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Mapping F: dom(F) is domain and Rg(F) is range.
K is field of scalars, R or C.

G open in R”, not necessarily bounded, G is closure.
K € G means K compactly embedded in G.

V is linear space (not necessarily complete) over field K,
operations vector ++ and scalar -, zero element is 6.
Example: (no norm) V = C(G,K) = C(G).
Define with multi-indices o = (a1, ..., an) € N,

lo| = X Lyqi, D*u=05 - o5
C™(G) ={f e C(G) : D*f € C(G), |a] < m}.
C>(G) = Nm>0C"(G).
Support f of f € C(G) is closure of {x € G : f(x) # 0}.
Co(G) ={fe C(G): fe G}. CJ'(G) = C™(G) N Co(G).
C™(G) = {flg: f € CP(R")}.
Subspace M < V when closed under operations +/-.
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Linear Algebra

» Examples:
Ci(G) < CKG) < K@
C(G) < CKO) |
{0} < C{)G) < CS(G) 0<k<j<oo
CK(G) < CK@G) < CKG)

» ForM< Vandx e V,coset X ={x+m:me M},
quotient set V/M = {x : x € V} is a linear space:
)?+}7:{(X+Am1)+(y+m2):m,-eM}:{x+y+m:meM}:x/+\y
0x:=0, akx={a(x+m):meM}={ax+m:me M} =ax
» Example: V = C'(G), M =0 + K. For f € C'(G),
f={geCY(G):g-feK}, V/M={f:feCYG)}.
> V.WoverK, T:V — Wlnearor T € L(V, W) if
T(ax + By) = aT(x) + BT(y), Va, B € K, ¥x,y € V.
> Kernel K(T)={xe V:Tx=0c W}
Identity ipy : M — V, iy(m) = m, Vm € M.
» Quotient map Q(x) = X is a surjection Q € L(V, V/M) with
K(Q) =M, i.e., Qm)=40,vme M.

v



Linear Algebra

> Example: G = (a,b), D:=d/dx, D: V — C(G).
» V = C'(G) = Dis linear surjection, K(D) = constants.
> V={pecC'(G):p(a)=0}=D |somorph|sm (linear bijection).
feC(G),p(x)=[YfeV, Dp=f
> V={peC(G):¢(a)=p(b) :0}
= Rg(D) = {f € C(G ff_O}
> V,WoverK, T:V — W conjugate linear or TelL(Vv,w)if
T(ax+By)=aT(x)+BT(y), ¢, €K, x,y € V.
K=R=a=a,5=0)
> Algebraic dual of Vis V¥ ={T:V - K, T € L(V,K)}.
» BT = T*, T*(x) = T(x), x € V, is bijection B : L(V,K) — V*.

» Example: Define T : CO(G) — Co(G)* through
(TH(p) = [gfp, f,o € Co(G).
A linear injection but not surjective: For xo € G define
dx () = (%), » € Co(G)
and oy, # Tf for any f € Co(G). Why?




Convergence and Continuity
Def: On a linear space V, a seminorm p : V — R satisfies

a.
b.

p(x +y) < p(x) +p(y), Vx,y € V,
plax) = |a|p(x), Vx € V,Va € K,

and (V, p) is a seminormed space. if

C.

p(x) >0,Vx #6

then pis a norm, and (V, p) is a normed space.

>
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Example: For each K € G, px(f) = sup{|f(x)| : x € K} isa
seminorm on C(G) while pg = p is a norm on C(G).
Convergence X, — X (X, 2\ x) means p(xn — x) — 0.

p a seminorm = limits need not be unique!

Closureof SC Vis S={x € V:3{xp} € S x, — x}.
Dense if S= V.

T:(V,p) = (W, q) continuous < X, "2 x = Tx, =% Tx.
lp(x) — p(y)| < p(x —y)=p: V — R continuous.

p stronger than gon V: p(x,) — 0 = q(xn) — 0,{xn} C V.
L(V,W)={T e L(V, W) continuous}.



Convergence and Continuity

Theorem: Given seminormed spaces (V, p) and (W, q),
TeL(V,W)< 3K e [0,00) with g(T(x)) < Kp(x),Vx € V.

Proof: Assume T € L(V, W). If there is no such K above, then

H{Xn}nen C V with g(T(xn)) > np(xn). With y, = xn/q(T(Xn)),
q(T(yn)) = 1 while p(yn) — 0, which contradicts T € L(V, W).

Assume K above. With x, WRL e V, T eL(V,W)follows
from q(Tx — Txn) = q(T(x — xn)) < Kp(x — xn) — 0. [ |

Theorem: Let (V, p) and (W, q) be seminormed spaces. For
TeL(Vv,w),
| T|p,qg =sup{q(T(x)) : x € V,p(x) <1}
satisfies:
|Tlpg = inf{K>0:q9(T(x)) < Kp(x),Vx € V} (=:Ny)
= sup{q(T(x)):x e V,p(x) =1} (=: N)

and g(T(x)) < |T|p,gP(X) = | - |p,q is @ norm when q is.



Convergence and Continuity
Proof: Let K satisfy q(T(x)) < Kp(x). Then Vx € V with
p(x) <1, q(T(x)) < K follows. Hence, |T|pq < K. K arbitrary
= |T|pq < Ny. If p(x) > 0, then y = x/p(x) satisfies p(y) =1,
50 p(y) < 1= q(T(y)) < |Tpq. i-€., for p(x) > 0,

A(T(x)) < | Tlpgp(x)

and in case p(x) = 0, this holds trivially by the previous
theorem. Hence, Ny < |T|pq. Thus, Ny = |T|pq-

Next, {x c V:p(x) =1} C{xe V:p(x) <1} = 0<No <|Tlpgq-
If |T|p,g =0,then No =|T|pq=0. Assume |T|pq > 0. Let {xp}
be chosen so that g(7(x»)) — | T|p,q While p(xn) < 1. With the
previous theorem it can be assumed that p(x,) > 0, so

¥Yn = Xn/P(xn) satisfies p(yn) =1 and g(T(yn)) < No. Then

Tlo.g < Q(T(Xn)) < Nap(xa) < Na. Thus, No = |Tp. =

» T isacontractionif |T|pq < 1, anisometry if g( Tx) = p(x),
Vx € V,and hence |T|pq = 1.
» Dualof (V,p)is V' ={T e V*: T € L(V,K)} and
[Ty = sup{|T(x)] : x € V, p(x) < 1}.



Completeness
» {x,} C (V,p)is Cauchy if p(x, — Xm) — 0, m,n — occ.
» (V,p) complete if every Cauchy sequence converges in V.
Def: A complete normed linear space is a Banach space.
> Example: For K € G and pk(f) = sup{|f(x)| : x € K},
(C(Q), pk) and (C(G), pg) are complete.
» Example: For G = (0,1) and p(f) = [4I],
(C(G), p) is not complete. Why?
» Forthcoming results for completion in a subspace:
» D < V for seminormed (V,p) = D < V.
» For seminormed (V, p) and normed (W, q) any continuous
extension . : D — Wof T: D cC V — W is unique.
» For seminormed (V, p) and Banach (W, g), 3! extension
T.e L(D,W)of T € L(D,W)when D< V.
» Forthcoming results for completion of a space:
> A completion of seminormed (V, p) is (W, g) where
W = {Cauchy {x,} C V} and q({x»}) = lim p(xy).
> A completion of normed (V, p) is (W/K(q), q) where
g(x) =inf{q(y) : y € X} for x € W/K(q).



Completeness

10

Lemma: Let a seminormed linear space (V, p) be given. If
D<VthenD< V.

Proof: If x, y € D, 3xp, yn € Dwith x, “2 x and y, “2 y. Then
p((X +¥) = (Xn+ ¥n)) < p(X = Xn) + p(y — Yn) = 0=

(Xn + ¥n) Y8 (x + y). Also (Xp+ yn) € D, ¥n = (x + y) € D.
Similarly, Va € K, p(ax — axp) = |a|p(x — x,) — 0 =

axp Y2 ax, and ax, € D, Yn = ax € D. ]

Lemma: For seminormed (V, p), normed (W, q) and
T:Dc V — W,thereis at most one continuous 7. : D — W
satisfying Te|p = T.

Proof: Suppose 3Ty, T, : D — W, each continuous and

Tilo = T = Ta|p. Then x € D = 3{x,} C D with x, 2 x. With

Tixn, = Toxp, the triangle inequality and continuity of T; and T,
q(Tix — Tox) < q(Tix — Tixn) + q(ToX — Toxp) = 0.

Since qisanorm, Tix = Tox, Vx € D. [ |
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Theorem: Given seminormed (V, p), Banach space (W, q)
and T € L(D,W),D < V, 3T, € L(D, W) satisfying Te|p =T
and | Te|p,g = | Tlp,q-

Proof: Uniqueness follows from the above Lemma. For x € D,
I xp} © D with x, 2 x and {x,} is Cauchy in (V, p). Then by
Theorem [ 7], q(Txm — Txn) < |T|p.gP(Xm — Xn) = {TXn} is
Cauchy in (W, g) with say Tx, 9 y. Similarly, for any other
{x/} ¢ Dwith x, "L x, Tx, "%/ Then y = y' follows with
Theorem |7 |and q(y — y') = lim q(Tx, — Tx},) <

| T|p.gP(Xn — X,) — 0. So define unambiguously T, : D — W
through T.x = y and otherwise T.|p = T. Then, Vx, x’ € D,
Te(x + X') =lim T(Xp + x},) = lim Tx, + lim Tx}, = Tex + Tex” and
Teax = lim Taxp, = alim Tx, = aT.x mean that T. is linear.
Since DC D, |T|pq < |T:|pg- ThenVx € D, q(T(x)) =
limq(T(xn)) < |T|p,qlimp(xn) = |T|p,qp(x) implies through
Theorem |7[that | T.|pq < | Tlpq- Thus, | Telp.g = | Tlp.g- ]
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Def: A completion of seminormed (V, p) is a complete
seminormed (W, q) together with a linear injection T : V — W
which is an isometry with Rg(T) = W.

Theorem: Every seminormed space (V, p) has a seminormed
completion (W, q).

Proof: Define W = {Cauchy {x,} ¢ V}, a seminorm
q({xn}) = limp(x,) and a linear injection T : (V,p) — (W, q) by
Tx = {x,x,...} satisfying q(Tx) = lim p((Tx)n) = p(x),Vx € V.
For {xn} € W, g({xn} — T(xn)) = lim, p(xn — Xn) is arbitrarily
small for N sufficiently large, so Rg(T) = W. For completeness,
let {y"} be Cauchy in W. Pick x, € V with q(y" — T(xn)) < 1.
Define y° = {xq,xo,... }. Then y° ¢ W since p(Xm — Xn) =
(T — Txa) < (T — Y™+ QY™ ¥™) +G(y" — Txn) <
g™ —y")+1 0. Alsoy” ™ y0since q(y" — y°) <

n—oo

a(y™ — Txn)+ q(Txn — ¥°) < 1 +limm p(xn — Xm) = 0. ]
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Theorem: For a seminormed (W, q) and a subspace M < V
define g(¥) = inf{q(y) : y € ¥}. Then
a. gis a seminorm for W/M, and the quotient map

Q:V — V/M satisfies |Q|, 5 < 1.
b. iD= Vthen D= {y:y e D} satisfies D = V/M.
c. yisanorm < Mis closed in W.
d. (W, q) complete = (W/M, q) complete.

Proof: (a) Fore > 0, X,y € W/M choose u, € X and v, € y with
q(us) <q(%) +e  q(ve) <a(P) +e

4% +9) = QX+ Y) = inf{q(x + y + m): m e M}

< q(Ue + ve) < q(ue) + q(ve) < g(%) +q(¥) + 2.

Since € > 0 is arbitrary, g(X + y) < g(X) + q(¥). Similarly,

4(0)) = a(@y) = inf{qlay + m) : m € M}
= Jalinf{q(y + m): m € M} = a|3(}).

So
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So g is a seminorm. Fory € Wand Q(y) =y € W/M,
q(Q(y)) = a(¥) = inf{a(y + m) : m e M} < q(y) (*)
and hence
Qlgg =sup{a(Q(y)): y € W.q(y) <1} < 1.

(b) Choose y € W and Q(y) = y € W/M. Since D = W,
3y}t € Dwith y, ™% y and Q(y,) = §» € D. Then by (x)

q(y — ¥n) = G(Q(y — yn)) < q(y — yn) — 0.

Thus D = W/M.

(c) Notethat y € M < 0 = g(y) = inf{g(y — m): m & M}.

If @is anorm, then g(y) = 0=y = 0 = y € M. In particular,
yeM=qg(y)=0=yeM,soM= M.

lf M =M, thend())=0=yec M=M= y=0>0means §is a
norm.
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(d) Let {x,} € W/M be Cauchy with a subsequence { X}, x, € X,
satisfying g(%,.1 — %,) < 2~ ("*1) for which a limit y ¢ W/M

will be constructed. Set y; = x;, my = 6 and mp4, n > 1, with
A((Xng1 + Mpgq) — (Xn 4+ mp)) < 270D £§(Xnp1 — Kn). Then

Ynit = Xny1 + mn+1 safisfies q(yn.1 —yn) <2°". Form >,

Q(Ym — Yn) < -+ < Sp, 27K < 2177 So {y,} is Cauchy in (W, q).
If (W,q)is complete Hy € W with g(y — y») — 0 and

y € W/M. With (x) above, §(y — ¥n) < q(y — yn) — 0 and

since X, = y, it follows that X, — 7 and hence X, — . [ |

Theorem: Every normed space (V, p) has a normed
completion (W/K(q), q), where (W q) is the seminormed

space given by Theorem and q(y) =inf{q(z): z € §}.

Proof: Recall from Theorem that Tx = {x,x,...} € L(V, W)
and q({xn}) = lim p(xp) satisify Rg(7) = W and q(Tx) = p(x),
Vx e V. Let M = K(q). Suppose M D {yn} %9 y e W. By
continuity of seminorms, 0 = lim q(y») = q(y) and M is closed.
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By part (c) of Theorem |13/, § is a norm on W/M. Recall
Qr=y,yeW, Qerl(W W/M).

Since (W, q) is complete, part (d) of Theorem implies

(W/M, q) is a Banach space, which will be shown to be a

completion of (V, p) by showing Qo T € L(V, W /M) is a linear

injection for which Rg(Q o T) is dense in W /M and

q((Qo T)(x)) = p(x), Vx € V. With D = Rg(T) and
D={T(x)+m:xeV,meM},=Rg(QoT)

it follows with part (b) of Theorem | 13,

- ~

D=Rg(T)=W = D=Rg(QoT)=W/M.

Since Vm € M,

q(y) = q(y) — q(m) < q(y + m) < q(y) + q(m) = q(y)
the quotient map satisfies

4(Q(y)) = inf{qy +m) : m € M} = q(y).
Combining shows that Qo T is an isometry:
4(Q(Tx)) = q(Tx) = p(x), ¥x € V.

Since pis anorm, K(p) = {0} = K(Qo T) means Qo T is
injective. |
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Theorem: For a seminormed (V, p) and a Banach space
(W, q), L(V, W) is a Banach space. In particular, the dual
Vi={T:V—-K:Te/L(V K)}is complete.

Proof: Let { T,} be Cauchy in £(V, W). Then due to

Q(Tmx — Tnx) < |Tm — Tnlp,qP(X)
{Tyx}is Cauchy in W, Vx € V, with a unique limit y € W, so
with 7x = y let T : V — W be defined pointwise. Also,

T(x+x") =1lim Tp(x + x") = lim Tpx + lim Tpx’ = Tx + Tx’
and Tax =lim Thax = alim Thx = aTx
mean that 7 < L(V, W). Choose N large enough that
| Talp.g < max{1,{|Tm — Twlp,g}p=1} + | Tnlpg = K, ¥n>1.
From
q(Tx) <= q(Tnx) < [Tnlp,gp(x) < Kp(X)

It follows from Theorem |7 [that 7 < £(V. W) with |T|pq < K.
Finally, let m, n be large enough,

m—oo

q(Tx — Tox) = q(Tmx — TnX) < | T — Talp,qp(x) < €p(x)
to obtain ‘T — Tn’p,q <esoT, Z:M) T



Hilbert Space

» Given a linear space V, a scalar product, (x, y) € K,
X,y € V, satisfies:
> x+— (x,y)islinearVy € V
> (xy)=(,x),Vx,y eV
> (x,x)>0,Vx #46
» |t follows: y — (x, y) is conjugate linear Vx € V
» The pair V,(-,-) is a scalar product space.

Theorem: For a scalar product space V, (-, -), the scalar
product satisfies:

a. Cauchy-Schwarz: |(x, y)| < |[x|[|ly], Vx,y € V
b. ||x|| = (x,x)'/2is anorm on V
c. The norm satisfies the parallelogram law:

X+ yI2 + [1x = yl? = 2||x||? + 2]y ||?
d. (,-): V x V — Kis continuous.

Proof: Part (a) follows with o = —(x, y) and 5 = (x, x) in
18 0 < (ax+By,ax+By) = wreonascm 2o = BIBY, ) —|of?]



Hilbert Space

For part (b), (x,x) > 0, Vx # 0, (ax, ax) = |a?(x, x) and with (a),
Ix + Y112 < [1x11 +21(x, ) + Iy1IZ < (xlE+ [y [z

A direct calculation gives (c). For part (d), .0 <1y vl iy <5< ~
[(x,y) = (Xn, yo)| < [IX[[ly = yall + [Ynllllx — Xl — 0

AR AR
for sequences x, — x and y, — V. [ |

Def: A Hilbert Space is a complete scalar product space (H, (-, -)n)-
It completes a scalar product space (V,(-,-)y) as a completion
(Ho - W), 11113 = o) of (V- M), - 1 = () v, satisfying
(QoTx, Qo Ty)y = (x.¥)y,¥x,y € V,and Q. T as in Theorem | 15 .
> Example: V = Co(G) with (,v) = [5 ¢ (Riemann
integral) is a scalar product space but not a Hilbert space.
> Example: L2(G) is defined directly as L2 /My, where L2
consists of Lebesgue square-summable K-valued
functions and M, consists of Lebesgue measurable
functions vanishing except on a set of measure zero. With
(¢,0) = [5¢¥ (Lebesgue integral), L2(G) is a Hilbert
space. (Compare with the completion below.)



Hilbert Space

Theorem: Every scalar product space has a completion which
is a Hilbert space.

Proof: Let V., (-,-)y be a scalar product space with (p(x) =)
Ix||v = (x,x)"/2. Since (V, || - ||v) is a normed linear space, let
(H,|| - ||y) denote the normed completion given according to
Theorem |15 . Specifically, H = W /M, M = K(|| - ||w)
where W = {Cauchy {x,} ¢ V}andfor {x,} =y c W, (q(y) =)
Wllw = lim || x| y. Further, T: V — W, Tx = {x,x,...}, x € V,
Q: W — W/M,Qy=§,m={l}, meM,(Gy) =)
190k = inf{|ly + mllw : me M} =
inf{lim [|Xp + Cally < lim [[€nl|y = O} = lim [Xallv = Iyl w-
ForU,VeH U=QU, V=QV,U={un}, V=1{vn},
U,V e W, upvye V, {u,} and {v,} are Cauchy (so bounded) in
V, so by Cauchy-Schwarz {(un, vp)} is Cauchy in K, so define:
o (U,AV)H = |imn(Un, Vn)\/

and hence (U, U)y = ||U|)3,. Also for u,v € V,

(QoTu,Qo TV)y = limuy(u, v)y = (U, v)y.



Hilbert Space
By Theorem

(a(-) =) || - | is a norm. It follows that
(U, 0)y = | 0|3, > 0, VU # . Conjugate symmetry is given by
(U, V) = (V,0)y| = |lim(un, Va) v — lim(Vn, tn)v| =
|lim(un, Vn)y — lim (Vp, Un) | = [lim(Un, va)y — lim(Un, Va)y| = 0.
Also,VZ € H, Z = Q{zy}, 2z, € V, U~ (U, 2)y is linear:
((U+V,2)y = (U, )y = (V,2)ul =
[lim(un + Vi, Zp)v — lim(Un, Zn)v — lim(Vp, Zn)v| = 0,
(aU, 2) — a(U, 2)n| =
|lim(an, zn)y — alim(up, zn)yv| = 0.
Thus, (-,-)y is a scalar product. By Theorem |13, (H. || - ||4) is
complete since (W, || - ||w) is complete, so H is a Hilbert space. B

TR A~

Study Question: Prove that if V is a normed space whose
norm || - || satisfies the parallelogram law, then the following
polarization identity defines an inner product on V:
a0x,y) = lIx + yIB — 1 = yIZ +ilx + iyl|2 — illx — iy|?
satisfying (x, x) = || x||2. Complex terms drop for K = R. The
>, scalar product on H in Theorem is given analogously.



Hilbert Space
» Example: L?(G) is the completion of Cy(G) equipped with
(¢, 1) = |5 (Riemann integral). In this way, the
elements of L?(G) are sequences of Cy(G)-functions which
are Cauchy with respect to (-,-)'/2, and such sequences
are identified when their difference converges to zero.
» Using H or V for a Hilbert space and, e.g., subscript H in
(x,y)H and || x||y dropped when unambiguous.
» An angle a between x, y € H is given by
(x.y) = ]| [ly] cos(a).
» X,y € H are orthogonal when (x, y) = 0.
» For a subspace M < H, the orthogonal complement is
M+ ={x e H:(x,y)=0,Yy € M}.
Lemma: Given M < H, M is a closed subspace of H and
MM = {0}. Also M+ =M.
Proof: Suppose {y,} c M~ satisfy y, — y € H. Then Vx € M,
(x,y) = lim(x, yn) = 0 implies y € M+. Thus, M+ is closed in

. H.Ify e Mn M, it follows from (y,y) = 0 that y = 6.



Hilbert Space

From M c M it follows that M — ML Let y € M. Suppose
{Xn} C M satisfy x, — x € H. Then (x,y) = lim(xp,y) =0
implies that y € M~ or M- ¢ M". Thus M* = M. u
» KC Visconvexifax+ (1 —a)y € K,Vx,y € K,
Va € [0,1].
Theorem: A non-empty closed convex subset K of a Hilbert
space H has a unique element of minimal norm.

Proof: Let {x,} ¢ K be a sequence chosen so that || xa||

converges to d = inf{[|x| : x € K}. Since K is convex,

5(Xn + Xm) € K, Vm, n. Hence, ||x, + Xm||> > 402. By the

parallelogram law, 402 + [Ixn — xml12 < X0 + xmlI? + 1X0 — xml12 = 2]|xa 1% + 2[|Xm|?
1Xn — Xml[2 < 2(|Xnl2 + [|Xm][2) — 40 — O.

Hence, {x,} is Cauchy and converges to some x € H. Since K

is closed, x € K. By continuity of the scalar product and hence

norm, ||x|| = lim |[x,|| = d. If also ||X|| = d, then }(x + x') € K

and ? < [Z(x +X)[2=a2 - x = X|?=|x- x| =0. =




Hilbert Space

Theorem: Let M be a closed subspace of the Hilbert space H.
Then Vx € H there is a decomposition x = m+ nwhere me M
and n ¢ M* are uniquely determined by x, i.e., H= M & M~ .

Proof: Uniqueness follows since x = m;+n;, i =1,2, m; € M,
n; € M+ means my, — my = ny — no € MN M+ = {6}. For
existence, define K — {x + y : y ¢ M} and use Theorem
to obtain n ¢ K with ||n|| = inf{||x + y|| : y € M}. Then take

m = x — n. Since n = x + z forsome z € M,
m=x—(x+2z)=—z¢c M. To show that n < M, lety € M.
ThenVa e K, n—ay =x—(m+ ay) ¢ K and hence

i ay|? = |n|? or ]2 — 2R(n, ay) + |af?|y|? > |n||?. For
any 5> 0and a = 8(n, y), —28|(n.y)P + [BI(n. y)Rlly|? = 0
or [(n,y)[2(B|ly|l? — 2) > 0 holds only if (n,y) = 0. &

Lemma: Given M < H, (M*+)+ = M.

Proof: By and the last theorem, the result follows after
combining the unique decompositions H = M@ M~ = M @& M-
and H=M"a (M )*: =M o (ML n



Hilbert Space
Def: Given a Hilbert space H, a closed subspace M < H and
the unique decomposition x = m+n, x € H, me M, ne M+,
then P, : H — M given by Py x = mis a projection into M.
» A projection Py is linear:
1. (6 +x2) = (M + m2) + (M + m2) = Py(xi +X2) =
my +mo = Pyxqi + Pyxo,Vx;e H,i=1,2
2. axy =a(my + ny) = Py(axy) = aPyxqy, VX € H,

Va e K
» Py € L(H) since L(H) = L(H, H)
1Pwx[IZ < I Pmx|? + II(/ = Pu)x|? = |!X!!2

= [IPyx + (I — Py)x|2
> If P € £(B) satisfies Po P = P, then Pis a prOJectlon on
the Banach space B. (For M < B, Py, always exists?)

Study Question: With /1 = {x = {Xn} : [|X]|1 = >_ |Xn| < o0}
define M ={xecty:> onn = 0}. W|th €™ = {0pm}, show:
(a) e' — F0ott e” e M, (b) dist(e',M) < Jand (c) y e M =

| e —y\|1 > 5. Hence } = dist(e', M) < ||e' — y||1, Vy € M.



Hilbert Space

26

Theorem (Riesz): Given a Hilbert space Hand 7 « H', 9lx € H
with f(y) = (x.y), Vy € H.

Proof: Assume f # 6 since otherwise x = 6 is uniquely
determined. Define K = {y € H: f(y) =0} < H. With

{yn} CKand f € H', f(y) = lim f(yn) = 0, so K is closed. Also,
f# 0 = K+ # {0}. Let n € K be chosen with ||n|]| = 1. Then
forany z € K+, u = f(n)z — f(z)n satisfies u € K*. Further,
feL(H,K)= f(u) = f(n)f(z) — f(2)f(n)=0= uec K. So

ue KNK+ = u=0yand z x n. Thus, K+ is 1D. Then for any
y € H,y = Px(y) + An, where (y,n) = X(n,n) = A. So

f(y) = f(An) = Xf(n) = (n, y)f(n), and f(y) = (x, y) with

x = f(n)n. If Ixy, xo € Hwith f(y) = (x1,y¥) = (X2, ), Vy € H,
then with y = xo — x1, (X1 — X2, X1 — Xx2) = 0 = X1 = Xo. |

Def: The Riesz map Ry : H — H’ is given on a Hilbert space H by
RH(X)(.y):(va)v X7.y€H'

Itis an isometry, [|Ru(x)llm = sup{|(x, ¥)| : |¥Il < 1} = |Ix|, so

|RullH,H = 1 and K(Ry)={0}.



Dual Operators and Identifications

Def: For linear spaces V, W and T € L(V, W), the dual

operator T" € L(W*, V*)is T'(¢)) = o T, ¢p € W*.

> Example Consider V =C'(G), W= C(G), T = Dy. Take
= [V, v(w fwso¢eV*¢eW* Then
T'()(v) = @D(T(V) =JeV =
» If Vis alinear space, (W,q) a seminormed space and
T e L(V, W) has dense range, then T’ is injective on W':
peWand 0= T'(Y)(v) =9 o T(v),Vve V =y =0
» If (V,p) and (W, q) are seminormed spaces and T  L(V, W),
then T’ (henceforth always restricted to W’) satisfies
TYW)| < [0llw|Tlpap(v), ¥ €W, veV
and hence 7" ¢ L(W', V") and || Tl s, vy < | Tlp.g-

Def: Let V and W be Hilbert spaces and T € £(V, W). For
we Wlet F eV begivenby Fv = (w, Tv)w, Vv € V. Then by
Theorem Jlu € V satisfying F(v) = (u, v)y, Vv € V. The
dependence on wis linear, u = T*w, so (T w.v)y = (w, TvV)y,
Vwe W,Vve V,and T" ¢ L(W.V)is the adjoint of T.
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» Given the Riesz maps Ry and Ry, it follows from
[(Rvo T*)(W)(v)=(T"u, v)y=(u, Tv)w=Rw(u)(Tv) =[(T"o Rw)(u)l(v)
that the dual and adjoint are related by Ry o T* = T' o Ry.
Theorem: If V and W are Hilbert spaces and 7 < £(V, W),
then 7+ ¢ £(W, V), Rg(T)" = K(T*) and Rg(T*)* = K(T). If
T is an isomorphism with 7= < £(IW/, V), then T* is an
isomorphism with (7%)~" = (T—1)*,
Proof: With the definition of adjoint,
ITwly = (T'w, (s )y < sup{(T*w,v)y : vy =1} < | T*w|ly
= sup{(w, TV)w - [[v[| = 1} < [[W]wl[ Tllzcv.w)
so by Theorem 7], T € £(V, W) = T* € L(W, V). Similarly,
T 'eL(W,V)= (T ")*cL(V,W). Then
O=(w, V) =(T*w,v)y, Vwe WorVveV
means Rg(T)* = K(T*) and Rg(T*)* = K(T). Finally,
(uw)w = (TT 'u,w)y = (T 'u, T*wW)y = (u, (T T w)
(v,w)y = (T ' Tv,w)y = (Tv,(T-Y'w)yw = (v, T*(T ") w)y
o and it follows that (T*)~" = (T—1)*. |
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Example: Given the linear space V = Cy(G) and the
Hilbert space W = L2(G) equipped with (f,g) = [;fg
For ¢ € Co(G), i(p) € L?(G) is the expansion to sequences
converging to ¢. i : Co(G) — L?(G) is a linear injection with
dense range. |dentify domain and range of /:
Co(G) % i(Co(G)) < L3(G).

i"(f') = ' o i is the restriction of ' € L2(G)’ to Co(G) C L?(G).
i : L2(G)Y — Co(G)* is injective on L3(G)' |27 Identify
domain and range of i’:

LA(GY ~ I'(L3(G)) < Co(G)".
With the Riesz map R(f)(g) = (f,9).2(g) on L2(G), identify

L*(G) ~ L2(G)
through Theorem | 26]. These links combine for the chain
Co(G) < L3(G) = L3(G)' < Co(G)*.
Recall T : Cyo(G) — Co(G)* defined for ¢, € Co(G) by
(Te) W) = Jgov = R(i(e))(i(¥)) = ['(R(i$))](¥)

so T =i o Ro i, an identity from domain into range.
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Def: A sesquilinear form on a linear space V is a function
a:V x V — Ksuchthat x — a(x, y) is linear, Vy € V, and
y — a(x,y) is conjugate linear, Vx € V. If K =R, then ais
bilinear.

» There is a one-to-one correspondence between
sesquilinear forms a and operators A € L(V, V*) according
to a(x,y) = Ax(y), x,y € V.

Theorem: Given a normed space (V, p) and a sesquilinear
form a on V, the following are equivalent:

a. a(-,-) is continuous at (6, 0).

b. a(-,-) is continuous on V x V.

c. 3K > 0 with |a(x, y)| < Kp(x)p(y), x,y € V

d. AeL(V,V).
Proof: Clearly: (¢) & (d), (c) = (b) and (b) = (a). To show (a)
= (c), choose K so that p(X) < 1/vK and p(y) < 1/VK =
la(%, 7)| < 1. Then for arbitrary x, y € V, set X = x/[p(x)VK]
and y = y/[p(y)VK] to obtain (c). [



Uniform Boundedness and Weak Compactness

Def: {x,} C H is weakly convergent, x, 2 x, if 31x € H with
lim(xn, v) = (X, V), Vv € H. {x,} is weakly bounded if |(xn, v)| is
bounded Vv € H.

A simplified Principle of Uniform Boundedness:
Theorem: {x,} C H is weakly bounded iff it is bounded.

Proof: (=) Let {x,} be weakly bounded. It is first claimed,

3K, r > 0,3z € Hwith [(xp, y)| < K, Vy € B(z,r). If not, set

Yo =10, o =0andtake 0 < r, < %, B(Vk, k) C B(Yk_1,k_1)
and |(Xn,, )| > k, ¥y € B(Yk, ). Since ||ym — yal < 1 it m> n,
{yn} is Cauchy and y, — y. But y € B(yx, fx) = |(Xn,, ¥)| > kK,
Vk, a contradiction. Let K, r > 0 and z € H be given as
claimed. Then, Vy € B(6,1),

|(%n, )| = F1(xn, 2 + ry) — (xn, 2)| < 2K/r and

|Xnll = sup{|(xn, ¥)| : Iyl <1} <2K/r,Vn. (<) Obvious. [ ]
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Lemma: Suppose {x,} is bounded in H and D C H is dense.
Then lim(xp, v) = (X, v), Vv € D < x, = x.

Proof: (=) Lete > 0 and fix v € H. Then 3z € D with

|lv—2z|| <e Thus, |(Xn — X, V)| < [(Xn, V — 2)|+ (2, Xn — X)|+
|(x, v — 2)| < €||xn|l+ |(z, Xn — X)|+ €]|x||. Hence, Vn large
enough, |(x, — x, V)| < esup{||Xm| : m>1} +€(1 + || x]|)-

(<) Obvious. [ |

Theorem: Let the Hilbert space H have a countably dense
subset D = {yn}. If {xp} C H is bounded, then it has a weakly
convergent subsequence.

Proof: Since {(xn, y1)} is bounded in K, there is a subsequence
{x1 n} such that {(xy 5, y1)} converges. Similarly, for each j > 2,
IH{Xjn} C {Xj—1,n} such that {(x; , yx)} converges in K for
1 < k <. It follows that {xp 5} is a subsequence for which
{(Xxn.n, yk)} converges for every k > 1. With the span,

(D) ={K joxyk:ax €K,y € D,KeN}, (D)<H
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define T : (D) — K by T(y) = lim(Xnn,y). According to
“m(Xn,my + .y/) = “m(Xn,na}/) + Iim(xn,nvy/)> v.yvyl € <D>
and
lim(Xp,n, ay) = @lim(xp,pn, y), VaeK,Vye (D)
T is conjugate linear. Also by Theorem |7 and
[T < sup{[Xnnll - n=1}yll, vy e (D)

T is continuous on (D). Since (D) = D = H, it follows with
Theorem |11, that T has a unique extension T, € H'. By
Theorem |26, 31x € H with T.(y) = (x,¥), y € H. Thus,
lim(Xnn,y) = T(y) = Te(y) = (x,y), Yy € (D), and with the
Lemma above, it follows that x is the weak limit of {x, »}. |

Def: A seminormed space with a countably dense subset is
called separable. A subset of a seminormed space is relatively
sequentially weakly compact if every sequence in the subset
has a subsequence which converges weakly in the space.

According to Theorem | 32], every bounded set in a separable
Hilbert space is relatively sequentially weakly compact.



Expansion in Eigenfunctions
Def: For a Hilbert space H, a (non-trivial) sequence {v;} C H is
orthogonal when (v;, v;) = 0, i # j, and orthonormal when
(vi, vj) = dj. In terms of an orthonormal sequence, the Fourier
coefficients of u € H are ¢; = (u, vj).

> Forn>1,let M, = ({v;}_,) and set u, = >, ¢;v;, which
satisfies [|un[l® = X7 (civi, gvy) = Y14 [cif?.

» By Theorem |24, u, = Py, u since u = u, + (u — up) and
((u—un), )y =0 = (Uu—up) € M7

Theorem: Let {v;} be orthonormal in the Hilbert space H and
fix u € H. The Fourier coefficients of u satisfy

> leil? < ull?
and equality holds if and only if u = >~ ¢v;.

Proof: Since u = up+ (u— up) and (u — up) L up, it follows

lul? =2||un||2 +223?(un, u —zun) +llu— Léanz = HunHz2 +lu - Unlls- (*)
SO [lu]|® = [lun||® and [lun[|= = >_i_y |c;|= imply [lu]|= = >_i [ci|* —
S 2, lcil?. Also, ||u||? = lim ||un||? iff lim ||u — up||? =0in (x). W



Expansion in Eigenfunctions

Def: Bessel’s Inequality is 2, |ci|? < ||u||? and Parseval’s
Identityis S"2° |ci|?> = ||u||?. The series u =3, ¢;v; is the
Fourier Series of u with respect to the orthonormal {v;}. When
({vi}) = H, {v;} is a basis for H .

Theorem: Let {v;} be orthonormal in the Hilbert space H.
Then {vi}) =H<e u=>%2,cv;, Yue H.

Proof: (<) is clear. For (=), fix u € H. Then for ¢ > 0, choose
U e ({vi}) with ||u — | < e. Then there is an n > 1 so that

Ue Mp=({v;i}iL{) and so ||u — Py,u| < ||lu— | < e Hence,
lim Py, u = u. |

Def: Let T € L(H) = L(H, H) for a Hilbert space H. A non-trivial
v € His an eigenvectorof T if Tv = Av forsome A € K, and X is
the corresponding eigenvalue. T is self-adjoint if (Tu, v) = (u, Tv),
Yu,v € H. A self-adjoint T is non-negative if (Tu,u) > 0, Yu € H.
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Lemma: Let H be a Hilbert space. If T € £(H) is non-negative
self-adjoint, then || Tu||? < || T||(Tu, u), u € H.

Proof: Define [u, v] = (Tu, v). As in the proof of Theorem | 18,
take o = —[u,v]and 8 = [u,u] in 0 < [au + BV, au + V] =
B(B[v, v] — |a|?) to obtain

[y, V]|? < [u,u][v,v], u,vEH,
in case § > 0, and otherwise exchange u and v in o and  when
[v,v] > 0. If [u,u] =[v,v] =0, 2t{u,v] = [u+ tv,u+ tv] > 0,
vt € R, implies [u, v] = 0. With v = Tu, || Tu||* = (Tu, Tu)? =
[u, VI < [u, dllv, vl = (Tu, u)(TTu, Tu) < (Tu, u)|| T1||| Tu|?.

Def: For seminormed (V,p) and (W,q), T € £(V, W) is called
compact if for any bounded {un} C V, {Tu,} C W has a
convergent subsequence.

Lemma: Let H be a Hilbert space. Suppose T € L(H) is
self-adjoint and compact. Then 3v with ||v|| =1 and Tv = uv
where p € R with [u| = || T| z(n-
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Proof: The trivial case is excluded by assuming || T[4y > 0. If
A = || T||z(#), it follows from Theorem |7/, 3{un} C H with

|lun|| = 1 and lim || Tuy|| = A. Then ((\2 — T2)up, up) =

A2 — || Tup||? — 0. Since A% — T2 is bounded, ||\% — T?|| < 2)2,
non-negative and self-adjoint, it follows with the previous
Lemma, ||(A2 — T2)up| < ||X% — T?||((M\2 — T?)up, up), that

(A2 — T?)u, — 0. Since T is compact, there is a subsequence,
again denoted for convenience by {u,}, for which { Tu,}
converges to some w € H. Since T is continuous, it follows,

lim \2up, = lim T(Tup) = Tw, so w = lim Tup, = T(A\~2Tw). Note
that ||w| = A and T?w = \2w. Now if a = ||(A — T)w|| # 0, set
v=(\—-T)w/aand y = —Asothat Tv = (AT — \®)w/a =
—Av. Otherwise, if « = 0, set v = w/||w| and u = A. [ |

Theorem: Suppose H is a Hilbert space and that T € L(H) is
self-adjoint and compact. Then 3{v;} orthonormal eigenvectors

of T for which Rg(T) c ({v;}) and the corresponding
i—o0

eigenvalues satisfy |\;j| > |\ 1| — O.
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Proof: By the previous Lemma, 3vq with ||v4|| = 1 and

Tvy = Avq where ‘)\1| = ||T”L(H) Set Hy = {V1}L (WhICh isa
closed subspace of H and hence a Hilbert space) and note
T(H;) C Hy since (Tu,vy) = (u, Tvy) = M\(u,v4) =0, Vu € Hj.

So T|y, € L(H,) is self-adjoint and compact, and the Lemma
again gives a vo € Hy with ||vz|| = 1 and Tvo = AoV where

2| = [ Tlleny < Ty = M- Set Ha = ({vi}2_4)*. Continuing
gives an orthonormal sequence {v;} C H and a sequence

{A\i} C K satisfying [Ai1] < |Aif, i > 1. Set Hy, = ({vi}_,)*.

Suppose Inwith \; = 0,Vi > n. Then 0 = (A 1| = || T|l £ (H,

Hn C K(T). Also ({v;}?_,) c Rg(T), so Rg(T)* <{v, >

= H,. From Theorem |23, it follows K(T) = Rg( )t c H,,
Hence, K(T) = H,. The sandW|ch gives Rg( )t = {vi} )4,
and hence by [24), Rg(T) = ({vi}7,). S

{vitiiy) C RQ(T) C RQ(T) = <{V/ ) ={vitly)
means Rg(T) = ({v;}/_;). So the proof is complete in this case.
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Assume now that |\;| > 0, Vi.

It will first be shown that lim \; = 0. If not, the decreasing
sequence satisfies |\;| > ¢, Vi, for some e > 0. But then Vi # j,
1TV = Tl = [Ixivi = Avl12 = [Avill? + Iy > 262,
so {Tv;} has no convergent subsequence, contradicting

compactness of T.

It will next be shown that ({v;}) contains Rg(T). Say
w € Rg(T), so 3u € Hwith Tu = w. Define
Wn =>4 biVi, Un=[Li GV
where b; = (w, v;) and ¢; = (u, v;). The coefficients satisfy
bi = (w,v;) = (Tu,v;) = (u, Tv;) = Aic; = \iGj,
so T(c;jv;) = b;v;. Hence, w — w, = T(u — up), n> 1, and

W — wal|| < [Anialllu — unl| since u — un € Hnand [ T]l(Hy) = [Ans1l-

By (x) on [34}, lu— unl® = [[ul]® — [[un]|? < ||u]|? and it follows
W = Wl < [Ansalllull,  n=1.
Thenlim\;=0= w =limw, and so Rg(T) C {({v;}). [ |
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Def: A mollifier is a function . € C5°(R") satisfying Ve > 0:
e >0, pc C B(0,¢) and [ ¢, = 1. The standard mollifier is:

exp[1/(|x? = €?)], |x| <e

pe = Pe/ [Ve, ¢6(X)={ 0. X| > e
For GC R"and f € L'(G) (¢, 1Q [ fir=lim [ o) define
f=G\Z, Z=UfopenSc G: /sfw — 0,0 € C(S)}
Extending f — 0 in R"\ G, f = Zf and the mollification of f is
(00 =+ 0d0) = | f=y)ed)dy. xR

Lemma: If f € L'(G), then Ve > 0, f, C {x € R” : dist(x, f) < ¢}
and f. € C>*(R").
Proof: f. € C>(R") follows from f.(x) = [f * ¢c](X) = [pe * f](X)

= Jan f(Z)e(x — Z)dz. Next, choose any S C Z; and define the
(smaller) sets S, = {x € R" : dist(x, S°) > ¢} C Sand Z; C Z.
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Then fix any mollifier ¢ and define ¢ by ¢ (x) = p(—x),

so that @b*gpg € C°(S), V¥ € C°°(S ). With Fubini,

0= J[sf(2)[Y*p1(2)dz = [ 1( [fS X)pe(x — 2z)dx]dz =
Js, VO (2)pe(x — 2)dz]dx = [g v [f*we]( )ax =

fs (xX)f.(x)dx and thus S, C Z;.. Smce S C Z; is arbitrary,

{x eR": dlst(x Z;) > €} C Zr, and the final claim follows from
Zp C{x e R":dist(x, Zf) > €}“. ]

Def: The norm on CX(G) is
[fllckay = sup  [D*f(x)|

XeG,|al<k

The norm on LP(G) is (Construct analogous to [22]))

1

P
Ml = | [ 1001Pax|” (1 <p< o0
[flli(q) = esssup f(x)| = inf {B:[f(x)| < B, a.e. x} (p=o0)

xeG
where the esssup is based upon measure theory.

(Consider the following with definitions according to [22])



Distributions

42

Lemma: If f € Co(G) then ||f. — f|lc(g) — 0. If f € LP(G),
1 <p < oo, then ||f| ) < Ifllo(g) and [|fe — fl|p(G) — O.

Proof: With f € Co(G), f € G, and by uniform continuity on the
compact support,
K00 =10 = [ 1Hx=y) = )l
< sup{|f(x—y)—f(x)|: x e f,|y| < e} =20.

Let p = 1. It follows with Fubini (and f — 0 in R"\ G)

A //\fx ¥)lely)dxdy = /sae /|fx y)|dx dy

=I1fll1q
Let p = 2. Since £, € L?(G) (why?), let {¢n} C Co(G) be
chosen so that ||f. — ¢nl|2(g) — 0. As above,

Ltonl < [ )| [ 180 v)ontoiox| oy < izl o
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2
since ¢n "~ £ and [|énllzq) — |filliz(a). it follows that
1fell2(c) < Ifll2(q)- (For general p see study question.)

Finally, for an arbitrary § > 0, let ¢ € Cy(G) be chosen so that
1. — ¢elle(a) < If — @lle(q) < 3/3. Let e > 0 be chosen small

enough that [|¢c — ¢l c(g)le,|"/P < 6/3. Then
[fe = fllp(a) < e = Pellir(a) + |0 — @lloa) + 1@ — Fll o) < 6

Study Question: Show that ||f||»(G) < [|f||.r(g) holds for the
cases otherthan p=1,2.

Theorem: C5°(G) is dense in LP(G) for 1 < p < 0. (See [22]))
Theorem: VK € G, Jp € C3°(G) with 0 < p(x) < 1,Vx € G,
and ¢(x) =1,Vx € K.

Proof: With e = dist(K’, 0G)/4 set H(x) =1 for dist(x, K) < 2e
and ¢(x) = 0 otherwise. The claim holds with ¢ = ¢ * ¢ since

0 =min{¢} [ e < @(x) < max{$} [ =1,¥x € G,
p C {x :dist(x,K) <3¢} and ¢ = 1 on {x : dist(x,K) <e}. N
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Def: A functional T € C3°(G)* is a distribution on G, and this
linear space of distributions is also denoted by D*(G).

Example: Identify LIOC( G) = N{L'(K) : K € G} with a subspace
of D*(G) through T¢(¢) = [ @, v € C°(G), f € L] (G).

loc

Def: The ath partial derivative of the distribution T is the
distribution 9 T defined according to 9> T(p) = (—1)I T(Dy),
v € C5°(G).

Note: If f € C™(G), then 0°T¢ = Tpay for |a] < m.

Examples: A function f € L] (R) may be identified with the
distribution T;. In particular, the Heaviside function,
H(x) = (1 +sign(x))/2, and r(x) = xH(x) satisfy

or(p) = H(p), 9H(p) = () = p(0)

where § is the Dirac functional. Similarly, 9™5(¢) = (—1)"D™%(0).
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Take 6x, = d(x — Xp). Suppose f € C*°(R\{xp}) has one-sided
limits at {xo} so that the jump o (f) in the direction of
increasing x is well-defined. Then Vo € Cg°(R),

OTi(p) = =T(¢') = = Jo 7' = Jr\ (o} FP + 00(F)dx ()
Def: The support of a distribution T € D*(G) is
T=G\Zr, Zr=U{open SC G: T(p)=0,Vp € C;°(S)}

Example: The support of the Dirac ¢ functional, 6(¢) = ¢(0),
¢ € CP(R"),is 6 = {0}.

Def: A distribution T € D*(G) is constant if 3¢ € K with T(y) =
¢ [5@: Vo € C3°(G), and T may be identified with the function
equal everywhere to c.

Theorem: S € D*(R) = 3T € D*(R) with S=0T. Also, T is
unique up to a constant.
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Proof: S = 0T holds precisely when
T(y')=-S(), V¢eC(R)
or equivalently when
T()=-8(¥), YWeH={CeCr®): [¢=0}, v(x)= [ ¢
To define such a T it will be shown that every ¢ € C0 (R) can
be written uniquely as ¢ = { + c¢g where ( € H, ¢ € K, and
$o € C°(R) is fixed arbitrarily with [ ¢o = 1. Given ¢ € C3°(R)
setc= [ ¢ and ¢ = ¢ — c¢p to obtain such a decomposition.
This is the only such decomposition, since if
(1t cCipg=C+ppforie HcieK,i=1,2,
then 0 = [(C2 — ¢1) = (¢1 — ¢2) [ $o = (1 — ¢2) and
G2—C1=(c1—C2)po=0
So take T(¢) = T(¢ + cpg) = T(C) + €T (¢p) for arbitrary
¢ € C°(R) where T(¢) = —S(v) for ¢(x) = [*__ ¢ and
T(¢0) € K is arbitrarily fixed. Thus, (x) holds on H < C3°(R).
Suppose T € D*(R) also satisfies S=0T. Then Ty =T — T
45 Satisfies 0Tp =0 or
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To(¢) = —To(v') = =0To(¢) =0, V¢ e H, ¥(x)= [

So Ty is the constant Ty(¢g) since for any ¢ + c¢pg =

¢ €
To(¢) = To(¢ + co) = To(¢) + €T (¢0) = To(o) [ 4. W

Theorem: If f is absolutely continuous, then g = Df € L| (R)
satisfies 0Ty = Ty in D*(R). Conversely, if T € D*(R) with
OT = Ty for g € L] (R), then T = T; for an absolutely
continuous fand Ty = 0Ty.

Proof: If f is absolutely continuous, then Df exists in a.e. x,
Df € L}.(R) and f(x) = f(0) + [ Df. Integration by parts
shows

OTi(p) = — [ Dg = [ Dfg = Tpi(p), ¢ € C3°(R)

Conversely, suppose T € D*(R) with 0T = T4 for g € L} .(R).
Then define the absolutely continuous h(x) = fo g. According
to the first part, 0T, = Ty = 0T, and hence T — Tj is constant,
say ¢ € K. Then setting f = h+ c gives T = T; and

Ty =0T =0T;. [ |
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Examples (Distributions in R"): Let S be an (n— 1)-dimensional
C' manifold in R". Suppose f € C*(R™\S) has one-sided
limits at S so that the jumps o;(f) in the direction of increasing
x; are well-defined. Then Vyp € C3°(R"), 1 < i< n,

0iTe(p) = —TH(Dip) = — [pn Dip = fR”\S Dife + [ oi(f)pridS
where v = {v;} is the unit normal at S with v - ¢; > 0.

Suppose for G ¢ R" that G is an (n — 1)-dimensional C'
manifold. Let f € C*°(G) be extended by zero outside G and
define the distribution L by

Li(p) = [on IAG = [SBAF + [, 5[22F — 9L5]dS

Lf( ) TAf 90) faG[asOf f@]ds
Similarly, define Dy and N by
Di(p) = [,5f22dS = [[fAF + VT V]

SO

and
Ni(v) = Joa ‘Pal,dS JgleAf + V.- V]
so that Lf TAf Df
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Def (Sobolev Spaces): For G C R" define the scalar product,
(f.9)um(G) = Xjaj<m Je D*Dg, f,g € CT(G)

with corresponding norm ||f{|ym(g) = (f, f)H/,,,(G) Then define

H™(G) as the Hilbert space given by the completion of C>*(G)

with respect to the norm || - [ ym(g). Also, define HJ'(G) as the

Hilbert space given by the completlon of C5°(G) with respect to
the norm || - [| ym(g)-

Note: Through the identification of C™(G) with a subspace of
H™(G) or Cj'(G) with a subspace of HJ"(G), a smooth function
f will henceforth be understood also as the coset of the Cauchy
sequence (f,f,...) in the corresponding Sobolev space.

Note: According to C*(G) c C™(G) c H™(G) and

C3e(G) C CJ'(G) C HY'(G), H™(G) and H{'(G) are also the
completions of C™(G) and C{'(G), respectively, with respect to
the norm || - || ym( -
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Note: L2(G) is the completion of Cy(G) with respect to the

norm |- ll1za) = || - l1m(q)- Since Co(G) € C(G) C L3(G), i
follows that H%(G) = L3(G) = HJ(G). For m > 1 it is generally
the case that H"(G) # Hy'(G). (G=R"?)

Def: The ath distributional derivative of f € H™(G) is given by
the unique function D*f € L?(G) satisfying
(Df, p) = (—=1)ll(f, D%), Ve € CF(G)

Theorem: Let GC R"and m > 0. Then f ¢ H"(G) &
3{f,} ¢ C™(G) such that Va, |a| < m, {D*f,} is Cauchy in
L?(G) and || D*f — D*fy|;2(g) — O-

Proof: (=) Let f € H™(G). Then 3{f,} ¢ C™(G) with

|f = fallHm(G) — 0. Since Va, |a| < m, [|[D%fy — D*fnl|12(q) <
|fn — fmllHm(G), {D*fa} is Cauchy in L2(G) with limit, say, ga.
Then with (-,-) = (-,-);2(g) and Vo € Cg°(G),

50 (9as ) ¢ (Do, 0) = (=1)l°l(fo, D*@) — (=1)\*I(f, D*)
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Hence, g, is the ath distributional derivative of f and thus

1ga — D*fnll2(g) = |ID*f — D*fnl| 2(q) — O.

(<) Note that {f,} is Cauchy in the H"(G) norm, and the coset
of this sequence is identified with f € H™(G). |

Corollary: m > k > 0 = H™(G) c H*(G) c L?(G). Also,
f € H"(G) = D°f € L?(G), Va, |a| < m. ((<=) shown later!)

Theorem: The dual space HJ'(G)' is (identified with) the linear
span ({0°T; : |a| < m, T; € D*(G), f € L?(G)}).

Proof: If f ¢ L2(G) and |a| < m, then

0°Te()| = (T, D*¢)12(q)| < [Tl 2l 2lIHm(a), Voo € Co°(G), sO
0T has a continuous extension to Hy’(G). Thus, the linear
span of such extensions lies in HJ'(G)'.

Conversely, if T € H"(G)', then by Theorem |26, 3f € H"(G) >
T(¢) = (f,0)Hm(G), Ve € CF(G)
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Then setting g, = D*f € LZ(G) and noting

T() = Xjaj<m Taa(D*0) = 22101 <m(— 1)l Tga ()
shows that T lies in the claimed linear span. [ |

Study Question: Let G C R" be bounded. Show VF € HJ'(G)’,

Ju € HY'(G) with F(v) = (V™u,V™V) 12, v € Hy'(G).

(This functional may be extended naturally for v € H"(G).)

Show VG € H™(G)', 3w € H™(G) 3 G(v) = (W, V)um(g), v € H"(G).
(This functional may be restricted naturally to v € HJ"(G).)

(Hint: Show that (V™u, Vv) 2 is a scalar product on Hy'(G)
and otherwise use Theorem |26 )

Theorem: Hy'(R") = H™(R")

Proof: Since CJ'(R") ¢ C™(R"), it follows that HJ"(R") C

H™(R"). For the other direction, let u € H™(R") be arbitrary.

Fix the cut-off function 7 € Cg°(B(0, 2)) given by

T = e * Xpg(o,3): € = %, satisfying 7 = 1 on B(0,1) and
|ID*r(x)| <M, VxeR" |af<m
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For k =1,2,... define 7x(x) = 7(x/k) which satisfies 7, = 1
on B(0, k) and 7, = 0 outside B(0, 2k) while

|Dmi(x)| < Mk—lel <M, Vx eR",  |a] <m.
Then u* = ru satisfies

Dok = ) Z ( )Daﬁrkoﬁu ‘ <My ( g ) DAy

BLa
and3dB >0 such that vG C R”,
[UK|| ym( ) < BllU|m G-
Since u = uk on B(0, k),
k—oo
Ju — uK|| gmgey < (14 B)HUHH’"(R"\B(O,k)) =% 0.

Next, define uX = o x u¥ for e € (0,1). Since u* c B(0, 2k),
uf c B(0,2k + 1) = Gi. From Lemma |42, ||uk — u¥| 2,

e—0

== 0, and since D“uf = (D*u*)., | D*u* — D*U¥| 2(g,) 0.
Hence, [|uX — u¥|| ymgny = [|U* — UX||ym(a,) <9 0. Since the
right side in

[ — UK|| gmgey < (U — UX|| ey + (UK — UK]| e
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can be made arbitrarily small for first k large enough and then ¢
small enough, C5°(R") is dense in H™(R"). |

Theorem: Suppose that G C R" is open with
sup{|x1] : x € G} = K < o0. Then
lellizg) < 2KIDi¢llz@)y: Ve € Hy(G).

Proof: Assume ¢ € C3°(G). Then integrate

D1 (x1|o(x)[%) = lp(x)[% + X1 D1 (Jp(x)[?)
over G to obtain

Jolp(X)[2 = [5 D (xil@(x).0, ... 0)ax — [ Dl o(x)[Pclx
= faev (xtlp(x)[2,0,....,0)0S — [ x1Diio(x)[2clx
— — Jox[F(x) Dy (x) + (x) Dyz(x)]ox
< 2K||Di¢ll 2g)llell 2 ()

using the divergence theorem. Finally, the inequality extends to
H{ (G) due to the density of C§°(G). [ |
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Def: For G C R" open and bounded, 9G a C™ manifold of
dimension n — 1 when it can be represented locally as the
graph of a C™ function. For an explicit representation, define
the following:

e The hypercube Q = B.,(0, 1), the dividing hyperplane

Qo = QN {y: yn =0} and the (upper) half-hypercube
Qr=Qn{y:yn>0}.

e The open covering {Gj}j"i1 of 8G, i.e., G C Uj’\; G;.

e The functions ¢; € C™(Q, G;), each a bijection of Q, Q, and
Qo onto G;, G; N G and G; N 0G with J(¢;) = det(dy;/0x) > 0.
e The pair (¢;, G)) is called a coordinate patch.

Def: With Gy = G, a partition-of-unity subordinate to the open
cover {Gj}, of Gis a collection of functions {3}, satisfying
B € CF(G)), Bi(x) > 0and S, Bi(x) =1, ¥x € G.
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Also, {Bj-}j’\i 1 is a partition-of-unity subordinate to the open

cover {Gj}j’i 1 of 9G. These partitions may be constructed as
follows.

o Let {F;}), be an open covering, 9G c UY | F;, with F; C G
Also, choose Fo with Fo C Go and G C UY,F; = F.

e Forj=0,...,N construct o; € C5°(G)) with o; = 1in F; and

a € CP(F) with a = 1in G, where 0 < oj(x), a(x) < 1, Vx € R".

eForj=0,..., N define B = 0‘0‘//2?:004;( in F and
Bi =0inR"\F.

o >N oak(x)>0,Vx € Fand a = 0, Vx € OF =
Bj € Cg°(F) c G5 (R").

ea,0; > 0= F;>0and o; € C3°(G;) = f5; € C°(Gj).
a=1inG=Y,8=1inG.
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Localization on subdomains:

e Foru e H™(G) and u; = Bju,, u:zj’ioujon G.

o u; satisfies u; C Gy and uy; € H7(GN Gj), where T; = 9G; NG
and H{:’(Gm Gj) is the completion of Cf'( G;) with respect to the
norm || - || ym(Gna))-

e U (Up,...,upn) is alinear mapping from H™(G) to

]_[jlio H{;’(G N Gj), which is a continuous injection.

Vi =Ujo ), 1 <j <N, satisfies v; C Q, v; € H(Q4), where
r=0QnN Q4 and H(Q4) is the completion of C7"(Q) with
respect to the norm | - ||ym(q, )-

o A:uw— (Ug,Vv1,...,Vy) is alinear mapping from H™(G) to
HI'(G) x [H™(Q4)]N, which is a continuous injection onto a
closed subspace, its range, where it has a continuous inverse.
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Localization on the boundary:

e C™(0Q) is the set of functions f : 9G — R where
(ﬁjf) 0 @j S Cm(Qo), 1 §j < N.

e Integrals over 9G are given by

Joo 1S = SN [0 (B0 0 i)y, J = [det[2 212

e Define the scalar product and norm on C(0G) = Co(aG),
(f. 9 206) = Jo6190S,  [Ifl206) = (. f)Lz(aG)

e Define L?(0G) as the completion of C(0G) with respect to this
scalar product.

e \: f ((B1f)opq,...,(BNF) o n) is a linear mapping from
L2(0G) to [L2(Qu)]N, which is a continuous injection onto a
closed subspace, its range, where it has a continuous inverse.
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e Traces are a generalization of boundary values.

e For instance, functions in L2(G) have no well-defined
boundary values since |0G| = 0.

e First develop traces for G =R = {x € R" : x, > 0} where
0G={xeR":x,=0}.

e Later the general case will build upon this simpler case by
using localization as above.

Theorem: For G = R'] the trace mapping
7 : C'(G) — C°(0G) defined by
0(0)(X) = d(x',0), ¢€C(G), x €aIG
has a unique extension to an operator v € L(H'(G), L2(0G))
whose range is dense in L?(0G), and it satisfies
0(BU) =10(B)0(u), BeCY(G), ueH(G)



Trace

Proof: Recall C'(G) c H'(G). For ¢ € C! (@) and x’ € R"1,
|6(x', 0)12 = — [5° Dn(l6(X', Xn)|?) .

Integrating over R’H gives

160 O) 1 oqmn-1) < Jan [6Dnd + ¢Dndlax < 2H¢>HL2(R )1 Dndll 2 ()

< chHLz wn) T 1Dn8l1Z2ny = 1015 gn)
The existence of a unique continuous linear exten3|on to
L(H'(G), L2(0G)) follows with Theorem |11 .
For 7 = pc x xpgo,1) € C5°(R), € = 3, and ¢ € CP(R"1),
o(x) = (X )T(Xn), x=(x',x7) € RY
defines a ¢ € C'(G) and yo(¢) = +. Thus, the range of o
contains C3°(R"~"), which is dense in L2(OR"). For the last

claim, let u. € C'(G) satisfy [|u — Ucl|1(g) 90, so that also

e—0
for . € CY(G), 18U — ue)llp () < 1Bllcr(g)llU — Uellprr(g) == O

Then note by the continuity of 7,
Y0(B) 2 0(8uc) = 10(B)10(U) = 10(8)0(u). m
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Lemma: u € H'(R") with 4o(u) = 0 satisfies
u(x', xn) = [o" Dx,u(x', t)dt for a.e. X' € R™', x, € R1.

e—0

Proof: Choose {¢.} C COO(R”) so that ||u — ¢E\|H1(Rn) — 0.
Then with Theorem 59, [[¢(-, 0)|l 12(rn D < vo(u)ll zny +
lvo(u — qbe)H/_z(R y < cllu— ¢E\|H1(Rn 9 0. Since convergence
in L2(R") gives a.e. pointwise convergence,
u(x’, Xn) iio $e(X', Xn) — 0(x.0) = [37 DX, t)lt
Q20 Dy, u(x, t)at, ae. X' € R 1, X, € RL. |

Theorem: Let u € H'(R7). Then u € HI(RY) iff vo(u) = 0.

Proof: If {u,} C C3°(R) converges to u € H'(R), then
Yo(u) = limyo(un) = 0 by Theorem |59 .

Let u € H'(R7) with you = 0. Recall the cut-off function

7 € C3°(B(0,2)) given by 7 = e * xg(g 3, € = 3, satisfying
7=1o0nB(0,1) and
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|D7(x/k)| < Mk~1el < M, ¥x € R”, |a| = 1.
Define the new cut-off function,
o(t) = 2(8 - 2t), t € [0,1],
o(t)=0,t<0, o(t)=1,t>1.
satisfying
|Dy,0(kxn — 1) < 3k < 2k.
Then set ¢ (x) = 7(x/K)o(kxn — 1) = 7k(x)ok(x) and uk = ¢yu
so that u* c {x € R": |x| < 2k & xp > 1/k} while u¥ = uin
{x e R": |x| <k & xn > 2/k} = Ex. Since ¢«(x) € [0,1], Vx, it
follows that |u¥| < |u| and
k—oo

lu = UKl 2gny < 2|[ull2@n\g) — O
For i # n, |Dy,uX| = |o[uDx, 7k + 74 Dx,u]| < M|u| + | Dyu| so
| DU = U9 | 2qny < (2 + M) Ul n gy =5 0
Then Dy,uX = ox[uDy, 7% + Tk Dx, U] + TxUDx, 0k, SO With the
estimates |ox[uDx, 7« + Tk Dx,u]| < M|u| + |Dx,u| and
|TkuDx,0x| < 2k|ul, the nth derivatives satisfy
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| Dxy (U — )|l 2 r) < (24 M)[[ull g ro\g,) + 2K|Ull 2
where Fy = {x € R": 0 < x, < 2} contains {x e R": 1 < x, < 2}
in which Dy,o, # 0. Then with Lemma and Cauchy Schwarz,
(X, Xn)[2 < L2 120013 Dy, u(x', D20 = Xo 3 | Dyyu(x', 1) 2cl
So with Fubini,
2/k |u(x X )|2dx,, < JEK xol [0 | Dyyu(X', 1) 2 lt] A
2 I Dyu(x t>|2dt1dxn
2/k[f2/k Dyt ot < A 2Dy, D
and hence,

2k||ull2(F,) < 4l Dxyull2(F,)-
Combining the above estimates gives
k—o
1D (U=UF) | 2Ry < (24M) U]l 1\ £y +4]| Do Ull 2,y = 0.
Thus, [|U — u*]| 1 () 23 0. Finally, define uX = ¢, » u* for
e € (0,1/k) so that u¥ € C°(R1). Since
Uk c {x eR": |x| < 2k & x, > 1/k}, it follows that
63 U C{x€eR":|x| <2k +1/k & xy >0} = Gy C RT.
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From Lemma (42, [[u¥ — uk||;2(g,) =90, and

ID*uk — DUk 2, <9 0 since DUk = (Duk).. Hence,

UK — [l any = UK = U]l g,y S 0. Since the right side in
lu = Ul ) < lu— 0l @ny + 105 — Ul o)

can be made arbitrarily small for first k large enough and then e

small enough, u can be approximated in H' (R7) arbitrarily well
with C3°(R7) and hence u € H}(RT). |

For 0G sufficiently smooth, yo : H'(G) — L?(0G) is defined as
follows by building upon the formulation given above for a
curvature-free boundary:

Yo(u) = /4 (o((Bju) o @) o ;!
where {3 j’i1 gives a partition-of-unity subordinate to the open
cover { Gy} of 9G and {(y;, G))} ]\, are corresponding
coordinate patches.

Estimating v and extending by continuity gives the following.
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Theorem: Let G ¢ R” be bounded and open with G a C!
manifold where G lies only on one side of 9G. Then there is a
unique v € L(H'(G), L2(0G)) such that yo(u) = u|yg for each
u € C'(G). Also, K(v0) = H}(G) and Rg(vo) = L2(9G).

Higher order traces of normal derivatives are first defined in
terms of usual boundary values for sufficiently smooth functions
and then extended by continuity with the following result.

Theorem: Let G C R" be bounded and open with 9G a C™
manifold where G lies only on one side of 9G. Then there is a
unique v € L(H™(G), T[,' H™'(9G)) such that

() = (o), - s ym-1(u)) _
and vj(u) = du/ov|p6, 0 < j<m—1,foruec C"(G).
Also, K(v) = HJ'(G) and Rg() = [, H™'(0G).

Note that Rg(~) can be characterized in terms of fractional

order Sobolev spaces, e.g., o € L(H'(G), H%(aG)). However,
the presented results are sufficient in this work.
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Goal: Identify CX(G) with H™(G) for certain k and m, where

Def: (CX(G), || - | cx(@)) is the Banach space of functions with
uniformly continuous derivatives up to order k. Note for G C R"
bounded, C¥(G) = CK(G).

For this goal, G must possess a certain regularity:

Def: Let a cone with vertex y be denoted by K(y) =
K(y;p,Q) ={z=y+ I, X €(0,p),w € Q} where

Q =0B(0,1)Nn B(x,r) for some x € 9B(0,1) and r > 0. Then
|K(y)| = p"v/2 where v = |Q|5p(0,1 s the solid angle of Q.

A domain G satisfies a cone condition if 3p,~ > 0 such that
vy € G, IK(y; p, Q) C Gwith v = |Q|5p(0,1)-

Theorem: Suppose G C R" is open and bounded and satisfies
a cone condition. Then form > n/2,3C>0>
lulleey < Cllullpmgy, Yue C™(G)
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Proof: Fix g € C3°(R) by g = ¢ *X (-
T(t) = g(t/p), p > 0, satisfying

7B < Akp
for some constants Ax. Let u € C™(G) and assume 2m > n.
Fory € G, K(y) C G, integrate along a ray
{Xx=y+rwre(0,p)} C K(y), we Q, emanating from y:

J§ De[r(r)u(y + rw)ldr = —u(y).

Then integrate over all of K(y),

Jo I3 Drl[r(nu(y + rw)ldrdw = —u(y) [o dw = —u(y)y.
Integrate by parts m — 1 times to obtain (T8 ()| r=p =0=r¥|;Z0)
u(y) = =21 Jo J§ DR (ru)r™ = drdew.

Then with x = y + rw dx = r"'drdw,
U = syl gy D (ru)lx — y|™"a|.
With Cauchy- Schwarz
WP < cartmmelleg) PP ) BaX iy 1x — Y™ d].

_ 1 ;
0o, 1] €= 3¢ Define
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Using
fK(y) ‘X _ y|2(mfn)dx — fQ fop r2m—n—1qrq, = ’Yzﬂmin
and 2m — n > 0, the previous estimate becomes
[U(Y)2 < CmnpP™ " [y 1D (ru) Palx

where Cp » depends upon mand n. Then

DP(ru)] = | i % )DT*rDku| < SRLo( | ) an=k|DEul

P

or

2m—n

D7 (ru)f? < €' Soo PP~ DEul?

and hence

u(y)? < CmnC' SokLo P2 " Jkw) | Dfuf?ax.
By the chain rule,

IDfu? < C" 3 0 <k ID*u(x)[2.
Then
supyec [U(Y)P < Csupyeq Y jaj<m Ji(y) |07 U(X) P
< CY\j<m Jo ID7U(x)2dx = Cllu[Zm gy
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Def: An imbedding i : H™(G) — CX(G) is defined so that for
u € H™(G), the smooth function i(u) (understood as identified
with the Cauchy sequence (i(u), i(u),...)) satisfies
|u—i(u)||m(G) = 0. The continuity of / is represented by
H™(G) — CX(G).

Theorem: Suppose G C R" is open and bounded and satisfies
a cone condition. Then for m > k + n/2 the imbedding
i: H™(G) — CK(G) is continuous.

Proof: Applying Theorem to Du, |a| < k, gives

[Ullcray < Cllullpm). Yu e C™(G).
Thus, the imbedding is continuous from the dense subset
C™(G) of H™(G) into the Banach space C¥(G). The claim then
follows from Theorem | 11 . u

Study Question: For G ¢ R” unbounded, H™(G) — CX(G) !

Study Question: For G C R” and xp € G, define iox,(¢) = #(x0),
¢ € C*(G), and show that dx, € (H™(G))' for m > n/2.
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Def: #™(G) = {f € L2(G) : D°f € L?(G),|a| < m} is a Hilbert
space equipped with (-, -) ym(g)-

Goal: Show H™(G) = H™(G). By Corollary |51, H™(G) < H™(G).
Lemma: C3°(R") is dense in H™(R").

Proof: See the proof of Theorem |52 . u
Lemma: H"(R") = H™(RT).

Proof: For k € N and a function f set fX(x", x, — 1/k) = f(x', Xn)
for x' € R™1, x, > 0. Fix u € H™(R7). Choose g, x € C§° (R”) so

that [ DU — G klliz(eny =5 0. Then [|DuK — g \ [y = 0 and

||U— u ||H’"(R" < Z|a\<m{”D U—0a k||L2 ]R” + Hgak akHLZ(R")
o k S

+||Duk — gk kHLZ(Rn)} —20. Set o = pex X[_1 o) € = 1, and

define ox(t) = a(kt) Set vK(x', x,) = ak(xn)uk(x xn) for

x' € R"1, x, > —1/k, and otherwise vk = 0. Then vk = u¥ on
R while v" € H™(R"). By the last Lemma, 3{vX}..o C C°(R")

. e—0 oo (TN
with [|[vVK — VK[| ymezny == 0 and {v¥|gn }eso C C(RT).
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Since the right side in
[ — VE pmny < U — UK|| pmeray + IVE = vE|l pmen)
can be made arbitrarily small for first k large enough and then ¢
small enough, u can be approximated in H™(R) arbitrarily well
with C>(R7) and hence u € H™(R7). So H™(R7) < H™(R?),
and H™(R7) < H™(RT) was already established. [ |
Lemma: There is an extension P € L(H™(R"), H™(R")) such
that HPU — UH"H’"(RQ) =0.
Proof: By the last Lemma, it suffices to construct P on
C™R7T). Let {\;} c R™ solve the system,
mMl—ifx=1, k=0,....m
For each u € C'(R") s0 uly € C™(R™), define
u(x), xp>0
(Pu)(x) = { SSTINU(X, —iXn), Xa < O.
By the construction for {)\;}, D,(Pu) is continuous at x, = 0 for
j=0,...,m. It follows that Pu € H™(R"). P is clearly linear
and continous. [ |
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Theorem: Suppose G C R” is open and bounded and lies on
one side of 9G which is a C" manifold. Then there is an
extension Pg € L(H™(G), H™(R™)) with Pgu|g = u, Vu € H™(G).

Proof: Let {(¢k, Gk) 2’:1 be coordinate patches on 0G and let
{Bk},Q’ZO be a partition-of-unity subordinate to G. Then
ueHM(G) = u= 31" o(Bju). Since fou is smoothly and
compactly supported in G, its extension by zero lies in H™(R").
For the extension of Su, k > 1, note that v — v o i is an
isomorphism from H™ (G N G) onto H™(Q..). Since (Bxu) o vk
is smoothly and compactly supported in Q, it can be extended
by zero in R\ Q to obtain an element of #(R"!). By the
previous Lemma, and the details of the proof, this can be
extended to an element P((Sxu) o k) of H™(R™) with support in
Q. The desired extension of Sxu is given by P((Bku) o ¢k) © @;1
extended by zero outside Gi. The following is linear,

P = Bou + S p_q P((Bku) k) 0 ¢!
and satisfies ||Pgu||#mrn < c({Bk}. {exDllUllnmc)- u
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Theorem: Suppose G C R” is open and bounded and lies on
one side of G which is a C"™ manifold. Then H"(G) = H™(G).

Proof: Since H"(G) < H™(G) it must be shown that

HM(G) < H"(G). Let u € H™(G). Then Pgu € H™(R") and
the density of C3°(R") in H™(R") gives a sequence

{vk} € C3°(R™) which converges to Pgu. Thus, {¢k|g}
converges to u in H™(G). [ |

Lemma: Let Q be a cube in R" with edges of length d > 0. If
ue C'(Q)and U= [,u/|Q|, then

Juleigy < dIQPT + (n02/2) S0 | D2 g
Proof: For x,y € Q,

u(y) — u(x) = 314 f){’ Diu(yr, .-, Yi-1,8 Xit1, ..., Xn)ds
Squaring and using Cauchy-Schwarz, u?(x) + u?(y) — 2u(x)u(y)
. 1 . 1
< (ST lz dsl2 3 (DL Yim1,8, Xiv1, . )2 )2
<nd Sy [2(DU)P(-. . Yie1,S Xit1, ... )OS
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where Q = [[L,[a;, bj] and by — ax = d, 1 < k < n. Integrating
the preceding w.r.t. {x;}7_, and {y;}' ; gives
20Ul g < 21QRF + nd™2 L, [DulZ W

Theorem: Suppose G C R" is open and bounded. Then the
imbedding i : H}(G) — L?(G) is compact.

Proof: Fix {ux} C C3°(G) with M = sup{||uk||1(g)} < oo. Let Q
be a hypercube containing G, where the sides of Q have length
d > 1. Extend each uy by zero in Q\G so {ux} C Cg°(Q) with
M = sup{||uk|41(q)} < oo
Let ¢ > 0. Choose N so that 4nd?M? /N? < . Divide Q into
congruent hypercubes Q;, j = 1,..., N", with edges of length
d/N. Since {uy} is bounded in L2(Q), it follows with
Theorem (H = L?(G), D = polynomials with rational
coefficients) that there is a subsequence, again denoted for
convenience by {ux}, converging weakly in L2(Q). So 3K with
|lel(uk—u,)|2 <gems J=1,.. N, kKI>K
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According to the previous Lemma, the following is obtained
after summing over each Q;,

ke = ullZo gy < N(8) " i + B(5)24M2 < e.

{uk} is Cauchy in L?(G). ®

With Huk - Ul”iz(G) < Huk - u/“%z(a)s
Corollary: Suppose G C R" is open and bounded. Then the
imbedding i : H'(G) — HJ'~'(G) is compact.

Theorem: Suppose G C R" is open and bounded and lies on
one side of G which is a C"™ manifold. Then the imbedding
i: H™(G) — H™'(G) is compact.

Proof: Fix {ux} bounded in H™(G). Then Pg(uk) is bounded in
H™(R™). For e > 0, set G. = {x € R" : dist(x, G) < €}, fix
0 =@ x xg, and Q = (¢)°. Then oPg(uy) is bounded in Hf"(<2)
and hence it has a subsequence oPg(ux ) converging in
H(’)"_1(Q). Since oPg(uk)|g = Uk, {Uk} converges in H™1(G). B



Boundary Value Problems
Example: For GCc R"and f: G — K, find u : G — K satisfying
—Au+u=finG
» with Dirichlet Boundary Conditions, u = 0 on 0@, or
» Neumann Boundary Conditions du/0v = 0 on 0G.
For a weak formulation, recall Green’s identity:
JolvAu+Vu-Vv] = [,o v = [, -v0(v)71(v)
holding for sufficiently smooth G, u and V.
> For the Dirichlet problem, take ~o(u) = 0. By
K(v0) = H}(G), so seek u € H‘(G) with test functions
Ve H&(G). Hence, the Green’s identity gives:
Jolvu=1f)+Vu-Vvv]=0, vve H|(G)
= (U7 V)H1(G) = (f7 V)LQ(G)v Yv € HS(G)
» For the Neumann problem, take ¢ (u) = 0. Now seek
u € H'(G) with test functions v € H'(G), and the Green’s
identity gives:
Jolviu=f)+Vu-vv]=0, vveH'(G)
= (U, V)H‘(G) = (f, V)LZ(G)7 Yv € H? (G)
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Conversely, if u € H?(G) satisfies
(U, V)pi(q) = (F,V)12(q), YV € HJ(G) or Vv e H'(G)
then C5°(G) C H{(G) C H'(G) means
(—AU+ U, 9) 26 = (f, ) 12(6), V¢ € C5°(G)
so —Au + u = f holds in the sense of distributions.

> If u € H}(G), then by Theorem |61/, yo(u) = 0 holds as a
boundary condition.

» Otherwise with Rg(vo) = L2(0G) and —Au +u —f =0 € L2(G),
0= (-Au+u—1fv)zg = 0),70(V)zoa Vv € H'(G)
means 1 (u) = 0 holds as a boundary condition.

Weak formulations of the above boundary value problems:
> For the Dirichlet problem, find u € H}(G) such that
(U, Vi) = (£, V)12(a), YV € H}(G)
» For the Neumann problem, find u € H'(G) such that
(U, V)H1(G) = (f, V)LZ(G)’ Yv € H1(G)
Here, v1(u) is not (yet and need not be) defined for u € H'(G).
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Theorem: Suppose V is a Hilbert space equipped with (-, )y
and suppose b € V'. Then 3lu € V such that (u, v)y = b(v),
Vv e V,and |ully = ||b] v

Proof: Follows from Theorem |26 . u

Corollary: If (uy,v)y = by(v), Vv € V,and (us, v)y = ba(V),
Vv e V,then |uz — uq||y = ”bg — by Hv/.

Proof: Define u = up — uy and b(v) = ba(v) — by(v),ve V. R
Note: The theorem gives a solution for the Dirichlet or the

Neumann problem by taking V = H}(G) or V = H'(G),
respectively, and b(v) = (f, v)2(g) With [|b] v < [|f|[12(g)-



Forms, Operators and Green’s Formula

Def: Given a Hilbert space V, a continuous sesquilinear form
a:VxV—Kandbe V/,the abstract boundary value
problemis to find u € V such that

a(u,v) =b(v), vveV

Theorem: Given a continuous sesquilinear forma: V x V — K
on a Hilbert space V, Ja, § € L(V) such that
a(u,v) = (a(u),v)y = (u, B(v))y, Yu,v € V.
Also, given b € V', 3f € V, f = R, b, such that
b(v) = (f,v)y, Vv e V.

Proof: Follows from Theorem |26 . u
A condition for invertibility of o in a(u) = R;1b is as follows.

Def: The sesquilinear forma: V x V — K is V-coercive if
Jag > 0 such that
a(v,v) > allv|?, VveV,
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Theorem: (Lax-Milgram) Given a Hilbert space V, let
a: V x V — Kbe a V-coercive continuous sesquilinear form. Then
Vb e V', 3lu e V with a(u,v) = b(v), Vv € V, and agl|ul|y < ||b]| v

Proof: Coercivity of a,

ao|| VI, < a(v.v) < [la(W)lIv]IvIlv or [VIvIIBW)Iv
implies Rg(«) is closed and g = o™ is injective. By
Theorem Rg(a)t = K(8) = {#} and thus Rg(a) = V. Then
u=a 'R, b satisfies ap||u||y < ||a(u)|v = |R;,'b|lv, and
IR, blly = ||b]|v since Ry is an isometry [26]. |

Def: Given a Hilbert space V and a continuous sesquilinear

forma: V x V — K, the operator A € L(V, V') is defined by
a(u,v)=Au(v), uveV

and u solves the abstract boundary value problem when

Au = bholds in V.

Note: C3°(G) is not always dense in V, so how to identify V'
50 With D*(G) to get a PDE in a distributional sense?
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Strategy 1: Assume there is a Hilbert space H (a pivot space)
satisfying the identifications and continuous imbeddings,
Ve H=H <V
where H = H' is obtained through the Riesz map. Also, V (and,
in practice, Cg°(G) too) is dense in H . Define
D={ueV:Auec H}.

Since Visdense in H, u € D iff u € V and 3K > 0 such that

la(u,v)| < K|[Vll, Vve V.
Then, (in practice) Au = b € H' gives a PDE in the distributional
sense: (Au(o) =) (Ry'Au,¢)n = (R;'b, d)n, V¢ € C(G), .

Example: Neumann problem, a(u, v) = (U, V)1 (), V = H'(G),
H=L2(G), D = H*(G) and R;"Au # —Au + u.

Theorem: Given a Hilbert space V and a V-coercive
continuous sesquilinear form a: V x V — K, D above is dense
in V and hence in H.
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Proof: It is shown first as follows that A maps D onto H'. Let

b e H < V'so that, by Theorem |80, 3lu € V with a(u, v) = b(v),
Vv € V. Then |a(u, v)| = |b(v)| < ||b||g||v]|y = u € D.

Now suppose 3w € V with (u, w)y = 0, Yu € D. As in the proof
of Theorem 80}, Rg(3) = V, so 3v € V with 3(v) = w. Hence,
0= (u,w)y =(u,B(v))y = Au(v), Yu € D. For u € D,

Au(v) = (R Au, v)y. Since AD = H', choose u € D with

Au = Ryv. Then 0 = Au(v) = |v||3 = w = B(v) = 0. u

Strategy 2: Assume there is a closed subspace V; of V
satisfying the identifications and continuous imbeddings,
WSVaH=H<=V IV
where V (in practice, the completion of C3°(G) in V) is dense
in H. Define A e L(V, V) by
a(u,v) =Au(v), ueV,vel
as the formal operator determined by a, V and V;, and set
D={ueV:AueH}.
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Since Vyisdensein H, u € Diff u € V and 3K > 0 with

la(u, v)| < K|lvlln, Vve Vo
Then, (in practice) Au = b € H' gives a PDE in the distributional
sense: Au(¢) = (Ry'Au, ¢)u = (R 'b, ¢)m, Yo € C(G).

Example: Neumann problem, a(u, v) = (U, V)1(a), Vo = Hy(G),
V =H'(G), H=L%(G), D= {uec H'(G): Au e [?(G)} and
R.'Au=—Au+u.

Since D C D, the operators .A and A will be compared on D.
Fix u € D and with Au € H' define
ou(v) = Au(v) — Au(v), veV
satisfying ¢, € V/ and ¢u|y, = 0. For v € V define
Gu(V) = pu(v), V={v+vo:v e W}e(V/V).

Then ¢, € (V/ W) since

[Bu(V)] = inf |ou(v+vo)l < inf [AUllp + [|Aullw]llv + vollH

VoEVo VoEVo

2K inf ||v+ v = 2K]||V
Jnf 11V -+ volly = 2K11901vyu,

IN
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Assume there is a trace operator ~ : V — B which is a linear
surjection onto a Hilbert space B = Rg(v) and Vp = K(7).

For v € V define also on V/Vj,
AV)=9(v), V={v+vo:voe Vo} e (V/WV).

Let B be equipped with the norm

13N = 1VIlv/v, = infyev, IV + Wollv.
Then 4 € L(V/ VW, B) and 4 is an isometry.

Hence ¥’ € L(B',(V/V,)') and ¥’ is injective |27 .
Furthermore, since for v ¢ V
vWIIs = 17 (V)llB = [IVIlv/v, = infyev, IV + vollv < vy

it follows that v € £(V, B).

To see that 4 is surjective, let f € (V/ V)" and define d € B’ by
d(g) = f(57(9)), g € B,sothat ¥/(d) = d o 4 = f.
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Since 4’ is bijective, it follows that for ¢, € (V/V;)' given above,
3l9u € B’ with 4'(0u) = du o 4 = $,. Combining these results
gives

ou(y(v)) = du(§(V)) = Gu(V) = ¢u(v)
forveV,v={v+w:vwe W} e (V/W)and with linear
dependence upon u. This result is summarized as follows.

Theorem: Under above stated assumptions, 30 € L(D, B')
such that Yu € D, du(~(v)) = Au(v) — Au(v),Yv € V.

This result is called the abstract Green'’s identity where 9 is the
abstract Green'’s operator.

Study Question: Determine a norm on D so that 0 € £(D, B').

Example: For the Neumann problem, V = H'(G), Vo = H}(G),
v =0, B= Hz(9G) < [2(0G) = L2(0G) < B' [64] and 9 is an
extension of y; from H?(G) to D with [|u[|3 = [[ulfz g + AulZ g)-



Abstract Boundary Value Problems
As in the Note |78,

> |f boundary conditions are explicitly prescribed in V (e.g.,
Dirichlet boundary conditions with V = H}(G)) then these
are called forced or stable boundary conditions.

> |If boundary conditions are not explicitly prescribed with V
(e.g., Neumann boundary conditions in V = H'(G)) then
these are called variational (natural) or unstable boundary
conditions.

Assumptions for the following:
» There is a closed subspace V, of a Hilbert space V
satisfying the identifications and continuous imbeddings,
W<VoH=H<=V V]
> 3y e L(V,B) where B = Rg(v) is isomorphic to V/V,.
» Vo = K(v)is densein H.
(In practice, V; is the completion of C3°(G) in V,
and the pivot space is H = L?(G).)
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» da;: VxV —Kandas: Bx B — K both continuous
such that
a(u,v) =ay(u,v) + a(yu,vyv), uveV
(e.g., ar(u,v) = (U, V)1 ),

ax (¢, v) = (v, ¥)125G))
» by € H', bo € B such that
b(v) = by(v) + ba(yv), veV
(e.g., b1(v) = (f, V) 12(G),
Consequences: ba(v) = (9, ¥)12(0G))
» Define Ay € L(B, B') by
Aop(¥) = az(p,¥), w0 €B
(e.9., Rg' A2 = ¢ € B= Hz(G))
» Define Ay € L(V, V) by
Awu(v)=a(u,v), ueV, vel
(e.9., R 'Aju=-Au+u e H=L3QG))
» Define Dy ={uec V:AwuecH}
(e.9., u€ Dy = u,Au € L?(G))
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» According to Theorem define 97 € L(Dy, B') by

ai(u,v) — Aju(v) =o1u(vyv), ueby, veV (1)
(e.g., 01 extends ~1)
Theorem: Assume the Hilbert spaces, forms and operators are

given as above. Then u € V solves
ai(u,v) + ax(yu,vv) = bi(v) + bo(yv), VveV (2)

if and only if u € Dy solves

Aju=by and Oiu-+ Ag(’yU) = bo. (3)

Proof: Let u € V solve (2). Choosing v € Vy = K(7) in (2)
gives |ai(u, V)| = [b1(V)| < ||b1[|p||V][H, YV € Vo, sO u € Dy.
Thus, (R 'Aru, v)y = Aju(v) = by (v) = (R b1, V)u, Vv € V.
Since Vj is dense in H, the first equation in (3) is obtained.
Thus, (1) and (2) may be combined to give

du(yv) = bo(yv) — ax(yu,vv) = bo(yv) — Ao(yu)(vVv)
Vv € V, and the second equation in (3) follows. Now let u € D;
solve (3). Combining the previous equation with (1) gives (2)
after Aju(v) is replaced by a;(u, v)y. [ |



Examples

Suppose G C R" is open and bounded and that A = {a;}7;_,
a=— {a,-}j’-’:1, ag satisfy a; j,a;,a9 € L*°(G). Then define
ai(u,v) = [ {VU'AVV +a'VuVv + aguv}
Take H = L2(G). Fix I C 0G and define the closed subspace
V={veH (G): (nv)|r =0} < H(G)
Take Vo = H}(G), v = vo|v and B = Rg(v). Then A, satisfies
R'Aju= -V (AVu)+a'Vu+apu, ue D
where Dy ={ue V: Ajuec H'}.
According to Theorem | 85 | define 0 € L(Dy, B') by
ai(u,v) — Aju(v) =ou(yv), ueby, veV
Forajju,ve C>(G), the Green’s Theorem gives
ai(u,v) — Aju(v fae\r Oal(yoV), Oau=vTAVU
so 0 extends 9, from H2(G) to Dy. Define bi(v) = (f,V)2(g)-
By Theorem the weak solution, a;(u, v) = by(v), Vv € V, is
a generalized solution to
R'Aiu=finG, u=0o0nT, O,u=00n0G\l
called a mixed Dirichlet-Neumann BVP for ||, [0G\I'| > 0.
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It is a purely Dirichlet (type 1) BVP if |0G\l'| = 0 and a purely
Neumann (type 2) BVP if [[| = 0.

Example of a Robin (type 3) BVP: Define H = L?(G),

Vo = H§(G), V = H'(G), v = 70, B=Rg(y) and
ai(u,v) = [4Vu-Vv, uvel.

Then R'Aju= —Auforue Dy ={ue V:AueH}.

According to Theorem | 85 | define 9y € L(Dy, B') by
ai(u,v) — Aju(v) = oyu(yv), ueby, veV
which extends v; from H?(G) to D;.

Suppose f € LZ(G) g € L2(8G) and a € L*°(0G) and define
ax (e, v) = [ygapt, ¢, € L2(0G)
b(v) = bs(v )+b2( )= (f,V)i26) + (9:70V)12096), VEV.
By Theorem |88 | the weak solution u to
a(u,v) =b(v), vveV
is a generalized solution to
—Au=finG, J,u+au=gonoaG.
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For a = 0, this is an inhomogeneous Neumann BVP.
How to formulate an inhomogeneous Dirichlet BVP?

For example, consider the Dirichlet BVP,

—Au=finG, u=gondG
where g = 9. for some g. € H?(G). Thus, g. is an extension
or a lifting of g from 0G to G.

With w = u — g. and f = f + Ag. the above BVP becomes
~Aw=FfinG, w=00ndG
For this, take H = L2(G), Vo =V = H{(G), vy =1 and
aj(w,v) =Aw(v)= [(Vw -VV, w,velV,
SO A1w:—F?H AwforweD1_{W€V:A1weH’}.
By Theorem the weak solution w to
ai(w,v)=(f,vV)y, YveV
is a generalized solution to
R,'Aiw=finG, w=00ndG
and u = w + g. is a generalized solution to the above
inhomogeneous Dirichlet BVP.
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Suppose G = GU GUT for open G, G where GN G =0,
N=0GNoGand X =90GUIG with 0G, 0G sulfficiently regular.
Let © and  be the outward unit normals at Gand G with
p+v=0atl. With H=[%(G), V = H'(G), V = H'(G) and
V=%V —"yv on T, ve{veH:veVnV}
set V={veH:[v]=0,ve VnV}
and with 15 = H1(G), Vo = H}(G),
Vo={veH:ve hn V)
so that with v = vy,
W =K(y) and B=Rg(y)C LA(%).

Fora € C'(Gy), 4 € C'(Gy), define continuous

a(u,v) = [aVUu-VV + [3Vu-VV, u,veV

and Aju(v) =a1(u,v), ueV,vel.

Thentakingv e Vpandue Dy ={ue V:Ajue H} gives
R)'Aju=-V-(avu)inG and - V-(iVu)in G
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So by Theorem |85 39 € L(Dy, B') satisfying
oru(yv) = ay(u,v) — Aju(v), ueby, veV
For u,v € C>(G), the Green s formula gives
ai(u,v) — Au(v) = [,54vo, u+ [,5ivo,,u
= [5anoa Vadou + faemae Vidyu + [ V[0, + 80y]u

40, on OG\I
so 9y extends %9y on 9G\I
ad, +480y, on T
from H?(G) to Dy. For f € L?(G) and g € L?(9G) define
b(v) = b1(v) + bo(v) = (£, V)1 + (9, %v V) 2(5G)-

By Theorem the weak solution u € V to
ai(u,v) =b(v), VYvev,
is a generalized solution to
R'Aju=finG, [u=0onT,
A0,u=gon dGN G, #dyu=gondGnIG,
aopu+ddyu=0o0onT



Coercivity and Elliptic Forms

Suppose G C R" is open and that A = {a,-,-},’.jj:1, a= {aj}f:1, ag
satisfy a; j,a;,a9 € L*°(G). Then define
a(u,v) = [ {VU'AVV +a'Vuv + aguv}

Def: The form a s strongly elliptic if 3co > 0 >
RETAL > ¢ol¢?, VE€K", VxeG

Theorem: If the form ais strongly elliptic Ao € R 5 VA > A\g
the form a(u, v) + A(u, v)2(g) is coercive on H'(G).

Proof: Set K; = max{HajHLoo(G)}]’-’:1, Ky = essinf{?Rao(X) X e G}
Thenfor1 <j<nandanye > 0,
(aj0u, U)2(q)| < KillOjull 2 llUll 12
< %K1 [EHB/UH§2(6) + HUHEZ(G)/G]
Also, R(aou, u) > K0||u\|f2(G).
Combining with the ellipticity condition gives Yu € H?(G),
é}%a(uv U) > (CO - %€K1)HVUH§2(6) + (KO - %I’IK1/€)”U”i2(G)
The result follows with ¢y > Kie and \g + Ko — 3nK2/e > 0. W



Coercivity and Elliptic Forms

Corollary: Let a and )\ be as above. For ' ¢ G with || > 0
set V={veH (G): (V) =0}, H=L?G)and
Vo = H}(G). Define A, so that for A > Ao
a(u,v)+ Mu,v)=Au(v), ueV,ve W
with Dy = {u € V : Ayu € H'}. Then for f € L?(G), the BVP is
well-posed,
a(u,v) + Au,v) = (f, V)2, Yvev
and the solution satisfies u € D, and
(A = 2o)ullizea) < Iflli2(q)-
Proof: Well-posedness follows from Theorems |80]and |94 /.
Then Theorem gives u € D,. Recalling
Au(v) = (Ry'Au,v)p = (f,v)y, YveV
it follows that || R,;' Asul|2(g) = |If]l12(g) Since V is dense in H.
Then with estimates from the proof of Theorem |94,
(A= o)lluliZ2 g < alu, u) + Mu, u)2g)
= Au(u) < ||Ry Aull 2y llull 2(q)
and the claimed estimate follows after factoring ||ul|2(g)-
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Theorem: Let G be open in R" and suppose 0 < x, < K,
Vx = (X', xn) € G. Let 9G be a C' manifold with G on one side
of 0G. Let v = (14, ..., vp) be the outward unit normal at G
and ¥ = {x € G : v, > 0} with |[£| > 0. Then Vu € H'(G),

Jo Ul < 2K [ oul? + 4K? [4 | Dpul?

Proof: For u € C'(G)and F = (0,...,0, x,|ul?) the Gauss
Theorem [,.v-F = [,V - F gives

Jogvn(xnlu?) = [ Dn(xnlul?) = [ |ul? + [ u(2xaDpu)
The last term satisfies

| [gu(@xnDpu)| < % [51ul? + § [512X%aDpul?
< 3 Jg|uP +2K? [ Dauf>
Combining these estimates gives
JeluP =[5 vaXalul® + [z vnxa|ul® — [ u(2xaDnu)
< Js vnxalu? + 3 [ |ul? +2K? [ |Dpul?

since vpxp, < 0 on 0G\X. With 0 < vpx, < K on X, the claimed
estimate follows. [ |
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Corollary: If a; of the mixed Dirichlet-Neumann BVP is
strongly elliptic and its coefficients additionally satisfy a; = 0,
1<j<nandRay>0inGand{x€dG:vp, >0} =X CTC
0G with |£| > 0, then the BVP is well-posed.

Proof: Since a;(v,v) > COHVVHLZ(G), it follows with
Theorem | 9 | that the form

a(u,v) = ay(u,v) +az(u,v), a(u,v)= [syuyv
is coercive on all of H'(G) and so in particular on the subspace
V ={veH(G): (7V)|r = 0} where a= ay. Also, a= a is
bounded on V x V, and b = by is bounded on V. Thus,
well-posedness follows from Theorem |80 . u

Study Question: Show that the weak Robin BVP |20 | is well
posed for o > 0. Hint: Adapt Theorem |95 .

Study Question: For data c, f supportedon S C G with

|S| > 0, define a(u, v) fG[V2u V2v + cuv] and b(v) = [ fv
for u,v € H?(G) and show well-posedness of the problem
a(u,v) = b(v), Vv € H?(G). Hint: Adapt Theorem |95 .
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Theorem: Suppose G C R” is open and bounded and lies on
one side of G which is a C' manifold. Suppose a; of the
mixed Dirichlet-Neumann BVP is strongly elliptic with
aj=0,1<j<n, and Rag > 0. Then the BVP is well-posed.

Proof: Clearly, the form ay is bounded on V x V and the form
by is bounded on V. To show that a4 is coercive on V x V,
suppose FH{ux} C V'3 [|uk|ly1(g) = 1 while a1 (u, uk) k=ee .
Then H'(Q2) boundedness implies weak subsequential (again
say {uk}) convergence in V to some ug; see |32 . The
compactness of H'(Q) in L2(Q) implies strong subsequential

(again say {uk}) convergence in L?(Q); see | 75|. Because of

k ,
a1 (U, ux) =3 0, the sequence converges strongly in V to ug,

which must satisfy ai(ug, Up) = limk_.o. @1 (U, ux) = 0. So
Up € Vis constant, and up|r = 0 means up = 0. This
contradiction of [[ug | 41 (q) = limk—co [|Uk|| H1 () = 1 implies
coercivity. Then well-posedness follows from Theorem |80 .
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Theorem: Let G be bounded and open in R” and suppose 0G
is a C?-manifold of dimension n— 1. Set H = L?(G) and
V = H'(G). Let a; j,aj,a € C'(G) and assume that
a(u,v) = [g{VU'AVV +a'Vuv + aguv}
is strongly elliptic. Let f € H and suppose u € V satisfies
a(u,v) = (f,v)2, VvevVv
Then u € H?(G). The same holds for V = H}(G). u

Def: Let V be a closed subspace of H'(G) with Hl(G) < V,
and let a be a continuous sesquilinear formon V x V. Then a
is called k-regularon Vif Vf € H%(G),0 < s< kandVu e V
solving a(u, v) = (f,v)2(g), YV € V, there holds u € H**5(G).

Theorem: The form a of the previous theorem is k-regular over
H'(G) and H}(G) if 9G is a C**2-manifold and
ajj,aj,a0 € Ck+1(G). |
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Def: Given a Hilbert space H and a D < H with A € L(D, H),
the graph of A is the subspace
G(A) = {[x,Ax] : x € D}
of the Hilbert space H x H equipped with

(Ix1, ], 1, Yol HxH = (X1, Y1) H + (X2, Y2 )H
and A is closed on H if G(A) is a closed subset of H x H.

Lemma: If A € L(D, H) is closed and continuous, then D is
closed.

Proof: If D > x, — x € H, then {x,} and hence {Ax,} are
Cauchy sequences. Since H is complete, 9y € H 5 Ax, — .
Since G(A) is closed, [x,y] € G(A), y = Ax and x € D. [ |

Def: For A € L(D, H) with D = H, the adjoint A* is defined with
domain D*, the subspace of y € H such that x — (Ax, y)y is
continuous at each x € D. By | 11, this functional has a unique
continuous extension to H, and applying Theorem to the
extension means 3!A*y € H >

100 (AX,y)y = (X, A*Y)y, xeD, yeD*.
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Lemma: Let A € L(D, H) with D = H and A* and D* as above.
Then A* is closed.

Proof: Choose y, € D* 5 y, — y and A*y, — z. Then for

x €D, (AX,¥)H < (AX, ¥n)H = (X, A*Yn)H — (X, Z)H. Since

X — (x,z)y is continuous at x € D, so is x — (AX,y)y. Thus,

y € D*and z = A*y so A*y, — A*y. [ |

Lemma: Let A € L(D, H) with D = H and A* and D* as above.
Then A* is continuous and hence D* is closed.

Proof: If A* is not continuous, 3{y,} c D* with ||y,||y = 1 and
|A*Ynllg — oo. By (AX,¥)n = (X, A*Y)n, X € D,y € D*, it
follows that |(x, A*Yn)H| = [(AX, Yn)H| < ||AX||H, VX € H, soO
{A*y,} is weakly bounded. By Theorem |31, {A*y,} is
bounded, a contradiction. [ |

Lemma: Let A € L(D, H) with D = H and A* and D* as above.
If Ais closed, then D* is dense in H.
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Proof: Suppose 0 # y € (D*)*. Since A € L(D, H),

[0,y] € G(A). Since G(A) is closed, G(A) # H x H, so define
the projection P : H x H — G(A)+. Then define [u, v] = PJ|0, y]
so that f(xq, x2) = (U, X1)y + (v, X2) 4, X1, X2 € H, satisfies
f(0,y) # 0and f(G(A)) =0. By 0 = (u, x)y + (v, AX)y

= f(x, Ax), x € D, the continuity of x — (v, Ax)y follows from
the continuity of x — (u, x)y. Hence, v € D*, and

(v,y)w = f(0,y) # 0. But this contradicts the assumption that
y € (D*)*. Hence, (D*)* = {0}, so D* is dense in H. |

Theorem: (Closed-Graph) For D < H, suppose A € L(D, H).
Then Ais closed and D = H if and only if A € L(H).

Proof: If Ais closed and D = H, then the last two lemmas
imply that D* = H and A* € £(H). Also, by Theorem
(A*)* € L(H) follows. But
(A, Y)y = (X, A*Y)y, VxeD, VyeD*
with D = H = D* shows A = (A*)*, so A € L(H). Conversely,
A € £(H) means that x, = x = Ax, =3 Ax, so Ais closed. B
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Example: Take H = [?(G) and G = (0,1). Let A= iD and
D(A) = H}(G). If G(A) > [un, Aup] — [u, V] € H x H then

1
/Aun<p _ —// U D7, € CF(0)
0

o
/ Vg = —i/ uDg
0 0

1
so that v = iDu = Auand u, % u. Hence, u ¢ H{(G) and A
is closed. To determine the adjoint, note that

1 1
Auv:/ uf, Yue H{(G) (= D(A))
0

holds for some v, f € L2(G) if and only if f = iDv and
v € H'(G). (Alternative Definition!) Thus D(A*) = H'(G) and
A* = iD is an extension of A.
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Since A* is an adjoint, it is closed. To determine the adjoint
A = (A*)*, note that [u, f] € G(A*) if and only if

1 1
/A*vu:/ Vi, weH'(G) (= D(AY)
0 0

Since this holds Vv € C3°(G), it must be that f = iDu.
Substituting shows that

1 1
; = - 1 _ [ A*
I/o Dvu = //0 vDu, vYve H'(G) (= D(A))
or
1
0 :/ D(vT) = v(1)a(1) — v(0)7(0), v e H'(G)
0
implying u(0) = u(1) = 0, so u € H{(G) = D(A**). Hence,
1 1 1
/0 Auv:/o uA*v:/ A*uv, Yu e H)(G), Vv € H'(G)

0
it follows that A** = A.
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Example: Take H = L?(G) and G = (0, 1). Let B = iD with
D(B) = {u € H'(G) : u(0) = cu(1)}
for some ¢ € C. Then for v, f € L?(G), B*v = f if and only if

.
/iDuv:/ uf, Yue D(B)
0

Taking u € C3°(G) < D(B) gives f = iDv(= B*v) and
v € H'(G). Substituting shows that

0= i/1 D(uv) = iu(1)[v(1) — cv(0)], Yu e D(B)
0
implying v(1) — cv(0) = 0, so
D(B*) = {v € H'(G) : v(1) = cv(0)}.
and B* = iD.

105
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Hilbert spaces V, H are given with V dense in Hand V — H.

Suppose ais a sesquilinear form, continuous on V x V. Recall
a(u,v) =Au(v),u,ve VandD={ue V: Aue H}.
Now take
Da)=D={ueV:3IK>05>|a(u,v)| <K|V|y, Vv e V}
and A € L(D(2), H) defined by
a(u,v) =(au,v)y, YueD(n), VvelV.

Define the adjoint sesquilinear form
r(u,v)=a(v,u), u,veV

with
D(R)={ue V:3K>05>|r(u,v)| < K|Vv|n, Vv e V}
and R € L(D(B), H) defined by
r(u,v) = (Ru,v)y, vueD(R), vvelV.

Theorem: If 3\,c > 0>
Ra(u, u) + A||u||, > c|ul3, YueV
then D(2) is dense in H, A is closed, A* = R and D(a*) = D(R).
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Proof: Theorem shows D(2) is dense in H. Since the
sesquilinear forms a and r are adjoints of each other,

A* =R < R* =A. Soifitis shown that A* = R, it follows from
Lemma that A = (2*)* is closed.

Fix v € D(R). Then Vu € D(2),
(au,v)y = a(u,v) =r(v,u) = (Rv,u)y = (U,RV)y
so D(R) < D(a*) and A*|p(z) = R.

To show D(2*) < D(R), it will first be shown that (& + \) is
surjective. Let f € H and define
b(v) = (f,v)y, veH.
Then b and a are continuous on V, and because of the
assumed coercivity, it follows from Theorem [80], 3w € V
aw,v)+AXw,v)y=>b(v), vYveV

and
[a(w, v) + AW, V)u| = b(v)| < [IFllallvin
Thus w € D(a + \) = D(a) and
(A+Nw,v)y=a(w,v)+AXw,v)y=(f,v)y, VYveV.
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Since V isdense in H, (A + A\)w = f. Therefore, A + X and
similarly R + X are surjective. Now suppose u € D(2*). Then
there is a up € D(R) such that
(R+Nup = (2" + M.
Then Vv € D(»),
(A+MV,Uu)H = (v, (B"+ Nu)q = (v, (R+ A)Uo)H
= a(v, up) + A(V, Up)H = ((A+ AV, Uo)H.
Since A + )\ is surjective, u = vy € D(R). Hence, D(2*) < D(R). &

Theorem: Let V and H be Hilbert spaces with V dense in H
and assume the imbedding V — H is compact. Let abe a
sesquilinear form continuous, coercive and symmetric on V,
a(u,v)=a(v,u) =a(u,v), uveV
Let A € L(D(»), H) be defined by
a(u,v) =(au,v)y, YueD([®n), VveV

where
D(a)={ueV:3IK>05>3l|a(u,v)| < K|v|u, Vv e V}.
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Then 3{v;} eigenfunctions of A with
n—oo

AV/:A]V/, (VI7Vj)H:(SI]7 0<)\1§§>\n—>+00
and {v;} is a basis for H.

Proof: By Theorem | 106], D(a) is dense in H. To define o~ let
f € H and define b(v) = (f, v)y for v € V. Then b is continuous
on V and ais continuous and coercive on V x V. Thus, by
Theorem (80, 3lue V 3
alu,v)=>b(v), VYveV
and
|a(u, v)| = [b(v)] < [[fllnllv]lH
Thus u € D(2) and
(au,v)y = a(u,v) = (f,v)y, VveV.

Since Vis dense in H, au = f. Therefore, 2 is surjective. For
feH,setu=na""fe D(n). By V-coercivity and V < H,

2= flly > (2u, u)y = a(u,u) = collull§y = oA~ [,
Since f € H is arbitrary, A~" € L(H).
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From the symmetry of a and Theorem it follows that

A = A*,

Forx,y € H,u=2""x,v=2a""y satisfy u,v € D(») and so
(A_1X’y)H:(U7AV)H:(AUa V)H:(X’A_1y)Ha vx,y € H

and thus 2~ is self-adjoint. For {f,} C H, u, = A~ 'f, € D(n),

cllfallullunllv = Ifalltlltnllr = (Rtn, un)w = &(un, un) = collunll5,

where V — H has been used. So if {f,} is bounded in H, {up}

is bounded in V. Since the injection V — H is compact, {un}

has a convergent subsequence in H, and thus A~ is compact.

Applying Theorem to o~' gives a sequence {v;} of
eigenfunctions orthonormal in H such that
Rg(2a~") = D(a) C (vj) or H=D(2) C (vj) C H, i.e., {v;) = H.
Also, the corresponding eigenvalues {;;} satisfy
il > |pjet] == 0. Since ais symmetric,
1illZ/ 1 = (Bv;, vi)n = a(v;, v))

= a(v;, v;) = (av;, vy = (v, 2w = lvli§/5;

it follows that ; = 7.
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Since ais V-coercive,
1ill%/ 1y = (2vj, i) = a(vj, v) = cllvll§ > 0
it follows that yi; > 0. Then the eigenvalues \; = 1/p; for A

satisfy 0 < Ay < -+ < A\p =3 +o0. ]

Corollary: Let the assumption in the previous theorem that a is
V-coercive be replaced by the condition that

a(v,v) + \v|2 >c|vlly, YveV
for some A € R and ¢ > 0. Then there is an orthonormal
sequence of eigenfunctions of A which is a basis for H and the

n—oo

corresponding eigenvalues satisfy -\ < Ay <--- <\ — .

Example: Take H = L2(G) and G = (0, 1). Let V = H}(G) and
a(u,v) = f01 DuDv
The compactness of V < H follows from Theorem |74 |. Then

Theorem 96 | shows ais HJ(G) coercive. Thus Theorem
applies. The eigenfunctions and corresponding eigenvalues for
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A = —D? with domain D(2) = H}(G) N H?(G) are:

A= (m)?, vi(x) =2sin(jrx), j=1,2,...
Since {v;} is a basis for L?(G), each f € L2(G) has a Fourier
sine-series expansion. Similarly for G = (0,1)" C R".

Example: As above but now let V = H'(G). The compactness
of V — H follows from Theorem |75|. So Corollary applies
for any A > 0. The eigenfunctions and corresponding
eigenvalues for o = —D? with
D(n) = {v € H?(G) : v/(0) = v/(1) = 0} are:

Vo(X) =1, vi(X) = 2cos(jrx), j>1, A= (jm)? j>0.
Similarly for G = (0,1)" c R".

Example: As above but now let

V ={ve H'(G): v(0) = v(1)}. The compactness of V — H
follows from Theorem |75 |. So Corollary applies for some
A > 0. The eigenfunction expansion for A = —D? with

D(n) = {v € H?(G) : v(0) = v(1),v/(0) = v/(1)} is just the
standard Fourier series.
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Consider the model problem for G = (0, ),

U = Ux=23aAUu xe@G, t>0
u = 0, xeoG, t>0
u = U, xeG, t=0
The solution is -
u(x, t) = S(t)uo(x) = > (o, Vi) vke™!
k=0

where {v,} are orthonormal eigenfunctions in H = L?(G) and
{\k} are the corresponding eigenvalues of A.

Also the solution operator S(t) is roughly exp(At) and satisfies
the following properties:

Def: A contraction semigroup on H is a family of operators
{S(t)}+>0 C L(H) satisfying:
a. [|S(H|y <1, b. S(t+7)=S(t)S(r),t,7 >0,
c. S(0) =1, d. S(t)u € C([0,x),H),Vu € H.
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Differentiation gives formally D;S(t) = D; exp(at) 29 a:

Def: The generator of a contraction semigroup is an operator A
with domain

D(n) ={u e H: D:S(t)u|i—o exists in H}
and value Au = D;S(t)u|i—o. |

For S(t) = exp(at) to exist for t > 0, the generator A should be
a negative operator:

Def: An operator & € L(D(2), H) is dissipative if R(Au, u)y < 0,
Yu e D(2).

Theorem: (Lumer-Phillips) Given a Hilbert space H and
D(2) < H, an operator A € L(D(2), H) generates a contraction
semigroup if and only if

» A is dissipative,
» A — \lis surjective for VA > 0.
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Def: A classical solution to the Cauchy problem is a function
u € C([0,00), H) N C'((0, 00), H) satisfying

u'(t) = au(t), u(0)=uy
as well as u(t) € D(»), Vt > 0.

Def: A function u € C([0, 00), H) is a mild solution to the
Cauchy problem if
fo s)ds € D(») and Afo s)ds = u(t) — up.

Theorem: Given a Hilbert space H and D(2) < H, an operator
A € L(D(»), H) generates a contraction semigroup S(t) if and
only if for all Vuy € H there exists a unique mild solution u(t) to
the Cauchy problem, and u(t) = S(t)up.

Example: For the model problem define H = L2(G), V = H}(G)
and a(u,v)= [gDuDv, u,veV
Then take
D(a)={ue V:3K>0> |a(u,v)| < K|V|n,Vv e V}
and A € L(D(2), H) defined by
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—a(u,v) = (au,v)y, Yue D(n), VvvelV.
It follows immediately that A is dissipative.
To show the surjectivity condition above with A > 0, let f ¢ H
and define b(v)= [gfv, veV
By Theorem |98, 3lue V 5
a(u,v) + ANu,v)y=b(v), vveV

By Theorem |88, u € D(a) and hence

—(au, vy + Nu,v)y = a(u,v) + XNu,v)y = b(v), YveV
Since V is dense in H, it follows that —au 4+ \u = fin H.
By Theorem | 114, A generates a contraction semigroup S(t).
By Theorem | 115, u(t) = S(t)up is a mild solution to the
Cauchy problem, u/(t) = au(t), u(0) = up.

Study Question: Obtain a mild solution for the wave equation,

Ut = Ux, X€G, >0
u =0, xe0G, t>0
u = u, xe@G t=0

u = u, xeG, t=0
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