SOLUTIONS TO THE STUDY QUESTIONS FOR HILBERT
SPACE METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS,
WINTER 2012

1. STUDY QUESTIONS

Problem 1 (Showalter, p. 6). Prove that the mapping C(G) > f — Ty € Co(G)*
defined through

Ty(p) = /G f5. peCu(@)

is a linear injection but not surjective.

Proof. For f,g € C(G) and « € K we have

Taf+g(<ﬂ):/G(ozf+g)¢:a/Gf¢+/Gg¢:an+Tg,

for all ¢ € Cy(G), showing that the map f — T is linear.

Since we have show that f +— T} is linear, to show that it is injective, it is
sufficient to show that the kernel of this mapping contains only the zero function in
C(G), that is, if Ty = 0 then f = 0. Suppose that 0 # f € C(G) so that f(z) # 0
for some zg € G. Then there exists an open set S CC G such that xy € S and
|f(z)| = 3| f(z0)| for all z € S, by continuity. Let 1) € Co(G) be such that ¢ = 1
on a nonempty subset Sy CC S, where meas(Sy) > 0, such that ¢ € Sp, 0 <9 <1
on Sand ¢y =0o0n G\ S. Let ¢ = fip € Cy(G). Then ¢ # 0 since p(x9) = f(x0).
Hence

Tye) = [ o= [ 150> [ 1P = pmens(So)lfan) > 0.

Thus, Tt # 0 and this proves that the map f — T is injective.

Now, let us show that the above map is not surjective. Consider the functional
0z € C(G)* defined by 0, () = w(x0), for ¢ € Co(G), where z9 € G. Suppose
that 05, = Ty for some f € C(G). Let x € G\ {xo} and let x € Sy CC S CC G
with 29 ¢ S. This is possible since K is a Hausdorff space. Let ¢ € Cy(G) be as
above, so that ¥(x¢) = 0, and let ¢ = f1. Then

2 < / 1B = Ty() = 6o () = p(a) = 0.
So G

Hence f = 0 on Sy and in particular f(z) = 0. Since z € G \ x¢ is arbitrary, we
conclude that f(x) =0 for all z # z¢ and by continuity it follows that f =0 on G.
Thus Ty = 0 and in turn d,, = 0, which is a contradiction. This proves that the
said map is not surjective. ([

Problem 2. Let G = (0,1), fix a compact K CC G, and define

Prc () = sup |2(t)]-

Show that (C(G), Px) is a seminormed linear space which is complete.
1
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Proof. For z,y € C(G) and « € K, it holds that
Pg(z+y) = suplz(t)+yt)] < sup(lz(t)|+[y(t)])
tek teK

< supfz(t)[ +sup |y(t)] = Px(x)+ Pr(y)
teK teK

and

Px (o) = sup [ax(t)| = sup [af[z(t)| = [a| sup [2(1)| = || Pk (2).
teK teK teK

Therefore Pk is a seminorm on C(G).
To show completeness, let (z,,), be a Cauchy sequence in (C(G), Pk ), that is,

lim Pg(z, —xm) =0.

n,Mm—00
For each t € K we have |z, (t) — 2 (t)] < Pk (2, — 2.,). This estimate shows that
(2, (t))n, t € K, is a Cauchy sequence in K. Because K is complete, x,(t) — ; for
some x; € K. Define z : K — K by z(t) = 4.

Let € > 0. There exists a positive integer N such that |z, (t) — 2, (f)| < €/3 for
every t € K and n,m > N. Letting m — oo we have |z, (t) — x(t)| = |z, (t) — 2¢] <
€/3 for all t € K and n > N. Since zy € C(G), there exists § = §(¢,€) > 0 such
that |zy(t) — o5 (s)| < €/3 whenever t,s € G and |t — s| < §. Hence for each
t,s € K and |t — s| < 0 we have

(1) —a(s)| < |z(t) —2n ()] + |2n () — 2 (s)] + [ (s) — 2(s)| <e
As a result, * € C(K). By Tietze’s Extension Theorem! (if K = C apply the
theorem to the real and imaginary parts), which is applicable since G = [0,1] is
normal?, there exists # € C(G) such that #(t) = x(t) for all t € K. Because G is
compact and & € C(G) it follows that # is bounded on G, and hence in K, so that
Pk(if) < 00.

Since |z, () — Z(t)| = |zn(t) — 2(t)] < €¢/3 for all t € K and n > N, taking
the supremum over all t € K, we obtain Pg(z, — %) < €/3 for all n > N, and
so z, — & in (C(G), Px). This proves that the seminormed space (C(G), Pk) is
complete. O
Problem 3 (Showalter, pp. 10-11). Let G = (0,1), define p(z) = [, |z| for
z € C(G) and prove that (C(G),p) is a normed space which is not complete.

Proof. For each x,y € C(G) and o € K we have

pzty) = /|x )4yt |dt</|x ()] + ly(b)] dt
/ (1)) dt + / (o) dt = p(z) +p(y)
0 0

1 1 1
ploc) = / (1) dt = / jalle(8)| dt = | / l2(8)] dt = [alp(a).

IN

and

1[Munkres, Theorem 35.1] Let X be a normal space and A be a closed subspace of X. For any
continuous map f : A — R there exists a continuous map F : X — R such that F(z) = f(z) for
all x € A.

2[Munkres, p. 195] A topological space X is said to be normal if for each pair of pairwise
disjoint closed sets A and B in X, there exist two disjoint open sets C' and D such that A C C
and B C D.
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Clearly p(¢) = 0. Suppose that = # 0. Let ¢ty € G be such that x(tg) # 0. Then
there exists a nonempty open set (a,b) C G such that |z(t)| > |z(t9)|/2 for every
t € S. Thus

0<

. b
| (;0)|(ba)§/a |z (t)] dt < p(x).

Therefore (C(G),p) is a normed space.
Let us show that this normed space is not complete. For each n > 2 define
Ty : G — R by

0, 0<t<$-1
() =qnt—4H+1, I-L<t<i
1, 1<t<1.

It is clear by definition that z,, € C(G) for all n > 2. Let us show that (z,)n>2 is
a Cauchy sequence in (C(G),p). Let € > 0. Choose a positive integer N > 2 such
that%<ef0ralln2N. For all m > n > N we have

pan =) = [ o) — at)] de = & (1 - 1) <

n m

Assume that x,, — z for some z € C(G). Note that

/0 a(t) — 2(t)] > / [ () — 2(t)] dt + / [ (8) — 2(t)] dt

L 1
/0 |gc(t)|dt+/l 11— ()| dt

2

Nl
3|

Thus
1
[ = atlde < oo, - 2)

and

3=

/ a0 dt < pla — )
0

and letting n — oo, we obtain that x(t) = 1 for all ¢t € [3,1] and z(t) = 0 for all
t € [0,1/2) and so x is not continuous at 3,
(%1)n>2 is a Cauchy sequence in (C(G), p) which do not converge in an element in

O(G). O

which is a contradiction. Therefore

Problem 4. Prove [Showalter, Theorem 4.2], specifically, if (H,| -||) is a normed
space for which K= C and || - || satisfies the parallelogram law

Iz +ylI? + llz = yl* = 2]z + 2lly1%,
then an inner product for H may be defined by the polarization identity
1 ; ) . )
(@y) = 7l +yll* = llz = yl* + ille + iyll* —illz - iy[]*)

which satisfies (+,+) = ||-||?>. The complex terms are dropped for the case that K = R.
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Proof. We only prove the case where K = C. Suppose that H is a scalar product
space with inner product (-,-). Then ||z|| = (z,2)"/? defines a norm on H which
satisfies the parallelogram law. From [Showalter, Theorem 3.4] (H, | - ||) has a
completion (H, | -||~), and it is given by H = W/K, where K = K(|| - ||w), W =
{(xn)n C H : (xy)n is Cauchy} and for x = (z,)n € W, ||2|lw = limp—oo [|Tn]]-
The norm || - || is defined as follows. If qx : W — W/K denotes the quotient map
and for & = gx (x) we have

el = inf [l + kllw = inf { Tim [lo, + ko 5 T ko] =0} = Tim [,
keK n— oo n—oo n—o00
Let us show that || - ||~ also satisfies the parallelogram law. For Z,¢ € H, there

exists £ = (Tn)n, ¥ = (Yn)n € W such that & = qx(z) and § = gx (y) and so
12+ 912 + 12 -gl2 = llo+yl2 +llz—yl2
= lim ||z, +yal® + lim [z, — g
n—oo n— oo
lim ||y + yn [ + 20 = ynl*)
n—oo
= lim (2llz]* + 2llyl*)
n—oo
= 2[|2[12 +2[|g)12.
Recall that the completion is a Banach space. For simplicity of notation we
replace H by H and || - ||~ by ||-||. We will prove that ||- || induces an inner product
in H satisfying (-,-) = || - ||?, and in particular, since the completion is complete,

(H,(-,-)) is a Hilbert space.
In the following, x,y, 2 € H. First, we note that from |1 + i| = |1 — i| we have

1 oL G
JUlz+al® = llz = 2 +ille + izl - illz - ]]?)

1 L G
= gl =l il ® = i1 = i)

(:E,f) -

=l
Since ||-|| is a norm, we have (z,z) > 0 for all z # 6. Using the identities ||y +iz|| =
ity +iz)|| = lliy—=[| = [l —dy[l and [ly —iz]| = [ly+i(=2)| = [[ -z —iy| = [z +iy|
we obtain that
1 . . ; .
(W,2) = Ly +al* = lly =2l —illy + iz]* + illy — ixz]*)

1 . ‘ . ‘
= Uz + ylI? = lle =yl +illz + iyl)* — il — iyl]*)
= (7,y).

It remains to show that the mapping = — (x, z) is linear for all z € H. From
the parallelogram law, we have

o+ 21 + o — 2| 2]2]|* + 2] ||
ly +2I1* + ly = 21> = 2llyl* + 2|2
lz+y+ 2l + e +y— 2> = 2z +yl*+ 2]l
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Thus
lz+ 21 + lly + 201> = |z = 2l* = lly — 2|
= 2ll|? + 202)1* + 2[lyl* + 2l|2)1* - 2]z - 2|* - 2lly — z|)?
= 2)2|” + 2]z + ylI* + 2/|2)1* = 2|z — 2[|* = 2lly — 2]|* — [l2 + yl* + |lz — yII®
=z +y+z? =z +y— 2> + 2lla +y - 2l* + 2[|=]%)
= @llz = 2l* + 2]y — 21*) = lla +y|* + [l -yl
=z +y+2* =z +y— 2>+ (lz +y|* + |z +y - 22|)
— (e +y =22l + llz = ylI*) = llz + ylI* + [l - y|®
= e +y+zl* =z +y -2l
Replacing z by iz we get
o+ 22 + ly + 2l — llo — 6202 = lly — 3212 = llo + y + i2l]? — llo +y — iz
Adding our results yields

1
(@2)+,2) = e+ +ly+ 20 e = 2" =y - =]*)
+ e+ izl + lly + izl — llo — iz]* = [ly — i)

1 _ . . .
= Jlzty+2® = llz+y -2 +ille+y + izl illz +y - iz]*)
= (z+y,2).

In particular, (2z,y) = (z + z,y) = (z,y) + (x,y) = 2(z,y). Using an induction
argument it can be shown that (nx,y) = n(z,y) for every n € N. For each m,n € N
we have

Y
m (%m, ) = (nz,y) = n(z,y)

and so (x,y) = *(x,y). Also,
1 . . . .
(—zy) = - e 4yl = | =z —y|? +ill =z +ayl|* — il -z —yl*)

1 . . . .
= == yl? = llz +yll* +ille — iyl* — iz + iy|*)

= —(x,y).

If n is a negative integer and m is a positive integer, then

(Zo) = (-5200) = - (E200) = -2 = L)

It can be easily seen that (0z,y) = (0,y) = 0 = 0(x,y). This completes the proof
that (rz,y) = r(z,y) for all r € Q.
Also, observe the following property

(iw,y) = J(liz+yl* = lliw—y|* +iliz +iy|* — illiz - iy|*)
1 . . . )
= Z(Hx —iyl? =z +iy|* + iz + ylI* — illz — y|I?)

= i(z,y).
Let o € C. By the density of the rational numbers in R, there exists sequences
of rational numbers (r,), and (s,), such that r, - Ra and s, - Sa as n —
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0o. Because the norm is continuous, and hence the inner product by the Cauchy-
Schwarz Inequality, we have

(OZ{E7 y) = lim ((Tn + iSn)$7 y)

n— o0

= lim (rpa,y) + lim (isp,z,y)
n—oo n—,oo

= nh_)rréc(rnx, y) + nh_)ng() i(snx,y)

= nhﬁngo ro(x,y) + nhﬁngo isp(z,y)

= alz,y).

This completes the proof that (H, (-,-)) is an inner product space. ([l

Problem 5. With (' = {x = (x,), : |21 = X, cn |l < 0o} define M = {z €
Y en it = 0}, With €™ = (8nm)n, show

(1) et — Jmtlem E M,

(2) dist(e!, M) < 1 and

(3) ye M= e~ ylh > &

Hence 5 = dist(e!, M) < ||e' — yl|1 for ally € M.

Proof. For each m € N, let 2™ = e! — %m—'“ . Then z™ € ¢! since ¢! is a linear
space, and

n n 1m-+1
e = 1 6n_775nm
S el zm(l 50

neN neN
_ 1 5 1 m m—|—1(S
T oI+1 "t 2m+l o om
= 0.
Thus 2™ € M for all m € N.
Since [[e! — ™|y = ||3 L e™||; = ZEL we have
m—+1 1

dist(e!, M) = mf le! — 2|1 < 1nf et — 2™, = Hg\rw 3

Let y € M. Consider the following cases. Suppose that y, = 0 for all n > 2. Since
y € M we have y; = 0 and so [le* —y|; = [e'|s =1 > 1. Suppose that yy # 0
for some N > 2. Note that n(|z| + z) + |z| > 0 for all n € N and z € R. Thus,
[Yn| > =27 yn for all n € N. Since |yny| > 0 we have n(|y,| + yn) + [yn| > 0 and

so lyn| > —NL_HyN. Hence

Il =yl = |1—y1|+( 3 yn|)+|yN|+( ) |yn|)
2<n<N-1 n>N+1
n
> |1—y1|—( T yn)+|yN| (z y)
2<n<N-1 n+l 7LZN+1n+1
n Y1
> -y =S ——y, = |1- A
11— Zn+1yn L=wl+3
n>2
1
>

1— ):f.
rznelﬁ(' d+3 2
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In any case, we have ||} — y||; > 1. Taking the infimum over all y € M we obtain
dist(e*, M) > 1 and combining the previous estimate we get dist(e!, M) =1. O

Problem 6 (Showalter, Corollary 5.3). If V' and W are Hilbert spaces and T €
LV, W), then Rg(T) is dense in W if and only if T' is injective, and T is injective
if and only if Rg(T") is dense in V'. If T is an isomorphism with T=1 € L(W, V),
then T' € L(W', V") is an isomorphism with (T')~Y € L(V',W').

Proof. Let Ry and Ry be the Riesz maps of V and W onto their dual spaces,
respectively. Since T € L(V,W) then we have T* € L(W,V), Rg(T)*+ = K(T*)
and Rg(T*)* = K(T) [Showalter, Theorem 5.2]. Now, Rg(T) is dense in W if
and only if Rg(T) = W, which is equivalent to® K(T*) = Rg(T)*+ = {#}. This is
true if and only if 7™ is injective and from the identities 7/ = Ry o T™* o R;VI and
T = R‘_,1 o T’ o Ry and the facts that the Riesz maps Ry and Ry are injective,
T* being injective is equivalent to 7" being injective.

WL»V

W |

W/ = V/

Suppose that T is injective, that is, Rg(T*)t = K(T) = {#}. This is equivalent
to Rg(T*) =V. For each v € V and w € W,
IT*w = ol = [RyMT o Rww(w)) - By (Rvo) v
T (Rww) — Ryvl|y

= T v,

where we put w' = Ryw and v = Rywv. Suppose that Rg(T*) is dense in V.
Let v/ € V' and € > 0. Then v = Ryv for some v € V. Since Rg(T*) is
dense in V| there exists a sequence (T*wy,),, where w, € W for all n, such that
IT*w, —v|y — 0 as n — oo. For each n let w), = Rww,. Then the equality
that we have just proved implies that | T"w] — v'[[y» — 0 as n — oco. Since
(T'wh)n C Rg(T"), it follows that Rg(T”) is dense in V'. The other direction can
be shown in a similar way.

The fact that T’ is bounded has been already established in the lecture. Let us
show that it is an isomorphism. Since 771 € L(W, V) we have (T~1) € L(V',W').
For each f € V' we have

(o (TY)(f) =T/ (foT) = foT~ 0T = f
and similarly ((771) o T")(f) = f. Thus (7")~! = (T~!)’ so that 7" is an isomor-
phism and (7))~ € L(V', W) O

Problem 7. Verify T =i’ o Roi in the example of identifications.

3If H is a Hilbert space and M is a subspace of H then M+ = {8} if and only if M = H. .
Indeed, if M is dense, then given u € M- there exists (un)n C M such that u, — u and from the
estimate |[ul? = (u,u) = |(u,un) — (u,u)| < ||ul/||un — u|| we have u = 0. Conversely, for u € H
we have u = uj + ug for some u; € M and us EML =MLt = {6}. Thus u = uy e M.
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Verification. Let us review some of the notations. Recall that the elements of Cy(G)
are functions while the elements of L?(G) are equivalence classes of functions. Each
f € Co(G) is square summable on G, that is, fG |f|? < oo, and so it belongs
to a unique equivalence class in L?(G), say i(f). This defines a linear injection
i: Co(G) — L?(G) whose range is dense in L?(G). By [Showalter, Corollary 5.3],
i' : L*(G)* — Co(G)* is a linear injection. Then the restriction i'|2(q) : L*(G)" —
Co(G)* is also a linear injection. For simplicity, we denote the restriction by the
same notation .
The Riesz map R : L*(G) — L*(G)' is given by Rf = (f,-) for all f € L*(G).

R

Co(G) — L2(G) —o 12(G) —2 (@)

Finally, we have the linear injection T : Cy(G) — Co(G)* given by
T = [ f@p@ds, o€ GG)
a
Thus, for f,p € Co(G) we have
("o Roi)()l(p) = [I'(Roi

Il
—
Py

o]

<

-

(
Since ¢ € Cy(G) is arbitrary, it follows that (i o Ro4)(f) = Tf for all f € Co(G).
Hence i’ o Roi =T. d

Problem 8. Show that a closed subspace of a seminormed space is complete.
(Ezercise in the textbook, but is it true?) Show that a closed subspace of a Banach
(Hilbert) space is also a Banach (Hilbert) space. Show that a complete subspace of
a normed space is closed.

Proof. A closed subspace of a seminormed space is not necessarily complete. Con-
sider the normed space, and hence a seminormed space, (C(G), p) given in Problem
3, and let Sy = {z, : n > 2}. Consider S = span Sp. It is clear that S is a closed
subspace of S, but then (z,),>2 is a Cauchy sequence in S that do not converge
to an element in S.

Let (V,]|-||) be a Banach space and M be a closed subspace of V. Suppose that
(zn)n is a Cauchy sequence in M. Then it is also a Cauchy sequence in (), in
V', and since V is complete x,, — x for some x € V. Because M is closed, z € M.
Therefore M is complete.

Assume that (V, (-,-)) is a Hilbert space and M is a closed subspace. It can be
checked that (M, (-, -)) is a scalar product space. From the previous statement, M
is a Banach space and so M is a Hilbert space with the same scalar product as with
the original space V.

Let M be a complete subspace of a normed space V' and z,, — x with (z,), C M
and x € V. Then (x,), is a Cauchy sequence in M so that x,, — y for some y € M
by completeness. Because limits are unique, we have x = y € M. Therefore M is
closed. (]
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Problem 9. Show that if two Banach spaces are completions of a given normed
space, then a linear norm-preserving bijection can be constructed between them, so
thus the completion of a normed space is unique in this sense.

Proof. Let (V,p) be a normed space and (Wq,¢q1) and (Ws,g2) be completions of
(V,p). From the definition, there exist linear injections T; : V' — W, such that
Reg(T;) = W; and ¢;(Ti(z)) = p(~x) forall x € V,i=1,2. Define T} : V — Rg(T})

by Ty = Tz for v € V. Then T} is a linear bijection. Define S : Rg(T1) — Wa by
S =Ty o Ty *. The linearity of S is clear. For each w € Rg(T}) we have

@2(Sw) = q2(To o Ty ') = p(Ty ') = u(Ty o T ') = qu ().

Hence ||S|q,,q» = 1 so that S € L(Rg(T1), W2). By [Showalter, Theorem 3.1] there
exists a unique Se : Wi — Wa such that Sc|rgr) = S.

We claim that S, is the required linear norm-preserving bijection between W;
and Wy. Let w € Wj. Then there exists a sequence (wy), C Rg(71) such that
w, — w in ¢;. From the continuity of the norms ¢; and g2 and the continuity of
S, it follows that

¢2(Sew) = Jim q2(Sewy) = Jim g (wn) = q1(w).

Therefore, S, preserves norms. If S;w = 0 then ¢; (w) = g2(Sew) = 0 so that w = 0.
Hence S, is injective. If Scw,, — y then from gq;(w, —wy,) = ¢2(Scw, — Scw,,) we
can see that (w,), is a Cauchy sequence in W; and so ¢;(w, — w) — 0 for some
w € Wi. By continuity, Sew, — Scw and so y = Scw € Rg(S.). Thus Rg(S.) is
closed.

We claim that Rg(S) = Rg(S.). Since Rg(S) C Reg(S.) we have Rg(S) C
Rg(S.) = Rg(Se). For the other inclusion, if # € Rg(S.) then S.w = z for some
w € Wj. By the density of Rg(T) in Wi, there exists (wy), C Rg(T1) such that
¢1(wy, —w) — 0. Hence (Swy,), C Rg(S). Now, we have

g2 (Swy, — x) = ¢a(Sewy, — ) = g2(Sew — ) = 0.

Hence z € Rg(S). Because Rg(S) = Rg(T2) we have Rg(S.) = Rg(S) = Rg(T») =
Ws, proving that S, is surjective. [
%

Problem 10. Show that in a scalar product space, , — x if and only if ||z,]|
lz|| and z,, — x.

Proof. Let H be a scalar product space. Suppose that x,, — x, that is, ||z, —z| —
z. From the estimate |||z, || —||z||| < ||xn—z||, obtained from the triangle inequality,
it follows that ||z,| — ||z||. If y € H then from the estimate |(x,,y) — (z,y)| <
|z, — z|||ly|| we have (x,,y) — (x,y). Therefore x, — .

Conversely, suppose that |z,|| — ||z|| and =, — z. In particular, (z,,z) —

(z,2) = [|z]*. From the inequality |R(zn,z) — [lz|?| = [R((zn,z) — [|z[I*)] <
|(zn, z) — ||2]|?| we have R(xn,z) — ||z||?. Since ||z, — z||* = ||zn]|* — 2R(zp, x) +
llz||> — ||lz||*> = 2||=]|* + ||=||* = 0, we have ||z, — z| — 0. Therefore x, = z. O

Problem 11. Show that the eigenvalues of a self-adjoint operator are all real. Show
that the eigenvalues of a non-negative self-adjoint operator are all non-negative.

Proof. Let S: H — H be a self-adjoint operator on a Hilbert space H and \ be an
eigenvalue of S. By definition, there exists a nonzero x € H such that Sz = Az.
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Using this fact we obtain that
)\||ac||2 Mz, z) = (Az,z) = (x, Ax) = (z, \x) = XHxHQ

Since [|z]|? > 0 it follows that A = X. Hence SA = (A —X) = 0 and so A € R.
In addition, if S is non-negative, then A||z||*> = (Sz,z) > 0 which implies that
A>0. (]

Problem 12. IfV is a scalar product space, show that V' is a Hilbert space. Show
that the Riesz map of V into V' is surjective only if V' is complete.

Proof. From Riesz Representation Theorem, it follows that if V' is a complete, that
is, when V is a Hilbert space, then V' is a Hilbert space with the inner product
(Ryz, Ryy) = (z,y) where Ry is the Riesz map of V onto V.

Suppose that V is only a scalar product space. From [Showalter, Theorem 4.2]
V has a completion, say W, which is a Hilbert space. Also there exists a linear
injection T : V' — W such that Rg(T) is dense in W and ||Tv||lw = ||v||v for all
veV.

Rg(T) ~—— V —% V7
/ l lQ
K W—s W

Qf

Hence S : V. — Rg(T) defined by Sv = Tw for all v € V is a bounded linear
bijection and S~ € L(Rg(T), V). We define Q : V! — W' as follows. Let f € V.
For each w € W there exists a sequence (wy, ), C Rg(T) = Rg(S) such that w, — w
in W

Q) (w) = ILm foS tw,.

The estimate |f o S~ w, — f o S7lw,| < ||fHV/||S_1Hl;(Rg(T),V)Hwn — W ||lw
shows that (f o S~1w,), is a Cauchy sequence in K and hence it converges, say to
w. If (Wn)n C Rg(S) is such that @, — w in W, then the inequality

[fo S o =@ < | flv ST craery vy (lwn — @llw + 1[0 — @nlw)
+|f o S w,, — )

proves that f o S~'w, — . It is clear that Qf is conjugate linear since f is
conjugate linear and S~ is linear. Moreover, if ||w|w < 1 then

(@N(w)| < lim |f oS L]

< lim IFIvAS ™ 2 rgery vy lwnllw
< NAVAS ™ ereery v llwllw
< F S ey v)

showing that [|Qfllw+ < || fllv/||S™ | z(rg(r),v)- Thus, Q is well-defined.
If v € V with |jv]ly <1 and w = Sv, so that ||wHW <1, and from w, — w in
W where w,, = w for all n, we obtain that

[f()] = If o 57| = (@) (w)] < Qfllw-
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Hence ||f|lv: < ||Qf|lw+. On the other hand, if w € Rg(S) with ||w|lw < 1 so that
w = T for some v € V and ||v||y <1 then

Q) (w)| = f o S7 w| = [f(v)] < || fllv.
Using the density of Rg(S) in W and the continuity of Qf, we have ||Qf|w: <
| llv-. Therefore [|Qfllw: = If]lv--

Actually, @ is a bijection. Because () preserves norms, it follows that @ is
injective. For surjectivity, let g € W'. Then g, = g|rgs) € Rg(S)". Let f =
groS € V'. Then

lim foS 'w, = lim gw, = lim gw, = gw
n—oo n—oo n—oo
whenever w,, — w in W. Hence g = Q f which shows that @ is onto.

Define an inner product on V' by (f,g)v: = (Qf, Qg)w+. The fact that this is
indeed an inner product in V' follows from the fact that @ is linear and bijective
and the fact that (-,-)w~ is an inner product in W’. Furthermore, if f € V' then
Ifllve = 1Qfllwr = (QF, Qf)ie = (f, )V, Therefore the induced norm of the
inner product we have defined in V' is just the canonical norm in V', that is, as
the space of continuous conjugate linear functionals on V. Since we already knew
that V’/ under its canonical norm is a Banach space, this would then imply that V'
is a Hilbert space.

The fact that the Riesz map is onto V' if V is complete is the content of the
Riesz Representation Theorem. Suppose that V is not complete. We will show
that the Riesz map R : V — V' given by Rx = («,-) is not surjective. Since V is
not complete, there exists a Cauchy sequence (z,), C V that does not converge
to an element in V. Define f,, € V' by f, = (n,-). Using the Cauchy-Schwarz
Inequality, we have

[fn(@) = fm(@)] = [(@n — 2, @) < [0 — 2 |]|2]

and so ||fn — fmllv: < ||#n — @] This estimate shows that (f,), is a Cauchy
sequence in V’. Since V' is complete, f, — f in V' for some V'. Assume that
R(z) = f for some z € V, that is, f = (z,-). Recall that the Riesz map is an
isometry, so that || f,.|lv: = ||zn| and || f]| = ||z||. First we have ||z,| = ||fullv: —
I7lv: = ||=||. Second, for all y € V' it holds that |(z,,y) — (z,y)| = |fn(y) — f(y)] <
I fn—=fllv:|lyl| and this estimate shows that (z,,y) — (z,y) for all y € V. Therefore,
Zn — x. By Problem 10, z,, — = in V, which is a contradiction. Hence f ¢ Rg(R)
and so R is not surjective. (I

Problem 13. Show that for f € LP(G), 1 < p < oo, (i.e., the cases other than
p=1,2) a mollification fe = f * . satisfies || fellLr(a)y < | fllLe(c)-

Proof. Let 1 < p < 0o and 1 < g < oo be such that %4—% = 1. Define f(x) =0 for
x € R™\ G. Applying Hélder’s inequality, we obtain

£ < [ o)l =l dy

) </ Pl y)pdy> " (/ ey dy) N
- (/Rn Pe(y)|f(z — y)pdy> 1/p.



12 HILBERT SPACE METHODS FOR PDES
Thus, by Fubini’s Theorem
ey = [ [ eulf@ =) dyda

[ o) [ 15 - wlrasay
[ el

= 1

A

IN

Taking the pth root gives || fellzr®n) < [|fllzr(q) and from || fellzra) < Ifellzr@m)
we obtain the desired estimate. O

Problem 14. Show that H™(G) # HJ*(G)'.

Proof. We show? that if meas(R™ \ G) > 0 then H™(G)" # HF(G)'. Assume by
way of contradiction that meas(R™ \ G) > 0 and H™(G) = HJ*(G)'. Then there
exists an open ball B such that meas(G N B) > 0 and meas((R™\ G) N B) > 0. Let
u € C§°(R™) be such that wu =1 on GNB and 0 < u < 1 (for example, if A = {z €
R" : dist(z,G N B) < 1} then we may take u = x4 * 1/4). Hence u|g € C=(G)
and so ulg € H™(G) ~ H™(G) = HJ(G)' ~ HI(G). Extending u|g to zero
outside G and denoting this extension by u. we have u. € HJ"(R™) = H™(R").
By construction, Du, = 0 on B and hence u, must be identically constant, but
this contradicts the fact that ue =1 on GN B and u, =0 on (R™\ G) N B. This
contradiction proves that H™(G)" # HJ*(G)' if the complement of G has a positive
measure. |

Revised Problem. Show that for oll F € H(G)', there exists u € HJ*(G) such that
F(v) = 22 0)=m (VU, V) 12(G) for allv € H™(G). Show that for allG € H™(G)’
there exists w € H™(G) such that G(v) = (w,v) gm () for allv € H™(G).

Proof. First let us assume that G is bounded. We will prove that |u|§{6"(G) =
2 lal=m (VYU V) 2() defines anorm in Hy" (G), and hence it follows that Hg" (G)
is a Hilbert space when equipped with the scalar product

(u, ) gy (@) = Z (VPu, V) 12(6),
la]=m
for u,v € H{"(G). To show this, it is enough to prove that |- |gm (q) is equivalent to
the usual norm of H™(G). The inequality |u|gm () < [|ullgm(q) is clear. To prove
the other inequality [u|g (@) > cllullgm(a) where ¢ > 0 is independent of u, by
way of contradiction, assume that there exists a sequence (u, ), C HJ*(G) such that
[l zrm () = 1 and |un|gp () — 0 asn — oo. Since Hy"(G) is compactly embedded
in HJ" (@), there exists a subsequence of (u,),, which we still denote by (u)n,
that converges strongly in Hy* '(G). In particular (uy), is a Cauchy sequence in
H{"'(G) and combining this with the fact that ||[V¥uy| r2(q) — 0 for all |a| = m
we conclude that (u,), is a Cauchy sequence in HJ*(G), and hence converges to
some u € H{"(G). By continuity of |- |gm(a) we have |un|gm(a) — [ulmm(c)- Hence
|ul () = 0 and combining this with the fact that u € Hg"(G) (so that yu =0
forall k =0,1,...,m—1), we conclude that «w = 0 in G. This is a contradiction to

4This proof is based in the book of Adams pp. 56-57.
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0 = |u|up () < [unlmg (@) = 1. This contradiction proves that there exists a ¢ > 0
such that |u|gm () > cllullgm (g for all w € H*(G) and hence | - |gm () is a norm
in H"(G).

Let F € HJ"(G)'. According to the above paragraph, H*(G) equipped with
scalar product (-,-) Hy (¢ 1s a Hilbert space. Hence, by the Riesz representation
theorem, there exists a unique u € H{"(G) such that F(v) = (u,v)ym(q) for all
v € H"(G). However, since Hj*(G) is dense in H™(G), F has a unique extension,
still denoted by F, such that F(v) = (u,v)mm(q) for all v € H™(G).

Suppose that G is not necessarily bounded and F € HJ"(G)’. According to the
Riesz representation again, there exists a unique u € H{*(G) such that F(v) =
(u,v) gm(q) for all v € Hy*(G). The density of Hy'(G) in H™(G) implies that this
equation can be extended such that F(v) = (u,v)gpm(q) for all v € H™(G).

Given G € H™(G)', applying the Riesz representation once again shows the
existence of w € H™(G) such that G(v) = (w,v) gm(q) for all v € H™(G). O

Problem 15. Show that u € H™(G), the norm |[u|| gm(q) is equivalent to the norm

N
[Ej:() ||ﬂj“”§{m(GmGj)]l/2'

Proof. Since u = E?’:O Bju and supp(B;u) C G, we have

1/2
N /

N N
ull iy < Y NBullame = > IBjulamcna,) < V2 (D 1B5ullirm(cna,)
7=0 j=0

§=0
Let o be a multiindex with |a| < m. According to Leibniz rule
a B\ o
D*(Bju) = ﬁ; (a D=PB;DPu.

Let M > 0 be such that sup ¢, |D*B;| < M for all j =0,...,N and multiindex
|a| <m. Then

/ \Da(ﬁju)|2dx < 2/ Z (B)M2|Dﬁu|2dl‘
GNG; GNGj go \&
< Callulltimcre;) < Callulime)-

Taking the sum, we obtain

N
> 1B5ullFrm @,y < (N 4+ D) CallullFm e
=0

Therefore the said norms are equivalent. ([l
Problem 16. Show that the mapping A : v — (Bou, (B1u) o v1,..., (Byu) o vn)

from H™(G) to HY*(G) x [HF(Q+)]N is a continuous linear injection mapping onto
a closed subspace, its range, where it has a continuous inverse.

Proof. We divide the proof in several steps.
Step 1. For each u € H™(G N G;) we claim that for each |a] < m

Dyuly) = 3 Di(wo@)(@)fs <{ %nyj }mgm, j_l,...,n>

B<a
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where fg are polynomials, y = ¢(z) € GNG; and =z = YP(y) € Q4. We prove this
by induction. The statement is clear for |a| =0and if « = ¢; := (014, .. .,0n;) then

5‘yz Z 3%]'

and so the claim holds for |a| = 0, 1. Suppose that the claim is true for multiindices
0 such that |§] < k < m. Let |a| = k + 1 so that a = ¢; + 0 for some |§| < k and
i=1,...,n. Applying the chain rule again and the induction hypothesis yield

: O
« _ e,L+5 J
s = reeorn(52) )
i p<s [vI<18], §=1,...,n
_ O, N
- Df+e’(uosﬁ’)($)fﬁ({ 3 ) s
% O J1y1<ia), =1, m Z Ay
a’Y.
+ZD5<uw><x>gﬂ({ ey )
B<s Y7 ) yi<lo141, j=1,.0n
- g5, )
5<a Y7 ) y<lal, d=1,.n

where fg are polynomials. This proves the induction step and hence the claim
Step 2. Let j be fix. be We claim that there exist constants ¢; and co, indepen-
dent of u € H™(G N G;) and depends only on ¢, 1, such that

cllull amang;) < llwowillam@yy < eallullam@na;)-

From Step 1 and the change of variables formula for integration we get

/ IDSu(y)Pdy < /
GNG; Q+

< Clp,))||uo %Iﬁ{y(m)

S~ Diuo o)) f5()| 1(9)]da

B<La

Taking the sum for |af < m we obtain |[ul|gm@cng;) < Clp, ¥)lluo ojllamQy)-

Using the inverse map ¢ = ¢~ *

Cle, Y)llullam(ane,)-
Step 3. Let V = HJ"(G) x [HF(Q+)]N. We show that A is continuous. Indeed,
for each uw € H™(G) it follows from Steps 1 and 2 that

a similar argument shows that [[u o ;|| am(g,) <

N
IAully = llBoulizrg ) + D IBiw) o el o.)
J=1 N
< 1Bouliin(Gncy +C D IBullEmag,) — (Step 2)
j=1
< max(C,1) Z”BJ“HH'”(GHG
=0
< Clulffme — (Step 1)
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Note that Sou = 0 on 9G since supp(fy) C Go = G and so Sou € HJ*(G). Using
the reverse inequalities we also obtain that [|Aully > cl|ul|gm ey and this proves
that A is injective and has continuous inverse. O

Problem 17. Show thatu € L?(0G), the norm ||ul|r2(ac) is equivalent to the norm
N
[Zj:o ||5ju|‘%2(aGmGj)]1/2-

Proof. The proof is similar to Problem 15 where we replace G by G and we take
m = 0. (]

Problem 18. Show that the mapping X : f — ((B1f) ot1,...,(BNf) 0o ¥n) from
L2(0G) to [L?(Qo)]"N is a continuous linear injection mapping onto a closed sub-
space, its range, where it has a continuous inverse.

Proof. The proof is similar to Problem 16 and uses Problem 17. a

Problem 19. Find all distributions of the form F(t) = H(t)f(t) where f € C*(R)
such that (0% + 4)F = ¢16 + c200.

Proof. Given ¢ € C§°(R), using integration by parts twice yield

Prip) = (17 [ PO d - / " f()D%(0)

— DR DR / " D2 (typ(t)
—  —£(0)DF(0) + Df(0) / D2 f(t)p(t) dt
= [(0)23(p) + DF(O) / D (1)(1)

Therefore, the equality (0% + 4)F = ¢16 + 209 is equivalent to

(£(0) = ¢2)85(p) + (Df(0) — €1)d(sp) + /OO(DQf(t) +4/())p(t)di =0

0

for all ¢ € C§°(R). By choosing appropriate test functions (i.e., test functions of
the form (i) ¢ € C§°(0,00), (ii) ¢ € C§°(R) such that ¢ = 1 in a neighborhood
of 0, and (iii) ¢ € C§°(R) such that ¢(z) = z in a neighborhood of 0) the above
equation is equivalent to the differential equation

D?f(t)+4f(t)=0, t>0
f(0)=c2,  Df(0)=ci.

Solving the ODE we have f(t) = (¢1/2)sin 2t 4 ¢ cos 2¢ for ¢t > 0. Hence, F' must
be of the form F(t) = H(t)f(t) where f € C?(R) and f(t) = (c1/2) sin 2t + ¢ cos 2t
for ¢ > 0. O
Problem 20. Show that H'(G) = H}(G) ® H(G)*t where HY(G)* = {u €
HY(G) : Tay = T}. Find a basis for H(G)L for the cases G = (0,1), G = (0, 00)
and G = R.

Proof. Note that u € H}(G)* if and only if (u, )y = 0 for all ¢ € H}(G), that
is,

/u@dx:—/ Vu - Vede, Vo € C§°(G).
G G



16 HILBERT SPACE METHODS FOR PDES

However, we have
/ Vu-V@dx:—/ uApdz, Vo € C5°(G).
G G

Thus u € H(G)* if and only if T}, = Ta,. Therefore HH(G): = {u € HY(G) :
Taw =T}

For one-space dimensions, v € H}(G)1 if and only if v’ = u in the sense of
distributions. If u € C°°(G) then u must be of the form u(z) = c1e™% + coe® for
some cq1,co € C.

(i) G = (0,1). Since e7*%,e* € H'(0,1) we also have cie™ + ce® € H(0,1)
for any c¢1,ca € C. Because C°°[0,1] N H}(0,1)* is dense in H}(0,1)*, given
u € H'(0,1)* there exists u,, € C°°[0,1]N H(0,1)* such that u, — uin H(0,1).
However u, () = cipe™® + cape” for some complex numbers ¢y, and ca,. Since

le1n = eim*lle ™" F + lezn — cam [l 1 F1 = [lun — | 10,1

where we used the fact that (e™%,e") m1(0,1) = 0. The above equality implies that
(c1n) and (cay,) are Cauchy sequences in C and so ¢1, — ¢1 and ¢g,, — co for some
c1, ¢ € C we have u,, — c1e™® 4 coe” and so u(x) = c1e™* + €. Since e™* and
e® are linearly independent, {e~%,e%} forms a basis for H}(0,1)L.

(ii) G = (0,00). Note that e* ¢ L2?(0,00) and so e* ¢ H!(oco) while e=% €
H1(0,00). A similar procedure as before gives us that {e~*} forms a basis for
H}(0,00)t.

(iii) G = R. Now both e~® and e* do not belong to H'(R). Thus H}(R)! =
{0}. Alternatively, this follows from [Showalter, Theorem I1.2.3], namely H}(R) =
H(R) and so H} (R)* = H'(R)* = {0}. Therefore {0} is the basis for H}(R)+. O

Problem 21. Show that H}(G) is equipped with the scalar product,
(F-9mse = [ V(@) Vo) do

it is a Hilbert space. Show that for f € L*(G), Ty € D*(G) satisfies Ty € H3(G)'.
Show that there exists a unique uw € H}(G) such that Ta, = Ty.

Proof. We assume that G is bounded, that is, there exists K > 0 such that |z| < K
for all z € G. According to [Showalter, Theorem I1.2.4], || f|lz2(q) < 2K||0; f]l22(c)
for all f € H}(G). If we can show that the norm || - |2y is equivalent to || -[[z1(c)
on H}(G), then we can conclude that H}(G) is a Hilbert space under the scalar
product (-,+)g1(c)- It is clear that || f||g1q) < [|fllz1(q) for all f € H}(G). For
the other inequality, we have

1 1 1 n
||f||§{3(a) = 5||Vf||2L2(G)+§||Vf||2L2(G) > §va||i2(c)+8@||f||%2(c) > |l fllF (e

for some ¢ > 0.
Given f € L?(G) we have, by the Cauchy-Schwarz inequality

/1l

__ 2(G
i) = | | fode| < Ifl@lelz@ < Ifle@llelne < e ol b
G \ﬁ

for all ¢ € C§°(G). Hence T has a unique continuous extension to Hg(G) and we
denote this extension by the same notation Ty. Thus Ty € H}(G)'. By the Riesz
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Representation Theorem, there exists a unique v € H}(G) such that Ty = (v, ) H-
For each ¢ € C§°(G) we have

(fro)rzq) = Tr(p) = (v, )iy = (VU, V)2 = —(v, Ap) L2,

where the last equality is due to
/ Vv -Vpdz e/ Vu, - Vodz = —/ v, Apdr — —/ vApdx
G G G G

with (v,) C C§°(G) and v, — v in H}(G). Taking u = —v € H(G) we have

Tr(p) = (f,0)r2@) = (U, Ap) 2 = Tau(p), Vo € C5°(G).
Thus Ty = Ta, and the uniqueness of u follows from the uniqueness of v. ([

Problem 22. Show that for G = R}, yo(u) = 0 implies u(a’, zn) = [y Do, u(a’,t) dt
for x,, >0 and a.e. ' € R* 1,

Proof. Refer to Martin’s solution. O

Problem 23. Show that G C R"™ satisfies the cone condition when 0G is a C™-
manifold of dimension n — 1.

Proof. Let (Gj,¢;), 0 < j < N be a partition of unity of G. It is enough to show
that G; N G has the cone property for each j. Let ¢ : G; NG — QT be the
inverse of ¢. Since both ¢ and v are diffeomorphisms with positive Jacobian, there
exists ¢,C > 0 such that |p(z1) — @(z2)] < Cloy — 22| for all 21,25 € QT and
[Y(y1) — ¥ (y2)| < clyr —yo| for all y1,y2 € G;NG. The last inequality is equivalent
to |21 — xa| < clp(z1) — p(ag)] for all 21,22 € Q1. Hence
Moy — xa| < (1) — o(22)| < Clay —za|,  Vay,z € QY.

Let y € G, NG so that p(x) = y for some z € Q. Since QT has the cone property,
there exists a cone C' with vertex at z. According to the above inequalities, there
exist two cones C' and C” in G; N G with vertex at y such that C' C ¢(C) C C”.
Hence G; N G has the cone property. ([l

Problem 24. For G C R" and z¢ € G, defined 3,,(p) = P(x0), p € C(G), and
show that 65, € (H™(Q))" for m > n/2.

Proof. Let m > n/2 and G C R™ be open and g € G. Then there exists an
open ball B(zg,r) C G. Clearly, B(zo,r) is a bounded set that satisfies the cone
condition so that CI""(B(zg,r)) is continuously embedded in H™(B(xo,r)) and so

|02 (0)] = lo(zo)| < llellcBor) < Il
for all ¢ € H™(G). The fact that d,, is conjugate linear is easy to see. Therefore

H™ (B(zo,r) < @l Em ()

0z € (H™(G))'. O
Problem 25. For G CR" and ' C G with |T|pg > 0, let g € L*(T), defined
= [ 9(s)@(s) ds and show that T € (H*(G))'.

Proof. The fact that T is conjugate linear is a routine exercise. Let p € H(G).
Then from the Cauchy-Scwartz inequality and the continuity of the trace map
Y0 : HY(G) — L?(0G) we have

T(e) = / @) ds < lgllzae o(@)ll sy

HgHLz(F)H’Yo( )||L2(ac) < ||’Yo||||9||L2(8G)||80||H1(G)

IN
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and so [|T| < [lvollll9]l 22 oc)- O

Problem 26. Show that H™(G) = {f € L*(G) : 0°f € L*(GQ),|a] < m} is a
Hilbert space.

Proof. It can be easily checked that the inner product (-, ) g g for H™(G) is also
an inner product for H™(G). We show that H™(G) is complete under this inner
product. Let (fy)nen be a Cauchy sequence in H™(G) so so (0% fn)nen is a Cauchy
sequence in L*(G) for all 0 < |a| < m since [|[0% fr, — 0% fm | 2(c) < I1fn— finllom (e
for all n,m € N. By completeness of L?(G), for each multiindex 0 < |a| < m there
exists go € L?(G) such that 9*f,, — g, in L?(G). Since strong convergence implies
weak convergence, we have

n—0o0

dalp) = / gpde = lim [ 0°fpde = (-1 lm [ f,7pds

(~1)l /G [pds = (~1)llf(@°p)

for all p € C§°(G). Thus 9°f = g, € L*(G) for all 0 < |a] < m in the sense of
distributions. Therefore || f, — f|lgm — 0 where f € H™(G) and this proves the
completeness of H™(G) under the norm || - || gm (g)- O

Problem 27. Formulate the Robin problem weakly,
—Au=f inG, du+au=g, ondG
and show that the weak problem is well posed.

Proof. Let f € L*(G),g € L*(0G) and a € L*®(G). Foru € H*(G) and v € H'(G),
using Green’s identity and the boundary condition d,u + au = g we have

/G(—Au)ﬁ:/GVu.VE—/M(ayu)@:/GVU-VW—/aG(g—au)@.

Therefore the weak form of the Robin problem is given as follows: Find u € H!(G)
such that a(u,v) = b(v) for all v € H'(G) where the sesquilinear form a : H'(G) x
H'(G) — K and the conjugate-linear form b : H!(G) — K are given by

a(u,v) = (Vu, Vo) r2(a) + (@vu, %v) L206)
and
b(v) = (f,v)r2(a) + (9,7) L2 (8¢)

respectively.

To prove well-posedness, we assume that Ra(z) > 0 for all x € 00 and Ra(z) >
ap > 0forall z € I' C 9N and || > 0. We will use the Lax-Milgram Theorem.
First, let us note that b € H!(G)’ since

[b(v)] I(f,v)L2()] + 1(9:70v) L2(06) |
I fllzz@y vl 2@y + l9llz2oc) o lllvll 71 (a

(||fHL2(G) + ||9||L2(8G)||’Yo||)||v||H1(G)

ININCIA
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for al v € HY(G). For u,v € H*(G) we have (applying Cauchy-Schwarz Inequality
and 70 € L(H'(G), L*(00))

la(u, v)| |(Vu, Vo) 2 ()| + [(ayou, 0v) 2 (ac) |
[Vullzz2 ey IVl 2@y + ol Lo (@) [(You, 70v) 2 (a6) |
IVull L2 )Vl 26y + llall @) llvol P lull 2o llvll L2 o)

(1+ Ha||L°°(G)H’YOHQ)”uHHl(G)||'U||H1(G)

VAN VAN VAN VAN

and so a is bounded.

It remains to show that a is coercive, that is, there exists a constant ¢ > 0
such that |a(u,u)| > c||u|\fql(G) for all u € H*(G). Assume in contrary that a is
not coercive so that there exists a sequence of vectors (u,), C H'(G) such that
ltn | 1) = 1 and |a(un, un)| — 0 as n — oco. Note that

@ty )] > Ra(tn, ) > [ Vetn 3y + olounl ey

and so ||Vug||2(g) — 0 as n — co. Because H'(G) is compactly imbedded in
L*(G) and (uy)n is bounded in H'(G), there exists a subsequence of (uy,), that
converges strongly in L?(G), and for simplicity let us denote the sequence by the
same notation (up),. Since (u,), and (Vu,), are Cauchy sequences in L?*(G),
(un)n is Cauchy sequence in H'(G), and by completeness there exists u € H*(G)
such that u,, — u in H'(G). The continuity of a gives us |a(un,u,)| — |a(u,u)|
and so a(u,u) = 0. Thus Vu = 0 so that v must be constant and by (you)(z) =0
for 2 € I" we must have u = 0. However, this is a contradiction to 1 = [|uy || g1 (q) =
lul 1 (@) Therefore a is coercive.

Problem 28. Define
a(u,v) = / [V2u : VT + cu], b(v) = / 17, u,v € H*(Q)
G €]

where

2. . 2 m fe% «
Véu : Vv = Z (a>8 ud“v

|a]=m

and ¢, f € L*°(Q) and have support S CC G with |S| > 0. Show the well-posedness
to find u € H*(G) such that a(u,v) = b(v), for all v € H*(G).

Proof. We assume that ¢ > 0 for all z € G and Re > ¢y > 0 for all Sy C S
and |Sp| > 0. Again, we will use the Lax-Milgram Theorem for the existence and
uniqueness of u € H?(G) such that a(u,v) = b(v), for all v € H?(G). The fact that
b € H?(G)' is due to the estimate

) < 1(f,v)eze| < 1(f,v)209)]
< S flee vz < ISIM21E L o]l a2 (c)-
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for all v € H?(G). For u,v € H?(G) we have, by the Cauchy-Schwarz inequality,

owol < [ 50 (2)ralovel+ [ ielulo

|a|=2

2 . N
< Z (04)”8 ull 2@y 10%v| L2(a) + llcll e @) lull 2@y vl 2@
|a|=2
< Clullallvllme) + el lul z2@ vl a2
< (CH llelpe @)l vl a2

for some C' > 0 independent of v and v. Therefore a is bounded. Finally, let us
show that a is coercive. Suppose it is not so that there exists a sequence of unit
vectors (u)n, C H?(G) such that |a(un,u,)| — 0 as n — oo. According to the
estimate

2 (63
(w0 2 Ratv,0) 2 3 (2) 100l + allvlzzsy, o€ HAC)

|a|=2

we have, in particular, [[0%uy||12(g) — 0 for all [a| = 2 as n — oo. Since H*(G) is
compactly embedded in H'(G), there exists a subsequence of (uy,),, which is again
denoted by (uy,), for simplicity, that converge strongly in H'(G). Thus (uy,), is a
Cauchy sequence in H2(G) and so it converges to some element u € H?(G). The
continuity of a implies that |a(u,u)| = 0 so that [[0%v|[2(q) = 0 for all |a| = 2
and |luz2(s,) = 0. The first equality shows that v must be linear a.e. and from
the second equality we must have u = 0 (that is, an a.e. linear function that is
zero on a set of positive measure must be zero a.e.). This is a contradiction to 1 =
llun|lmr (@) — ||lullar (@) and this contradiction proves that a must be coercive. [

Problem 29. (Non-homogeneous Boundary Conditions) In the situation of The-
orem 3.1, assume we have a closed subspace Vi with Vo C Vi C V and ug € V.
Consider the problem to find

u €V, u—ug € Vi, a(u,v) = f(v), veW
e Show this problem is well-posed if a is Vi-coercive.
e Characterize the solution by u —ug € V1, u € D1, Aju = F, and d1u(v) +
az(yu,yv) = g(yv), v € Vi.
e Construct an ezample of the above with Vo = H}(G), V = HY(G), Vi =
{v eV :vlp =0}, where T' C 90 is given.

Proof. First we recall that a is a continuous sesquilinear form on V. Therefore for
ug € V, we have

la(uo, v)| < Kluollv|lvllv < Kluollvllvlvi, — veVi

assuming that V; is continuously embedded in V. Hence a(ug,-) € V{. Consider
the problem:

Find w € V; such that a(w,v) = f(v) — a(up,v) for all v € V7.
Note that f € V' C V{ and so f — a(ugp,-) € V{. Also, |a(u,v)| < K| ullv|v|v <

Klul|v; |v]lv, for all u,v € V4, that is, a : Vi x Vi — K is a continuous sesquilinear
form. If a is Vi-coercive, then according to Lax-Milgram theorem, there exists

a unique w € V; such that a(w,v) = f(v) — ag(ug,v) for all v € V;. Letting
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u=w+uy €V (since ug € V and w € V4 C V) we have a(u,v) = f(v) for
all v € V3. Moreover, u — ug = w € Vj. The uniqueness of u follows from the
uniqueness of w. Therefore, the given problem is well-pose if a is Vi-coercive.
Let usrecall that a : V xV — K and f: V — K are given by
a(u,v) = a1 (u,v) + az(yu, yv), u,v €V
and
f() = (F,v)g + g(yv), vevV
where a1 : V XV — K and as : B x B — K are two continuous sesquilinear forms,
v € L(V,B), F € Hand g € B'. Hence a(u,v) = f(v) for all v € V; is the same as
a1 (u,v) + az(yu,yv) = (F,v) + g(yv), v eV, (1)
We claim that v € V with v — ug € Vi solves (1) if and only if u € Dy :=={u eV :
Au € H'} with u — ug € V; solves
Ayu=F, O u(v) + az(yu,yv) = g(yv) Yo € V4. (2)
The proof follows the one given in the lecture notes on page 88. Actually, we only
need replaced V' by V1 in the said argument. Suppose that v € V with u —ug € V4
solves (1). For v € Vo = K(v), (1) implies
|[Aru(v)| = lai(u, v)| = [(F,v)u| < [Fllallvla
for all v € Vj. Since V} is dense in H, this estimate can be extended to the whole
of H, that is, |Aju(v)| < ||F||g||v|| g for all v € H. Hence u € Dy. Thus
(R Ayu,v) g = Ayu(v) = (F,v), Yv € V.

The density of Vj in H again implies that Aju = Ry F = F (identification). The
equality a; (u,v) — Aju(v) = 01 (yv) for u € Dy and v € V together with (1) imply
that
01(yv) = ax(u,v) = Ayu(v) = g(yv) — az(yu, ) = g(yv) — Azu(yv)
for all v € V4. This proves (2). The other direction is similar as in the lecture notes.
Next, we construct an example of the above situation with 1 = H(}(G), V =
Hi(G), H=L*G)and V; = {v € V : %(v)|r = 0}, where I' C dG. Consider the
following elliptic problem with mixed Dirichlet-Robin boundary conditions

—Au=F inG, w=Fp onl', u+0,u=Fr on 0G\T. (3)

where F € L*(G), Fp € L*(T'), and Fg € L?*(0G \T). Suppose that there ezists
ug € V' such that vo(uo)|r = Fp, that is, Fp € vo|r(V), where v9 : V — H is the
trace map. If u € H?(G) and v € Vy, then integrating by parts give us

- [awp=— [ NGOG [ vuvo- [ L PR )+ | vuve

where we have used the equalities vo(v)|r = 0 and vou + y1u = h, where 7 :
H?(G) — H'Y(OG) is the first-order trace map.
Therefore, the weak form is: Find u € V' such that u — ug € V; such that

/Vu~V@+/ (Wou)(W):/ F@+/ Fr(70v), YoeVy  (4)
el AO\T G AO\T

which is of the form ai(u,v) + a2(you,vv) = (F,v)u + (Fr,Y%v)20c\r)- Note
that u —ug € V; implies that vo(u)|r — vo(uo)|r = Yo(u — ug)|r = 0, and hence
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Yo (u)|r = Fp, in other words, u = g on I" holds as a boundary condition. The fact
that

alu,v) = /G Vi Vo + /8 o)

is V1-coercive follows from a proof similar to one given in the lecture notes on page
98. (See also the solution of Problem 27). Hence, according to what we have prove

above, (4) is well-posed. O
Problem 30. Obtain a mild solution for the wave equation,
Uy = Ugg, TEG, >0
u = 0, r€IG t>0
u = uy, xz€G, t=0
Uy = U1, reG, t=0.

See Prof. Keeling’s solution.



