ0ge for some ge ∈ H2(G). Thus, ge is an extension
or a lifting of g from ∂G to G.

With w = u − ge and f̃ = f + ∆ge the above BVP becomes
−∆w = f̃ in G, w = 0 on ∂G

For this, take H = L2(G), V0 = V = H1
0 (G), γ = γ0 and

a1(w , v) = A1w(v) =
∫

G∇w · ∇v , w , v ∈ V ,
so A1w = −R−1

H ∆w for w ∈ D1 = {w ∈ V : A1w ∈ H ′}.
By Theorem 88 the weak solution w to

a1(w , v) = (f̃ , v)H , ∀v ∈ V
is a generalized solution to

R−1
H A1w = f̃ in G, w = 0 on ∂G

and u = w + ge is a generalized solution to the above
inhomogeneous Dirichlet BVP.91



Examples
Suppose G = Ĝ ∪ Ǧ ∪ Γ for open Ĝ, Ǧ where Ĝ ∩ Ǧ = ∅,
Γ = ∂Ĝ∩ ∂Ĝ and Σ = ∂Ĝ∪ ∂Ǧ with ∂Ĝ, ∂Ǧ sufficiently regular.

Let ν̂ and ν̌ be the outward unit normals at Ĝ and Ǧ with
ν̂ + ν̌ = 0 at Γ. With H = L2(G), V̂ = H1(Ĝ), V̌ = H1(Ǧ) and

[v ] = γ0,̂V v − γ0,̌V v on Γ, v ∈ {v ∈ H : v ∈ V̂ ∩ V̌}
set V = {v ∈ H : [v ] = 0, v ∈ V̂ ∩ V̌}
and with V̂0 = H1

0 (Ĝ), V̌0 = H1
0 (Ǧ),

V0 = {v ∈ H : v ∈ V̂0 ∩ V̌0}
so that with γ = γ0,V ,

V0 = K (γ) and B = Rg(γ) ⊂ L2(Σ).
For â ∈ C1(Ĝk ), ǎ ∈ C1(Ǧk ), define continuous

a1(u, v) =
∫

Ĝ â∇u · ∇v +
∫

Ǧ ǎ∇u · ∇v , u, v ∈ V
and A1u(v) = a1(u, v), u ∈ V , v ∈ V0.

Then taking v ∈ V0 and u ∈ D1 = {u ∈ V : A1u ∈ H ′} gives

R−1
H A1u = −∇ · (â∇u) in Ĝ and −∇ · (ǎ∇u) in Ǧ
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Examples
So by Theorem 85 ∃∂1 ∈ L(D1,B′) satisfying

∂1u(γv) = a1(u, v)− A1u(v), u ∈ D1, v ∈ V
For u, v ∈ C∞(G), the Green’s formula gives

a1(u, v)− A1u(v) =
∫
∂Ĝ âv∂ν1u +

∫
∂Ǧ ǎv∂ν2u

=
∫
∂G∩∂Ĝ v â∂ν̂u +

∫
∂G∩∂Ǧ v ǎ∂ν̌u +

∫
Γ v [â∂ν̂ + ǎ∂ν̌ ]u

so ∂1 extends

 â∂ν̂ on ∂Ĝ\Γ
ǎ∂ν̌ on ∂Ǧ\Γ

â∂ν̂ + ǎ∂ν̌ on Γ

from H2(G) to D1. For f ∈ L2(G) and g ∈ L2(∂G) define
b(v) = b1(v) + b2(v) = (f , v)H + (g, γ0,V v)L2(∂G).

By Theorem 88 the weak solution u ∈ V to
a1(u, v) = b(v), ∀v ∈ V ,

is a generalized solution to
R−1

H A1u = f in G, [u] = 0 on Γ,

â∂ν̂u = g on ∂G ∩ ∂Ĝ, ǎ∂ν̌u = g on ∂G ∩ ∂Ǧ,
â∂ν̂u + ǎ∂ν̌u = 0 on Γ93



Coercivity and Elliptic Forms
Suppose G ⊂ Rn is open and that A = {aij}ni,j=1, a = {aj}nj=1, a0
satisfy ai,j , aj , a0 ∈ L∞(G). Then define

a(u, v) =
∫

G

{
∇uTA∇v + aT∇uv + a0uv

}
Def: The form a is strongly elliptic if ∃c0 > 0 3

<ξTAξ ≥ c0|ξ|2, ∀ξ ∈ Kn, ∀x ∈ G

Theorem: If the form a is strongly elliptic ∃λ0 ∈ R 3 ∀λ > λ0
the form a(u, v) + λ(u, v)L2(G) is coercive on H1(G).

Proof: Set K1 = max{‖aj‖L∞(G)}nj=1, K0 = essinf{<a0(x) : x ∈ G}.
Then for 1 ≤ j ≤ n and any ε > 0,

|(aj∂ju,u)L2(G)| ≤ K1‖∂ju‖L2(G)‖u‖L2(G)

≤ 1
2K1[ε‖∂ju‖2L2(G)

+ ‖u‖2L2(G)
/ε]

Also, <(a0u,u) ≥ K0‖u‖2L2(G)
.

Combining with the ellipticity condition gives ∀u ∈ H2(G),
<a(u,u) ≥ (c0 − 1

2εK1)‖∇u‖2L2(G)
+ (K0 − 1

2nK1/ε)‖u‖2L2(G)

The result follows with c0 > K1ε and λ0 + K0 − 1
2nK 2

1 /ε > 0.94



Coercivity and Elliptic Forms
Corollary: Let a and λ0 be as above. For Γ ⊂ ∂G with |Γ| > 0
set V = {v ∈ H1(G) : (γ0v)|Γ = 0}, H = L2(G) and
V0 = H1

0 (G). Define Aλ so that for λ > λ0
a(u, v) + λ(u, v) = Aλu(v), u ∈ V , v ∈ V0

with Dλ = {u ∈ V : Aλu ∈ H ′}. Then for f ∈ L2(G), the BVP is
well-posed,

a(u, v) + λ(u, v) = (f , v)L2(G), ∀v ∈ V
and the solution satisfies u ∈ Dλ and

‖(λ− λ0)u‖L2(G) ≤ ‖f‖L2(G).

Proof: Well-posedness follows from Theorems 80 and 94 .
Then Theorem 88 gives u ∈ Dλ. Recalling

Au(v) = (R−1
H Au, v)H = (f , v)H , ∀v ∈ V

it follows that ‖R−1
H Aλu‖L2(G) = ‖f‖L2(G) since V is dense in H.

Then with estimates from the proof of Theorem 94 ,
(λ− λ0)‖u‖2L2(G)

≤ a(u,u) + λ(u,u)L2(G)

= Aλu(u) ≤ ‖R−1
H Aλu‖L2(G)‖u‖L2(G)

and the claimed estimate follows after factoring ‖u‖L2(G).95



Coercivity and Elliptic Forms
Theorem: Let G be open in Rn and suppose 0 ≤ xn ≤ K ,
∀x = (x ′, xn) ∈ G. Let ∂G be a C1 manifold with G on one side
of ∂G. Let ν = (ν1, . . . , νn) be the outward unit normal at ∂G
and Σ = {x ∈ ∂G : νn > 0} with |Σ| > 0. Then ∀u ∈ H1(G),∫

G |u|
2 ≤ 2K

∫
Σ |γ0u|2 + 4K 2 ∫

G |Dnu|2

Proof: For u ∈ C1(G) and F = (0, . . . ,0, xn|u|2) the Gauss
Theorem

∫
∂G ν · F =

∫
G∇ · F gives∫

∂G νn(xn|u|2) =
∫

G Dn(xn|u|2) =
∫

G |u|
2 +

∫
G u(2xnDnu)

The last term satisfies
|
∫

G u(2xnDnu)| ≤ 1
2

∫
G |u|

2 + 1
2

∫
G |2xnDnu|2

≤ 1
2

∫
G |u|

2 + 2K 2 ∫
G |Dnu|2.

Combining these estimates gives∫
G |u|

2 =
∫
∂G\Σ νnxn|u|2 +

∫
Σ νnxn|u|2 −

∫
G u(2xnDnu)

≤
∫

Σ νnxn|u|2 + 1
2

∫
G |u|

2 + 2K 2 ∫
G |Dnu|2

since νnxn ≤ 0 on ∂G\Σ. With 0 < νnxn ≤ K on Σ, the claimed
estimate follows.96



Coercivity and Elliptic Forms
Corollary: If a1 of the mixed Dirichlet-Neumann BVP 89 is
strongly elliptic and its coefficients additionally satisfy aj = 0,
1 ≤ j ≤ n, and <a0 ≥ 0 in G and {x ∈ ∂G : νn > 0} = Σ ⊆ Γ ⊆
∂G with |Σ| > 0, then the BVP is well-posed.

Proof: Since a1(v , v) ≥ c0‖∇v‖2L2(G)
, it follows with

Theorem 96 that the form
a(u, v) = a1(u, v) + a2(u, v), a2(u, v) =

∫
Σ γ0uγ0v

is coercive on all of H1(G) and so in particular on the subspace
V = {v ∈ H1(G) : (γ0v)|Γ = 0} where a = a1. Also, a = a1 is
bounded on V × V , and b = b1 is bounded on V . Thus,
well-posedness follows from Theorem 80 .

Study Question: Show that the weak Robin BVP 90 is well
posed for α > 0. Hint: Adapt Theorem 98 .

Study Question: For data c, f supported on S ⊂ G with
|S| > 0, define a(u, v) =

∫
G[∇2u : ∇2v + cuv ] and b(v) =

∫
G fv

for u, v ∈ H2(G) and show well-posedness of the problem
a(u, v) = b(v), ∀v ∈ H2(G). Hint: Adapt Theorem 98 .97



Coercivity and Elliptic Forms
Theorem: Suppose G ⊂ Rn is open and bounded and lies on
one side of ∂G which is a C1 manifold. Suppose a1 of the
mixed Dirichlet-Neumann BVP 89 is strongly elliptic with
aj = 0, 1 ≤ j ≤ n, and <a0 ≥ 0. Then the BVP is well-posed.

Proof: Clearly, the form a1 is bounded on V × V and the form
b1 is bounded on V . To show that a1 is coercive on V × V ,
suppose ∃{uk} ⊂ V 3 ‖uk‖H1(G) = 1 while a1(uk ,uk )

k→∞−→ 0.
Then H1(Ω) boundedness implies weak subsequential (again
say {uk}) convergence in V to some u0; see 32 . The
compactness of H1(Ω) in L2(Ω) implies strong subsequential
(again say {uk}) convergence in L2(Ω); see 75 . Because of
a1(uk ,uk )

k→∞−→ 0, the sequence converges strongly in V to u0,
which must satisfy a1(u0,u0) = limk→∞ a1(uk ,uk ) = 0. So
u0 ∈ V is constant, and u0|Γ = 0 means u0 = 0. This
contradiction of ‖u0‖H1(Ω) = limk→∞ ‖uk‖H1(Ω) = 1 implies
coercivity. Then well-posedness follows from Theorem 80 .
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Regularity

Theorem: Let G be bounded and open in Rn and suppose ∂G
is a C2-manifold of dimension n − 1. Set H = L2(G) and
V = H1(G). Let ai,j , aj , a0 ∈ C1(G) and assume that

a(u, v) =
∫

G

{
∇uTA∇v + aT∇uv + a0uv

}
is strongly elliptic. Let f ∈ H and suppose u ∈ V satisfies

a(u, v) = (f , v)L2(G), ∀v ∈ V
Then u ∈ H2(G). The same holds for V = H1

0 (G).

Def: Let V be a closed subspace of H1(G) with H1
0 (G) ≤ V ,

and let a be a continuous sesquilinear form on V × V . Then a
is called k -regular on V if ∀f ∈ Hs(G), 0 ≤ s ≤ k and ∀u ∈ V
solving a(u, v) = (f , v)L2(G), ∀v ∈ V , there holds u ∈ H2+s(G).

Theorem: The form a of the previous theorem is k -regular over
H1(G) and H1

0 (G) if ∂G is a Ck+2-manifold and
ai,j , aj , a0 ∈ Ck+1(G).
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Closed Operators, Adjoints, Eigenfunction Expansions
Def: Given a Hilbert space H and a D ≤ H with A ∈ L(D,H),
the graph of A is the subspace

G(A) = {[x ,Ax ] : x ∈ D}
of the Hilbert space H × H equipped with

([x1, x2], [y1, y2])H×H = (x1, y1)H + (x2, y2)H
and A is closed on H if G(A) is a closed subset of H × H.

Lemma: If A ∈ L(D,H) is closed and continuous, then D is
closed.

Proof: If D 3 xn → x ∈ H, then {xn} and hence {Axn} are
Cauchy sequences. Since H is complete, ∃y ∈ H 3 Axn → y .
Since G(A) is closed, [x , y ] ∈ G(A), y = Ax and x ∈ D.

Def: For A ∈ L(D,H) with D = H, the adjoint A∗ is defined with
domain D∗, the subspace of y ∈ H such that x 7→ (Ax , y)H is
continuous at each x ∈ D. By 11 , this functional has a unique
continuous extension to H, and applying Theorem 26 to the
extension means ∃!A∗y ∈ H 3

(Ax , y)H = (x ,A∗y)H , x ∈ D, y ∈ D∗.100



Closed Operators, Adjoints, Eigenfunction Expansions
Lemma: Let A ∈ L(D,H) with D = H and A∗ and D∗ as above.
Then A∗ is closed.

Proof: Choose yn ∈ D∗ 3 yn → y and A∗yn → z. Then for
x ∈ D, (Ax , y)H ← (Ax , yn)H = (x ,A∗yn)H → (x , z)H . Since
x 7→ (x , z)H is continuous at x ∈ D, so is x 7→ (Ax , y)H . Thus,
y ∈ D∗ and z = A∗y so A∗yn → A∗y .

Lemma: Let A ∈ L(D,H) with D = H and A∗ and D∗ as above.
Then A∗ is continuous and hence D∗ is closed.

Proof: If A∗ is not continuous, ∃{yn} ⊂ D∗ with ‖yn‖H = 1 and
‖A∗yn‖H →∞. By (Ax , y)H = (x ,A∗y)H , x ∈ D, y ∈ D∗, it
follows that |(x ,A∗yn)H | = |(Ax , yn)H | ≤ ‖Ax‖H , ∀x ∈ H, so
{A∗yn} is weakly bounded. By Theorem 31 , {A∗yn} is
bounded, a contradiction.

Lemma: Let A ∈ L(D,H) with D = H and A∗ and D∗ as above.
If A is closed, then D∗ is dense in H.101



Closed Operators, Adjoints, Eigenfunction Expansions
Proof: Suppose 0 6= y ∈ (D∗)⊥. Since A ∈ L(D,H),
[0, y ] 6∈ G(A). Since G(A) is closed, G(A) 6= H × H, so define
the projection P : H × H → G(A)⊥. Then define [u, v ] = P[0, y ]
so that f (x1, x2) = (u, x1)H + (v , x2)H , x1, x2 ∈ H, satisfies
f (0, y) 6= 0 and f (G(A)) = 0. By 0 = (u, x)H + (v ,Ax)H
= f (x ,Ax), x ∈ D, the continuity of x 7→ (v ,Ax)H follows from
the continuity of x 7→ (u, x)H . Hence, v ∈ D∗, and
(v , y)H = f (0, y) 6= 0. But this contradicts the assumption that
y ∈ (D∗)⊥. Hence, (D∗)⊥ = {0}, so D∗ is dense in H.

Theorem: (Closed-Graph) For D ≤ H, suppose A ∈ L(D,H).
Then A is closed and D = H if and only if A ∈ L(H).

Proof: If A is closed and D = H, then the last two lemmas
imply that D∗ = H and A∗ ∈ L(H). Also, by Theorem 28

(A∗)∗ ∈ L(H) follows. But
(Ax , y)H = (x ,A∗y)H , ∀x ∈ D, ∀y ∈ D∗

with D = H = D∗ shows A = (A∗)∗, so A ∈ L(H). Conversely,
A ∈ L(H) means that xn

n→∞−→ x ⇒ Axn
n→∞−→ Ax , so A is closed.102



Closed Operators, Adjoints, Eigenfunction Expansions
Example: Take H = L2(G) and G = (0,1). Let A = iD and
D(A) = H1

0 (G). If G(A) 3 [un,Aun]→ [u, v ] ∈ H × H then∫ 1

0
Aun︸︷︷︸
↓

ϕ = −i
∫ 1

0
un︸︷︷︸
↓

Dϕ, ϕ ∈ C∞0 (G)

∫ 1

0
vϕ = −i

∫ 1

0
uDϕ

so that v = iDu = Au and un
H1(G)−→ u. Hence, u ∈ H1

0 (G) and A
is closed. To determine the adjoint, note that∫ 1

0
Auv =

∫ 1

0
uf , ∀u ∈ H1

0 (G) (= D(A))

holds for some v , f ∈ L2(G) if and only if f = iDv and
v ∈ H1(G). (Alternative Definition!) Thus D(A∗) = H1(G) and
A∗ = iD is an extension of A.
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Closed Operators, Adjoints, Eigenfunction Expansions
Since A∗ is an adjoint, it is closed. To determine the adjoint
A∗∗ = (A∗)∗, note that [u, f ] ∈ G(A∗∗) if and only if∫ 1

0
A∗vu =

∫ 1

0
vf , ∀v ∈ H1(G) (= D(A∗))

Since this holds ∀v ∈ C∞0 (G), it must be that f = iDu.
Substituting shows that

i
∫ 1

0
Dvu = −i

∫ 1

0
vDu, ∀v ∈ H1(G) (= D(A∗))

or

0 =

∫ 1

0
D(vu) = v(1)u(1)− v(0)u(0), ∀v ∈ H1(G)

implying u(0) = u(1) = 0, so u ∈ H1
0 (G) = D(A∗∗). Hence,∫ 1

0
Auv =

∫ 1

0
uA∗v =

∫ 1

0
A∗∗uv , ∀u ∈ H1

0 (G), ∀v ∈ H1(G)

it follows that A∗∗ = A.104



Closed Operators, Adjoints, Eigenfunction Expansions

Example: Take H = L2(G) and G = (0,1). Let B = iD with
D(B) = {u ∈ H1(G) : u(0) = cu(1)}

for some c ∈ C. Then for v , f ∈ L2(G), B∗v = f if and only if∫
iDuv =

∫ 1

0
uf , ∀u ∈ D(B)

Taking u ∈ C∞0 (G) ≤ D(B) gives f = iDv(= B∗v) and
v ∈ H1(G). Substituting shows that

0 = i
∫ 1

0
D(uv) = iu(1)[v(1)− cv(0)], ∀u ∈ D(B)

implying v(1)− cv(0) = 0, so
D(B∗) = {v ∈ H1(G) : v(1) = cv(0)}.

and B∗ = iD.
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Closed Operators, Adjoints, Eigenfunction Expansions
Hilbert spaces V ,H are given with V dense in H and V ↪→ H.

Suppose a is a sesquilinear form, continuous on V × V . Recall
a(u, v) = Au(v), u, v ∈ V and D = {u ∈ V : Au ∈ H ′}.

Now take
D(A) = D = {u ∈ V : ∃K > 0 3 |a(u, v)| ≤ K‖v‖H ,∀v ∈ V}

and A ∈ L(D(A),H) defined by
a(u, v) = (Au, v)H , ∀u ∈ D(A), ∀v ∈ V .

Define the adjoint sesquilinear form
r(u, v) = a(v ,u), u, v ∈ V

with
D(R) = {u ∈ V : ∃K > 0 3 |r(u, v)| ≤ K‖v‖H ,∀v ∈ V}

and R ∈ L(D(B),H) defined by
r(u, v) = (Ru, v)H , ∀u ∈ D(R), ∀v ∈ V .

Theorem: If ∃λ, c > 0 3
<a(u,u) + λ‖u‖2H ≥ c‖u‖2V , ∀u ∈ V

then D(A) is dense in H, A is closed, A∗ = R and D(A∗) = D(R).106



Closed Operators, Adjoints, Eigenfunction Expansions
Proof: Theorem 81 shows D(A) is dense in H. Since the
sesquilinear forms a and r are adjoints of each other,
A∗ = R⇔ R∗ = A. So if it is shown that A∗ = R, it follows from
Lemma 101 that A = (A∗)∗ is closed.

Fix v ∈ D(R). Then ∀u ∈ D(A),
(Au, v)H = a(u, v) = r(v ,u) = (Rv ,u)H = (u,Rv)H

so D(R) ≤ D(A∗) and A∗|D(R) = R.

To show D(A∗) ≤ D(R), it will first be shown that (A + λ) is
surjective. Let f ∈ H and define

b(v) = (f , v)H , v ∈ H.
Then b and a are continuous on V , and because of the
assumed coercivity, it follows from Theorem 80 , ∃!w ∈ V 3

a(w , v) + λ(w , v)H = b(v), ∀v ∈ V
and

|a(w , v) + λ(w , v)H | = |b(v)| ≤ ‖f‖H‖v‖H
Thus w ∈ D(A + λ) = D(A) and

((A + λ)w , v)H = a(w , v) + λ(w , v)H = (f , v)H , ∀v ∈ V .107



Closed Operators, Adjoints, Eigenfunction Expansions
Since V is dense in H, (A + λ)w = f . Therefore, A + λ and
similarly R + λ are surjective. Now suppose u ∈ D(A∗). Then
there is a u0 ∈ D(R) such that

(R + λ)u0 = (A∗ + λ)u.
Then ∀v ∈ D(A),

((A + λ)v ,u)H = (v , (A∗ + λ)u)H = (v , (R + λ)u0)H
= a(v ,u0) + λ(v ,u0)H = ((A + λ)v ,u0)H .

Since A + λ is surjective, u = u0 ∈ D(R). Hence, D(A∗) ≤ D(R).

Theorem: Let V and H be Hilbert spaces with V dense in H
and assume the imbedding V ↪→ H is compact. Let a be a
sesquilinear form continuous, coercive and symmetric on V ,

a(u, v) = a(v ,u) = a(u, v), u, v ∈ V
Let A ∈ L(D(A),H) be defined by

a(u, v) = (Au, v)H , ∀u ∈ D(A), ∀v ∈ V
where

D(A) = {u ∈ V : ∃K > 0 3 |a(u, v)| ≤ K‖v‖H ,∀v ∈ V}.
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Closed Operators, Adjoints, Eigenfunction Expansions
Then ∃{vj} eigenfunctions of A with

Avj = λjvj , (vi , vj)H = δij , 0 < λ1 ≤ · · · ≤ λn
n→∞−→ +∞

and {vj} is a basis for H.

Proof: By Theorem 106 , D(A) is dense in H. To define A−1 let
f ∈ H and define b(v) = (f , v)H for v ∈ V . Then b is continuous
on V and a is continuous and coercive on V × V . Thus, by
Theorem 80 , ∃!u ∈ V 3

a(u, v) = b(v), ∀v ∈ V
and

|a(u, v)| = |b(v)| ≤ ‖f‖H‖v‖H
Thus u ∈ D(A) and

(Au, v)H = a(u, v) = (f , v)H , ∀v ∈ V .
Since V is dense in H, Au = f . Therefore, A is surjective. For
f ∈ H, set u = A−1f ∈ D(A). By V -coercivity and V ↪→ H,
‖f‖H‖A−1f‖H ≥ (Au,u)H = a(u,u) ≥ c0‖u‖2V ≥ c1‖A−1f‖2H .

Since f ∈ H is arbitrary, A−1 ∈ L(H).
109



Closed Operators, Adjoints, Eigenfunction Expansions
From the symmetry of a and Theorem 106 it follows that
A = A∗.
For x , y ∈ H, u = A−1x , v = A−1y satisfy u, v ∈ D(A) and so

(A−1x , y)H = (u,Av)H = (Au, v)H = (x ,A−1y)H , ∀x , y ∈ H
and thus A−1 is self-adjoint. For {fn} ⊂ H, un = A−1fh ∈ D(A),
c‖fn‖H‖un‖V ≥ ‖fn‖H‖un‖H ≥ (Aun,un)H = a(un,un) ≥ c0‖un‖2V
where V ↪→ H has been used. So if {fn} is bounded in H, {un}
is bounded in V . Since the injection V ↪→ H is compact, {un}
has a convergent subsequence in H, and thus A−1 is compact.

Applying Theorem 37 to A−1 gives a sequence {vj} of
eigenfunctions orthonormal in H such that
Rg(A−1) = D(A) ⊂ 〈vj〉 or H = D(A) ⊂ 〈vj〉 ⊂ H, i.e., 〈vj〉 = H.
Also, the corresponding eigenvalues {µj} satisfy

|µj | ≥ |µj+1|
j→∞−→ 0. Since a is symmetric,
‖vj‖2H/µj = (Avj , vj)H = a(vj , vj)

= a(vj , vj) = (Avj , vj)H = (vj ,Avj)H = ‖vj‖2H/µj
it follows that µj = µj .110
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Since a is V -coercive,

‖vj‖2H/µj = (Avj , vj)H = a(vj , vj) ≥ c‖vj‖2V > 0
it follows that µj > 0. Then the eigenvalues λj = 1/µj for A
satisfy 0 < λ1 ≤ · · · ≤ λn

n→∞−→ +∞.

Corollary: Let the assumption in the previous theorem that a is
V -coercive be replaced by the condition that

a(v , v) + λ‖v‖2H ≥ c‖v‖V , ∀v ∈ V
for some λ ∈ R and c > 0. Then there is an orthonormal
sequence of eigenfunctions of A which is a basis for H and the
corresponding eigenvalues satisfy −λ < λ1 ≤ · · · ≤ λn

n→∞−→ ∞.

Example: Take H = L2(G) and G = (0,1). Let V = H1
0 (G) and

a(u, v) =
∫ 1

0 DuDv
The compactness of V ↪→ H follows from Theorem 74 . Then
Theorem 96 shows a is H1

0 (G) coercive. Thus Theorem 108

applies. The eigenfunctions and corresponding eigenvalues for
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A = −D2 with domain D(A) = H1

0 (G) ∩ H2(G) are:
λj = (jπ)2, vj(x) = 2 sin(jπx), j = 1,2, . . .

Since {vj} is a basis for L2(G), each f ∈ L2(G) has a Fourier
sine-series expansion. Similarly for G = (0,1)n ⊂ Rn.

Example: As above but now let V = H1(G). The compactness
of V ↪→ H follows from Theorem 75 . So Corollary 111 applies
for any λ > 0. The eigenfunctions and corresponding
eigenvalues for A = −D2 with
D(A) = {v ∈ H2(G) : v ′(0) = v ′(1) = 0} are:

v0(x) = 1, vj(x) = 2 cos(jπx), j ≥ 1, λj = (jπ)2, j ≥ 0.
Similarly for G = (0,1)n ⊂ Rn.

Example: As above but now let
V = {v ∈ H1(G) : v(0) = v(1)}. The compactness of V ↪→ H
follows from Theorem 75 . So Corollary 111 applies for some
λ > 0. The eigenfunction expansion for A = −D2 with
D(A) = {v ∈ H2(G) : v(0) = v(1), v ′(0) = v ′(1)} is just the
standard Fourier series.112



Introduction to Evolution Equations
Consider the model problem for G = (0, π),

ut = uxx = Au, x ∈ G, t > 0
u = 0, x ∈ ∂G, t > 0
u = u0, x ∈ G, t = 0

The solution is

u(x , t) = S(t)u0(x) =
∞∑

k=0

(u0, vk )vkeλk t

where {vk} are orthonormal eigenfunctions in H = L2(G) and
{λk} are the corresponding eigenvalues of A.

Also the solution operator S(t) is roughly exp(At) and satisfies
the following properties:

Def: A contraction semigroup on H is a family of operators
{S(t)}t≥0 ⊂ L(H) satisfying:

a. ‖S(t)‖H ≤ 1, b. S(t + τ) = S(t)S(τ), t , τ ≥ 0,
c. S(0) = I, d. S(t)u ∈ C([0,∞),H),∀u ∈ H.
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Introduction to Evolution Equations
Differentiation gives formally DtS(t) = Dt exp(At) t→0−→ A:

Def: The generator of a contraction semigroup is an operator A
with domain

D(A) = {u ∈ H : DtS(t)u|t=0 exists in H}
and value Au = DtS(t)u|t=0.

For S(t) = exp(At) to exist for t > 0, the generator A should be
a negative operator:

Def: An operator A ∈ L(D(A),H) is dissipative if <(Au,u)H ≤ 0,
∀u ∈ D(A).

Theorem: (Lumer-Phillips) Given a Hilbert space H and
D(A) ≤ H, an operator A ∈ L(D(A),H) generates a contraction
semigroup if and only if
I A is dissipative,
I A− λI is surjective for ∀λ > 0.
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Def: A classical solution to the Cauchy problem is a function
u ∈ C([0,∞),H) ∩ C1((0,∞),H) satisfying

u′(t) = Au(t), u(0) = u0
as well as u(t) ∈ D(A), ∀t > 0.

Def: A function u ∈ C([0,∞),H) is a mild solution to the
Cauchy problem if∫ t

0 u(s)ds ∈ D(A) and A
∫ t

0 u(s)ds = u(t)− u0.

Theorem: Given a Hilbert space H and D(A) ≤ H, an operator
A ∈ L(D(A),H) generates a contraction semigroup S(t) if and
only if for all ∀u0 ∈ H there exists a unique mild solution u(t) to
the Cauchy problem, and u(t) = S(t)u0.

Example: For the model problem define H = L2(G), V = H1
0 (G)

and a(u, v) =
∫

G DuDv , u, v ∈ V
Then take

D(A) = {u ∈ V : ∃K > 0 3 |a(u, v)| ≤ K‖v‖H ,∀v ∈ V}
and A ∈ L(D(A),H) defined by115
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−a(u, v) = (Au, v)H , ∀u ∈ D(A), ∀v ∈ V .

It follows immediately that A is dissipative.
To show the surjectivity condition above with λ > 0, let f ∈ H
and define b(v) =

∫
G f v , v ∈ V

By Theorem 98 , ∃!u ∈ V 3
a(u, v) + λ(u, v)H = b(v), ∀v ∈ V

By Theorem 88 , u ∈ D(A) and hence
−(Au, v)H + λ(u, v)H = a(u, v) + λ(u, v)H = b(v), ∀v ∈ V

Since V is dense in H, it follows that −Au + λu = f in H.
By Theorem 114 , A generates a contraction semigroup S(t).
By Theorem 115 , u(t) = S(t)u0 is a mild solution to the
Cauchy problem, u′(t) = Au(t),u(0) = u0.

Study Question: Obtain a mild solution for the wave equation,
utt = uxx , x ∈ G, t > 0
u = 0, x ∈ ∂G, t > 0
u = u0, x ∈ G, t = 0
ut = u1, x ∈ G, t = 0116
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