HILBERT SPACE METHODS FOR PDES - EXERCISES

JERICO B. BACANI

1. Prove that the mapping C(G) 3 f +—¢€ Cy(G)* defined through

Tf(<ﬁ)=/cf¢7 @ € Co(G)

is a linear injection but not surjective.

Proof. Linearity:

Let f,g € C(G), a,B €K, ¢ € Co(G)

Tafipg = /G(aerﬁg)@
- / (afo + Bg®)
G

/GafsbJr/GBg@
a/gfs5+5/Gg¢

aTs(p) + BT,(p), ¢ € Co(G).

Injectivity:

Assume Ty = 0 (where 0 is the zero functional in Cy(G)*); that is,
T (p) =0 Vp € Co(G)

Need to show: f =6 (the zero function in C(G)) Using the assumption above, and noting
that C§°(G) C Cp(G), we have

Ty(p) = 0 Vo € Cg°(G).
Using the fundamental lemma of variation,
f(x) =0 for almost all x € G

But f is continuous in G so
flz)=0vVzx e G
Therefore, f =0 in C(G).
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Non-surjectivity:
Claim: The mapping f + T is not surjective.
Proof of claim:

Assume that the mapping is surjective. So VR € Co(G)* 3f € C(G) such that R = Tj.
Candidate: R = d,,. For xp € G, define

500(9) = @(x0), Yo € Co(G)
= / fe
Assume there exists an f such that
T = 0g
= Ti(p) = duo(0), Yo € Co(G)
= Ti(p) = (o)
Let ¢ = fi € Co(G). f € C(G), so 1 must be in Cy(G). Pick ¢ € Cy(G) (refer to Figure

1 for relationships of Sy, S, and G) such that

We choose an S such that S does not contain xg # . @(xg) = f(xo) (o) = f(x0)(0) = 0.
Hence () = 0. Furthermore, since ¢ = 1 in Sp, we get

0= (@) = b (i /fap /ffw /|f|w>/|f|w /|f|2
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We have shown that 0 > [ [f[*. But 0 < [q |f[*>. Therefore [ |f[* = 0. This implies
f(z) =0 for all z € Sy, x # x. Since f is continuous in G, f = 0 in G. Hence there exists

a Ty = 0, which means that J,, = 0, and this is a contradiction (because d,, # 0 ).
O

2. Let G = (0,1), fix K CC G, and define Py (z) = sup,c |z(t)|. Show that (C(G), Pk)

is a seminormed linear space which is complete.

Proof. Let x,y € C(G) and a € K; G = [0,1]. Pk is a seminorm for C(G):
Verification:

(i)
Pg(z+y) = fél}gl(ﬂy)(t)l

sup |z(t) +y(t)]
tekK

fél}g(\w(t)l +ly(®))

IAN

IN

sup |z(t)[ + sup |y(t)]
teK teK

Pr(z) + Pk (y)

Prelaz) = sup |(az)(?)]

= sup |ax(t)
teK

= sup |affz(t)]
teK

= [ofsup [x(?)]
teK

|| P ()

We already know that C'(G) is a linear space for

(i) 2,y € C(G) = x4+ y € C(G)
(because (z +y)(t) = z(t) + y(t),t € G)
(i) z € C(G),a € K= ax € O(G)
(because (az)(t) = ax(t))
and satisfies all other properties of being a linear space So (C(G), Px) is a seminormed
linear space. Claim: The space is complete. Let {x,} be a Cauchy sequence in C(G). Fix
€ > 0. Let N = N(¢) > 0 such that

Pr(xp — ) < €, ifm,n>N
For any t € K C G, we have
|20 (t) = 2 (t)]| < P2 — ) < €

This shows that {x,,(t)} is a Cauchy sequence in R and hence converges (since R is complete).
For each t € K C G, define

z(t) = lUm x,(t)

n—oo
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Moreover, for the same € as above and n > N we have
[z(t) — 2, ()] = | Im z,(t) — 2, (t)] < €.
m—0o0

This implies that |z(t) — zn(t)] < €. Using the same € as above, we let 6 = §(¢,€) > 0 such
that

lzn(t) —xn(s)| < e whenever [t —s| < 4.
This implies that if |t — s| < § then

2(t) —z(s)] = |z(t) —an(t) +an(t) —an(s) + zn(s) — (s)]
< o) —zn@)] + |en () — ()] + |zn(s) — 2(5)]
< €+4+e€e+e
= 3e

This shows that = is continuous at ¢ € K, and since it is arbitrary, « is continuous on K.
Now assume that x is continuous on a compact set K, say K = [a,b], and define = on
C(G) as
z(a) if 0<t<a
z(t)y=q z(t) if a<t<b
x(b) if b<t<1

and we argue that lim,, . =, = z, € C(G) because

lim Pg(z, —2z)=0

n—oo

(for we only get the supremum for all ¢ in K, and we don’t care outside of K.) O

3. Let G = (0,1), define p(z) = [, |z| for z € C(G) and prove that (C(G),p) is a normed
space which is not complete.

Proof. Let z,y € C(G); a € K; G = [0,1].

p is a norm for C(G) :
(i) plx+y) = Jgle+yl < [zl +y]) = [ 2|+ [4 vl = p(x) + p(y). Therefore,
p(x+y) < p(x) +p(y)

(i) plax) = [ lox| = [4lellz] = |af [ 2] = |alp(z).
(iii) p(z) =0= [4lz|=0= |z =0=2=0.
Also note that for every z € C(G),|z| > 0= [, |z| > 0; that is, p(z) > 0.

Therefore, (C(G),p) is a normed space.

Claim: (C(G),p) is not complete.

Consider a sequence in C(G) which is defined as follows (refer to Figure 2):

0 if 0<t<i-.b
z,(t) =4 nt—3L(n—1) if %—#été%—kﬁ
1 if 3+35;<t<l
Let
_Jo if 0<t<i
x(t)_{l if t<t<1
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= / (nt — =n + )dt+/ (1—(nt — =n+ =)dt
1_1 2 2 1 2

2 2n 2
a2 1 1]% 1, nt2 1 ]E
= |2ttt S0
{2 2”+2}_1+[2 2 T3 ]1
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We observe that as n — oo, p(x,, — x) — 0; that is, the sequence {x,,} converges to z in
the norm p. However, it is obvious that no matter how we define x(%), the limit function
x is not continuous (z ¢ C(G)). Therefore, there exists a sequence in C(G) whose limit is

not in this space (using the norm p). Thus, (C(G),p) is not complete. O

4. Prove Theorem 4.B using the parallelogram law,

lz +yl* + llz = ylI* = 2[l2]* + 2]lyll*.



6 JERICO B. BACANI

Specifically, if (H, ||-||) is a normed space for which K = C and ||| satisfies the parallelogram
law, then a scalar product for H may be defined by the polarization identity,

Az, y) =z +yl* = llz = yl* +ille + iyl* — il — iyl
which satisfies (-,-) = || - ||*. (The complex terms are dropped for the case that K = R.)
Proof. First let us prove the following lemma:

Lemma 1. If (H, ||-||) is a normed space for which K = C and ||-|| satisfies the parallelogram
law, then a scalar product for H may be defined by the polarization identity,

Az,y) = o+ yl* — llz — yl* + ille +iyl* —ifle — iy)?
which satisfies (-,-) = || - ||*.
Proof. Assume that the norm || - || satisfies the parallelogram law
lz + yl* + llz — yl* = 2[J]* + 2]ly|I? (1)
Define an inner product
Az,y) = o+ yll* = llz = yl* + ille +iyl* —ille — iy)?

This is indeed an inner product.
Verification:

(i)
(@,2) = Jo+all’ — |z -l +ile+ i) - illr - iz]?
= Al + i1+ il i1 - i)l
= dlzl? +i(vV2)?al* ~ i(vV2)? |||
= 4f|=]?
Therefore (x,z) = ||z||* > 0 and (z,2) = 0 iff z = 0.
(i)

(@,y) = 7 lle+yl®—llz =yl +i(le+y]* -z -iyl]?)]

| 2

]

[y +l* = lly = 2l* =i (ly + izl® = lly — iz]|*)]

ly — iz|® — |y + iz|

( )
[y +2l® = lly = 2lI* + i (liz — ylI* — [liz + yII*)]
[y +l* = lly = @[* +i ( )

( )

1
1
1
1
1
1
1
1
(y,2)

z)

Conjugate symmetry is satisfied and note that in R, (z,y) = (y, z).
(iii) Is (az,y) = a(z,y)? Consider x,y € H to be fixed. Let

fla) = llaz +yl* = [laz -yl + i([lax + iy — oz —iy]?)
This means that

fla)=fB) = llaz+yll* +Bz —y|? = (laz — y|* + || Bz + y|*)
+i(llaz +ayl* + |8z — iy||* = (laz — iyl* + |18z + iy|*))



HILBERT SPACE METHODS FOR PDES 7

Applying (1) we get

1
fl@)=fB) = F(lax+y+Bz—yl*+llaw+y— Bz +yl* - llow —y + Bz +yl* — llaz —y — Bz —y|*)
+ g (loz + Bl + @~ 8)a + 20yl ~ (o + ol + (o — )z — 2ig]1?)
= (I =Bz + 2~ (@~ Bz~ 2lP) + 5i (o~ Bz + 2igl]* ~ (o — Bz — 20y

a—p a—p =P ) a—pf )
o (e e R (e R T e )

- 2 (*57)

If 3 = 0 and observe that f(0) = 0, we find that f(a) = 2f(§). This implies
that

o= =21 (“F7) = st - 59
Using the relation f(a — 8) = f(a) — f(8), the continuity of f, and the value
£(0) =0, we shall show that f(«) = af(1) for any real «.
e First we show that f(na) = nf(«) for any integer n. First, if n = 0, f(0) = 0. If
n =1, f(a) = f(«). Now assume that it is true for n = k, for any nonnegative
integer k. We need to show that the equality is true also for n = k + 1.

f((k+1Da) = [f((k+Da—-a)+ f(e)
= [flka) + f(a)
= kf(a)+ f(a)
(k+1)f()

Then from f(a) = 2f(a/2) (8 = «/2), we have f(1/2™) = (1/2"™)f(1) for
any integer n > 0. Finally, for any integer m, any nonnegative integer n,
f(m27") = mf(2™") = (m2™")f(1). Now any rational can be represented as
a finite sum ¢ = >, m;27". Hence, f(q) = >, f(m27") = >, m27f(1) =
qf(1). Since the set of the rational numbers is dense in R and f is a continuous
function, we see that for any real «, f(a) = af(1)

e Now we show that (iz,y) = i(z,y).

(i) = 7 [+ ol — iz —yl + i (Jiw+ i) — iz — iy])]
= L[ty — |~ itz — )P +i (o + I o~ )]
= 21+ iyl — e ayl?) + i (i~ I~ i+ )]
= illetul — o=yl +i (o + iyl — 12— ig]?)]

= 1

—

z,y)

e Now we show that (ax,y) = a(z,y) is true for any o € C. First, write o =
Re(a)) + iIm(a). Since Q is dense in R, there exists {r,},{s,} of rational
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numbers such that r,, — Re(«) and s, — Im(a).

((Re(a) +ilm(a))z,y) = (Re(a)z,y) + (ilm(a)z,y)

= Re(a)(z,y) + Im(a)(iz,y)
= Re(a)(z,y) +ilm(a)(z,y)
= (Re(a) +ilm(a))(z,y)
= oafz,y)

Therefore (az,y) = ax,y) for all z,y € H and o € C.
Next we show that

(z,2) + (y,2) =

(r+y,2) = (x,2) +(y,2) Va,y,z2€H

[l + 21 = lle = 21 + i (o + 2l|* — ||l — iz]*)]

1
1
1 , . .
+ 7y + 20 = lly = 217 + i (ly + izl = lly — i2]*)]
1
i [l + 2>+ lly + 211> = (= — 21> + lly — 2]1*)]

+

1. . . . .
7t e+ a2l + lly + izl = (llo = izl + ly — i2(1)]

Applying (1) we get

(x,2) + (y,2)

11 1

|5 Uty 2l o =) = § ety = 2512 + o= o1P)|
L2 G+ 20 + o = 9l) = 2 (o= 220 + o — 1)
1 1

[l +y + 220 = llo +y = 220°] + gi [l +y + 22l = [lz + y — 2iz]’]
2(1z +y+ 27+ 121°) = [lz + ylI* = 2(lz + y — 2)1* + [|2[1*) + [z + y|°]

i [2(lx +y + izl® + [liz]?) = llo + yl* = 2(le +y = izll* + Jizl*) + |2 + y]*]

= | = 0|
co| —

1 [z +y+21* = |z +y — 2* +i(llz + y + iz]* = |z + y — iz]*)]
(x+y,2)

Hence we have shown linearity.

Now we are going to prove the following theorem (Theorem 4.B, Schowalter):
Theorem 4.B.
Every scalar product space has a completion which is a Hilbert space.

Proof. Let V be a scalar product space. Then, by Theorem 4.A (Schowalter), the inner
product in H induces a norm which satisfies the parallelogram law. This makes V' a normed
space and so it has a completion, say (H, || - ||x), where

2]z = |lz[lw  (see notes),
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H = W/K, K is the kernel of the norm | - ||w, W = {{z,} C V : {x,}Cauchy} and for

x=A{x,} € W, ||z|lw = lim||z,|v. Furthermore, it satisfies the parallelogram law:
12 +gl7 + 12 = 9% = 20121% + 20l7]%

Verification:

Note that the sequences {z,} and {y,} are elements of the inner product space V. For the

third equality we used the above lemma.

12+ 915 + 12 —glE = e+ yally +lm [lzn — yal3
= lim(lzn + yally = llzn — yall?)

lim (2]l + 2llya |3

= lim 2]z, + lim 2]y, [}

= 2/|ZallE + 207l

Using the lemma above, (H, (-,-)g) is an inner product space with (-,-)g = || - ||z. But

(H,|| - ||m) is a Banach space. Therefore, (H, (-,-)r) is a Hilbert space.

]
]

5. With i) = {z = {2} : ||lz]li = 3 |2n] < 00} define M = {x €l Y I, :o}.

With e™ = {§,m}, show:

1_ 1ntl
(a) et — 5= € M,

(b) dist(e', M) < 1 and
() ye M= |le' -yl > 3.

Hence 1 = dist(e', M) < |le* — y||1,Vy € M.

Proof. First note that [; is a linear space under the usual multiplication and addition of

real numbers. Next we show that it is a normed space under the norm defined above.
(i) z,y€lh,aeK

lez +ylla

> l(az +y)al
> oy + ynl

< Y (ol + lyal)
= > (lallzal + [ya])
= > lallzal + ) lyal
= lald_lzal + ) lynl
< o
So ax +y € ;.
(ii) If © # 0, then ||z|1 = > |zal > 0. Also > |z,| = 0 iff z,, = 0 for all n. Hence

|1 =0iff z = 0.
(a) Note that €™ € Iy for fixed m € N :

™l =D [8um| =1 < 0o

Let = el —

combination of e

1m+41 e™m
2 m
Land ™). Our goal is to show that x € M.

. 11 is a linear space so e',e™ € l; = x €, (z is just a linear
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Need to show: Y- -tzx, = 0, where z, = 01 — FIELS

n n Im+1
—dn = 577, _775nm
2oy e Zn+1( 179w )

1 m 1m+1
= (011 —-0)+0+0+...+ —— (00— =—bpu 04+0+...
2(11 )+0+0+ +m+1< 5 mn)+++
1 1
- idll_iémm
1
22
= 0.
Thereforex:el—%%ﬂemEM,meN. If we replace m by n € N, then we get
1 1
el—fie"EM forallne N
_ 1nt+l_n
(b) Let 2 = e! — S 2tem,
et = ally = 2 teny = 12 25 L pen, = 222
D) L 72
dist(e', M) = inf |le' — 2|
reM
1 1
< inf |22 Len,
zeN ' 2 n
. <1n+1>
= inf | =
zeN \ 2 n
_ 1
2

Therefore dist(e', M) < 1.
(c) Let y € M(y = {yn}, > lynl < 00532 5y = 0).
Case I:
Suppose y,, = 0Vn > 2. Then %yl should be equal to 0, so that > Y
y1 = 0. Consequently y =0 = {0,0,0,...}. Therefore, |le! —y[l; = [e'[1 =1 > 1.
Case II:
Suppose there exists an N > 2 such that yy # 0. We know that

n = 0. This implies

-z < |z Ve eR
= —nzx < njz forn € N
= —nx < nlz|+ |z
= — <
n-+ 1vo= =1

So — g < || for z € R, and — A5 x < [z if 2 # 0.

1 1m—+1 2 1m—+1 m I1m+1
= <511 51m>+<521 52m>+~~-+ (5m1
m m 2 m



HILBERT SPACE METHODS FOR PDES 11

let =yl = 0(1,0,0,...) = (y1, 92,93, ) |
(1 = y1, —y2, =3, .- )|
T =]+ —yal + | —ysl + ...
= 1=yl + [yl +lys[ +...

= [l=wl+ D lwal+lunl+ D vl

2<n<N-1 N+1<n
n n
> -y — o -
> P=wl= > gt 3
2<n<N-1 N+1<n
n N n
> [1—y|— - - o 0
11—l > e LI ot A > N 7
2<n<N-1 N+1<n
n
= |1_y1|_zn+1yn
n>2
= |1-—
1 —y1|+ 1+1y1

1
> min ([1— -
Z iy (I vl + 2y1>

1
= 5 (attained when y; = 1)
Therefore, |le' — y|l1 > 4 in both cases. Hence dist(e', M) = infycp [|€' — ylly > 5. This,
together with (b) would imply that dist(e', M) = 3. Thus

1
et =yl > dist(e*, M) = 3 Yy e M
|

6. Prove Corollary 5.C: If V and W are Hilbert spaces and T' € L(V, W), then Rg(T) is
dense in W if and only if 7" is injective, and T is injective if and only if Rg(7T”) is dense in
V', If T is an isomorphism with T € L(W, V), then 7" € L(W’, V') is an isomorphism
with (T")~t € L(V',W").

Proof. First we quote Theorem 5.2 from [Schowalter, page 20] for it will be used in the proof
of this theorem.
Theorem 5.2
If V and W are Hilbert spaces and T € L(V, W), then T* € W,V, Rg(T)*+ = K(T*), and
Rg(T*)* = K(T). If T is an isomorphism with 7! € £(W, V), then T* is an isomorphism
and (T*)~! = (T~1)*.

Consider the following diagrams:

Diagram 1
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Diagram 2:
w5y
Rw \L Ry \L
w Iy

Let Ry and Ry be the Riesz maps from the Hilbert space V onto its dual V' and from
the Hilbert space W onto its dual W', respectively. Consider T' € L(V,W). Now using
Theorem 5.2, we have T* € L(W, V'), which is equivalent to K (T™*) = {0} since T is linear.
Also, this is equivalent to the statement that T* is injection using the lemma [Schowalter,
page 4]. The claim now is that

T* is injective if and only if 7" is injective .

To prove this we note that a Riesz map is an isometry from a Hilbert space H onto its dual
H'. Hence the Riesz maps Ry and Ry are bijections, hence injections. Furthermore, R(/l
and R;I,l are also injections. From the diagram above, we can write T/ = Ry o T* o levl.
We know that the composition of injections is also an injection. Therefore T” is injection.

— K(T)={0} (Lemma, page 4)
— Rg(T*)* ={6} (Theorem 5.2, page 20)
= Vv

Ry(T™) =
Rg(T*) is dense in V

T injection

—

For w € W and v € V we have

Ry o T*(w)(v) = (T"w,v)v
= (w,Tv)w
= Rw(w)(Tv)
(T" o Rw (w))(v)
This shows that
Ry oT* =T'o Ry (2)
This means that the Riesz maps permit us to study either the dual or the adjoint and deduce
information on both.
Rg(T™) is dense in V means there exists a sequence {v,} C Rg(T™) such that ||v,—v||v —

0 as n — oo. Actually v, = T*w,, (w, € W). So | T*w, — v|[y — 0 as n — oco. Using (2),
the preceding statement is equivalent to

|T'w!, — ||y — 0 as n — oco,w!, € W,v" € V'

w!, can be defined as w], = Rwwy,w, € W. So there exists {v],} = {T"w,} C Rg(T"’) such
that ||v], — v'||y» — 0 as n — oo. Therefore Rg(T") = V' ; that is Rg(T") is dense in V.
Now we're going to prove that ”if T is an isomorphism with T7-1 € £(W,V) then T' €
L(W', V') is an isomorphism with (77)~! € L(V/,W').”
If T:V — W is an isomorphism then it is a linear bijection. Furthermore it is invertible
(T~ e LW, V).
Knowing that (T'o T~ 1) (v) = v(v € V) and (T o T)(w) = w(w € W); and
T-Ye LW, V)= (TY € L(V',W'), we get
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(I'o (7)) = T'(T71)(W), VeV
T (W oT™)

(WoT™HoT

= Vo (T 'oT)

vol

(771 o T")(w') (T ('), weW!

T—l)/(wl o T)

|
—~ o~

= (wWoT)oT™ !
= w/o(ToT_l)
= wol

= w

So the inverse of T" is (T—!)’. Therefore, (T~1) € L(V', W)

7. Verify T =4’ o R o in the example of identifications (following Theorem 5.B).

e Consider a linear space Cy(G) and the Hilbert space L?(G). Elements of Cy(G) are
functions while the elements of L?(G) are equivalence classes of functions equipped

e For ¢ € Cy(G), let i(p) denote the L?(G) equivalence class containing ¢. Since each
© € Cy(Q) is square summable on G, it belongs to exactly one such equivalence class,
say i(p) € L2(G). This defines a linear injection

i:Co(G) = L*(Q)

whose range is dense in L?(G). Identify domain with range, Co(G) < L%(G).

e The dual i’ : L?(G) — Co(G)*; i’ (f'") = f'oi (f' € L*(G)") is then a linear injection
which is just a restriction to Co(G) C L*(G). Identify domain and range of i’, write
L*(G) < Co(G)*.

e Let R = Ry2(¢) be the Riesz map R : L*(G) — L*(G)’; f — f' = R(f), where
f'(g) = (f,9)r2(c)Vg € L*(G).

o Using exercise 1, we have a linear injection T : Cy(G) — Co(G)* defined by Ty (p) =
Jo fo, f.e € Co(G). Identify domain with range, write Co(G) < Co(G)*.

Both R and T are possible identifications of (equivalence classes of) functions with con-
jugate linear functionals.
Now we verify T =14’ o Roi: (see Figure 3)
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FIGURE 3

Let f,¢ € Cy(G).

(Tfle = ((("oRoi)f)p

7(R(i(f)))e

(R(i(f)) o i)

R(i(f))(i(¢))

= (i(f),i(p)) (by definition of Riesz map)

= / i(f)i(p) (definition of inner product)
el

or 5, because the inner product is independent
fG fe, p p

of the representatives of the equivalence classes.

8. Show that a closed subspace of a seminormed space is complete. (Exercise in the
textbook, but is it true?) Show that a closed subspace of a Banach (Hilbert) space is also
a Banach (Hilbert) space. Show that a complete subspace of a normed space is closed.

Proof. (i) A closed subspace of a seminormed space is not necessarily complete.

We know that the set of rational numbers is not complete. But this set under the Euclidean
norm forms a normed space. Hence it is a seminormed space. Moreover, this space is a
closed subspace of itself.

(ii)A closed subspace of a Banach (Hilbert) space is also a Banach (Hilbert) space.

Let V be a Banach space equipped with norm p. Let X be a closed subspace of V. Consider
a Cauchy sequence {x,} C X. This implies that {z,} is a Cauchy sequence in V because
X C V. But V is a Banach space, so {z,} = = € V. X is closed so it consists of all limit
points. Hence x € X. Therefore z,, — =,z € X. Therefore X is a Banach space.

Now suppose that V' is a Hilbert space defined with an inner product (-, -)y. Let X be a
closed subspace of V. Being a subspace, it inherits the inner product (-,-)y. The norm in
X is induced by the inner product (-,-)y. We shall call the norm to be p. So X is closed
under the norm p. This is complete using the recently proven statement above. Hence X is
a Hilbert space.

(iii)Now we show that a complete subspace of a normed space is closed.

Let (V,p) be a normed space with norm p. Let (X, p) be a complete subspace of (V,p).
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{z,} is Cauchy in X:
P(@m — Tp) = (X, — x4+ 2 — x) < p(T, — ) + p(zy, —2) =0

as m,n — oo.
There is also an & € X such that z,, — & because X is complete.

p(x —xp + 2, — )
p(z —an) + plan — 1)
= p(@n —2)+plen —2)
— 0 (as n — o0)

p(r — &)

IN

_ But p is a norm, so p(z — &) = 0. Hence z = #. Therefore z € X. We have shown that
X C X. But X C X. Therefore X = X . Thus X is closed. |

9. Show that if two Banach spaces are completions of a given normed space, then a linear
norm-preserving bijection can be constructed between them, so thus the completion of a
normed space is unique in this sense.

Proof. Suppose (W1,q1) and (Ws,g2) are completions of a normed space (V,p). We use
Theorem 3.1 (page 11) to construct a linear norm-preserving bijection between them:
Theorem 3.1.
Let T € L(D,W), where D is a subspace of the seminormed space (V,p) and (W, q) is a
Banach space. Then there exists a unique extension T, € £(D, W) such that T.|p = T, and
Telp,g = [T'lp,q Where
Tlp.q = sup{q(T(x)) : x € V, p(x) < 1}.
We also use the definition of completion of a seminormed space to have the following
information:
i) linear injections T': V — Wp and S : V — Wy
ii) range of T is dense in W; and the range of S is dense in Wy
ili) ¢1(T(x)) = p(z) and g2(S(x)) = p(x) for all x € V
To use theorem 3.1, we shall use the following diagram (Figure 4).
SoTy =Y :Rg(T) — Ws
Let w € Rg(T). Then Y (w) € Ws. Also w € Wy (because Rg(T) C Wh).

@Y (w) = ST (w)
w), (I '(w)=z€V)

I
=
o

S

—

I
S

=8N
=
g

Therefore ||Y||g,.q0 = 1.
By Theorem 3.1, there exists a unique Y. : Rg(T') — W which is linear and continuous,
such that Y.|pgr) = Y and [Yelq, qo = |Yg1,q.- Clearly, Y. is linear. Now we show that

Y. : Rg(T) — Wa is a bijection.
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\‘ Y>SoT
FIGURE 4
We first show that Y, preserves the norm
@ (Ye(w)) = HILH;O q2(Ye(wy)), w,wy, € Rg(T), (continuity of ¢3)
= lim gy (Y (wy))

= lim q(wn)
n—oo
= qi( lim wy) (continuity of ¢;)
n—oo

= q(w) (Rg(T) = Wy, a Banach space)
We have shown that Y preserves the norm, as well as Y,.
Injectivity: NTS: Y. (w) =0=w =10
Let w € Rg(T).

@(Ye(w)) = q(w)
22(0) = q(w)  (by assumption)
0 = q(w) (g2 is a norm)
0 = w (¢1 is a norm)

Surjectivity: NTS: Rg(Y.) = Wh; that is, for all w € W there exists @ such that

Y. () = w.

Let w € Wy. Then there exists {v,} C V such that ¢2(Sv, — w) to0. But the range
of S is dense in Wa. This would mean that {Sv,} is a Cauchy sequence in Ws. Thus
q2(Svy, — Svy,) — 0. Consequently, ¢1(Tv, — Tvy) — 0, which means {T'v,} is a Cauchy
sequence in Wj. Again, since range of T is dense in Wy, {T'v,,} has a limit point in W7, and

we call it w, and
Y. (w) = Y. (lim Tw,) = lim((Ye o T)v,) = lim Sv,, = w.
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10. Show that in a scalar product space, limz,, = x <= lim ||z, || = ||z|| and z — z.

Proof. Let X be the scalar product space.
(=)
limz, =z = lim ||z, — z|| = 0. Note that

) el = llon — 2 + 2| < {lzn — =l + |2
= [lznl = ] < [len — =]
i) [z = flznll < llz =zl = l2n =2l = =(lza] = l[2]) <z — 2] = —llzn — 2] <
[ e
(1) and (i7) = |||zn|| — ||z||]] = 0. Also, 0 < |||z,]| — ||z|||. By squeeze theorem, lim |||z, || —
lz]l] = 0, which implies lim( ||z, || — ||z||) = 0, or equivalently lim ||z, || = ||z||.

Next we show z,, — .
NTS: V2’ € X’ (the dual space), 2'(z,,) — 2'(z). For € > 0,

2 (zn) —2'(z)] = [2/(xn—2), 2"#£0
2’ [[[|zn — =]
< €

IN

if ||z, — 2| < Ell (since lim z,, = ). Therefore, z, — x.
(<)

lz = zall* = (2~ an,2—25)
l]|* — 2Re(@, 2a) + [|lza

We assume that x,, — x. This implies that (x,,y) — (z,y). By picking y = z, we get
lim,, o0 (2, 2,,) = (x,2). So the real part and imaginary part converges. So we have

lim Re(z, x,) = Relim(z,z,) = Re(x,x)
So as n — oo and by assumption
lz =z |* = Jlz]|* = 2[|2]|* + [|z]|* = 0
Therefore
lim ||z, — 2> =

<~ lim ||z, — z]|

I
8 © o

— limz, =
a

11. Show that the eigenvalues of a self-adjoint operator are all real. Show that the
eigenvalues of a non-negative self-adjoint operator are all non-negative.
Recall: Definition of self-adjoint operator:
It is an operator T' € L(H) where (Tu,v)y = (u,Tv)y for all u,v € H. It is nonnegative if
(Tu,u)g > 0Vu € H.
i) Let A be an eigenvalue of a self-adjoint operator T'. So there exists v € H, v nonzero,
such that Tv = Av. Then

Av,v)g = (M, v)g = (Tv,v)g = (v,Tv) = (v, \v) = A(v,v)g.

This implies that A = X, which means that X is a real number. So we have shown
that the eigenvalues of a self-adjoint operator are all real.
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i) AMv,v)g = (A\v,v)g = (Tv,v)g > 0. This implies that A(v,v)g > 0. But we know
that (v,v)g = ||v]|> > 0. Therefore A > 0.
12. If V is a scalar product space, show that V"’ is a Hilbert space. Show that the Riesz
map of V into V' is surjective only if V is complete.
(i) If V is a scalar product space, then V' is a Hilbert space.

Proof. Let V be a scalar product space. By Theorem 4.2 (Schowalter, page 16), this has a
unique completion which is a Hilbert space. We call the completion to be W.

Claim: The dual W' is also a Hilbert.

Proof of claim:

Let Ry be the map from W to W’ defined as

Ry (z) =1/, where 2/(2) = (z, z).
Define an inner product (-,-)w+ on W' by
(@9 )w = (Ry'y', By a')
where (-, ) is the inner product on W. (-, )y is indeed an inner product. Since Ry is an
isometry,
(¢, 2")wr = (R™'2', R™"a") = ||Ry '/ ||? = ||'|]?
Thus W’ is a Hilbert space.

So to show that V' is a Hilbert space we need to find a continuous isomorphism between
W’ and V' (which I could not establish for now.) O

(ii)The Riesz map of V into V is surjective only if V is complete.

Proof. Let Ry : V — V' be the Riesz map.
NTS: Ry is surjective = V complete.

Let Ry be surjective ; that is, Vo' € V’ there exists v € V such that Ry (v) = '
Also we note that a Riesz map is linear, injective and norm preserving. Hence Ry becomes
a linear bijection from V to V'. Now, we assume that {v,} is a Cauchy sequence in V. Since
Ry is continuous (because it is isometry), Ry (v,,) is a Cauchy sequence in V’. Knowing that
V' is complete, Ry (v,) converges to an element, say v’, in V'. By surjectivity of Ry, there
exists v € V such that Ry (v) = v' Equivalently, v = Ry,' (v) because Ry is a bijection.
Need to show: v, — v Using the properties of Ry, we have

lvn —vllv = Ry (va —v)llv
= |[Rv(va) — Rv(v)|lv
= [[Rv(v,) —0'||

- 0 as (n — 00)

Therefore v,, — v. Hence V is complete. O
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